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A Measure Space Without the Strong Lifting Property 

V. Losert 

Mathematisches Institut der Universit~it, Strudlhofgassc 4, A-1090 With, Austria 

If (X, Z. ~.) is a measure space, we consider the algebra M ~ of bounded, measurable 
functions on X. A map t: M ~ M  °~ is called a lifting, if it is linear, multiplicative, 
satisfies/(1) = 1, any two functions which agree 2-a.e. have the same image and l(f) 
equals f 2-a.e. If X is a compact topological space, 2 a Radon measure, whose 
support is the whole space, 2~ the a-algebra of 2-measurable sets, the lifting l is 
called strong, if l(f)  = f holds for all continuous functions f (cp. [5, p. 105]). The 
problem of the existence of a strong lifting has been studied by several authors (see 
[1, 2, 4-7]). In [5] the existence was proved for compact, second countable spaces, 
in [1] a slightly weaker existence theorem was given for compact spaces with an 
open basis of cardinality not greater than N1. Under assumption of the continuum 
hypothesis, the existence theorem for such spaces follows also from [7]. 

We give an example of a space without the strong lifting property and 
furthermore this space has an open basis of cardinality N 2. 

Construction of the Space 

Let S be a compact, zero dimensional topological space, which is metrizable and 
not discrete. Let v be a probability measure on S whose support is the whole space 
and which is not concentrated on the isolated points of S (one can take e.g. 
S = {0, 1 }t~ and v the product of the measures which assign equal weight to 0 and 1. 

It is well known (see e.g. [8], 19.9.4) that for any such measure there exists a 
nowhere dense subset of positive measure. Choose a fixed closed, nowhere dense 
subset M 1 of S with v(M1)>0 and a clopen subset M 2 of S such that M2 ~0  and 
M 3 = S \ M  2 ~: O. We consider the family Je" of all sets in the algebra generated by 
M1, M2, M 3 which have positive measure and are either clopen or nowhere dense. 
Let J be an index set, whose cardinality is at least N 2. Put T =  S J and write p for 
the product of the measures v. 

For  j e J  we write Sj for the j-th factor in the product S ~. If J1 -~J we will often 
not distinguish between a subset A of S Jl and the subset A × S J\J~ which depends 
only on the coordinates from J1, e.g. if j l  ..... j k e d  and Ai~ ~ $i, then All x ... x Aj~ 
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stands for As...Aj~ x S J\ut ..... J~}. (The subscripts will always refer to the coordinate 
to which the set corresponds.) Put 

I={Ai ,  x ... xA~ :jl .... ,jkEJ, Aj e~[ ,  

at least one A j, is nowhere dense} . (1) 

Finally define X = T x T:. 
T z wilt be identified with S t × J. We will use the same convention as above for 

sets which depend only on a subset of I resp. I x J. In the representation 
A X B c X . . . x B c ,  (Ciet) the term A corresponds to the first factor T in the 
definition of X. 

X is compact  and zero dimensional. If  A and Bc, ' are clopen subsets of T (resp. 
Tck) we define a measure 2 on X by 

2(A x Bc~ x . . .  x Bc, ) 

r c  INn \ k~lN~\F leF 

(N ,={1  .. . . .  n}, ~C k stands for the complement of Ck in T. A more detailed 
description of this measure will be given in Lemma 1. In Lemma 3 it will be shown 
that supp ~ =X). 

Theorem. The space (X, 2) admits no strong lifting. 

