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Weyl’s Character Formula for Algebraic Groups
T.A. SPRINGER (Utrecht)

Introduction

H. WeyL’s formula for the character of irreducible representations of
compact semisimple Lie groups, proved by him by transcendental
methods ([13], p.358) is actually a statement of a purely algebraic
nature. Moreover there is an obvious variant which makes sense for the
rational representations of connected semisimple algebraic groups over
an algebraically closed field of characteristic 0, which one derives easily
from WEYL’s original formula, for instance by invoking the “Lefschetz
principle”. Of course a proof of an algebraic statement along such lines
is not too satisfactory.

The algebraic proof of WEyL’s formula given by FREUDENTHAL ([5],
see also [8], Ch. VIII, §3) has the disadvantage that it operates with the
Lie algebra, so that there still is a transition to be made from Lie algebra
to group, which one would rather avoid in dealing with algebraic groups.

In the present note a “global” proof of WEYL’s character formula
will be given, which operates with the group itself. The ideas used in this
proof are quite familiar, in one form or another. The main tool is an
identity (Proposition 2.9) involving the Casimir operator which is the
algebraic analog of one due to HaRISH-CHANDRA (and which is also
implicit in [5]).

An advantage of our method is, that it does not completely break
down in characteristic p>0, so that one can extract information about
certain irreducible representations in characteristic p >0 (viz. those for
which p is “large with respect to the highest weight”, in a sense made
more precise by 4.3). The results are, however, far from conclusive and
it does not seem likely that the methods of this note are sufficient to
obtain a complete solution of the problem of finding a general character
formula in characteristic p.

The author is indebted to J. Tits for various useful remarks.

1. Preliminaries

1.1. Let k be an algebraically closed field of characteristic p. Let G
be a connected linear algebraic group, defined over k. We may and shall
identify it with its group of k-rational points. We refer to [4] for the
relevant facts about algebraic groups.
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The ring of regular functions on G is denoted by k[G]. The group G
acts on k[G] by left (right) translations y(g) (resp. &(g)), which are
defined by

R f()=f(g"'x), &(@f(N=f(xg) (gx€G, fek[G]).

We have y(g)od(h)=0(h)o y(g) for g, he G, moreover y and é are rep-
resentations of G in k[G].

A k-derivation X of k£[G] which commutes with all y(g) is called
left invariant. The left invariant k-derivations form the Lie algebra g
of G. Using the fact that for p> 0 the p'™® power of a left invariant derivation
is again one, one gets for p>0 a structure of restricted Lie algebra (or
p-algebra) on g. We shall identify g with the tangent space to G at the
neutral element e. This tangent space being the space of k-linear func-
tions ¢ on k{G] satisfying ¢ (f 2)=f(e)o(g)+ ¢ (f)g(e), the element
Xeg is identified with the element f> X f(e) of the tangent space. We
refer to [1] (§1) for a more complete discussion of these matters. For
geG, Xeg we put Ad(g) X=05(g)o Xod(g)~ 1. It is readily checked that
Ad(g)Xeg. We get in this manner a rational representation Ad of G
in g, the adjoint representation. Its differential is the adjoint representa-
tion ad of g, defined by ad X (Y)=[X, Y] (see [1] for details).

1.2. Invariant Differential Operators. In the situation of 1.1 let %
denote the universal enveloping algebra of g for p=0 and the restricted
universal enveloping algebra of g for p> 0 (called u-algebrain [8], p. 192).
From the definition of g as a Lie algebra of derivations it follows that
there is a homomorphism of k-algebras h: % —Hom, (k[G], k[G]). Any
element of (%) is called a left invariant differential operator in k[G].
An invariant differential operator on k(G) is an element of A(%) which
commutes with all é(g) for geG. The invariant differential operators
form a k-algebra. If G is semisimple of rank / and if p=0, results of
HARrisH-CHANDRA and CHEVALLEY (see e.g. [7]) imply that the algebra
of invariant differential operators is a commutative polynomial algebra
in / generators. For p>0 no such results seem to be known. We will use
in this note for G semisimple only one particular invariant differential
operator, viz. the Casimir operator.

1.3. Example. Let T be an algebraic torus over k, let X(7') denote the
group of rational characters of T (written additively). k[T] is then
isomorphic to the group ring of X (T) over k. In order to avoid a con-
fusion between additive and multiplicative notations, we denote for
aeX(T) by e(a) the element of k[T'] defined by a, so that we have for
teT

e(a)t=1* (value of g in ¢).

Then e(a+b)=e(a)e(d).
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It is easily checked that there is a bijection a of Hom,(X, k) onto the
Lie algebra t of 7, « being given by («A)e(@) =A(a)e(a). As an example
of an invariant differential operator on k[7'] we mention the following
one. Let F be a Z-valued polynomial function on X(7), define D by
De(a)=F(a)e(a). Then D is an invariant differential operator.

1.4. Now let G be connected semisimple of rank /. Fix an /-dimensional
maximal torus T of G and let X be its root system. This is a finite set of
vectors in V=X(T) ®zR with familiar properties. We fix an order in X
and denote by A={r,, ..., r;} the corresponding set of simple roots.
Let N(T') be the normalizer of 7. Then the Weyl group W=N(T)/T acts
in X and in £[T]. Denote by { , > a positive definite scalar product on
V which is W-invariant, so that c,,=2 <{s, s) " '<r, s) is an integer for
r,seX. We put ¢;;=c,, ., (1=i,j<0).

