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§0. Introduction

In my survey article [17,§6] I described the general problem of the existence of
indecomposable vector bundles on P”, with emphasis on the theme that bundles of
small rank on P" for n large seem to be very rare. Since then, a number of other
results have been obtained supporting this point of view [12], [25], [39], [40],
[41], [44], [45].

Working in another direction, several authors [43], [10], [28] have introduced
a notion of stability for vector bundles on projective varieties, generalizing the
concept of stability suggested by Mumford and used by Narasimhan and Seshadri
[35] and others in their study of vector bundles on curves. For stable vector
bundles they have proved the existence of a variety of moduli. Thus one can ask
for the structure of the variety of moduli of stable bundles on IP* whenever they
exist. For rank 2 bundles, this work was begun by Barth [6], [7].

My own philosophy for the last couple of years has been to concentrate on the
study of rank 2 vector bundles on IP?, with the hope that a good understanding of
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them will help in tackling the problem on IP* with n > 3. In this case there is a close
connection with the old problem of classifying space curves, which I reported on in
my Kyoto lectures [18]. Also the recent work of Peskine and Szpiro [36] and
others [37], [14] on laison is very relevant here.

A striking recent development was the discovery [2] that the theory of stable
rank 2 bundles on P2 is intimately related to the solution of the Yang-Mills
equation which comes up in modern elementary particle physics. I have discussed
this relationship and the resulting problem in real algebraic geometry in my paper
{207, and will say no more about it here except to point out that it provides further
motivation, from a completely unexpected direction, for the study of stable vector
bundles on P°.

This paper, then, is devoted to the study of stable rank 2 vector bundles on IP?
over an arbitrary algebraically closed ground field k. There are several methods in
current use to study such vector bundles. One is the technique, so successfully used
by Barth and Van de Ven [4], [5], [6], [ 7], of restricting the bundle to a line and
studying the decomposition of the restricted bundle as the line moves. Another
method uses the notion of a monad, first introduced by Horrocks [22], and more
recently refined by Horrocks and Barth, and used by Atiyah et al. {3] in their
study of the bundles coming from instantons.

In this paper however, we will stick to the older method of associating to a
rank 2 vector bundle on P? a curve in IP*, and relating properties of the bundle to
properties of the curve. If s is a sufficiently general global section of a rank 2
bundle & on IP?, then the zero set Y of s is a curve, Serre, when studying projective
modules over polynomial rings [42], was the first to notice that the bundle & could
be recovered from Y. This fact was used implicitly by Horrocks [23], and appears
to have been rediscovered independently by Barth and Van de Ven [4] and by
Grauert and Miilich [11].

In order to apply this method to an arbitrary vector bundle &, one must first
twist & by a sufficiently high multiple @(¢) of the hyperplane bundle, so that the
twisted bundle &£(t) will have global sections. Then one can in principle classify the
bundles by classifying the possible curves associated to a section of &(t). An
important problem is to find a good bound for the least integer ¢ (as a function of
the Chern classes ¢, and ¢, of &) so that H%(&(£))%0. In case ¢, =0, we conjecture

that ¢t> /3¢, +1—2 will do. However, we are only able to prove a somewhat
weaker result (8.2) with t~(2c2)*/3. This is one of the main results of this paper.
The idea of the proof is to restrict & to a suitable plane HCIP?, and associate &),
with a finite set of points Z in IP2. Then we obtain estimates on dim H'(.#,(})) for all
leZ in §5. In §7 these estimates are used to get estimates for dim H(&|(])). These
estimates, together with the Riemann-Roch theorem for & on P? and some exact
sequences, give the result. As a byproduct of this method, in §6 we get a new proof
of a theorem of Harris giving an upper bound on the genus of a curve of degree 4
in IP? not contained in a surface of given degree. (In fact, the methods of §5 first
arose in connection with Harris’s theorem, and were only later applied to vector
bundles.)

In §1-4 we set up basic techniques and establish some preliminary results. The
connection between vector bundles and curves is explained in §1. In §2 we relate
the numerical invariants c,, ¢, of &, and the o-invariant of Atiyah and Rees [1],
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here defined over fields of arbitrary characteristic, to invariants of the curve Y.
Using a theorem of Ferrand about bundles associated to multiplicity 2 structures
on curves, we establish the existence, for each c,, c,, « such that c,c, is even, of
families of arbitrardly large dimension of nonisomorphic bundles with given
invariants. In §§3,4 we give basic properties of stable bundles and some results
about the variety of moduli. Here we also give many examples of stable bundles.
For ¢, =0, the Riemann-Roch theorem shows that the variety of moduli will have
dimension 8¢c,—3 if H? of the sheaf of endomorphisms of the bundles is 0.
However, we give an example (4.3.6) of a family of stable bundles of dimension
>8¢, — 3, showing that the H? does not always vanish.

In §9, we give a compléte analysis of stable bundles with ¢, =0 and ¢,=2. In
this case we can describe the structure of these bundles quite explicitly. We find
that the variety of moduli is irreducible and nonsingular of dimension 13, and we
get an explicit description of the divisor of jumping lines. In particular, we show
that such a bundle is uniquely determined by its divisor of jumping lines (except in
characteristic 3).

I would like to thank M. Atiyah, J. Harris, M. Maruyama, D. Mumford, and A.
Ogus for many stimulating conversations during the preparation of this work. In
particular, (3.3) is due to Maruyama; (5.2) and (5.3) were communicated to me by
Mumford; and (6.1) is due to Harris. I would also like to thank W. Barth for
generously sharing his published and unpublished ideas about vector bundles.
They were very valuable to me. Finally, I would like to thank Pete Wever who over
a period of two years worked through many of these ideas with me. In particular,
(1.3), (3.0.2), (8.4.1), and the calculations in (4.3.1) and (4.3.3) are due to him.

§ 1. The Correspondence Between Vector Bundles and Curves

In this section we discuss our main tool for studying vector bundles, which is the
correspondence between a vector bundle of rank 2 on IP? and a curve in P3,
obtained by taking the zeros of a global section of the bundle. This correspondence
allows us to reduce many questions about vector bundles to questions about
curves; it also provides a method for constructing families of vector bundles,
We work over a fixed algebraically closed field k. A vector bundle on a scheme
X of finite type over k will mean a locally free coherent sheaf on X If £ is a vector
bundle on X, and if se H(X, &) is a global section of &, then s determines a map

0,—>&. Taking duals (ie., applying the functor H#bm(-,0y)), we get a map

- 0Oy, whose image will be a sheaf of ideals .# in 0. The corresponding closed
subscheme Y of X is called the scheme of zeros of s, and is denoted by (s),.

Remark 1.0.1. Now let & be a vector bundle of rank 2 on P=IP}, n=2, let
se H(P, &) be a nonzero global section, and let Y be its scheme of zeros. It may
happen that Y is empty. In that case the map &=, is surjective, so & is an
extension of line bundles, which implies that & is actually a direct sum of two line
bundles, since on P for n=2 there are no nontrivial extensions of line bundles. It
may also happen that Y has a component D of codimension 1. In that case D is a
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divisor, and the section s lies in the subspace HY(P,&(— D)) of HYP,&). Then
considering s as a section of &( — D), its scheme of zeros will have codimension = 2.
Therefore we will usually exclude these two cases by assuming that Y is nonempty
and has codimension 2. Finally, note that since & is locally free of rank 2, the
ideal sheaf £y is locally generated by two elements. This implies that Y has
codimension exactly 2, and that it is a locally complete intersection subscheme of
P". In case n=3, Yis a curve, by which we mean a 1-dimensional closed subscheme
of P*. It may be reducible, disconnected, and may have nilpotent elements.

Thus given a vector bundle & of rank 2 on P=IP?, and given a section
se HO(P, &), whose scheme of zeros has codimension 2, we obtain a curve Y=(s),.
In this case we say the bundle & corresponds to the curve Y. Our first main result is
to characterize the curves Y which occur in this way, and to show how to recover
the bundle & from the curve.

For any curve YC P, let wy=&xtH (0, wp) denote its dualizing sheaf [AG, 111,
7.5].

Theorem 1.1. Let P=1P}. A curve Y in P occurs as the scheme of zeros of a section
of a vector bundle & of rank 2 on P if and only if Y is a local complete intersection
and wy is isomorphic to the restriction to Y of some invertible sheaf on P. More
precisely, for any fixed invertible sheaf ¥ on P, there is a bijective correspondence
between (i) and (ii):

(1) the set of triples {&,s, @) modulo the equivalence relation ~, where & is a
vector bundle of rank 2 on P ; se HY(P, &) is a global section whose scheme of zeros Y

has codimension 2; @: N*€-5% is an isomorphism; and {&,s,>~ (&5, 0" if

there is an isomorphism & — & and an element ek, A==0, such that s’ = ly(s) and

@'=22p(Ap)~ L
(ii) the set of pairs {Y, &), where Y is a locally complete intersection curve in P,
and £ ¥ RwpR0,— wy is an isomorphism.