Remark. The construction of X and ~ is based on the following observation: ifA is 
a nowhere dense subset of  T with p (A)>0  put T I = T x  T, /~ t=cr \A~r- /~®p 
+Ca×r'#a, where cA, r stands for the characteristic function of A x T and /~a 
denotes the diagonal measure on T x T: ~f(x, y)dpa(x, y) = ~f(x, x)dl.t(x). Then 
s u p p # l = T  1 (since A is nowhere dense) and the projection of #1 onto the first 
coordinate is #. If  I is a strong lifting of (T, #), then the function ll(A x T) = l(A) x T 
cannot be extended to a strong lifting of T 1 : if U is clopen in T, U c T\A, one has 
#~(A x U ) = 0  and it would follow that 0 = t~(A x U)= l(A) x U. This means that in 
order to get a strong lifting on T u the lifting of sets of the form A x T must depend 
also on the second coordinate. If  one iterates this construction and considers 
T x T ~ instead of T x T [ Definition (2) is the generalization of the above definition 
of tq] ,  one gets an uncountable number of conditions for the lifting of A x T I (see 
Lemma 6 for the explicit fashion). On the other hand, it turns out that the 
measurable sets in X depend in a certain sense only on countably many 
coordinates (see Lemma 5) and this brings the result that no measurable solution 
to these conditions exists, if the index set I is properly chosen. 

In order to carry out this program, one needs some more information on the 
measure space (X, 2), in particular on the structure of the sets of measure zero. This 
will be done in the following lemmas. 

Let 2~ be the measure algebra for (S, v), that is, the set of equivalence classes of 
measurable subsets of  S modulo sets of v-measure zero. Let S ~ be the Stone 
representation space of the Boolean algebra 2:~. We identify S" with the set of all 
ultrafilters in S~, any such ultrafilter corresponds to an ultrafilter in the algebra of 
measurable subsets of  S, which contains only sets of positive measure. 
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Put  T o = S "s and X o = T o × T 1. We consider the subalgebra  ~o of Su which is 
generated by  all sets of  the form A;, × ... × Aj~, such that  Ai, is a measurable  subset 
of  St, ;Jl . . . . .  jke J.  To  each element ( ~ ) j j  e T O we associate the filter ~-  in Xo which 
is generated by the sets Aj~ × ... × Aj~, where A~ ,e~ , .  I t  is easily seen that  any 
element B ~ S  ° can be represented as a disjoint union of sets of the form 
Bj~ × ... × B j .  I t  follows that  ~ is an ultrafitter in Z ° and conversely every 
ultrafilter ~-  on s o  determines a unique element ( ~ ) ~ s ~  T o. This establishes a 
bijective correspondence  between T o and the representat ion space of the algebra 
2; ° (see [9, p. 37]). In the following we will identify the elements of T with filters on 
z~ °. 

Since S is compac t  and  s u p p v = S ,  each ~ e S "  has a unique limit point  
ps(~)eS.  This defines a continuous,  surjective mapps:S"~S. In  a canonical  
fashion, Ps induces continuous,  surjective maps  pr:To=S~S~T=S ~ and p:X o 
= To x TI--*X= T × T I. 

Each ciopen subset A ~ of  T o corresponds  to some measurable  subset  A of T and 
as in (2) we can define a measure  2 o on X o by  

2o(X x Bc, x . . .  x Bc. ) 

= #( Ank~,,r(CknBc~)c~ ,~r qYC 0 ",~r #(Bc') " (2') 

It  will turn out that  the measure  space (X o, 2o) can be handled easier than the 
original space (X, 2). 

Fo r  t~ T o put  

X t = {(pT(t), tc)c~t:C~ t implies t c =PT(t)} , 

Xot = {(t, tc)c~i:Ce t implies t c =pr( t )}  , (3) 

B z =BcCx; t for Bc=X, B~=Bc'~Xot for B ~ X  o . 

(We use here the identification of elements t~ T o with filters on 2;°). X~ (resp. Xo, ) is 
a closed subset o f X  (resp. X0) and bo th  are homeomorph ic  to Tx\L p~ shall be the 
measure  on X (resp. Xo) which corresponds  to the produc t  measure  of  p on T TM. 

