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A Measure Space Without the Strong Lifting Property

V. Losert
Mathematisches Institut der Universitit, Strudlhofgasse 4, A-1090 Wien, Austria

If (X, Z. ) is a measure space, we consider the algebra M® of bounded, measurable
functions on X. A map [: M®—>M® is called a lifting, if it 1s linear, multiplicative,
satisfies [(1)=1, any two functions which agree 1-a.e. have the same image and I(f)
equals f j-ae. If X is a compact topological space, 4 a Radon measure, whose
support is the whole space, X the g-algebra of l-measurable sets, the lifting 1 is
called strong, if I(f)= f holds for all continuous functions f (ep. [5, p. 105]). The
problem of the existence of a strong lifting has been studied by several authors (see
[1,2,4-7)). In [5] the existence was proved for compact, second countable spaces,
in [1] a slightly weaker existence theorem was given for compact spaces with an
open basis of cardinality not greater than N,. Under assumption of the continuum
hypothesis, the existence theorem for such spaces follows also from [7].

We give an example of a space without the strong lifting property and
furthermore this space has an open basis of cardinality ¥,.

Construction of the Space

Let S be a compact, zero dimensional topological space, which is metrizable and
not discrete. Let v be a probability measure on § whose support is the whole space
and which is not concentrated on the isolated points of § (one can take e.g.
§=1{0,1}N and v the product of the measures which assign equal weight to O and 1.

Tt is well known (see e.g. [8], 19.9.4) that for any such measure there exists a
nowhere dense subset of positive measure. Choose a fixed closed, nowhere dense
subset M, of § with v(M,)>0 and a clopen subset M, of S such that M, +# and
M, =8\M,+0. We consider the family .# of all sets in the algebra generated by
M, M,, M, which have positive measure and are either clopen or nowhere dense.
Let J be an index set, whose cardinality is at least N,. Put T=§" and write u for
the product of the measures v.

For jeJ we write S for the j-th factor in the product §7. If J, S J we will often
not distinguish between a subset 4 of S”1 and the subset 4 x $7V¢ which depends
only on the coordinates from J,, e.g if j;.....jseJ and 4,55, then 4; x ... x4,
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stands for A; ... A, x 87U+ 79 (The subscripts will always refer to the coordinate
to which the set corresponds.} Put

I={A; X .. XA j,-..jy€J,A; €M,
at least one 4; is nowhere dense} . O

Finally define X =T x T'.

T* will be identified with S/, We will use the same convention as above for
sets which depend only on a subset of I resp. IxJ. In the representation
AXBg x...xB; (Ciel) the term A corresponds to the first factor T in the
definition of X.

X is compact and zero dimensional. If A and B, are clopen subsets of T (resp.
1¢,) we define a measure A on X by

MAx B, x...xB¢)
= ) ﬂ(Am ﬂ (CenBe, )N ﬂ (gcl) : Hl‘(BCz) )
keIN,.\I" lel’ ler

rciNp
(N,={1,...,n}, €C, stands for the complement of C, in T A more detailed
description of this measure will be given in Lemma 1. In Lemma 3 it will be shown
that supp A=X).

Theorem. The space (X, 1) admits no strong lifting.

Remark. The construction of X and A is based on the following observation: if 4 is
a nowhere dense subset of T with (4)>0 put Ty,=TxT, py=cp 447 4®u
+C4 .7 Uy Where ¢, stands for the characteristic function of A x T and p,
denotes the diagonal measure on Tx T :j SFx, v)dufx, y)=f f(x,x)du(x). Then
supp i, =T, (since A is nowhere dense) and the projection of y, onto the first
coordinate is p. If 1 is a strong lifting of (T, w), then the function [[(Ax T)={A)x T
cannot be extended to a strong lifting of 7, : if U is clopen in T, US T\4, one has
1#,(A x U)=0 and it would follow that @§=1(A4 x Uy=1I(4) x U. This means that in
order to get a strong lifting on T, the lifting of sets of the form 4 x T must depend
also on the second coordinate. If one iterates this construction and considers
T x T instead of T x T [ Definition (2) is the generalization of the above definition
of u,], one gets an uncountable number of conditions for the lifting of 4 x T (see
Lemma 6 for the explicit fashion). On the other hand, it turns out that the
measurable sets in X depend in a certain sense only on countably many
coordinates (sec Lemma 5) and this brings the result that no measurable solution
to these conditions exists, if the index set I is properly chosen.