The scalar product is normalized as follows. First let ~ be a simple
root system. Then < , D> is unique up to a scalar factor, which we
normalize by requiring that the minimum value of {r,r) for reX
equals 1. In that case <{r, r) is the length of r (as in [3], p. 17) and is 1,
2 or 3. If X is not simple, the normalization is carried out in each of the
simple components of X,

For reX there exists an isomorphism x, of the additive group G,
onto a closed subgroup G, of G such that zx,(1)¢™ ! =x,(t"4) for Lek.
G, and G_, generate a subgroup P, of G. If G is simply connected, then
P, is isomorphic to SL, ([4], exp. 23, prop. 2).

1.5. In the situation of 1.4. let G, be the Chevalley-Demazure scheme
corresponding to G. This is an affine group scheme, which is of finite type
and smooth over Z. So G,=Spec(4,) and k[G]=4,®zk. Moreover
denoting by g, the Lie algebra of G, we have g=g,® k. Then g, is a
direct sum

90 =I'+ Z Z Er >

rel

where I is a lattice in g, of rank /, such that I'® k is the Lie algebra t
of T. We have CHEVALLEY’S rules

[E.E,]=N,,E .., (r,seX, r+s=%0),
where the integers N, are as in [3] (Th. 1, p. 24). Moreover
[E,,E_]=F,EF, [FEr]’—'—‘ﬂr(F)Er(FEF)’

where yu, is a Z-valued linear function on I' such that u.(F,)=c,,
(=2¢s, s)"1<r, 5)). Let 4 be the sublattice of I' spanned by all F,. Put
f=ldet(c;p|. Then the index (I":4) is< f and we have (I":4) =1 (resp. f)
if G, is of adjoint type (resp. of simply connected type).

Te
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If Z is simple and not of type A4;, then 1 <4 (see [3], p. 63— 64 for
the precise values of f).

Returning to g, we put X,=E,®1, H,=F,® 1. Denote by A, the
k-linear function on t=I"® k determined by y,.. Then 4, is the differential
of the morphism ¢~ ¢" of T into the multiplicative group G,, (the tangent
space to G, in 1 being identified with k). We need the following simple
result, which is contained in [3] (p. 22, line 17 from below).

1.6. Lemma. If r, s, r+seX then we have
(8, 5Y N, g+ Crbs, 45N, o =0,

1.7. Let R be the lattice in V=X(T)® R generated by the elements
of Z. Any set of simple roots {ry, ..., 7} is a basis of R. Let P be the
lattice in ¥ generated by the weights, i.e. the elements aelV such that
24r,ry"*<{a, r) is an integer for all reZ. We have Rc P and (P:R)=f
(=ldet(e; D)

The weight d is dominant with respect to a given order, if {d, r>=0
for all r>0. A dominant weight is an integral linear combination

i
d= Znidi
i=1

with n;€Z, n;=0 of the fundamental weights d;, defined by
24r;, rj>_1 {d;, rj>=5ij-

1
Put p= Y d;. It is well-known that 2p= Y r.
i=1

r>0

Finally, let us recall that we have R < X(T') = P and that X(T)=R
(resp. P) if G is adjoint (resp. simply connected).

2. The Casimir Operator
We first prove some lemmas.

2.1.Lemma. Let G be a linear algebraic group over k, let H be an algebraic
subgroup of G. Denote by @: k[G]—k[H] the canonical projection and
by i: h—g the canonical injection of Lie algebras. We then have for
Xeb, heH, fek[G]
(X)f(W=Xo(f)(h).

Proof. By left invariance it suffices to establish this for A=e. Then
the assertion is a direct consequence of the identification of g (h) with
the tangent space to G (H) at e (recalled in 1.1).

The point of this lemma is that the left hand side of the equality can
.be computed in k[H].
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2.2. Lemma. Let G be a linear algebraic group over k. Then for Xeq,
g€G, fek[G] we have that X (X f)(g) is the differential in e of the
morphism of algebraic varieties Y. x—f(gx) of G into the additive group
G,, the tangent space to G, in O being identified with k.

Proof. There exists a finite family {f;, g;} of elements of k[G] such
that

fgx)=3 fi(g) g:(x).
By left invariance of X we have

XNEN)=Yfi(@X g(x), so (XM=Y fi(®Xzgfle).

The right hand side also equals the differential of ¥ in e.

In the next lemmas G is a connected semisimple group. We use the
notations of §1. We denote by a the canonical homomorphism k[G] —
k[T]. Moreover C[G] will denote the subalgebra of k[G] consisting of
the class-functions, i.e. the fek[G] such that f(gxg™ 1) =f(x)(g, xeG).

2.3. Lemma. Let G be a connected semisimple algebraic group over k.
Let fe C[G], put
af= Y )m(a)e(a) (m(a)ek).

ae X(T
Then we have for reX
O X X_,H= Y 2rr> Katir,rym(a+ir)e(a).
i20,aeX(T)
Notice that 2{r, r> "' {a+ir, r) is an integer!
Proof. We reduce to the case G=SL,.

(a) Let G’ be the universal covering group of G. Then k[G] can be
identified with a subalgebra of k[G’'] and C{[G] with a subalgebra of
C[G']. One checks that the validity of (1) in G’ implies the validity in G.
Hence we may suppose that G is simply connected.