Since each clopen subset of S'  corresponds  to a measurable  subset of  S, the 
measure  v on S induces a measure  v" on SZ Let #o be the product  measure  of v" on 
To=S< 

L e m m a  1. Consider the space of all Radon measures on X (resp. Xo) with the weak 
topology with respect to continuous functions on X (Xo). Then the map t~-+#t is 
continuous on T o . We have 

2(B) = ~ #,(B,)d#o(t ) 
To 

for each 2-measurable subset B of X .  

~o(~)= ~ ~,(~,)@o(t) 
To 

for each 2g-measurable subset B of X o . 

I f  B is clopen in X(Xo), then It,(Bt) takes only finitely many values. 
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Proof We will give the proof for 2, the argument for 2 o is similar. 

Let B = A x Bc, x ... × Bc, be a clopen subset of X. First we will show that 
t~#t(Bt) is continuous and that the equation stated above holds for B. This will be 
done by evaluating pt(B~) according to (3). 

Fix some element t e T  o. Since A is clopen, pr(t)eA holds iff Act .  Put 
r={k:CkCt} .  

If (Pr(t), tc)e B e and k q~F, then tck = pr(t), consequently Pr(t)~ Bck and Bck ~ t. It 

follows that An  (~ (Ck~Bc~)~ ~ cCC~e t. Conversely, if this set belongs to t, then 
k~q,n\F l~F 

Pr(t)~ Bck for kCF, and for l~ F tc, e Bc, can be arbitrarily chosen. It follows that in this 

case B t corresponds to the set 1-] Bc~ and ~(B~)= 1-I #(Bc,). This means that to each 
l~F 161F 

choice of F___c N, corresponds a possible value of #t(Bt) which is taken on a clopen 

subset of T o. The/~o-measure of this subset is# (A n ~C~(C~c~Bc~)C~ ~0 c~C,)and in this 
\ ] 

way one gets formula (2). 
The continuity of t ~ f d # t  for continuous f follows now easily from an 

approximation argument. The formula 2(B)= j ~(Bt)d#o(t ) follows e.g. from [3], 
To 

§ 3.4, Theorem 1, p. 21. The equation shall also indicate that B t is/~,-measurable 
po-a.e. 

Lemma 2. 2=p(2o). 

Proof. 2 and 20 are regular measures on X resp. X o. By (3) p(Xo~ ) = X  t consequently 
p-  ~(Xt) ~=Xor If B __cX, then p-  ~(Bt)~Xot = p-  ~( B)c'~X o, = p-  ~ (B)r Assume that B is 
Borel measurable. Since p is continuous p -  ~(B) is also Borel measurable and since 
Pt is concentrated on Xo, one gets/zt(p-~(B),)=p,(Bt) for all t e T  o. By Lemma 1 
2(B)= 20( p -  I(B)) and by extension this holds for arbitrary 2-measurable sets B. 

Lemma 3. supp 2 = X ,  

supp 20 = {(t, tc)c~ I : C~ t implies t c = Pr(t)} 

= t ~ o X o t  • 

Proof To prove the first formula consider a clopen subset A × Bc~ × ... x Bc. of X. 

Take F = 0  in ( 2 ) t o  get 2 ( A x B c ~ x " ' x B c ) > = # ( A ~ l ~ C ' t ' \ = l /  #(Bc). Since 
l = l  

supp/~ = T and each C~ is nowhere dense in T [see (1)], this is positive if A and Bc~ 
are nonempty. 

In order to determine the support of 2 0 we consider a clopen subset B of X. The 
function t~#~(B,) is continuous by Lemma 1. If 2o(B ) =0,  then #t(B,)=0 for all t, 
since supp/t o = T (this holds since supp v" = S'). Since supp #t =Xo ,  B, = 0 for all t. 
It follows that Bc'0fot = 0  for all t~ T o. On the other hand we have clearly B~#0 for 
some t if 2o(B)>0. 