In order to carry out this program, one needs some more information on the
measure space (X, 4), in particular on the structure of the sets of measure zero. This
will be done in the following lemmas.

Let X', be the measure algebra for (S, v), that is, the set of equivalence classes of
measurable subsets of § modulo sets of v-measure zero. Let 5§ be the Stone
representation space of the Boolean algebra Z,. We identify §° with the set of all
ultrafilters in £, any such ultrafilter corresponds to an ultrafilter in the algebra of
measurable subsets of §, which contains only sets of positive measure.



Measure Space Without the Strong Lifting Property 121

Put T,=S5" and X =T, x T". We consider the subalgebra X of X, which is
generated by all sets of the form A; x...xA;,suchthat 4; isa measurable subset
of S;;jy,-..,jy€J. To each element (f ) Dies € TO we associate the filter # in 7 which
is generated by the sets 4; x...x A4, where 4; e F,. It is easily seen that any
element BeZJ can be represented as a dlS]OlIlt un10n of sets of the form
B; x...xB;. It follows that & is an ultrafilter in 22 and conversely every
ultraﬁlter ,/' on X7 determines a unique element (%), ;€ T, This establishes a
bijective correspondence between T, and the representatron space of the algebra

Z) (see [9, p. 37]). In the following we will identify the elements of T with filters on
0

Since § is compact and suppv=S, each Fe€§ has a unique limit point
ps{#)eS. This defines a continuous, surjective map pg:S"—S. In a canonical
fashion, pg induces continuous, surjective maps py:Ty=8"->T=5§' and p:X,
=Ty xTI-X=TxT.

Each clopen subset 4" of T;, corresponds to some measurable subset A of T and
as in (2) we can define a measure 1, on X, by

AolA"xBg, X ... x B¢ )
=ulA B €C)- B.). 2
(A, Gueedn [) 6 [T moo @

It will turn out that the measure space (X, 4,) can be handled easier than the
original space (X, 4).
For te T;, put

¢+ ={(pr(t), te)eer: Cet implies 1o =po(t)} ,
X o= {(t,tc)cer: Cet implies t=p{t)} , (3)
B, =BnX, for BCX, B,=BnX, for BEX,.

(We use here the identification of elements te T, with filters on 22). X, (resp. X ) is
a closed subset of X (resp. X ;) and both are homeomorphic to T'". y, shall be the
measure on X (resp. X,,) which corresponds to the product measure of y on T™".

Since each clopen subset of S” corresponds to a measurable subset of S, the
measure v on S induces a measure v' on §”. Let y, be the product measure of v" on

=8

Lemma 1. Consider the space of all Radon measures onX (resp. X ) with the weak
topology with respect to comtinuous functions on X (X,). Then the map t+>p, is
continuous on T, We have

AB) = Tf H(Bdpo(t)
Jor each A-measurable subset B of X .
4o(B)= i‘{ #ABdpy(t)

Jor each A,-measurable subset B of X .
If B is clopen in X(X,), then u(B,) takes only finitely many values.
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Proof. We will give the proof for A, the argument for 4, is similar.

Let B=AxB; x...x B be a clopen subset of X. First we will show that
t—u(B,) is continuous and that the equation stated above holds for B. This will be
done by evaluating p,(B,) according to (3).

Fix some element teT, Since A is clopen, p,(tf)eA holds iff Aet. Put
I'={k:C,¢t}.

If (p(t). tc)e B, and k¢ T, then t, = p,(t), consequently p(t)e B, and B, et. It
follows that An ﬂ (C ABc, )N ﬂ %C,et. Conversely, if this set belongs to ¢, then

kelN,
pr(t)e B, fork¢r, and forlel'tce Bc, can be arbitrarily chosen. It follows that in this

case B, corresponds to the set [ | B, and u(B,)= l_[ {(B,). This means that to each
lel’
choice of I' C N, corresponds a possible value of ,u,(B) which is taken on a clopen

subset of T,,. The y,-measure of this subset is y (A N Q(CkmBCk)m Q%C,) and in this
k¢ le

way one gets formula (2).
The continuity of t— | fdu, for continuous f follows now easily from an

approximation argument. The formula A(B)= | u(B,)du,(t) follows e.g. from [3],

To
§3.4, Theorem 1, p. 21. The equation shall also indicate that B, is y,-measurable
Ug-a.c.
Lemma 2. A=p(4,).