(b) With the notations of 1.4, let Q, denote the subgroup of G gen-
erated by G,, G_, and T. Let U denote the identity component of the
kernel of r, then we have Q,=P, - U where (as in 1.4) P, is the subgroup
generated by G, and G_,, which is isomorphic to SL, (G being simply
connected). From 2.1 we conclude that it suffices to prove the formula
corresponding to (1), where G is replaced by Q, and a by the canonical
homomorphism k[Q,]>k[7T]. Now there exists a central isogeny
P.xU—-P,. U=0Q,. As in (a) it follows that we may replace Q, by
P, xU. Since k[P, xU]=k[P,J®k[U] and since X,, X_, are tangent
to P,, they act trivially on 1 ®k[U], as derivations of £[P,® U]. So it
suffices to consider the action on elements of k[P,]® 1. This means that
we may replace G by P,, i.e. we may assume G=SL,.
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(¢) We make now an explicit computation, which will be briefly
indicated. Identify T with the group of diagonal matrices in G. We may
take X, and X _, to be the tangent vectors defined by the homomorphisms
G, — G which send Aek into

o 1) (=G 1)

Moreover k[Gl=k[X, Y, Z, U}/(XU-YZ—1). Denoting by Dy etc.
partial derivation in the polynomial ring k[X, ¥, Z, U], it follows from
2.2 that X, is the derivation of k[G] induced by X Dy+Z Dy and X_, the
one induced by YDy + UD,. Define ac X(T') by

o2

Then e(a), e(—a) generate k[T'] and it suffices to prove (1) for f such
that af=e(a)"+e(—a)® (n=0). Let F, be the polynomial with integral
coefficients in one indeterminate such that F,(X+X "!)=X"+X ~".The
above f is then defined by

f((z i))=F,,(x+u).

Using the explicit expressions for X,, X_, one sees that

(X, X_,f)=e(a) F,(e(a)+e(—a)).
The right hand side of (1) is now
n Y e(a)

—n<kZn
n-—k even

(1) then follows from the identity
XFEX+XYH=n Y X~

—n<kZn
n—k even

2.4. Lemma. Let G be a connected semisimple group over k. Let
fek[G], aeX(T), af=e(a). For reZX, let H.=[X,X_,] be as in 1.5. Then

2 a(H, )=24{r,r)" " (a,r>e(a).

The proof is similar to that of 2.3. One reduces this to the case G=SL,,
in the same manner as before. Using the notations of part (c) of the proof
of 2.3 we have H,=XDy— YDy+ ZD,~— UDy and it suffices to check (2)
in SL, for f defined by

f((x y)>=x'" or u" (m,n20),

Zu
which is easy.
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With the notations of 1.4 and 1.5, let u be the smallest positive
integer such that u<a, a)eZ for all ae X (T). It is easily seen that u
divides 2 f; u=1 if G is of adjoint type.

We define invariant differential operators L and 4 on k[T'} by

Le(a)=2ulp,aye(a), de(a)=ula,a)e(a),

where p is defined as in 1.4.

They extend canonically to left invariant differential operators on
k[G), denoted by the same symbols. With these notations we have

2.5. Lemma.
[L, X ]=Qup,rX,, [4, X, }J=—ulr,r> X, +ulr,r>H.X,.
Proof. Put H;=H, . It follows from 2.1 and 2.4 that we have

L::Z <2u P’ d]) Hj’
J
where d; is as in 1.7. The first relation is then a consequence of

[Hj9 Xr]=2<rj9 rj>_1<r’ rj>Xr
(see 1.5).

To prove the second relation, it is convenient first to assume that
p=0. Define 4’ =u"*A. Then

A,= Z <di’dj>HiHj'

15,751

Using again the previous formula we find [4', X,]=—{r, r)>X,+
(Y H,X,.

Multiplying this by u», we get a relation with integral coefficients,
which is true in any characteristic.

2.6. Lemma.

[er Z <S, S>X9X—s]=<r’ r>HrXr_<2p9 r)X,—(r, r>Xr‘

>0

Proof. We have

[X,, X <s:s> X, X_]

selX

=) ONX o X+ YN, L XX, +<r,ry(H X, + X, H,)

sE—r s¥r
= Z (<S,S>MS+<T+S,"+S>N,' -—r—s)‘Xr+sX—s
s¥—r

+2{r,r>H, X,—2{r,r>X,.
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The sum equals 0 by 1.6. Moreover
Z <S, S> XsX—s=2 Z <S,S> XsX—s_ Z <S, S> Hs -

sel s>0 >0

This gives
2[X,, Y <8, X, X_1=24r, r) H X, = 2{r, 1> X, + Y <5, ) [ X, H,].
s>0 s>0

The last sum equals —{4p, r>X,. This establishes the asserted formula
for p+2. Since it is an identity with integral coefficients, it is then also
true in characteristic 2.
With the previous notations, we put
C=Y uls,s)X, X —L+4.
s>0

This is a left invariant differential operator on k[G]. We call C the
Casimir operator.

2.7. Proposition. C is an invariant differential operator.

Proof. 1t follows from 2.5 and 2.6 that [X,, C]=0. This implies that
if p=0, C commutes with all &(x,(1)) for reZX. Since the groups G,
generate G, it follows that C is invariant in characteristic 0. Invariance
of C being expressible in terms of polynomial identities with integral
coefficients, the assertion is true for arbitrary p once it has been proved
in characteristic 0.

2.8. We will now establish an important formula for the Casimir
operator. The corresponding analytic result is due to HARISH-CHANDRA
([6], Th. 2, p. 125). First some preparations. Let p be as in 1.7 and
suppose that pe X(T') (which is the case, for example, if G is simply
connected). Define hek[T] by

h= Y ewe(wp),
weW
where g(w) is the sign of weW. A well-known result of WEYL ([13], p. 355)

asserts that
h=e(]](1—e(®)™?).

r>0

The formula mentioned before is contained in the following proposition.