This shows that ~Xo~ is dense in the support of 2 o. If x=( t ,  tc)eX o is the limit 
of xi= (t i, t~)e ~ Xot, then t is the limit of t ~ and Ce t implies Ce t ~ for i > i o ({t: Cs  t} 
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is clopen in To). Consequently t~ = pT(t i) for i>  i 0 and pr(t i) converges to pT(t) since 
PT is continuous. This gives tc=Pr(t ) and so ~Xot  is closed in X o. 

Proposition. Let Y be an arbitrary compact topological space with a Radon measure 
2. I f  No= y satisfies )~(N)=0, then there exists a Baire set N o and closed Baire sets 

K. (n= 1, 2,...) such that 2(No)=0 and N c= Now 0 ~(K.) where 
n = l  

~(K.) = K.ksupp (2]K.). 

I f  Y is zero dimensional, then . (K. )=K.c~ [.j {F :F clopen in Y, 2(Fc~K.)=0}. 

Proof By the regularity of 2 there exist open sets U. (n= i, 2 .... ) such that 
U.==_ U.+ 1 =~N and lira 2(U.) =0. For each U. there exists an open Baire set P~, such 

that V.c=U. and 2(U~)=2(V.). Put No=  (~ P~,, K =cgV.. 
t~=1 

Then NC=Noc~ 0 U.c~tgV., )'(No)=0 and US~c~V,,C=~(K.) since U. is open. 

In Lemma 5 we will apply this result to the measure space (Xo, 2o) to describe 
the sets of 2o-measure zero. 

If A is a subset o f X o = S " a x S  t×s and I t and d I are subsets of I and J 
respectively, we will say that A depends only on 1~ and J1, if it is the preimage of a 
set in S *a' x S ~' ×J~ via the canonical projection. (Note that,this refers to both 
appearances of J in the decomposition ofXo. ) Since by (1) any element A of I is a 
subset of S s it makes also sense to speak of elements A e I which depend only on J 1. 

Lemma 4. Let J1 be a subset of J, 11 c=I such that each A e I  t depends only on J r  
Assume that B is a subset of  X which depends only" on 11 and J r  I f  t e T o = S  ~J we 
write t=(t t ,  t 2) with t l~S  -s*, tEES*I\JL Then the following holds: I f  the first 
coordinates of t and t' agree, then #t(B,)= p~,(Bt, ). 

Proof. Put t=(t l ,  t2), t '=(tl, t2'), where t i e s  ~2~, t2,12"~S "J~. t and t' define 
ultrafilters on 2 °. It follows from the definition of these ultrafilters that a set A ~ S J 
which depends only on J t  __cj belongs to t i f f  it belongs to t'. Consequently IlC~t 
=Itc~t'. By (3) Bt~X z is homeomorphic to a subset of TI\ '=S u\')×s, but since B 
depends only on 11 and J1 it suffices to look at the coordinates from (I1\t) × Jl 
=( I t \ t l )×J1 .  Since t'=(tl,t2"), B t, depends on the same set of coordinates. 

Since /~ and /~, are both product measures, it suffices to show that the 
projections of B t and B t, into S (1' \t 1) × j, agree. Let (si)i~ a ~\,~) × s~ be given and assume 
that there exists an element (t, tc)c~iEB t whose restriction to (It),t l) × J1 coincides 
with (sl). For C~t' put t'c=pr(t'), if Cq~t' put t'c=t c. Then t c and tb coincide in all 
coordinates from J r It follows that (t, tb)~ B. Since t and t' have the same image in S "J' 
we conclude that (t', t~)~ B. By the definition oftb we have (t', t~)~ B t, [see (3)] and the 
restriction of this element to (I t \ t  I) × J1 is just (si) (since I j ~ t = l l c ~ t '  ). 

Lemma 5. I f  N is a subset of X with 2o(N ) =0, then there exist countable subsets 
I 1 c=I, J1 c__J and a subset N 1 of X o which depends only on 11 and Jl such that 
2o(N1) = 0 and Nc~ supp 2 o c N r 
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Proof Consider the sets N o, K.  (n = 1, 2,...) constructed in the proposition. Since 
they are Baire sets, there exist countable subsets 1~ = I, J1 = J such that each of the 
sets N, K .  depends only on 11 and J r  We may also assume that each A e I  1 
depends only on J1 [since each singular A e 11 depends only on a finite subset of J, 
see (1)]. 