Proof.? The first statement follows from the bijection between (i} and (ii), so it is
sufficient to prove that. Given {&,s, @), we take Y to be the scheme of zeros of s
as above. Since Y has codimension 2, locally the two generators of .#, form a
regular sequence in 0, so the local Koszul complexes glue together (see [AG, 1L,
7.117 and its proof) to give a resolution of .#,:

0 A E)>ED 5,0, (1)
Now ¢ gives an isomorphism of A%(&”) with £, so we obtain an exact sequence
0> =8 —F,-0. (2)

1 [AG] refers to item 19 of the references

2 This theorem is due to Serre [42] in the affine case and Horrocks [23] implicitly in the projective
case. All the ideas of the proof are present in Serre’s paper. Other independent proofs have been given
by Barth and Van de Ven [4], and Grauert and Miilich [11]. See also Ferrand [9] and Hartshorne
f17,6.1]
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This extension determines an element e Ext}(#y, 7). Using the exact sequence of
Ext applied to the short exact sequence of sheaves 0—.9,—0,—0,~0, and the
fact that HY(P, ¥")=H*P, ¥ )=0, we see that

Exth(Jy, L) 2Ext3(0y, £).

Now, as in the proof of [AG, II1, 7.4], or using the spectral sequence of local and
global Ext, we see that

EXty(Oy, £) 2 HO(P, Ext}(0, £7).

Using the definition of wy, this can be expressed as Ho(Y, 0wy, ® ;&%)
=Hom(w,® Z @0y, w,). Thus, finally, the element & above can be interpreted as
giving a morphism

E0pRL ROy -y, (3)

Next, we observe that this construction makes sense also if we restrict the
sequence (1) to any open affine subset of P. If U is an open affine subset on which &
is free, then YN U is a complete intersection, and (1) is an actual Koszul complex.
In this case one sees easily that & is a generator of the corresponding Ext module
[42, Prop. 1, p. 2-08], which implies that the morphism (3) is an isomorphism.

Note also that replacing s by As gives a resolution (1) isomorphic to (1) if we
map =& by 1 and A&~ AX &) by A% So replacing ¢ by A%¢p gives an
extension (2') equivalent to the extension (2), which therefore produces the same &,
So we have constructed a map of sets (i)—(ii).

For the reverse direction, suppose given Y and & Then via the identifications
above, e Extp(SFy, £7), so it determines an extension

0L = F > 5,50, 4

where & is a coherent sheaf. Now the fact that £ is an isomorphism implies that
locally, € is a generator of the corresponding Ext module, and this in turn implies
that & is locally free of rank 2 [42, loc. cit.]. So we define £ =% and take s to be
the section obtained by dualizing the map & — .#,£ 0, and taking the image of
1e H(P, ©,). Comparing (1) and (4) gives an isomorphism of A%(¢") with ¢~ and

hence an isomorphism ¢ : A2 5 &. Note that ¢ determines the extension (4) only

up to equivalence of extensions. Thus & is determined up to isomorphism, but s is
determined only up to a scalar 4, and ¢ up to the square of that 4.

Since we now have maps both ways between the sets (i) and (i), and they are
clearly inverse to each other, the theorem is proved.

Remark 1.1.1. The same proof applies to rank 2 vector bundles on IP" for any n = 3,
or more generally on any nonsingular projective variety X with respect to an
invertible sheaf % for which H!(X, £)=H*X,¥%)=0. In that case Y is a
codimension 2 locally complete intersection closed subscheme. In particular, it
applies to Grassmann varieties. Note however that it does not apply to IP? without
modification.

Corollary 1.2. If a bundle & corresponds to a curve Y, then Y is a complete
intersection if and only if & is a direct sum of line bundles.
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Proof. Indeed, if £ =%, ®.%,, then a section s is given by sections s;e H(P, &),
i=1, 2, and Yis the intersection of the divisors D, D, corresponding to s, and s,.
Conversely, if Y is a complete intersection of two divisors D, and D,, then one
possibility for & is the direct sum of the invertible sheaves Z(D,)® ¥ (D,). On the
other hand, for a complete intersection Y we have H(0,)=k [AG, III, Ex. 5.5, so
¢ is unique up to a scalar 4, and hence & is uniquely determined.

As a first application, we give a criterion for distinct sections of a bundle to
have distinct schemes of zeros.

Proposition 1.3 (Wever). Let & be a rank 2 bundle on P=1P3, and assume that for
every nonzero se H°(P, &), the scheme of zeros (s), has codimension 2. (This will be
the case, for example, if H(P, &(—1))=0.) Then two nonzero sections s, s'e H*(P, &)
have the same scheme of zeros if and only if s'=As for some Ack¥*,

Proof. Clearly s and As have the same scheme of zeros. Therefore the map s+—(s),
defines a morphism of the projective space (H°(P,&)— {0})/k* to the Hilbert
scheme of closed subschemes of P. Now any morphism of a projective space either
has finite fibres or has image a single point [AG, 11, Ex. 7.3]. In the former case,
since each fibre is a linear space, it must be a single point, so we are done. In the
latter case, let Y be the common scheme of zeros of ail se H*(P, &). Then by (1.1) we
obtain a morphism of the same projective space (H°(P, &)— {0})/k* to the space of
isomorphisms of ¥ ®w,® 0, with w,, modulo k*. If £ is one such isomorphism,
then any other is of the form &' =aé for some ae H°(Y, 0%). Thus this latter space is
(noncanonically) isomorphic to HO(Y,0¥)/k*. If Y has connected components
Y,,.... Y, let 4] be the sheaf of nilpotent elements on Y, and let

N,=ker(H%(0F)-H(Oy /A)*).

Since the global sections of a connected reduced scheme in P are just k, the
sequence splits, and we see that HO(OF)=k* x N,. Now in characteristic 0, the
exponential map shows that N;=~ H%(Y,, .#}); in characteristic p, N; is a successive
extension of the vector spaces HO(Y, 47/ A7 *1). In any case,

r

HO(Y, 0p)/k*= [T (k* x N)fk*,

i=1

which is a product of affine varieties. The only way a projective space can be
isomorphic to a product of affine varieties is if each is reduced to a point. We
conclude that dimH°(P,&)=1, in which case the result is trivial.

Next we give a criterion, analogous to Bertini’s theorem for divisors, for the
scheme of zeros of a section to be nonsingular.

Proposition 1.4. Let & be a rank 2 vector bundle on P=TP",

(@) If &(—1) is generated by global sections, then for all sufficiently general
se HY(P, &), the scheme of zeros (s), will be nonsingular (but not necessarily
connected ).

(b) Ifchar. k=0, the same is true under the weaker hypothesis that & is generated
by global sections.

(¢) If HY(P,&)=0, and n23, then (s), is connected for any s.
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Proof. (a) This is a result of Kleiman [26, 3.6], since if &(—1) is generated by
global sections, then & gives a “twisted embedding” of P into the appropriate
Grassmann variety.

(b) Horrocks and Mumford [24, proof of 5.1] obtain this result over € as a
consequence of Sard’s theorem. The same proof works over any field of character-
istic 0 using the theorem of generic smoothness [ AG, 111, 10.7]. Let Q be the affine
space H(P, &), and let ZCQ x P be the set of pairs s, x) such that xe(s),. The
scheme structure on Z is obtained by considering it as the scheme of zeros of the
“diagonal” section of @ x & on Q x P. Now since & is generated by global sections,
the projection Z—P is a fibre bundle, hence Z is nonsingular. Then by generic
smoothness [loc. cit.], there is a nonempty open subset U CQ such that for every
se U, the fibre Z_, which is just the scheme of zeros (s),, is nonsingular.

(c) From the exact sequence 0—¥"—-&—4,—-0 of (1.1) we have
HYP,&)=H'(P,.#y), provided P=IP" with n>3. If this is zero, then the natural
map H(P, 0,)—H (Y, 0,) is sutjective. Therefore HO(Y, 0y) =k, which implies that
Y is connected.