2.9. Proposition. Suppose that pe X(T'). Then if fe C[G] we have
h-a(Cf)y=A4(h-af)—ulp,p>h-af.

af= Y m(a)e(a).

ae X(T)

Proof. Put
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Using the definitions of C, 4, L and 2.3 we obtain

@) aCfy= Y 2ularym(a)e(a—ir)+L(af)+4(af).
‘aexry

First let p=0. Extend k[T] to a k-algebra A4 containing all formal power

series in the e(—r;) (1<j=</) and such that 4 is integral over the sub-

algebra generated by such power series and by the e(r;). The k-deriva-

tions of k[T] extend canonically to k-derivations of 4. The algebra 4

contains for r>0 the element

log(1—e(~r))= —.i i“te(—ir).

Put
v=[](1—e(~r), logv= Y log(l—e(~r)).

r>0

Then h=e(p)v. For f, ged, put D(f, g)=4(fg)—f -4g—Af-g.

For fixed g, f= D(f, g) is a derivation of 4. From the definition of
4 it follows that the sum in (3) equals D(log v, a f), which by the remark
just made is v~ * D(v, «f). Similarly uL(af)=e(p)” ' D(e(p), af). Thus
we get from (3)

a(Cf)=v" ' D(v,af)+e(p) ' D(e(p),af )+ A(af)
=h™ D(h,af)+A(f)=h" Ak -af)—ulp, pdaf.

This is the asserted formula.

If p>0 we use that C[G] is generated, as a vector space over k, by
the fe C[G] such that « f equals a sum Y e(@), a running over the distinct
conjugates of an element of X(T") under W (this is implicit in [12], proof
of 6.3, p. 62). For this f the identity to be proved is again a universal one
with integral coefficients, so it holds in arbitrary characteristic if it is
true in characteristic 0 (notice that by 2.3 and 2.4 «(Cf) depends only

on a(f)).
3. The Character Formula (Characteristic 0)

3.1. Let G be a connected semisimple group over the algebraically
closed field k. Until further notice, the characteristic p of k is arbitrary.
We keep the previous notations.

The elements of the character group X(T') are ordered as follows:
a>b if a—b is a positive linear combination of positive roots. Let
n: G>GL(V) be an irreducible rational representation of G. The
weights of = with respect to T are the elements of X(T') which occur in
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the restriction of n to 7. There is a unique maximal dominant weight g
(for the order on X (7)), which we also call the highest weight of = (in
another terminology, what is called here the highest weight of = is called
the dominant weight of =; in the present note the latter notion is always
used in the sense of 1.7). Its multiplicity is 1. We have d<g for any
other dominant weight of n. An arbitrary weight of = is of the form wd,
where dis dominant and weW (see [4], vol. 2 for these results on represen-
tations). The following lemma is known (see [5], p. 373 or [8], Lemma 3,
p. 248), we include a proof for completeness.

3.2. Lemma. Let g be the highest weight of the irreducible represen-
tation n of G. Let p be as in 1.7,

(a) For any weight a%g of n we have {a+p, a+p)<{g+p,g+p);
(b) If g+0 then {p, p> <{g+p, g+p).
Proof. If weW then 2wp is the sum of all positive roots in X, for
some order. It follows that
2wp=Y e(r)r,

r>0

where s(r)=21. Hence wp=<p for all weW, equality holding only if
w=1. Let a be a weight of =, let a=w~*d(weW, d dominant). Then

a+p,a+p)=<Ldt+wp,d+wp)=L{d+p,d+p>—2{p—wp,d}.

The weight d being dominant, we see that {p—wp, d>=0, whence
{a+p,a+p)><{d+p, d+p), equality holding only if a is dominant. If
a is dominant, then

<a+P,a+P>=<g+P, g+P>"‘2<g—a,P>_<g_aa g~a>'

i
Since g—a=0 and since p is a dominant weight (for p=) d; with the
i=1

notations of 1.7) , we have (g —a, p>=0. This implies (a).

As to (b), we have {(g+p,g+p>—<p, p>=24g, p>+<g &> and
{g, p> =0 since g is dominant and since 2p is a sum of positive roots.

Let = be a (non necessarily irreducible) rational representation
G —» GL(V). In this situation we will say that ¥ is a G-space. Let V'’ be
the dual space of V, let ( , ) denote the canonical pairing of ¥ and V.
For xeG, veV, v'eV’ the matrix element x> (n(x)v, ') is in k[G]. Let
D be a left invariant differential operator on k{G). Define a linear
transformation Drn(x) of V by

(Da(x)v,v)=D(n(x)v,v') (xe€G,veV,v'eV’).
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7 being as above, we call irreducible constituents of n the irreducible
representations of G in the composition factors of a composition series
of the G-space V. With these notations we have:

3.3. Proposition. (a) If D is an invariant differential operator, then
there exists a linear transformation A(m, D) of V such that Dn(x)=
A(n, D)n(x)=n(x)A(r, D) (xeG).

(b) If n is irreducible, there exists A(n, D)ek such that A(n, D)=
i(n, D) - id. A(n, D) depends only on the equivalence class of =.

(c) The eigenvalues of A(n, D) are the A(3, D), 8 running through the
irreducible constituents of .

Proof. (a) By the invariance of D we have

Dr(xy)=n(x)-Dr(y)=Dn(x)-n(y)  (x,y€G).

This implies (a), with 4(n, D)=Dn(e). The first assertion in (b) is then a
consequence of SCHUR’s lemma and the second one is obvious.