We have N ~ N o u  0 ~(K,). By definition ~(K. )= K,c~ U {F:F clopen in X o, 
n = l  

2o(K.c~F)=0 }. Let ~'(K.) be the set which one gets, if the union is restricted to 
those clopen subsets that depend only on 11 and J~. We will show that 

~(K.)nsuppAo=~'(K,)c~supp2 o and then N I = N o ~  U ~ ' ( K , )  satisfies our 
n = l  

demands. 
Recall that X o = S ~s × S ~ × s. Assume that F is clopen in Xo, and that F is the 

product of subsets of S" and S. Then we may write F = F  ~ x F 2 × F  3, where 
F 1 c=S ~sl x S ~ ×s~, F:~S~J\J~, F 3 c=s(~×s)\u~ ×J~). We identify the sets F1,F 2, F 3 with 
their preimages in X o. Now assume that 2o(K.c~F)=0, for some fixed neN.  We 
want to replace F by some clopen set P which depends only on 11 and J l  and 
satisfies 2 o ( K / ~ P ) = 0  and Fc~supp Z o ~ P. 

Put p t  = {t~ T O :#,((K,nF1)~)>O}, p3 = {t~ T O :#t(F~)>0}. For t~ To, (KnnF1)t 
depends on (I~\t] x Jt ,  if it is considered as a subset of S ~I\~) ×s [see (3)]. Similarly 
F~ depends on (I x J)\(I~ x J~ u t x J). It follows that these two sets are independent 
in S u\°×s and consequently tt,((K,c~F)t)=pt((K.~F~),)#t(F~) for t~F  2 (#t is the 
product measure on Stm)×s). Since 2o(K.c~F)=0 it follows from Lemma 1 that 
#o({teTo :#t((K/~F)t)>O})=O. This means that 

#o(P lnFzc~P 3) = 0 .  

By Lemma 4 p1 depends only on J~ as a subset of T o = S  "s By Lemma 1 p3 is 
clopen in S "J. Let p4 be the projection of FZc~P 3 onto S "sl. Since FZc~P 3 is clopen, 
the same holds for p4. Since #o is the product measure with components v", 
suppv"=S ~ and #o(PlnFZoP3)=O,  it follows from Fubini's theorem that 
/ % ( P l o P * ) = 0  (we identify P~ with its preimage in S"J). By construction we have 
FZc~p ~ c= p'~. Now put P = F 1 c~P 4. P is a clopen set and depends only on 11 and J~. 

We want to show that P has the required properties. Since F 3 is clopen, it 
follows from the definition of PS that F 3 ~  supp 2 o _-cP 3 × Z ~ (use Lemma 3). This 
gives combined with the inclusion relation for p4: 

F 2 x F3~suppJ .oCFZ~P 3 x T~C=P 4 x S *s\~' × T ~ 

and finally: F ~ s u p p 2  o = F  1 × F  2 × F3c~supp2oC=Fl~P4=P. 
p4 depends only on the first factor T O o fX o. By Lemma l, the definition of Pa 

and the fact that #o(Plc~P4)=0, it follows that 2o(Flc~P4c~K,)=O. 
Since P'*gS "s', F~c~P 4 depends only on I~ and J~. This gives the following 

result : 

~(K,)c~supp 2 o =C K . n  U {P ~ S~J' x s ~ × s~ clopen, Zo(Pn K.) = 0} 

=~'(K,)  . 