Remark 1.4.1. 1f & is any vector bundle on P, then by Serre’s theorems, for m> 0,
&(m) will be generated by global sections and H'((£(m)))=0. So after a suitable
twist, any bundle of rank 2 corresponds to an irreducible nonsingular curve in P.
On the other hand, it is sometimes preferable to consider the least integer m for
which H%(&(m))+0, and study curves corresponding to sections of that twist. This
is a more canonical procedure, but the curves we get may have more complicated
scheme structure.

To conclude this section, we state a remarkable theorem of Ferrand, which
implies in particular that every nonsingular curve in P =IP? admits a multiplicity 2
scheme structure which corresponds to a rank 2 vector bundle. This theorem will
be used in the next section to construct large families of vector bundles.

Theorem 1.5 (Ferrand). Let X be a locally complete intersection curve in P =P with
H°X,04)=k. Let £ be an invertible sheaf on X, let u: $y—%—0 be a surjective
map, and let Y be the scheme defined by #y=keru. Let m be an integer. Then the
following conditions are equivalent :

() wy=0y(—m)

(il) & =wy(m) and the map

u:H'(P, #y(—m)—~H'(X, wy)

induced by u is the zero map.

Furthermore, if m=0 and o ®(Sy/F2)(m) is generated by global sections, then
there is a map u : $y—wy(m)—0 satisfying the condition of (ii). In particular, the
corresponding Y satisfies (i).

Proof. See Ferrand [8]. We put the additional hypothesis H%(X, 0 )=k to make (i)
and (ii) equivalent — Ferrand proves only the nontrivial direction (ii)=(i). Also
note that if m >0, then H'(P, .#,(—m))=0 because of the hypothesis H(X, 0;)=k.
Therefore ti=0 automatically.
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Corollary 1.6. For any locally complete intersection curve X in P> with
H°(X,0y)=k, there is a scheme Y with support equal to X, which corresponds to a
vector bundle of rank 2 on P>,

Proof. Combine with (1.1).

Remark 1.6.1. Unlike the other results of this section, there is definitely not an
analogue of this resuit on IP" for n=4. Indeed, we will see later that the bundles
constructed by this method for m>» 0 are always unstable, whereas a result of
Grauert and Schneider [12] states that on P, for n = 4, any indecomposable rank
2 bundle must be stable. (Grauert has informed me that the proof in [12] is
incomplete, but that he is preparing a new proof, valid for n=5.)

§ 2. Numerical Invariants

Throughout this section & will denote a rank 2 vector bundle on P=1P}. We will
discuss the Chern classes ¢; and ¢, of &, and the mod 2 invariant o of Atiyah and
Rees. If & corresponds to a curve YE P, we show how to compute ¢, ¢,, and o in
terms of Y. We show that c¢,c, =0 (mod2), and that conversely, for any given
values of ¢,, ¢,, a satisfying ¢,c, =0 (mod 2), there are families of arbitrarily large
dimensions of nonisomorphic bundles with the given invariants.

For any & we have Chern classes ¢, and ¢, in the Chow ring of P. But since
that Chow ring is isomorphic to Z[h]/h*, we will consider ¢, and ¢, as integers.
From the general theory of Chern classes (see [AG, App. A] it follows that
A& =0(c,). Also, for any integer m,

¢ (Em)=c,(6)+2m
e,(EM)=c,(&)+mc,(8)+m?.

Also note that since & has rank 2, the natural map £®&— A2& is a perfect
pairing, whence " =&(—c,).

Proposition 2.1. Let & correspond to a curve Y, and let Y have degree d and
arithmetic genus p,. Then d=c, and 2p,—2=c,(c, —4).

Proof. The fact that d=c, is a general property of Chern classes: the scheme of
zeros of a section of a bundle represents the highest Chern class [AG, App. A, §3,
C6]. For the second statement we use the isomorphism Z®w,®0, >~ w,. Since
F > AN E=0,(c,) and wp= U —4), we have vy, = 0yfc, —4). If Yis an irreducible
nonsingular curve of genus g, then wy is the canonical sheaf, which has degree
2g—2. Therefore 2g — 2=d(c, —4) and g=p, so we have our result.

To obtain the same result in the general case, we use the Hilbert polynomial of
Y [AG, 111, Ex 5.2]. For any integer m, it expresses the Euler characteristic of the
sheaf 0 {m) in terms of d and p,:

dim HYOy(m))— dim H{(O,(m))=md +1—p,.

Applying this once with m=0 and using the duality H*(¢,)LH%wy) [AG, 111,
7.7], and again with m=c, —4 and using the duality H'(w,) 1 H%0,), and adding
the two, we find that d{c, —4)=2p,—2 as required.
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Corollary 2.2. If £ has Chern classes ¢, and c,, then ¢,c,=0 (mod 2).

Proof. For suitable m, the twisted bundle &(m) will have global sections, so will
correspond to a curve Y. Then from the equation 2p,—2=c,(c, —4) of (2.1) it is
clear that c,c,=0 (mod?2) for the Chern classes of &(m). But a glance at the
formulas for ¢{(£(m)) in terms of ¢(&) shows the same is true for &.

Remark 2.2.1. Over C, this result is known from homotopy theory for any
continuous €*-bundle over P?. For algebraic bundles it was proved by
Schwarzenberger [21, p. 166] as a consequence of the Riemann-Roch theorem for
& on P. Indeed, if ¢, is odd, we may assume c, = — 1. In this case the Riemann-
Roch theorem (8.1) says that x(&)=1—3c,. Since the Euler characteristic  is an
integer, ¢, must be even. In contrast to that, our proof of (2.2) is essentially the
Riemann-Roch theorem on Y.

Next we come to the a-invariant of Atiyah and Rees [1]. They show that for
any ¢, odd and c, even, there is a unique continuous €2-bundle on P with Chern
classes ¢, ¢,. However, for ¢, even and any c,, they show that there are exactly
two continuous C*-bundles on IPZ, distinguished by a certain mod 2 homotopy
invariant. If & is an algebraic rank 2 bundle on IP§ with ¢, even, they show that a
can be computed as the Euler semi-characteristic

=h(P,8(—4c, —2)+h'(P,8(—4c,—2) (mod2),

where hi=dim H’. Then they show that for each choice of ¢, even, c,, and aeZ/27Z,
there is an algebraic rank 2 bundle on IP3 with the given invariant.

Over an arbitrary (algebraically closed) ground field k, we take this latter
expression as the definition of «.

Definition. Let & be a rank 2 vector bundle on P=1IP}, with even first Chern class
¢;. Let e Z/2Z be defined by

a=h"P,8(—Lc, —2)+h'(P,E(—4c,—2)) (mod2).
Note from this definition that «(&{m))= (&) for any m.

Proposition 2.3. Suppose that & has even ¢, and corresponds to a curve Y. Then

y h%0,Gc,—2)+1 (mod2) if c;=4 (mod8§)
@)= {hg(@y(20;—2)) {mod2) otherwise.

Proof. We use the exact sequence (1) of (1.1), which can be written
0—0(—c,)=E(—c )~ Fy—0.
Twisting by ¢, —2 and taking cohomology, we get
0= HO(Op{ — k¢, — )= HOE(~ ¢, — 2= HOFy(be, — 2))-0
and

Hl(éﬂ(‘zﬁ“z))"’Hl(jy —2))
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Combining with the cohomology of the sequence
0-»F,0p—0,—0
twisted by 3¢, —2, we find that
a=h(O (¢, = 2)+ ROOplhe, ~ D)+ h°Op(~ 4, ~2)  (mod2).
If ¢, 20, then A%(0p(—1c, —2))=0 and
o (Opsc, — 2)=LEe, + Dic,be 1),

A congruence for this (mod 2) is given by a congruence for ¢, (mod 8). Substituting
c;=0, 2, 4, 6, we get 0, 0, 1, 4 respectively. This gives the statement of the
proposition for ¢, 20. A similar calculation gives the result for ¢, <0.

Corollary 2.4. Provided char. k+2, a{&) is invariant under deformations of &.

Proaof. Over €, this is a consequence of the topological definition of x by Ativah
and Rees [1]. We give an independent proof, valid over any field k of
characteristic+2. If {&,} is a flat family of bundles, by (1.4) we can twist by a
suitable m so that the bundles &{m) correspond to a flat family of irreducible
nonsingular curves Y. Then &) is determined by h%%¥,) (mod2) where
Z,=0y(3¢,—-2). But &, is an invertible sheaf with the property that £®? ~w,,
and a theorem of Mumford [347, generalizing classical results of Riemann and
Atiyah, asserts that for such sheaves, the quantity h%(Y, %) (mod2) is a
deformation invariant.