{¢©) Let 0=VycV, < .- =V,=V be a composition series of the
G-space V. Take a basis (e;, ..., ¢,) of V such that (¢, ..., ¢,) (where
n,=dim V,) is a basis of V; (1<i<r). It is readily seen that with respect
to this basis, 4 (%, D)is represented by a triangular matrix, in the diagonal
of which only the A(9, D) occur. This implies (c).

We come now to WEYL’S character formula. Let n be an irreducible
rational representation of G with highest weight g. The character £, of #
is a class function on G.

We assume, as in 2.8, that pe X(T'). For ae X(T) we then define the

element A4, of k[T] by
hy= Y e(w)e(w(a+p)),

weW

so that A, is the & of 2.8. We then have (¢ denoting again the canonical
homomorphism k[G] - k[T])

3.4. Theorem (WEYL’S character formula). If k has characteristic 0,
then af,=h"'- h,.

Proof. Let C be the Casimir operator. By 3.3(b) we have Cn(x)=
A, C)n(x), whence Cf,=A(n, C) f,. Using 2.9 we see that

“4) Ah-af)=(ulp,p>+i(m,O)h-af,.

From now on the argument is well-known (see [5], p. 376).
Let
h-af,= Y m(a)e(a).

ae X(T)
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Then m(wa) =s(w)m(a) (weW) and m(@)+0 only if a=b+wp, where b
is a weight of = and weW. Moreover m(g+p)=1. This implies that
Am, C)y=u({g+p, g+p)—<p, p>). From (4) we now infer that m(a)+0
only if a=b+wp with (b+wp, b+wp)d={g+p,g+p)>, which by
3.2(a) implies b =wg. 3.4 then readily follows.

3.5. Proposition. (a) (p arbitrary). Let n be an irreducible represen-
tation of G with highest weight g. Then A(n, C)=u{{g+p,g+p)—
{p, p>) mod p.

(b) (p=0). Let © be an irreducible representation of G of degree > 1.
Then Crn=An with lek, 1+0.

Proof. (a) The argument of the proof of 3.4 gives this result in any
characteristic. (b) is then a consequence of 3.2(b). (N.B. We still suppose
peX(T).)

We next indicate how in characteristic O the preceding results may
be used to obtain some well-known theorems (e.g. the theorem of
complete reducibility). We keep the same notations.

3.6. Proposition (chark =0). Let V be the subspace of k|[G] spanned
by the matrix elements of irreducible rationul representations of degree
>1. Then k{G] is the direct sum of k and V (as a vector space).

Proof. Suppose that 1€V, so that
1 =Z o f;
i

where the f; are matrix elements of irreducible representations of degree
>1, with o;ek*. We may assume the f; to be linearly independent.
Applying the Casimir operator to both sides we get from 3.5(b) a
relation

0=Zai]’ifi,

where A;,ek*. This is a contradiction. Hence the sum k+V is direct.
k+ V is invariant under left and right translations in k[G]. Let W be a
subspace of &k [G], containing k -+ V, such that £+ V has finite codimension
in W and that G acts irreducibly in Wjk+ V via right translations (the
existence of W follows from [4], exp. 4, no 1). Suppose that the cosets f;
mod k+ V span W/k+ V. Then

Sle )= us;(x) f,(8),

where the u;; are matrix elements of an irreducible rational representation
of G. Taking g=e we conclude that f;ek+ V. Hence W=k + ¥V, which
implies that K [G]=k+ V.
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3.7. Invariant Means. Let now G be a linear algebraic group defined
over the field k£, which need not be semisimple. For the moment, we do
not make any hypotheses about k. A k-linear function u on k[G] is
called an invariant mean on k[G] if u(1)=1 and if g is invariant under
left and right translations. This can be expressed as follows: let k be an
algebraic closure of k, then the canonical extension i of u to k[G]=
k[G]®k satisfies f(y(g)f)=u(6(g)f)=n(f) for geG, fek[G]. From
3.6 one derives the existence of an invariant mean in the situation of
that proposition. However we will sketch the proof of a somewhat more
general result.

3.8. Proposition. Let G be a linear algebraic group defined over the
field k. There is an invariant mean on k[G] in the following cases:

(a) G is a torus;
(b) char k=0 and G is reductive.
Proof. (a) Suppose that G is a torus which splits over k. Let

f= % m(a)e(a)

ae X(T)

be an element of k[G]. Then one checks easily that u(f)=m(0) is an
invariant mean. In general, G splits over a finite separable extension /
of k, which we may assume to be normal (see e.g. [2], 1.5, p. 61). One
checks that the invariant mean, defined above, on /[G]=k[G]®,! is
invariant under the Galois group Gal{//k), from which one obtains an
invariant mean on k[G].

(b) We recall that G is called reductive if the radical of its identity
component is a torus.

First let G be connected semisimple, with & algebraically closed (and
of characteristic 0). Let V = k[G] be as in 3.6. Then if we put for fek [G],
f=u(f)+v with u(f)ek, veV, it follows from 3.6 that u is an invariant
mean on k[G]. Next if G is connected semisimple and k arbitrary, then
an argument as in (a) shows that one can descend the invariant mean on
k[G] to one on k[G].

If G is connected reductive, let T be the radical of G. The quotient
G/T is then connected semisimple and k[G/T] is the subalgebra of k[G]
consisting of all fek[G] such that f(gt)=f(g) (t€T, geG) (see [9], Th. 1,
p- 218). Let pg)r, ur denote invariant means on k[G/T), k[T], respec-
tively. Let B denote the canonical homomorphism k[G]—-k[T]. Let
fek[G],

fenN=2fix)g() (xyeG).
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Then
S =ZfillT(»3 g)

lies in K[G/T]. Putting u(f)=pus;r(f’) we obtain an invariant mean on
k{[G]. Finally, if G is arbitrary, let G be its identity component. There is
an invariant mean on k[G,]. One then easily constructs one on k[G]
by averaging over the finite algebraic group G/G,.