Proof. 1and 1, are regular measures on X resp. X ;. By (3) p(X,,) =X, consequently
“1X,)2X,,. If BEX, then p~ {(B)nX o, =p~ {(B)"X,,=p~ '(B), Assume that B is
Borel measurable. Since p is continuous p~!(B) is also Borel measurable and since
4, is concentrated on X, one gets u(p~ *(B),)=pu(B,) for all te T,. By Lemma 1
A(B)=/4(p~ '(B)) and by extension this holds for arbitrary A-measurable sets B.

Lemma 3. suppl =X,
supp Ao ={(t, tc)co . Cet implies to=p.{(t)}
Xo, -

telo

Proof. To prove the first formula consider a clopen subset 4 x B, x ... x B, of X.
Take I'=0 in (2) to get A(Ax B¢, x ... x Bg )>u(Am ﬂ ‘KC,) H H(B¢). Since

supp =T and each C, is nowhere dense in T [see (1)}, this is posmve if A and B,
are nonempty.

In order to determine the support of 4, we consider a clopen subset B of X. The
function t+—pu(B,) is continuous by Lemma 1. If 1,(B)=0, then u(B,)=0 for all ¢,
since supp p,= T (this holds since supp v"=S"). Since supp y, =X,,, B,=0 for all ¢.
It follows that BnX j, =8 for all te T;,. On the other hand we have clearly B, =+ for
some ¢ if A4,(B)>0.

This shows that { ) X, is dense in the support of A,. If x =(t, tc)eX q is the limit
of x'=(r', t)e (] X, then t is the limit of ' and Cet implies Cet' for i 2 iy ({t: Cet}
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is clopen in Ty). Consequently t&=p,(t') for i i, and p,(t) converges to p,() since
pr is continuous. This gives ¢t =p.(t) and so | ] X, is closed in X,

Proposition. Let Y be an arbitrary compact topological space with a Radon measure
2. If NCY satisfies A(N)=0, then there exists a Baire set N, and closed Baire sets

K, (n=1,2,...) such that A(N,)=0 and NEN,u O #(K,) where
n=1
#(K,)=K,\supp(1K,) .
If Y is zero dimensional, then »(K,)=K,n | | {F:F clopen in Y, \FnK,)=0}.

Proof. By the regularity of A there exist open sets U, (n=1,2,...) such that
U,2U,, 2N and lim A(U,)=0. For each U, there exists an open Baire set ¥, such

that V,CU, and (U,)=MV,). Put No= [} V,, K, =%V,
n=1
Then NCN,n () U,n%V,, A(Ny)=0 and U,nEV,Sx(K,) since U, is open.
n=1

In Lemma 5 we will apply this result to the measure space (X, 4,) to describe
the sets of A,-measure zero.

If A is a subset of X,=S8YxS"*/ and I, and J, are subsets of / and J
respectively, we will say that A depends only on I, and J, if it is the preimage of a
set in 8§71 x §71*J1 yia the canonical projection. (Note that. this refers to both
appearances of J in the decomposition of X .} Since by (1) any element A of [ is a
subset of $” it makes also sense to speak of elements A€ which depend only on J,.

Lemma 4. Let J, be a subset of J, I, L1 such that each Ael, depends only on J .
Assume that B is a subset of X which depends only on I, and J,. If te T,=5" we
write t=(t',1%) with t'eS§71, t2eS7V. Then the following holds: If the first
coordinates of t and t agree, then u(B,}= p,AB,).

Proof. Put t=(t',t?), t'=(t',t*), where tleSY, t%,t¥e8YVY1 t and t define
ultrafilters on X9, It follows from the definition of these ultrafilters that a set AC S’
which depends only on J, €J belongs to t iff it belongs to ¢'. Consequently I, Nt
=I,nt. By (3) B,CX, is homeomorphic to a subset of T"\'=$"W*/ but since B
depends only on I, and J, it suffices to look at the coordinates from (I,\t) x J,
=(I,\t")x J,. Since ¢ =(t*,t*), B, depends on the same set of coordinates.

Since p, and p,. are both product measures, it suffices to show that the
projections of B, and B, into SV "7+ agree. Let ()71« s, b€ given and assume
that there exists an element (¢, t)._, € B, whose restriction to (I, \t') x J, coincides
with (s;). For Cet' put tp =p{t), if C¢t’' put to=t.. Then . and t, coincide in all
coordinates from J . It follows that (¢, t.)e B. Since t and ¢ have the same image in S
we conclude that (¢, t-)e B. By the definition of t, we have (¢, .} B, [see (3)]and the
restriction of this element to (I,\t') x J, is just (s;) (since I, nt=1,nt).