Now we come to the main result of this section. Horrocks [237 first showed
that for any integers ¢, and c, satisfying c¢,c,=0 (mod2), there is an algebraic
rank 2 bundle & on P} with Chern classes ¢, and c,. Then Atiyah and Rees [1],
using the bundles constructed by Horrocks, verified that for ¢, even, both values of
o occur. We strengthen these results by showing that for each ¢, ¢,, o, the family of
rank 2 bundles & on IP* with the given invariants is unbounded. This comple-
ments a theorem of Maruyama [27] which shows the existence of large families of
indecomposable bundles of any rank r=dimX for any nonsingular projective
variety X of dimension =2.

Theorem 2.5. For each choice of integers c,, ¢, satisfying ¢,c, =0(mod 2), and, if ¢,
is even, for each choice of acZ/2Z, and for each N >0 (independent of c,, c,, o)
there exists a family {&,},.; of mutually nonisomorphic rank 2 bundles & on P=1P},
with the given invariants c,, ¢,, o, parametrized by a variety T of dimension > N.

Proof. We use the theorem of Ferrand (1.5). Let X be an irreducible nonsingular
curve of degree d and genus g in P. Since X is nonsingular, there is an exact
sequence of locally free sheaves on X [AG, 11, 8.17]

0S4/ I > 2,@0,—>Q,—0.
In particular, taking duals, there is a surjective map

9‘1,®(DX->(]X/JX2,)V—+0
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where J, is the tangent sheaf on P. Now J,, being a quotient of @y(1)%, is
generated by global sections. Therefore (#,/.#32) is generated by global sections on
X.

On the other hand, if g =1, the sheaf of differentials w, is generated by global
sections, and if g =0, it has degree —2 on X. Thus if g=1 and m2=0, or if g=0,
d=2, and m21, the sheaf w,®(F,/F2)(m) is generated by global sections. So
for these values of d, g, m, we can apply Ferrand’s theorem, and we obtain the
existence of a curve Y with support equal to X, and wy= 0(—m). Its degree is 2d.
Furthermore, by construction, there is an exact sequence

0~ wx(m)—>0y—>04—0. )

From this we can compute the arithmetic genus p, of Y. If (%) denotes the Euler
characteristic ) (—1)' dimnH'(#) of a sheaf &, then p, is determined by x(0y)
=1—p, But from the exact sequence we have y(0,)=x(0,)+ x(wy(m)). Applying
the Riemann-Roch theorem on X, this gives

WOy)=1—g+2g—24+md+1—g.

Therefore p,=1—md. Surprisingly, it is independent of g.
Now by (1.1), Y corresponds to a vector bundle & with Chern classes ¢,(%)
=4—m and ¢,(¥)=2d. For any integer k, let &=%(k). Then

e (E)=4—m+2k
(&) =2d+(@E—m)k+K>.

The next step is to show that we can obtain any given c,, ¢, satisfying ¢,c, =0
(mod 2) as the Chern classes of &, for suitable choice of d, m, and k. First pick m=0
such that m=c, +2c, (mod4). Then let

k=%(c,+m—4)
and
d=3(c;—ck+k?).

These values of m, k, d give the required ¢, and c,. Note that the congruences
¢,¢,=0(mod?2) and m=c, +2c, (mod 4) guarantee that k and d are integers. Note
also that m> 0 implies k>0 and d> 0.

Now we construct the required families. Given N >0, and given ¢, ¢,, pick d,
sufficiently large so that for any d=d, there are families {X,} and {X;} of
dimension > N of curves in P of degree d and genus 0 and 1, respectively. To see
that this is possible, let Z be a fixed abstract curve of genus 0 or 1, and let PyeZ be
a fixed point. Then any sufficiently general 4-dimensional subspace V of
H®(Z, #(dP,)) gives an embedding of Z in IP°, and different subspaces give
different embeddings. Since dim H%(Z, £(dP,))=d + 1 (respectively, d), the choice
of Vis a choice of a point in the Grassmann variety G(4,d+1) (respectively,
G(4,d)), which had dimension 4(d —3) (respectively, 4(d—4)). In either case, this
dimension grows with d, so we can get families of arbitrarily large dimension of
these curves. To get the dimension of the family of image curves in P3 one should
subtract 3 (respectively, 1) for the automorphisms of Z. Still, the dimension grows
with d.
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Then pick m=0 such that m=c¢, +2¢, (mod 4) and m is sufficiently large that
the corresponding d is =d,,. Use the families {X,} and {X} to construct families of
curves {¥;} and {¥} as above, and hence families of bundles {&,} and {&;}. These
families then have dimension >N, and have the given Chern classes ¢, and c,.

Wecomputethe o invariant in case ¢, is even using (2.3) applied to Y, since «(&)
=u(F). Since Y corresponds to F and c,(F)=4—m, we must compute
h°(0{—1m)). From the exact sequence (5) we get

0- @ Em)—Oy(— M) > 04 (—im)—0.
For m>0 this gives
ROy~ 1m))=h%wx(Gm)).
Furthermore, for m>0, w,(3m) is nonspecial on X, so by Riemann-Roch on X,
W(om)=2g—2+imd+1—¢g
=g—1+%md.

This shows that keeping m and d fixed, the two values g =0, 1 give both values of a.
So one of the families {#,}, {&;} will have a=0, the other a=1.

Finally, we need to show that the bundles &, & in the families we have
constructed are all mutually nonisomorphic. Indeed, we claim that for m>0,
dim H%#)=1. It follows then from (1.1) that Yis uniquely determined by #. Thus
nonisomorphic curves X, give nonisomorphic bundles &,

To prove the claim, we use the exact sequence of (1.1), twisted by ¢, (#) =4 —m:

00> F =S (4—-m)—0.

For m=5, HOSy(4—m)CHYO(4~m)=0, so HF)xH®0,) which has
dimension 1. ged.

Remark 2.5.1. One might think from this result that the problem of classification
of rank 2 bundles on P> was hopeless. But in fact, for most of the bundles we have
constructed here, we have seen that dim H%(#)=1. Thus # uniquely determines a
curve Y and an isomorphism wy == @y(c, —4) up to a scalar. Therefore the space of
all such bundles is fibred over a certain subset of the Hilbert scheme by the spaces
H°(0%)/k*. On the other hand, in the next section we will discuss stable and
semistable bundles, for which there are good varieties of moduli, and we will see
(3.4) that if & is a rank 2 bundle which is not semistable, and if m is the least integer
for which H%&(m))+0, then dim H%(&(m)) = 1. So the classification problem for all
rank 2 vector bundles on IP* reduces to the classification of stable and semistable
bundles on the one hand, and the study of the Hilbert scheme and the spaces
HO(O%)/k* on the other hand.

§3. Stable Bundles

In this section we give the definition and elementary properties and examples of
stable rank 2 bundles on IP>.



Stable Vector Bundles 241

Definition. A vector bundle & of rank 2 on IP* is stable (respectively, semistable) if
for every invertible subsheal & of &,

¢ (£)<3¢4(8)
(respectively, <).

This definition is easily seen to be equivalent to the definition of Mumford and
Takemoto [43] which requires that for every rank 1 torsion-free quotient sheaf #
of &, ¢,(F)>3c,(&) (respectively, ).

Remark 3.0.1. Let us make some elementary observations about this definition.
First of all, a bundle & is stable if and only if &(m) is stable, for any m. Secondly, if
¢,(&) is odd, then equality cannot occur, so & is stable if and only if it is semistable.

Since twisting a rank 2 bundle by m changes its first Chern class by 2m, we can
twist any bundle so that its first Chern class becomes 0 or — 1. In this case we will
say that & is normalized. If & is normalized, then & is stable if and only if H%(&)=0.
Indeed, if se H%(&) is a nonzero section, it determines an injective map of @ to &,
whence & is not stable ; conversely, if £ is not stable, it contains a subsheaf ¢(m) for
some m =0, whence H%(&) % 0. Similarly, in case ¢, =0, & is semistable if and only if
H%&(—1)=0.

Finally, a bundle & on " is stable if and only if it is simple, ie. the only
homomorphisms of & to itself are scalar multiplications. For a proof of this, and
more generalities about stable bundles, see Barth [6, §3].

Remark 3.0.2. Recently Gieseker [10] and Maruyama [29], [30] have introduced
a new definition of stability, using the Hilbert polynomial instead of the first Chern
class in the inequality of the definition. While the old and new definitions are not
equivalent in general, they are equivalent for rank 2 bundles on P*. The proof
simply involves computing the Hilbert polynomials, and using the fact (8.4) that if
& is stable (old definition) on IP3, then ¢ —4c, <0. On the other hand, the old and
new definitions of semistable are not equivalent on P*: the only (new) semistable
bundle is 0@ and its twists, while there are many (old) semistable bundles. In this
paper we always use the old definition.