We have obviously ~'(K.)~_ce(K.), and this finishes the proof of Lemma 5. 
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Corollary. Let B be a 2o-measurable subset of  X o, N a set of  2o-measure zero. 11, J ~ 
and N 1 are given as in Lemma 5 and assume that B depends only on 11 and J r  Put 
B 1 = B \ N  r Then B~r~supp2oC=B\N, 2o(B\B1)=O and B I depends only on 11 and 
Jl" 

Now assume that 1 is a strong lifting of (X,2). Put l l(A)= p-  l(l(A))(p : X o ~ X  
denotes the canonical map). 

If B is a measurable subset of S we write B~= {seS~:Bes}. If F is clopen in S, 
then F ' = p s l ( F ) ,  if K is closed K ~ P s l ( K ) .  It follows that v~(psl(K))>v~(K ~) 
=v(K) for K closed and by complementation: v~(psl(U))<=v~(u~)=v(U) for U 
open. Since v and v ̂  are regular, one gets v~(K~)=v^(p s l(K)). It follows t h a t / T  
~ P s  l(B) (i.e. they differ only by a set of v~-measure zero) for any measurable 
subset of S. The same argument holds for sets of the form A h x . . .  x A~ =c T for 
which we define (Aj, x ... xAj , )~=A~ x. . .  xA~, [this agrees with the repre- 
sentation of T O as a space of filters described before (2')]. 

Recall that X = T x T x. In the following, we will study the lifting of sets which 
depend only on the first factor T and have the form A a x ... x Aj, [in particular 
sets from the index set I ; see (1)]. If A is such a set, then A ~ I(A) and consequently 
/l(A),,~p-l(A) ~A ". We apply Lemma 5 with N=A"\Ia(A) and get some countable 
subsets I~(A), JI(A). A ~ depends only on finitely many coordinates, consequently 
we may assume that these coordinates belong to Ji(A). Put B = A  ~, then the 
preceding corollary produces a set Bt =d(A) which depends only on II(A) and 
Jl(A) and satisfies B~c~ supp 2 0 c__ B\N and B 1 ~B.  It follows that 
d(A)c~supp 2 0 c_ A~\N c= tl(A ). This gives the following conclusion : 

there exist countable subsets I1(A) C__I, Jl(A)___J and a 

subset d(A)~X o, which depends only on II(A ) and JI(A) (4) 

such that d(A)c~ supp 2 o _-__ ll(A) and A ~ ~ d(A). 

In Lemma 6 we will derive a condition which has to be fulfilled by the lifting 
because of the special form of our measure. It is essentially the same argument 
which was sketched at the beginning. 

Lemma 6. Assume that A and B belong to I and that the sets d(A) and d(B) of (4) 
have been constructed. Assume that (t, tc), (t ' ,tc)~X o are given such that 
(t, tc)ed(B)c~ supp 2 o, C~Ac~Be t, (t', tc)~ supp 2 o, PT(t') =pT(t) and Ac~C~Be t'. 

Then (t', tc)q~d(A ). 

Proof. We assume that (t',tc)ed(A) and we will show that this leads to a 
contradiction. 

Put  t o =pT(t)---- pT(t'). By (4) and the definition of/1 we have (to, tc)~l(A)c~l(B). It 
follows that l(A c~ B) 4: O, in particular that p(A c~ B) > 0. 

Condition (4) remains true if we enlarge the sets 11 and J r  So we may take 
It ~-II(A)~II(B), J1 3=Jl(A)uJl(B) and we may assume that A, BeI I  and that each 
element of 11 depends only on J r  

A and B are subsets of T = S  ~ which depend only on J~ and we may consider 
them as subsets o fS  J'. Since J is uncountable, there exis ts jeJ \J  r We form the sets 
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C 1 = (AnB)  x M 2 j  , C 2 =(AnB)  x M3s [M2,M 3 are the clopen subsets of S used in 
(1) and Mz~ means that the set stands in the j-th position]. 