Lemma S. If N is a subset of X with Ao(N)=0, then there exist countable subsets
I,C1, J,CJ and a subset N, of X, which depends only on I, and J, such that
4o(N)=0 and Nrsuppi,EN,.
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Proof. Consider the sets N, K, (n=1,2,...) constructed in the proposition. Since
they are Baire sets, there exist countable subsets I, £ I, J, €J such that each of the
sets N, K, depends only on I, and J,. We may also assume that each Ael,
depends only on J, [since each singular Ae ], depends only on a finite subset of J,
see (1)].

We have NCN, U U #(K,). By definition #(K,)=K,n | ) {F:F clopen in X,

Ao(K,nF)=0}. Let %'(K ) be the set which one gets, if the union is restricted to
those clopen subsets that depend only on I, and J,. We will show that

(K, )nsupp A, =#'(K,)nsuppd, and then N,=Ngu (] (K, satisfies our
n=1

demands.

Recall that X, =8 x "7, Assume that F is clopen in X, and that F is the
product of subsets of S* and S. Then we may write F=F!x F2x F3, where
FLg8Jyix §hixdy FRe gV p3CgU*IWxJ0 e identify the sets F!, F2, F? with
their preimages in X,. Now assume that A,(K,nF)=0, for some fixed ne N. We
want to replace F by some clopen set P which depends only on I, and J, and
satisfies 4,(K,nP)=0 and Fnsupp i,EP.

Put Pl= {te Ty:u(K,nF')) >0}, PP={te T, : 1 (F})>0}. For te T,, (K,nF'),
depends on (I,\t) x J,, if it is considered as a subset of S"\V*/ [see (3)]. Similarly
F} depends on (I xJJ)\(I; xJ, utxJ). It follows that these two sets are independent
in §Y¥*7 and consequently u,((K,NF))=p((K,N"FY))u(F?) for te F* (y, is the
product measure on S'*7). Since 1,(K,nF)=0 it follows from Lemma 1 that
uo{te Ty (K ,NF),)>0})=0. This means that

1P AF?AP?)=0 .

By Lemma 4 P depends only on J, as a subset of 7y=S5" By Lemma 1 P? is
clopen in $*7. Let P* be the projection of F2~P? onto S¥. Since F2~P? is clopen,
the same holds for P*. Since p, is the product measure with components v,
suppv'=5" and py(P'nF?nP%=0, it follows from Fubini’s theorem that
to(P*nP*)=0 (we identify P* with its preimage in $*). By construction we have
F?AP3*C P*. Now put P=F'nP* Pis aclopen set and depends only on I, and J,.

We want to show that P has the required properties. Since F? is clopen, it
follows from the definition of P3 that F3nsupp i,S P* x T (use Lemma 3). This
gives combined with the inclusion relation for P*:

F2xF3nsupp Ao SF2AP3x T'CP*x SV x T!
and finally: Fnsuppi,=F*x F2x F>*nsupp 4, S F'nP*=P.

P* depends only on the first factor T, of X,,. By Lemma 1, the definition of P?
and the fact that uy(P*nP*)=0, it follows that 1,(F'nP*nK,)=0.

Since P*C SV, F'nP* depends only on I, and J,. This gives the following
result:

K, )nsupp Ao € K,n| ) {PES7 x §"*7t clopen, 4,(PnK,)=0}
~A(K,).

We have obviously »/(K,)S~(K,), and this finishes the proof of Lemma 5.
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Corollary. Let B be a A-measurable subset of X ,, N a set of Ay-measure zero. 1,,J,
and N, are given as in Lemma 5 and assume that B depends only on 1, and J,. Put
B, =B\N,. Then B,nsupp 1, EB\N, A,(B\B,)=0 and B, depends only on I, and
J,.

Now assume that [ is a strong lifting of (X, ). Put [,(4)=p~ '((4)(p:X,—X
denotes the canonical map).

If B is a measurable subset of S we write B'={seS":Bes}. If F is clopen in S,
then F =pg }(F), if K is closed K"Cps'(K). It follows that v(pg '(K))Zv(K")
=v(K) for K closed and by complementation: v'(pg '(U))<v'()=wU) for U
open. Since v and v" are regular, one gets vi(K")=v(pg (K)). It follows that B’
~ps Y(B) (ie. they differ only by a set of v-measure zero) for any measurable
subset of S. The same argument holds for sets of the form 4; x...x 4, CT for
which we define (4; x...xA4; V=A4] x...x 4] [this agrees with the repre-
sentation of T, as a space of filters described before (27}].