Next we give a criterion for a bundle to be stable, in terms of a curve associated
to the bundle.

Proposition 3.1. Let & be a rank 2 bundle on P> corresponding to a curve Y in P3.
Then & is stable (respectively, semistable) if and only if

(1) ¢,(&)>0 (respectively, c,(§)20), and

(2) Yis not contained in any surface of degree <3c,(&) (respectively < $e,(8)).

Proof. From (1.1) we have the exact sequence
0->0(—c,)—&(—c, )~ Fy—0.

For simplicity we suppose c, is even, the proof for ¢, odd being entirely analogous.
In this case, the normalized bundle & corresponding to & is &(~— 1c)), so we have
an exact sequence

00— 0(~ %cl)——ag'—%fy(%cl)%o.
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Now ¢& is stable if and only if H%(&")=0.This is equivalent to (1) H%(¢(—4c,))=0,
which says that ¢, >0, and (2) H%(# {3 ¢,))=0, which says that Y is not contained
in any surface of degree ¢, . Similarly, & is semistable if and only if H%(&'(—1))=0,
and this is equivalent to saying ¢, =0 and Y not contained in any surface of degree
le, -1

Example 3.1.1. Let Y be the disjoint union of r lines in P>. Then wy =0y(—2),50 ¥
corresponds to a bundle & with ¢, =2, ¢,=r. For r=2, the curve Y is not
contained in any plane, so the corresponding bundle & is stable. From (2.3) we see
that the a-invariant of these bundles is 0. The corresponding normalized bundle &’
has ¢, =0, ¢, =r—1, so this shows the existence of stable bundles with ¢, =0, 2 =0,
and any ¢, >0.

Example 3.1.2. Let Y be the disjoint union of r conics in IP3, Then w, =0y~ 1), so
Y corresponds to a bundle & with ¢, =3, ¢c,=2r. For r=2, the curve Y is not
contained in any plane, so & is stable. The corresponding normalized bundle & has
¢, =—1,¢,=2r—2, so this shows the existence of stable bundles with ¢, = — 1, and
any even ¢, >0,

Example 3.1.3. Let Y be a disjoint union of a nonsingular plane cubic curve and a
nonsingular elliptic space curve of degree r 24. Then w, = @y, so Y corresponds to
a bundle & with ¢, =4, ¢, =r+ 3. For r 24, the second curve does not lie in a plane,
so Yis not contained in any surface of degree 2, hence & is stable. From (2.3) we see
that the a-invariant of & is 1. The corresponding normalized bundle & has ¢, =0,
¢, =r—1. This shows the existence of stable bundles with ¢, =0, «=1, and any
c,=3.

Remark 3.14. We will see later (8.4) that the values of ¢;, ¢,, o in the above
examples are the only possible values of ¢,, ¢,, o for normalized stable bundles on
IP. The proof involves showing that ¢ —4c, <0 for any semistable bundle, which
we do in this section, and then eliminating a few special cases, which we do later.

The remainder of this section is devoted to proving the inequality ¢; —4¢, <0
for a semistable rank 2 bundle on IP. First we prove the analogous result on P?,
using the Riemann-Roch theorem. Then we reduce the case of P to IP? using a
result of Maruyama. Barth [6] has given a slightly different proof over €, and also
a proof of the stronger result that ¢? —4c, <0 for a stable bundle, which we prove
later (8.4) by a different method.

Lemma 3.2 (Schwarzenberger). If & is a stable (respectively, semistable) rank 2
bundle on P2, then c?—4c, <0 (respectively, < ). Furthermore, if & is stable, then
c?—4c,+ -4

Proof. The Riemann-Roch theorem for & on P? says that
ME)=1(c]—2¢,+3c, +4).

To discover this formula, it is not necessary to interpret the generalized Riemann-
Roch theorem, computing Todd classes etc. It is enough to know that there exists
some polynomial in Q[c,,c,] which gives y(&) for any rank 2 bundle on P?, and
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then compute it in enough easy special cases. For example, let & =0(r}® 0(s), with
r,s20. Then H (&)= H*&)=0, so

wEY=RE)=3r+2D(r+D+56+2)(s+1).

Expanding, we get a symmetric function in r and s, which can be written uniquely
in terms of ¢, =r+s and ¢, =rs, which are the elementary symmetric functions in r
and s. A short calculation gives the formula above.

Now let & be stable. Since ¢ —4c, is invariant under twisting, we may assume
that & is normalized. Then H%&)=0. By duality, H*(6) is dual to H*(&(—c,—3)),
and since ¢, =0 or —1, this is also 0. So x(&)=—h"(£)<0. In case c, =0,
substituting in the Riemann-Roch formula gives ¢, =22. In case ¢, = — 1, we get
¢, = 1. In each case, c? —4c, <0 and ¢] —4c, + —4.

If & is semistable with ¢, =0, a similar argument, using y{(€(— 1)), shows that
¢, 20. In this case ¢} —4c¢, <0.

Note the curious fact that ¢, =0, ¢, =1 is not possible for a stable bundle on P?,
but it is possible on IP3. Otherwise the possible values of ¢, and c, of stable bundles
are the same on P? and P? provided ¢ ¢, =0 (mod 2).

Theorem 3.3 (Maruyama)®. If & is a semistable rank 2 bundle on P, then for almost
all planes H W3, the restriction &ly is semistable on H.

Proof. We may assume that & is normalized. If &, is semistable for a single H,
then from the criterion H(&(— 1)|,) =0 and the semicontinuity of cohomology, we
see that &), is semistable for almost all H. Thus if the theorem were false, &|y
would be not semistable for every plane HSIP?. Before continuing, we need a
lemma.

Temma 3.4. Let & be a normalized rank 2 bundle on P, n=1, which is not
semistable. Let m<Q be the least integer such that H°(&(m)=0. Then
dim Ho(&(m)) = 1. Furthermore, if m' <0 and se H(&(n)) is a nonzero section whose
zero set has codimension 2, then m' =m.

Proof. First note that if se H*(&(m)) is any nonzero section, then the zero set of s
must have codimension 2, because of the minimality of m (1.0.1). Now let m' <0
and s’e HO(&(m')) be any nonzero section whose zero scheme Y has codimension 2.
Then we have an exact sequence

00— &(m)—Fylc,(6)+2m)-0.

Since ¢,(€)=0 or —1, and m' <0, the sheaf on the right has no global sections.
Therefore HO(&(m'))=~ H°(0), which has dimension 1.

Applying this result to the case m'=m shows that dimH %(&(m))=1. Applying it
to any other m' shows that m’=m. For if m">m, then the injective map

HY&m)QH(O(m —m))—H&(m)
implies that dim H(&(m'))> 1.

3 This result and its proof were communicated to me by Maruyama. Barth [6] has proved the
stronger result over C that if £ is stable on IP3, then &l is stable for almost all H, unless & is a twist of a
bundle with ¢, = ¢, =2 corresponding to two lines (3.1. 1). In this paper we use only the more elementary
result of Maruyama, thus keeping our work independent of Barth’s theorem
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Proof of (3.3), continued. Let & be a normalized rank 2 bundle on IP?, and assume
that &, is not semistable for each plane H CIP3. For each H, let m(H) be the least
integer m such that H%&(m)|,)+0. Then because of the semicontinuity of
cohomology, m(H) is a lower semicontinuous function of H. Let m, <0 be the
maximum value of m(H). Then m(H)=m, for almost all planes H.

Now take a plane H with m(H)=m,,. Let se H%(&(m,)|,) be a nonzero section,
and let YCH be its zero set, which is a finite set of points. Choose a line LEH
which does not meet Y. Then the section s induces a section e H(&(my)!,) whose
zero set is empty (hence of codimension 2 in L). Therefore by the lemma, m(L), the
least integer m such that H(&(m)|,) =0, is just m,,.

Next, consider any other plane H' containing L. By choice of m,, we have m{H’)
<m,. But since LE H’, we have also m{L) Sm{H’). But m{(L)=my,, so m{H}=m, for
all H’ containing L.

The remainder of the proof is devoted to showing that H%(&(m,))+0 on P°.
The idea is to paste together the sections of H%&(m,)|,) as H’ varies in the pencil
of planes containing L. We carry this out formally by blowing up L in IP°. This is
similar to the “standard construction” of Barth [6,§4], but simpler in that we blow
up a single line instead of using the entire incidence correspondence.