3.9. The existence of an invariant mean on k[G] has several con-
sequences. We state some of them, without going into the details (which
are standard and may be left to the reader):

(a) The theorem of complete reducibility of the rational represen-
tations of G which are defined over k. One obtains thus, in particular
from 3.8a “global” proof of this theorem for reductive groups in
characteristic 0.

(b) The triviality of extensions 1N —E— G — 1 of algebraic groups
over k, in the case that N is connected unipotent. An argument of
RosencicHT ({10], Th. 1, p. 99) gives a regular cross-section for the
homomorphism E — G, from which one concludes that the extension
may be described by SCHREIER’S method. One then uses a reduction to
the case of an abelian N.

(c) Orthogonality relations for matrix elements of irreducible rep-
resentations (along the lines of [14], p. 115).

3.10. Multiplicities. Let G be a connected semisimple group over the
algebraically closed field & of characteristic 0. Let n be an irreducible
representation of G with highest weight g (in the previous notations).
We denote by m(g, a) the multiplicity of the weight @ in = (i.e. the
mutltiplicity of the character a of T in the restriction of n to 7). One then
has the following formula, due to FREUDENTHAL ([5], formula 3.1, p. 372)

Kg+p.g+p)—<Ca+p,a+pd)m(g,a)

=2 Y J(a+ir,rd>m(ga+ir).
i>0,r>0

&)

It is a direct consequence of (3) of §2, using the value of A(n, C) found
in the proof of 3.4

(5) can be used effectively to compute multiplicities. We will use (5)
in §4 for the case of G,.

4. The Character Formula (Characteristic p>0)

4.1. In this § we assume that G is a connected semisimple group over
the algebraically closed field k of characteristic p>0. We use the nota-
tions of the preceding paragraphs.
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Let © be an irreducible representation of G, with highest weight g,
let f, be again the character of #. The argument used to prove 3.4 may
be used now to show that WEYL’s formula for £, still holds, provided
that p>ud{g+p, g+p)>. However this is a rather weak result: it gives
only congruences mod p for the multiplicities. By a different argument
one can establish a better result.

We use the fact, recalled in 1.5, that there is an affine group scheme
Gy, of finite type and smooth over Z, such that G=G, x k. It is known
that, if char k=0, any irreducible representation of G comes from a
representation of G, over Z. Now let n be as above, let n, be a represen-
tation of G, over Z, corresponding to an irreducible representation in
characteristic 0 with highest weight g.

Reduction of 7, modulo p gives a representation 9 of G (observe that
G =G, X z k, sothat reduction modulo p makes sense). For any weight a,
let m,(g, a) be the multiplicity of @ in = (m,(g, a) depends only on p and
not on k). For a dominant weight d let n,(g, d) denote the number of
times an irreducible representation n; of G with highest weight d occurs
as an irreducible constituent of 8 (in other words: let [n] denote the
element of the Grothendieck group of rational representations of G
defined by the representation =, then

M= Y n(edn]).

d dominant

Clearly n,(g, g)=1.
4.2, Theorem. Suppose that pe X(T). If n,(g, d)>0 then

ulg+p,g+p>=uld+p, d+p) modp.

Proof. Let Z[G,] denote the ring of G,. The Casimir operator C of G
is the extension of an invariant differential operator C, in Z[G,]. We
have Cyny=An,, with A=u({g+p,g+p>—{p, p)), as follows by
extending Z to an algebraically closed field of characteristic 0 and
applying 3.5(a). Reduction mod p shows that C3 =19 where 1is A mod p.
The assertion now follows from 3.3(c) and 3.5(a).

Remark. The proof shows that if the condition peX(T) is not
fulfilled one still has a similar congruence, provided one replaces u by
,»,the u of a covering of G for which the condition pe X(T) holds”.

4.3. Corollary. If p>u({g+p, g+p)—<p, p)) then § is irreducible.

Direct consequence of 4.2 and 3.2(a).

From 4.3 one concludes that under the assumption of 4.3, a formula
analogous to WEYL’s character formula holds for a suitable *“formal”
character.
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4.4. Examples. (a) From the results given in [5] for the irreducible
representations of Eg in characteristic O (p. 491, table E, 3" column),
one obtains easily, using 4.2, that the 8 fundamental representations of
Eg (whose degrees are 248, 3,875, 30,380, 147,250, 2,450,240, 6,696,000,
146,325,270, 6,899,079,264, respectively) remain irreducible in char-
acteristic p>29.

(b) Let k be a finite field of characteristic p, let G be a connected,
semisimple, simply connected algebraic group defined over k. STEINBERG
has shown how the irreducible p-modular representations of the group
G(k) of k-rational points of G can be obtained from the irreducible
rational representations of G ([11], Theorems 7.4 and 9.3, p. 45, 49).
4.2 can then be used to determine the Brauer characters of certain modu-
lar representations. An example will be discussed in more detail in 4.9.

Next we establish a result about splitting of exact sequences of
G-spaces if the characteristic p is positive. G is as before.

4.5. Propesition. Let 0 V' >V V" >0 be an exact sequence of
G-spaces. Let g' (resp. g'’) run through the highest weights of the irre-
ducible constituents of the representations of G in V' (resp. in V'').
Suppose that ul{g +p, g +pyFfulg’+p,g"+p)modp for all such
pairs {g', g"'}. Then the exact sequence splits.