Recall that X = T x T". In the following, we will study the lifting of sets which
depend only on the first factor T and have the form 4; x ... x 4; [in particular
sets from the index set I; see (1)]. If 4 is such a set, then 4 ~l(A) and consequently
1, (A)~p~ ' (A)~A". We apply Lemma 5 with N =A4"\,(4) and get some countable
subsets I,(4), J,(4). A" depends only on finitely many coordinates, consequently
we may assume that these coordinates belong to J,(4). Put B=A4", then the
preceding corollary produces a set B, =d(A) which depends only on I,{4) and
J,(A) and satisfies B,nsuppA,EB\N and B,~B. It follows that
d(A)nsupp A, € AN S, (A). This gives the following conclusion:

there exist countable subsets I,(4)¢I, J(4)SJ and a
subset d(A4)CX, which depends only on I,(4) and J,(A4) 4)
such that d(4)~supp 4,E1,(4) and A" ~d(A) .

In Lemma 6 we will derive a condition which has to be fulfilled by the lifting
because of the special form of our measure. It is essentially the same argument
which was sketched at the beginning.

Lemma 6. Assume that A and B belong to I and that the sets d(A4) and d(B) of (4)
have been constructed. Assume that (t,t;), (t,tc)eX, are given such that
(t, t)ed(B)nsupp Ay, €ANBet, (t,t)esupp Ay, pt)=p(t) and AnEBet'

Then (t', to)¢d(A).

Proof. We assume that (¢,t-)ed(A) and we will show that this leads to a
contradiction,

Put t,=p(t)=py(t'). By (4) and the definition of I, we have (t,, 1) (A)nI(B). It
follows that {AnB)=#, in particular that {AnB}>0.

Condition (4) remains true if we enlarge the sets I, and J,. So we may take
1,21 ,(A)ul(B),J,2J,(4A)uJ (B)and we may assume that 4, Be I, and that each
element of I, depends only on J,.

A and B are subsets of T=S5’ which depend only on J, and we may consider
them as subsets of $7'. Since J is uncountable, there exists je J\J ,. We form the sets



126 V. Losert

Ci=(AnB)xM,;, C,=(AnB) xM,; [M,, M, are the clopen subsets of § used in
(1) and M,; means that the set stands in the j-th position].

By the definition of .# and I [see (1)] the intersection of two sets in I belongs
again to I if it has positive measure. It follows from the preceding argument that
AnBel and [again by (1)] that C,,C,e1. We have C,,C,¢I, (since j¢J,). Our
assumptions ¥AnBet and An¥Bet imply that AnBét, 1, consequently
C,,C, ¢t t.

Since C, and C, are nowhere dense subsets of 7, there exists a nonempty
clopen subset D of T such that Dn(C,uC,)=0. We claim that the set
ANB X D¢, x D¢, has A-measure zero.

By Lemma 2.1 and the argument given before (4)

MANB x D¢, x D¢,) =Ag(A'nB" x D¢, x D) .
By (2") the measure of the last set equals:
WANBNC;ND; NC,ND,,)
+uWANBNEC,NC,nDe,)- WDy,
+WANBAC,ND NEC,)- u(D¢,)
+UANBNEC,NEC,)- D) 1(De,) -

Since M, =%M,, we have ¥C,n¢C,=€(AnB) and D~(C,uC,)=0. So the four
terms on the right are zero.
Since ! is a strong lifting we get:

@=U{ANBx D¢, x D)= A)NUB)"D., D,

(on the right side D¢, and D, are regarded as subsets of X).

On the other hand we will now use the fact that d(A4) and d(B) depend only on
I, and J, to show that the set [(A)NI(B)"D; D, is nonempty, which brings the
desired contradiction. Choose arbitrary elements t; , t..€D and put t;=t. for
C#C,,C,, Cel. Since C,C,¢t,t, we have (t,t;), (t',tc)esupp 4, by Lemma 3.
Since C,, C,¢1, we have (t,t)ed(A), (t, t;)e d(B) [by (4)]. But then it follows from
(4) that (¢4, tr)e (A)NIB)ND¢,NDy,.

In the last step of the proof of the theorem we will now show that the property
which was derived in Lemma 6 cannot be fulfilled if card J =,.

Proof of the Theorem

For each element Ael choose sets I,(A), J,(A), d(4) according to (4). We may
assume that Ael (A4) and that each element of I,(4) depends only on J,(A).