Let X be P with the line L blown up, let 7:X —P* be the projection, and let
p:X — P! be the morphism given by the pencil of planes containing L.

g X5 P!

! I
L <P

For any te P!, let H, be the corresponding plane in IP°. Then H, is the fibre of X
over t, and for any m,

H(p™ (1), n*&(m) = HAE(m)l,).
Taking m=m,, all these cohomology groups have dimension 1, so by semicon-

tinuity [AG, 111, 12.9], p, n*(&(m,)) is locally free of rank 1 on IP',
Furthermore, for each t, the natural map

HOE(mo)ly,)— HO(E(mo)ly)
is an isomorphism. This implies that the natural map
P (EmMo)) = P (7 (E M) - 1)

is also an isomorphism. But the latter is simply the structure sheaf (., because
HO%&(my)l,) is independent of t. Thus we see that p n*(&(my)) = Op..

In particular, this shows that H%mn*(&(m,)+0, and therefore also
H%&(my))+0 on P3. Thus & is not semistable.

Corollary 3.5. If & is a semistable rank 2 bundle on P, then ¢} —4c, <0.

Proof. By (3.3), | is semistable for some plane HCIP?. Therefore ¢; —4c, S0 by
(3.2).
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§4. Variety of Moduli

In this section we discuss the existence of the variety of moduli of stable rank 2
vector bundles on IP>. We show how to compute its dimension in certain cases.
Also we will give some examples of families of stable bundles constructed from
curves. The question whether these families represent all stable bundles with the
given Chern classes will be deferred to Sections 8 and 9.

The general problem of moduli is this: having identified a certain class of
objects, find a variety which parametrizes them in a suitable way. For stable
torsion-free sheaves, Maruyama [30] has found a solution to this problem. Let X
be a nonsingular projective variety over k, and let X be the set of isomorphism
classes of stable torsion-free sheaves & of rank r, with a given Hilbert polynomial
H. Then X has a coarse moduli scheme M, which is a separated scheme, locally of
finite type over k. This means

(1) The closed points of M are in 1-1 correspondence with the elements of the
set X;

(2) Whenever & is a flat family of sheaves & of 2, parametrized by a scheme T
(ie., F is a coherent sheaf on X x T, flat over T, whose fibres are in X), then there is
a morphism ¢ :T->M such that for each closed point te T, ¢(t) is the point of M
corresponding to the class of the sheaf #, which is the fibre of # over ¢;

(3) The morphisms ¢ of (2} can be assigned functorially; and

(4) M is universal with properties {2} and {3).

An important question, left'unanswered in general, is whether M is necessarily
of finite type over k. This is equivalent to the question whether the family 2 is
bounded. Maruyama has shown this is so if dimX <2, and has announced that it is
also so for the case of rank 2 on any X.

In our case, we take X =1P3, and consider stable vector bundles of rank 2. The
vector bundles form a subset of the set of all torsion-free sheaves, and our
definition of stable agrees with his in this case (3.0.2). To specify the Hilbert
polynomial of & is equivalent to giving its Chern classes. So we conclude from
Maruyama’s theorem that the set of stable rank 2 bundles & on P? with given
Chern classes ¢, and ¢, has a coarse moduli scheme M(c,,c,) which is separated
and locally of finite type over k. We will give an independent proof of boundedness
in this case (8.3), so in fact M is of finite type over k.

The main goal of this paper is to describe the moduli schemes M(c,, c,) explicitly.

We begin with the infinitesimal study of M. For any vector bundle &, let £nd &
be the sheaf of local endomorphisms of &, defined as A#om(&, &) or 6" Q6.

Proposition 4.1. Let & be a stable bundle on a nonsingular projective variety X.
Then HYX, &nd &) is naturally isomorphic to the Zariski tangent space of the moduli
scheme M at the point corresponding to 8. If H*(X, 6nd )=0, then M is nonsigular
at that point and its dimension is equal to dimH'(X, £nd &).

Proof. This follows from Grothendieck’s infinitesimal study of the scheme Quot
[13] and the way the moduli scheme M is constructed [31, 6.7 and proof of 6.9].
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Proposition 4.2. Let £ be a normalized stable rank 2 bundle on P3. Then

8¢,—-3 if c,=0

hi(gndé’)-hZ(é"ndg):{gc S o emot
2 1= ’

Proof. To compute these cohomology groups, we use the Riemann-Roch theorem
for &nd& on IP3. As in the proof of (3.2), we can discover the Riemann-Roch
formula by computing the same easy cases. Since the Chern classes of &nd & are
determined by the Chern classes ¢, ¢, of &, the Riemann-Roch theorem implies
that y(€nd &) is given by some polynomial in Q[c,,¢,]. So let § =0(a)DO(b). Then
End& =0(a—byROBOPRO(b—a). Assuming a>b,

A(End &) =R Oa—b) + 1 + 1 — (OB —a)).
Using duality for k3, and the known cohomology of IP3,

A End &)= (“"é’”) Fl41— (““’3"1).

Now a short calculation gives
x(End 8)=2c2—8c, +4.

This is the Riemann-Roch formula.

To prove the proposition, note that since & is stable, it is simple (3.0.1), so
h%(&nd &)= 1. On the other hand, H3(énd &) is dual to H((&nd &) (—4)), which must
be 0 since h%énd&)=1. Thus only h'(6nd&) and h*(End &) are unknown,
Substituting ¢; =0 and ¢, = —1 gives the result.

Remark 4.2.1. We can expect that in good cases, h*(&nd &) will be 0, in which case
by (4.1) the moduli scheme will be nonsingular of dimension 8¢, — 3 (respectively,
8c, —35). However, we will show by example (4.3.6) that there may be components
of bigger dimension.

Proposition 4.3. Let & be a stable rank 2 bundle on P* with Chern classes ¢,,c,,
corresponding to a curve Y. Assume

(1) H'(Sy(—-4)=0,

(2) HY(Syle, —4)=0, and

(3) HY(A})=0, where Ay=(F/F*) is the normal sheaf of Y.

Then H*(End&)=0. Furthermore, if Y is nonsingular, then (1) is automatically
verified, and (3) can be replaced by

(3) H'(0y(1))=0.

Proof. Since & corresponds to Y we have the exact sequence
0-0(—c,)»é(—c,)—>F,-0.

Now &ndé =& ®8&, and & = &(—c,), so tensoring with & gives an exact sequence

e HYE(—~ )~ H*(End ) HHER Iy)— ...

To show H*(&nd £)=0 it is sufficient to show that the two groups on either side are
0. Now H%&(—c,)) is dual to HY(&(—4)), which from the first sequence is
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isomorphic to H'(Fy{c, —4)). This is condition (2). On the other hand, from the
sequence

0-Sy—=0-0,—-0,
tensoring with &, we get an exact sequence
.. HY (E®0y)~HHERIy)~HE)— ....

Again, it is sufficient to show the two outside groups are 0. Now &®0, =45,
because tensoring the first sequence with @, gives an isomorphism

E(—c)®Oy > I, Q0= Fy/5}.

So HY{&®0y)=H'(A4}), which is condition (3). Finally, H%&) is dual to
H'(&(—c, —4)) which is isomorphic to H!(#,(—4)), which is condition (1).

Now if Y is nonsingular, then H(0,(—4))=0, so (1) is automatic. On the other
hand, .4} is a quotient of the tangent bundle of IP? restricted to Y, which in turn is
a quotient of O,(1)* So it is sufficient to require that H(0,(1))=0, which is
condition (3").

The rest of this section will be devoted to examples.

Example 4.3.1. Let Y be a union of r disjoint lines in P>, and let & be the
corresponding bundle (3.1.1). Then & has Chern classes ¢; =2 and ¢,=r. The
corresponding normalized bundle & has ¢, =0 and ¢, =r—1. The conditions of
{4.3) are immediately satisfied for Y, so the moduli space is nonsingular of
dimension 8c,(6")—3=8r—11 at the point corresponding to &.

Now let us compute the actual dimension of the family of bundles & obtained
by this construction. To give r lines in IP? requires 4r parameters, and to specify an
isomorphism & :wy, = 0y( — 2) requires r additional parameters, since HO(O¥) = (k*Y.
Therefore the set of pairs (Y, £> forms an irreducible family of dimension 5r. By
(1.1) this is the same as the family of triples {&,s, > modulo the equivalence
relation ~. For the purpose of counting dimensions, we can ignore ¢, because it is
determined in any case up to a scalar 4, and this ambiguity is eliminated by the
equivalence relation ~. We conclude that the family of isomorphism classes of
vector bundles & obtained in this way is irreducible, and its dimension is equal to
5¢ minus the dimension of H%(&) for a general & in the family. This is because the
section s can be any sufficiently general element of H%(&), and the difference in
dimension of a surjective morphism of varieties is equal to the dimension of the
general fibre.