Proof. Let ' resp. n'’ be the representations of G in V' resp. V. Put
W=Hom,(V"’, ¥'). The group G acts on W on the left via n’ and on the
right via n’’. A well-known argument shows that it suffices to prove the
following: let f be a morphism (of algebraic varieties) of G into W such
that

(6) fEy=x-fMO+fx)-y (xye0),
then there exists weW with
fxX)=x-w—w-x.

Let C be the Casimir operator. With the notations of 3.3(a), put
A =A@, C), A”"=A(x=", C). From 3.3(a) it follows that 4'(x - w)=
x-(A'w), (Ww-x)4"=(wA4")-x (xeG, endomorphisms of V' and V"
acting in W in the obvious manner). Also the assumption about weights,
together with 3.3(c) and 3.5(a), shows that no eigenvalue of 4’ equals
one of A",

Apply C to both sides of (6). Using invariance one gets

Cfx)=A(x-fOM)+Cf(x)-y=x-Cf+(f(x)-y) 4",
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whence, putting v=(C f)(e),
A fx)—f(x) A" =x-v-0v-x.

Now apply the following elementary lemma:

4.6. Lemma. Let V', V' be two finite dimensional vector spaces over
the algebraically closed field k. Let A’, A’ be linear transformations of V'
and V"' such that no eigenvalue of A’ equals one of A". Then the linear
transformation of Hom,(V'', V'), which maps T into A'T—TA" is
bijective.

From this lemma one concludes that there exists weW such that
v=A'w—wAd'"" and that f(x)=x - w—w - x, finishing the proof of 4.5.
As to the proof of the lemma, it suffices to prove injectivity. So let
TeHom, (V", V'), AT=TA". Let v be an eigenvector of 4"" in V"',
Then the assumption about 4’ and A" implies that Tv=0. One then
replaces V' by V''/kv and uses induction on dim V"',

4.7. Proposition. Let n be a rational representation of G in V. Then
the G-space V is a direct sum

M

V=

i

Vi
1

]

of G-spaces V; with the following properties: (a) if g and g’ are highest
weights of two irreducible constituents of the restriction of mto V;(1<i<n)
then u{g+p,g+pr=ulg’ +p,g +p> modp, (b) suppose i+j and let
g (resp. g') be a highest weight of an irreducible constituent of the restrict-
ionofn to V; (resp. V;). Then ulg+p, g+pyF uig +p, g'+p) mod p.

Proof. Induction on the degree of n. For an irreducible = there is
nothing to prove. So suppose n reducible. Let ¥ be the space of n. There
is then an exact sequence 0 =V’ >V —=»V" -0 of G-spaces, where V' =0,
V’'#%0, and where V"’ is irreducible. Let g’* be the highest weight of the
representation of G in V"',

By induction, there is a decomposition V' =X V;, with the properties
of the proposition. Let ¥V{ be the direct sum of those V;, for which
ulg+p,g+pd>Eulg’+p,g"+p)>modp for all highest weights g of
irreducible constituents of the restriction of n# to ¥,. We then have an
exact sequence 0 »V{-»V >V’ >0 of G-spaces, which splits by 4.5.
This implies the assertion.

4.8. Corollary. Let © be an indecomposable rational representation
of G. Let g and g' be the highest weights of two irreducible constituents
of . Then ul{g+p, g+pd>=ulg’+p, 8 +p) modp.

8 Inventiones math., Vol. 5
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4.9, An Explicit Example. To terminate, we give a detailed discussion
of the irreducible representations of G, in characteristic 3. Much about
this (in particular the degrees of the irreducible representations) is
contained in [11]. We want to show what can be done in this particular
case with the methods of the present note.

G, is simply connected, so we have u=1. The character group X(T)
is spanned by 3 elements x,, x4, X,, whose sum is O, such that r, =x,,
r,=x;—x,. Moreover we have d,=xo+x,=2r,+r;, dy=x,—x,=
3r;+2r,. The roots are *x;, x;—x; (i%j). We have (x;, x;>=1,
{x, x;) =—1%. The elements of W act on X(T') as follows: w - x;=exr (),
where 7 is a permutation of {0, 1, 2} and e= 1 (see [4], exp. 19, p. 11).

In order to find the characters of the irreducible representations of
G, in characteristic 3, it suffices, by a theorem of STEINBERG ([11],
Th. 6.1, p. 44) to determine those whose highest weights are g =id, +jd,
with 04, j<2.

We have first determined, in characteristic 0, the multiplicities
m(g, d) for such g and d dominant <g. The method we follow is that of
FrREUDENTHAL ([5], II) based on formula (5) (of 3.10). The details of the
calculation, which is not very laborious, are omitted. The results are
given in Table 1. The rows and the first columns are labeled by the
pairs ij, corresponding to the dominant weight id; 4jd,. The value of
m(g, d) is in the intersection of row g and column d (zeros on the empty
places). The last column contains the numbers {g+p, g+p>—{p, p).