Let J, be an arbitrary subset of J of cardinality ¥,. Consider the nowhere
dense subset M, chosen at the beginning. For jeJ M ; shall denote the subset of s’
where M, stands in the j-th position.

Put J o U J(M,;). Since card J; =N, there exists an element keJ\J;.

Since J,(M 1,() 1s countable there exists jeJo\J (M ).
Put A=M,;, B=M,,. We will show the existence of elements (1), (¢, t-)eX,
with the same properties as in Lemma 6 but with (¢, 7)€ d(A).
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By (4) d(4)~ A4 in X,. Applying Lemma 1 gives
P,={teT,: pd(A))=1}~A"in Ty .

Similarly one has
Py={teT,:p(d(B),)=1}~B"in T, .

Recall that A" equals the set of all elements (s)),.,€ T, such that Aes; (s; is
considered as a filter of subsets of S)). The measure g, on T,=S" was defined as
the product of the measures v". Since A" and B are independent of each other, it
follows that A"nP,NB'nPy~A'nB" has positive measure, in particular it is
nonempty. Fix an element s=(sy),. ;e A"nP,B"nPy It has the property that
Aes;, Bes, and d(A),nd(B),+ 8. Choose (s, t)cer€ d(A),Nd(B),.

Now we have the following situation: the set d(4) depends only on I,(4) and
J(A). By our construction k¢J,(A4). If we replace s, by an element t, with pg(s,)
= pg(t,) and put s;=t¢, for i ==k, we get an element (¢, t) which belongs again to d(A).
In the same way we may replace s; by an element ¢} with ps(s;)= ps(¢) and put £;=s;
for i3} to get an element of d(B).

In order to fulfill the conditions which are needed in Lemma 6, two things have
to be shown : we must find an element ¢, €S, with ¥Bet, (resp. t;€§; with 4et))
such that pg(t,) = pgls,) [resp. ps(t)) = pgls;)]. Secondly we have to show that it is
possible to change the elements ;. into a family (¢.) such that (¢, t)e d(A)supp i,
[resp. (t',tc)ed(B)nsupp A, )

Recall that pg(s,) was defined as the fimit of the filter s, in S. The set of all
complements of measurable, nowhere dense subsets of § forms a filter . If Fis an
arbitrary nonempty clopen subset of S, M g #,, then (M F}> 0 (since supp v==S).
It follows that for each point in S there exists an clement of §° which is an
extension of &, and converges to that point. Let £,€S" be an extension of %, such
that py(t,)=pss) and let ;€S be an extension of %, such that
ps(t)=ps(s;). Then ¢, and t; have the required properties since 4 and B
are nowhere dense.

Now put t=p(t) = py(t’) for Cetut’ and t. =t for C¢tut'. Then clearly (¢, ),
(¢, t)esupp A, by Lemma 3. We will show that (t,tc)ed(4), a similar argument
gives (', to)ed(B).

We know that (s,t-)ed(4),Csuppd, and it follows that ¢ =p{s)
=p,(t) for all Ces. By our construction d(4) depends only on I,(4) in T,y x T
Therefore it suffices to show that I,(4)n(tut’)Cs. i.e. that we have changed only
elements outside I (4).

To show the inclusion I,(4)ntCs, recall that any element of I,(4) depends
only on J,(4), ie. I,(A)SP(S"'™) [where #( ) denotes the power set]. By
construction, ¢ and s differ only in the k-th coordinate, which does not belong to
J,(A). Therefore P(S7* @)t Cs (recall that an element 4; x ... x A; belongs to ¢ iff
A €t,,.. A L)

For the proof of the inclusion I,(4)nt’ Cs, assume that Cel (4)nt but C¢s. By
the same argument as above, the restriction of ¢’ to §/*“"\} equals that of s. Since
1(ASP(ST1), it follows that C=C" x C2, where C' LS\, C2CS, and C?
belongs to # [see (1)]. Now there are two possibilities for C2. If C* is nowhere
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dense, then ¥C*e %, < t). This contradicts Cet'. If C? is clopen, one has py(t;)e C*.
Since ps(t}) = pqls)), it fol}ows that C2es,. ;- By our assumption C¢s, i.e. we must have
Cl¢s. But since the restrictions of s and ¢ to S/+A\ agree, it would follow that
C'¢r', which contradicts Cet’. This shows that I,{4)nt'\s is empty and finishes
the proof. of our theorem.
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