To compute H%&) we use the exact sequence

0 0—-28-54(2)—0,
which tells us that
h%(&)=1+h%(F,(2)).

Now H%#,(2)) is the space of quadratic polynomials corresponding to quadric
surfaces containing Y. If r==2 its dimension is 4; if r=3 it is 1;if r =24 and the lines
are in general position, it is 0. Thus h°(&)=35, 2, 1 respectively, and the dimension
of the family of bundles & is 5 if r=2;13 if r=3; and 5r—1 if r24.
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Expressing our results in terms of the normalized bundles &, the family of
normalized bundles obtained from skew lines with ¢, =0 and ¢, >0 has dimension

5 if cy=1
13 if c¢,=2
Se,+4 f 23,

For ¢, =1 and 2, the dimension of this family is equal to the dimension of the
moduli space, which is 8¢, — 3. So in this case these families form an open subset of
the moduli space. In fact, we will see later (8.4.1) and (9.6) that in these two cases,
every stable bundle with these Chern classes is among the ones we have just
constructed (except for the case ¢, =2 over a field of characteristic 3). However, for
¢, =3, this family has dimension less than 8¢, — 3, so it does not include all stable
bundles with the given Chern classes.

Example 4.3.2. Let Y be a union of r disjoint conics, r=2, and let & be the
corresponding bundle (3.1.2). Then & has Chern classes ¢, =3 and ¢, =2r, and the
corresponding normalized bundle ¢’ has Chern classes ¢, = —1 and ¢, =2r—2.
Again the conditions of {(4.3) are immediately satisfied, so the moduli space is
nonsingular of dimension 8¢,(6")—5=16r—21 at the corresponding point.

To compute the dimension of the family of bundles obtained, note that
choosing r conics requires 8r parameters, and fixing the isomorphism ¢ requires r
more parameters. By an argument similar to the previous example, one can show
that A%&)=7 if r=2; 2 if r=3, and 1 if r 2 4. Therefore the family of normalized

bundles & with ¢, =—1 and ¢, >0 obtained from conics has dimension
11 if ¢,=2
25 if c,=4

2¢,+8 if ¢,26.

For ¢, =2 this is the same as the dimension of the variety of moduli, so in this
case we have an open subset of the moduli space. For ¢, =4 it is less, so it cannot
be the whole moduli space.

Example 4.3.3. Let Y be a nonsingular elliptic curve of degree d in P?. Then
wy =0y, so Y corresponds to a bundle € with ¢, =4 and ¢, =d. & will be stable if ¥
is not contained in any quadric surface. For d=3, Yis a plane curve; for d=4itis
a complete intersection of two quadrics. But for d= 5, Y cannot be contained in
any quadric (it suffices to check the degree and genus of all curves on a quadric
surface [AG, III, Ex. 5.6¢c; V, Ex. 2.9]). Therefore & is stable if d=5. By (2.3) the
a-invariant of & is O since Y is irreducible so h°(0y)=1. The criterion of (4.3) is
immediately satisfied, so the moduli variety at a corresponding point is non-
singular of dimension 8¢, — 3, where ¢, is the second Chern class of the normalized
bundle &, which has ¢, =0, ¢, =d—4. So this gives another method, besides skew
lines, of constructing stable bundles with ¢, =0, =0, and any ¢, >0.

Now let us compute the dimension of the family of bundles obtained in this
way. The choice of an abstract elliptic curve Y is 1 parameter (the j-invariant). The
choice of an invertible sheaf ¥ of degree d on Y is 1 parameter (a point in the
Picard variety of Y, which is Yitself). The choice of a 4-dimensional linear subspace
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of H(Y, %), which is d-dimensional, is 4(d —4) parameters. Then add automor-
phisms of IP? (15 parameters), subtract automorphisms of Y (1 parameter) and add
the choice of £ (1 parameter). This gives 4d + 1, from which we must subtract h%&)
to get the dimension of the family of bundles.

From the exact sequence

0-0—-E6-5/4)-0
we see that h%(&)=h°(#,(4))+ 1. On the other hand, from the exact sequence
0— HO(4,(4)) > H%(Ops(4)— H (O (4))

we see that h%(F4(4)) = h®(Op:(4)) — h°(04(4))=35—4d.
Therefore h%(&) Zmax(36—4d, 1). From this, we find that the dimension of the
family of bundles constructed in this way is

<5 if c,=1
<13 if ¢,=2
<21 if ¢,=3
<29 if c,=4

Sdc,+16 if ¢, 25.

Since these numbers are equal to 8¢, — 3 for ¢, =1, 2, 3, 4, it is reasonable to expect
that most bundles with those Chern classes are obtained by this construction. But
for ¢, =5 this number is less than 8¢, — 5, so we cannot get all bundles this way.
Next, note that for ¢, = 1,2 we get the same dimensions as in example (4.3.1), so we
can expect that we get the same bundles this way: see (9.4.1). For ¢,=3,4 it
appears that we get more bundles than in (4.3.1), but for ¢, »0, the family has
smaller dimension than in (4.3.1).

Remark and Conjecture 4.3.4. At the point in (4.3.3) where we derived the
inequality h°(#(4))2max(35—4d,0), it seems reasonable to expect that for a
sufficiently general elliptic curve Y of degree d in P, we should have equality. For
any d =5, any such Y is the projection of an elliptic curve ¥ of degree d in P4~ 2,
defined by the complete linear system on Y corresponding to H((0y(1)). A theorem
of Mumford [33] states that for any d=2g+1, any complete linear system of
degree d on a curve of genus g gives a projectively normal embedding into
projective space. Therefore Y’ is projectively normal in P*7, and so the map
HO(Op a1 (1)— HO(0 (1)) is surjective for all . So in our case, the equality h°(#,(4))
=max(35—4d,0) would follow if we could prove the following conjecture: let
Y'SP" be a projectively normal curve, for some nz 3. Then for any sufficiently
general projection Y of ¥ into IP*, the natural maps H%(ps (1))~ H%(©(])) should
have maximal rank, for all L

Example 4.3.5. Let Y be a projection into IP* of a canonical curve Y of genus g in
P~ Then Y has degree 2g—2, and wy,=04(1), so Y corresponds to a bundle &
with ¢, =5 and ¢, =2g—2. The corresponding normalized bundle 6" has ¢, = — 1
and ¢, =2g—8. The bundle & will be stable provided Y is not contained in any
quadric surface. For g=3, Yis a plane curve; for g=4 it is a complete intersection
of a quadric with a cubic surface; but for g 25 it is not contained in any quadric
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surface, so € is stable. The criterion of (4.3) fails, so we cannot tell if the variety of
moduli is nonsingular.

To compute the dimension of the family of bundles obtained, we proceed as
follows. The choice of an abstract curve of genus g is 3g—3 parameters. The
canonical embedding is then uniquely determined. The projection to IP? is given by
a 4-dimensional subspace of H%w,), which has dimension g, so this requires
4(g—4) parameters. Then we add the automorphisms of IP* (15 parameters),
subtract the automorphisms of Y (0) and add the choice of £ (1). This gives 7g— 3,
from which we must subtract h°(&).

A calculation similar to that in (4.3.3) gives h°(€) =max (66 —9g, 1), from which
we find that the dimension of the family of bundles obtained is

<11 if ¢,=2
<27 if c,=4
<43 if ¢,=6

<Zc,+24 if ¢,28.

Furthermore, these inequalities could be replaced by equalities if we could prove
the conjecture of (4.3.4), because by a theorem of Petri (see [38]), the canonical
curve is projectively normal.

For ¢,=2,4,6 these dimensions agree with the number 8¢, —5 suggested by
(4.2). So we might expect to get all bundles with ¢, = —1 and ¢,=2,4,6 by this
construction, whereas for ¢, 2 8 it will not give all. Note also that for ¢, =2 we get
the same size family as in (4.3.2); for ¢, =4, 6, we get a larger family, but for ¢, >0
we get a smaller family.

Example 4.3.6. Here we give an example of a family of stable bundles with ¢, =0,
¢,=7 and dimension 55, which is greater than the dimension 8c,—3=53
suggested by (4.2). If follows in this case that h*(&nd &)=0.

Let Z be the disjoint union of two curves Y,, Y,, each of which is a complete
intersection F,-F, of a quadric and a quartic surface. Then Z has degree 16 and
w;=0,2), so Z corresponds to a bundle & with ¢;=6 and ¢,=16. The
corresponding normalized bundle &’ =&(~ 3) has ¢, =0 and ¢, =7. & will be stable
provided H®(&(~3))=0, which we will verify below.