Table 1. Multipiicities in characteristic 0

00 10 01 20 11 30 02 21 40 12 31 50 03 22 {g+p, g+p)

00 1 0
10 1 1 6
01 2 1 1 12
20 3 2 1 1 14
11 4 4 2 2 1 21
30 5 4 3 2 11 24
02 5 3 3 2 111 30
21 9 8 6 5 32 1 1 32
40 8 7 5 5 32 1 1 1 36
12 10 10 7 7 53 2 2 1 1 42
31 16 14 12 10 7 6 4 3 2 1 1 45
50 1211 9 8 65 3 3 2 1 1 1 50
03 9 7 7 5 44 3 2 1 1 1 0 1 54
22 21 19 16 15 11 9 7 6 4 3 2 1 1 1 56
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Now let G be the algebraic group of type G, over an algebraically
closed field k of characteristic 3. There is an inseparable isogeny 6: G > G
of degree 3 such that ¢ (7)) =T and such that the induced homomorphism
o*: X(T)- X(T) maps d, onto d, and d, onto 3d; (see [4], exp. 21).
Let 7;; be an irreducible representation of G of highest weight id, +jd,,
let e;; be its degree. Clearly 7;;00 is then one with highest weight
3jd, +id, and with the same degree. On the other hand, by STEINBERG’S
theorem, quoted above, we know that n3;, ; is equivalent to the tensor
product s(n;¢) ® 7y;, where s is the automorphism A A3 of k. It
follows, in particular, that e;;=e;¢eq;, Whence e;;=e;qe;0. It follows
also that e;, and e,, determine all degrees ¢;; for 0<i, j£2 (and even
for arbitrary i and j, by STEINBERG’S theorem). From 4.2 we conclude
(using the last column of Table 1) that e,, is as in characteristic 0, and
Table 1 then easily implies that e,,=27. On the other hand it follows
from Table 1 that e, is either 6 or 7 (observe that d; has 6 conjugates
under W). So the symmetric part of 7,, ® ,, has dimension 21 or 28.
However this must contain the representation =, of dimension 27 (by
highest weights), whence e,, =7 (as in characteristic 0).

One now concludes, by degrees, that n;; is equivalent to n;4 ® 7o ;.
From this one derives easily a table of multiplicities in characteristic 3.
Instead of this table, we give in Table 2 the (equivalent) table of “de-
composition numbers” n;(g, 4) (see 4.1).

Table 2. Decomposition numbers

00 10 01 20 11 30 02 21 40 12 31 50 03 22
00 1
10 0 1
01 0 1 1
20 0 0 0 1
1 1 1 1 0 1
30 0 1 2 0 1 1
02 1 0 0 0 1 0 1
21 0 0 0 0 0 0 0 1
40 1 0 1 0 2 0 1 0 1
12 0 0 2 0 1 1 1 0 o 1
31 1 0 3 0 2 2 1 0 1 1 1
50 0 0 0 0 ¢ 0 0 1 0 0 0 1
03 0 0 2 0 0 2 0 0 0 1 1 0 1
22 0 0 0 0 0 0 0 0 0 0 0 0 0 1

Let now G be the group of type G, defined over the field F; with
3 elements. Put H=G(F,), the finite group of rational points of G, with
order h=35(3*—1)(3°-1)=2%.3%.7.13. We will use the preceding
results to determine the 3-modular characters (in BRAUER’S sense) of H.

8*



104 T. A. SPRINGER:

We first determine the 3-regular classes of H. According to [11] (§3)
they come from the teT such that w - t=¢> for some wel. We describe
the elements of T by triples (#*, £**, %) in (k*)*, where the x; are as in
the beginning of this section. In this description, it is easy to work with
the action of W on 7. The result is that the 9 3-regular classes of H are
described by the triples (1,1,1), (=1, =1, 1), (&2, &3, 8), (e2, 5, 1),
(87’ 82/9 8;)’ (88’ 83, Sg), (889 823 8%)’ (813’ 8?3’ 6?3)9 (8%3 ’ 8?39 8?3)9 where
¢, denotes a primitive n™ root of unity in k*. We label these classes by
their orders as 1, 2, 4, 4', 7, 8, 8, 13, 13’ respectively. Denote by ¢ the
isomorphism of the group of roots of unity of order 7- 8- 13 in £* into
C* defined by ¢(e,)=€>""""" for n=7,8, 13. The Brauer characters
of H are computed using this homomorphism ¢ (and depend on it).
Using the results of [11] (§7) one easily gets the modular character table
from Tables 1 and 2. To each highest weight id, +jd, (0=<i, j<2) there
corresponds such a character y;;. Moreover we have (as follows from
the preceding remarks) x;; =X10Xo1> X21=X20Xo01> X12=X10X02> X22=
X20X02- SO one only has to determine xo1, X105 Xo2» X2¢- L Nis is easy, using
Tables 1 and 2. The result is given in Table 3.

Table 3. Modular characters of G(F5)

Char- Class
acter

1 2 4 4 7 8 8 13 13
Xoo 1 1 1 1 1 1 1 1 1
Z1o 7 -1 —1 3 0 —1 1 (+y13) 0-yD)
Xox 7 -1 3 —1 0 1 —1 }1-y13) 1a+y)
X11 49 1 -3 -3 0 —1 -1 -3 -3
X20 27 3 —1 3 —1 1 -1 1 1
Xo2 27 3 3 -1 -1 -1 1 1 1
X21 18 -3 -3 -3 0 1 1 10-V13) 1(14+Y13)
Xi2 189 —3 -3 =3 0 1 1 1(1+7V13) 10—-y13)
X22 729 9 -3 -3 1 -1 -1 1 1

Apart from sign, the values of y,, x20 and yx,, are also contained in
[11] (11.3). The modular characters depend on the choice of the iso-
morphism ¢. If one makes a different choice of ¢, then either the
characters remain unchanged, or |/13 gets replaced —by /13 through-
out Table 3 (J/13 occurs because of a Gaussian sum).
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