By the definition of dr' and I [see (1)] the intersection of two sets in I belongs 
again to I if it has positive measure. It follows from the preceding argument that 
Ac~BE1 and [again by (1)] that C 1, C2~1. We have C 1, C2¢I 1 (since Jq~J1). Our 
assumptions q~AnB~t and AnCgB~t ' imply that AnB6 t ,  t', consequently 
C1, C2(~t,t'. 

Since C 1 and C 2 are nowhere dense subsets of T, there exists a nonempty 
clopen subset D of T such that Dn(C~wC2)=O. We claim that the set 
A n B  x Dc, × Dc: has 2-measure zero. 

By Lemma 2.1 and the argument given before (4) 

2(AnB × Dcl x Dc2 ) =2o(A~nB A x Dc, x Dc~ ) . 

By (2') the measure of the last set equals: 

M A n B n C  1 n D c l n C  2nDc2 ) 

+ p ( A ~ B n ~ C l  nCznDc2)" I~(Dc~) 

+ I~(A n B n  C 1 nDc~ c~ ~C2). #(Dcz) 

+ I~(A n B n ~ C  1 ncgC2) • #(Oc~ ) • ~u(Dc: ) . 

Since M 3 =~M2,  we have ~C1 ncgC2 = Cg(AnB) and Dc~(CIwC2)=0. So the four 
terms on the right are zero. 

Since l is a strong lifting we get: 

0 = I(A~B x Dc~ x Dc2 ) = l(A)nl(B)nDcnOc2 

(on the right side Dcl and Dc: are regarded as subsets of X). 
On the other hand we will now use the fact that d(A) and d(B) depend only on 

11 and J t  to show that the set l(A)nl(B)C~DclnDc~ is nonempty, which brings the 
desired contradiction. Choose arbitrary elements t'cl, t'cfiD and put t'c=t c for 
C4:C1,C 2, CeI.  Since Ct ,  C z ¢ t , t '  , w e  have (t,t'c), (t ',t~)~supp20 by Lemma 3. 
Since C 1, C2$I 1 we have (t, t'c)ed(A), (t', t'c)ed(B) [by (4)]. But then it follows from 
(4) that (t o, t'c)~ l(A)nl(B)nOc nDc . 

In the last step of the proof of the theorem we will now show that the property 
which was derived in Lemma 6 cannot be fulfilled if card J > N 2. 

Proof of  the Theorem 

For each element A ~ I  choose sets II(A), JI(A), d(A) according to (4). We may 
assume that Ael I (A)  and that each element of II(A ) depends only on JI(A). 

Let Jo be an arbitrary subset of J of cardinality N~. Consider the nowhere 
dense subset M~ chosen at the beginning. F o r j e  J Mt~ shall denote the subset ofS s 
where M~ stands in the j-th position. 

Put Jo  = U J I ( M I j )  • Since card Jo  =N1 there exists an element kEJ\J  o. 
jeJo 

Since Jt(Mlk) is countable, there exists j~Jo\Jl(Mlk).  
Put A =Mlj ,  B=Mak. We will show the existence of elements (t, tc), (t', tc)eX o 

with the same properties as in Lemma 6 but with (t', tc)ed(A ). 
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By (4) d ( A ) ~  A ~ in X o. Applying Lemma 1 gives 

Pa = {t~ T o :/~,(d(A),) = 1} -,~A ~ in T O . 

Similarly one has 

Pa = {t~ T O :/z,(d(B)t) = 1},,~ B" in T o . 

Recall that A" equals the set of all elements (si)i~sET o such that A E s j  (sj is 
considered as a filter of subsets of S j). The measure #o on T O = S "J was defined as 
the product of the measures vL Since A" and B ~ are independent of each other, it 
follows that A"c~PAc~B~c~PB~A'c~tF has positive measure, in particular it is 
nonempty. Fix an element s=(s l ) i j eA"c~Pac~B"nPB.  It has the property that 
A ~ s~, B ~ s k and d(A)sC~d(B)~ :1: O. Choose (s, t~)c~ x e d(A)sc~d(B) s. 

Now we have the following situation: the set d(A) depends only on I I (A  ) and 
Jl (A) .  By our construction k ~ J l ( A  ). If we replace s k by an element t k with Ps(Sk) 
= ps(tk) and put s t = t~ for i #: k, we get an element (t, tb) which belongs again to d(A). 
In the same way we may replace sj by an element t} with ps(S~) = ps(t)) and put t' i = s i 
for i#:j  to get an element of d(B). 

In order to fulfill the conditions which are needed in Lemma 6, two things have 
to be shown: we must find an element tkE S k with CgBe t k (resp. t)s Sj with CgAe t)) 
such that ps(tk)=Ps(Sk) [resp. ps(t))=Ps(Sj)]. Secondly we have to show that it is 
possible to change the elements tb into a family (tc) such that (t, tc)~ d(A)c~supp2o 
[resp. (t', tc)e d(B)c~ supp 20]. 

Recall that Ps(Sk) was defined as the limit of the filter s~ in S. The set of all 
complements of measurable, nowhere dense subsets o r s  forms a filter ~0. I fF  is an 
arbitrary nonempty clopen subset of S, M s ~'o, then v ( M n F )  > 0 (since supp v = S). 
It follows that for each point in S there exists an element of S ~ which is an 
extension of ~o and converges to that point. Let t k e S  ~ be an extension of fro such 
that ps(tk)=Ps(Sk) and let t }~S ~ be an extension of ~o such that 
ps(t~)=ps(Sj). Then t k and t) have the required properties since A and B 
are nowhere dense. 

Now put t c =pr(t)  =pr( t ' )  for C s  t u t '  and t e = t' c for CCtu t ' .  Then clearly (t, tc), 
(t', tc)esupp2 o by Lemma 3. We will show that (t, tc)ed(A) ,  a similar argument 
gives (t', t c ) sd (B  ). 

We know that (s, t 'c)ed(A)~C_supp2 o and it follows that t 'c=Pr(S) 
=pT(t )  for all Ces .  By our construction d(A) depends only on I~(A) in T O x T t. 
Therefore it suffices to show that I~(A)c~(twt')C=s. i.e. that we have changed only 
elements outside I t ( A  ) . 

To show the inclusion It(A)c~tC=s, recall that any element of I I (A)  depends 
only on J l (A) ,  i.e. I a ( A ) C ~ ( S  J~(A)) [where ~ (  ) denotes the power set]. By 
construction, t and s differ only in the k-th coordinate, which does not belong to 
JI(A).  Therefore ~(SJI(A))f~tC=s (recall that an element A~ x . . .  x A~. belongs to t iff  

Ail ~ ti~,..., Ai .a  ti,). 
For the proof of the inclusion I~(A)c~f  C_s, assume that C~I~(A)c~t '  but C~.s. By 

the same argument as above, the restriction of t' to S a'(a)w~ equals that of s. Since 
I~(A)C_~(Ss'(a)), it follows that C = C ~  × C z, where C ~ S  s'(a)\t~, C2~_S~ and C 2 
belongs to ~ '  [see (1)]. Now there are two possibilities for C z. If C z is nowhere 
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dense,  then  ~C2e~'o ~_ t~. This  con t r ad i c t s  Cet'. If  C 2 is c lopen ,  one  has  ps(t~)~C 2. 
Since  ps(t))= ps(S), it fo l lows  tha t  C 2 e  sj. By o u r  a s s u m p t i o n  C Cs, i.e. we m u s t  h a v e  
C 1 ¢s. But  since the  res t r ic t ions  o f  s a n d  t' t o  S Jl~a)~u~ agree,  i t  w o u l d  fo l low t h a t  
C ~ ¢t', which  con t r ad i c t s  C ~  t'. Th i s  shows  t h a t  I~(A)~t'\s is e m p t y  a n d  f inishes 

the  proof ,  o f  o u r  t heo rem.  
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