Now we compute the dimension of the family. Let Y be a complete intersection
of a quadric and a quartic surface. The quadric @ containing Y is uniquely
determined, and its choice depends on 9 parameters. To determine ¥, we must give
a section of H(0y(4)), up to scalar multiple. It is easy to compute h%(04(4)) =25, so
Y depends on 9+425—1=33 parameters. Therefore the choice of Z requires 66
parameters, and then ¢ requires 2, since Z has two connected components. This
makes 68, from which we must subtract 1°(&). From the exact sequence

0-0-8-.9,06)-0

we have h%(&)=h"(#,(6))+1, so we must compute h%(#,(6)). The same exact
sequence shows that h%(&(—3))=h%(F,(3)), so to show & stable we must verify
h(F,(3)=0.

Let I,=(f,,g,) and I,=(f,,g,) be the homogeneous ideals of ¥, and Y, in
S =k[xy, x,,%,,x5], where f,, f, have degree 2 and g,,g, have degree 4. Then the
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homogeneous ideal J of Zis I, ~I,. Since Y; ~nY,=6, I, + 1, is primary for the
irrelevant ideal (x,, x4, x,, x3), from which it follows that f}, g,, f3, ¢, form a regular
sequence in S. From this it is easy to see that J=(f, f,, f194, f291, 9:9,) (see for
example [16]).

Since H%(#,(1)) is simply the set of elements of degree ! in J, we see immediately
that h°(#,(3))=0, which proves that & is stable. In degree 6, J contains all
expressions of the form f, f,-g+af,g9,+8f,9,, where g is a quadratic form and
o, f are scalars. Assuming for example that f|,f,,9,,9, are irreducible and
relatively prime, which is true in general, one sees easily that these expressions
form a vector space of dimension 10+ 1+1=12. Therefore h%#,(6))=12 and
h%(&)=13. Thus the dimension of the family is 68 —13=55.

Note: I have learned from Barth that he has also constructed families of stable
bundles with ¢, =0 and dimension > 8c, — 3, for every odd value of ¢, = 5, using an
analogous method.

§5. Set of Points in IP?

Our goal in the next few sections is to find a good bound for the least integer ¢ such
that H%&(t))+0, where & is a stable bundle on IP* with given Chern classes. Our
technique is to restrict & to a plane IP?, and use various estimates of cohomology
groups which we develop there.

In this section we will consider a finite set of points Z in P=1P2. Given an
integer I, we ask whether the points Z impose independent conditions on the
curves of degree [ passing through them. This means that

hO(Op(1) = (I
is equal to the number of points in the set Z. Equivalently, we ask whether the map
HUG(0)~HYO)

is surjective. This in turn is equivalent to H'(#,(])) being zero. So in this section we
will be deriving estimates for h'(#,(1)).
We consider the following hypotheses on a set Z :

(x) Z is a set of d distinct points in P?, contained in an irreducible
curve C of degree k, but not contained in any curve of lower degree
(irreducible or not).

Proposition 5.1. Let ZCP? satisfy (x). Let s2k be the least degree of a curve D
containing Z, where D does not contain C as a component. (D may be reducible.) For
each leZ, let
¢ =h' (I (1= 1)~ h'(F,(0).
Then
60 for I<0
¢=1¢1+1 for 0£i<k
k  for ksgl<s
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and
k=c,_;>c¢;>...>c,=0 for some q; ¢,=0 for Izq.

Proof. By hypothesis, CnD is a finite set of points containing Z. We take LCP? a
line which does not meet CnD. Then consider the exact sequence

05— 1)>5,()—-0,()—0.
This gives a cohomology sequence, for 20
0 H(S (- 1)) > HOS (D) > H (O (D)~ HI (S (1~ 1)~ HHILD)—0.

Note for I <0, from the sequence 0—.# (1) Op,(1)— 0 (1)~ 0 we get h'(£,(1) =0, so
¢,;=0 also.

Now for I<k, H%S,())=0, so ¢,=h%@,())=1+1. For k<l<s, every curve
containing Z consists of C plus something else, so

ho(fz(l))zh"(@w(l——k))m%(l-—k+2) (I—k-+1).
Thus
c,=l+1~%(l—k+2)(l~k+1)+-Zl-(l—k+1)(l—k)=k.

In particular, ¢,_, =k.
Now, for [=s, let

V=im(H(F A1)~ H0 (1)).

Then V determines a linear system on L without base points, since LnCnD =8
And we can recover

¢, =codim(V, H(0,(])).

Now the last statement is a consequence of the following lemma.

Lemma 5.2 (Mumford). Let L=, let V SHYO(D) be a linear system with-
out base points, and let V'CH®(0,(I+ 1)) be the image of VQH(O,(1)). Assume
V+HO(O,()). Then

codim(V', H(O (1+ 1)) < codim(V, HY(O ,(}))) -

Proof. Let dim V=gq. Then we have a surjective map V®@, —»0,(l). Let & be the
kernel:
0=8-VR0,-0,()-0.

Then & is locally free of rank g~—1 on L. Furthermore, since V is a subspace of
H%0,(l)), we have H°&)=0. It follows from the classification of locally free

-1
sheaves on P! [AG, V, Ex.2.1] that & = q(@ O(v,), with v, <0 for each i.
i=1
Now tensor with @(1) and take cohomology. We get
0—HYE(1)»VRH(O,(1)—H(0,(1+1)).
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Since each v;<0, K%E(1)< g—1. Also, dim(V Q@ H(0,(1)))=2q; dimH(O,(+1))
=i+2.So
a=codim(V’, HYO,(I+ 1))=(1+2)— 2q+ h°(E(1) £l ~q+1.
On the other hand
b=codim(V, HYO,(I)=1+1—q,

so we get a<bh. If a=b, then h°(&(1))=qg— 1, which implies v,= —1 for each i. In
that case, taking degrees, we see degd=—(g—1), so I=g-—1, because
degé +deg0,()=degV®0, =0. But then g=I+1, so V=H%0(])), contrary to
hypothesis. We conclude a<b as required.

Next we include a key technical lemma.
Lemma 5.3 (Gieseker). Let by, by, ..., b, be a sequence of nonnegative integers.

Assume
(1) for each i, b,<b,, , unless both of them are O or both are zZm,

@ 3 b,<imm+1)
i=0

Then
(@) by=0

H
(b) for each 0Z1<m, Y b;<3U1+1).
i=0Q
1
(c) for each 0<1<m, let e,=3UI+ 1)~ ¥ b;. Then
0
e,zmin(l,e,,).

Proof.
Case 1. b,,<m. Then we have strict inequalities, which imply b, <! for all [>0.

! 1
Thus b,=0, and for each [,  b,< Y i=4I+1).
0 0

Case 2. b,zm. We use induction on m, the case m=0 being trivial. Note
m—1 m

Y b= Y b,—b, <imm+1)—m=%1(m—1)(m), so the sequence b, ..., b, ., satis-
0 0

fies the hypotheses for m— 1. So {(a) and (b) follow by induction.

Proof of (c). If e, =0, there is nothing to prove. If e, >0, because of hypothesis (2),
there must be some i with b,<i. So we can pick integers 0 <a <f <m such that

b,<i for O<«iga
b,=i for a<isf

b;>i for f<izm.

H
Then for I<a we have Y b,<1lI—1), so ;2. For a<I<p, we have e,=...=¢;
0
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Then for [>f we have eg>ey, | >...>e,. Thus it is clear that ¢, 2min(/, ¢,) for all
L

We apply (5.3) to the c; to get estimates for h*(F,(])).

Proposition 5.4. Let ZCP? satisfy (). Assume d=k?, and choose r such that
rkSd<(r+1)k. Let e={r+ 1)k—d>0. Then

(d for <0
hl(fz(l))=id—~%(l+ D{+2) for O0=I<k
d+ik(k—3)—kl for k=<Isr—1

and

Lor+k—D(r+k—1-1)—e for r—1glsr+k—e~1
1 < 3(r+ Sz
h (jz(l))z{%(r+k-—l—1)(r:i—k—l—2) for r+k—e—15Isr+k—1

and
B (IA)=0 for Izr+k-2.

Proof. Since rk <d and clearly d <sk since Z< CnD (with the s of (5.1)), we have
r<s. We will apply (5.3) to the sequence b,=c,.,_, with m=k. To check the
hypotheses, note first that we have

k=c,_,=..=c¢c,_,>c,>...
k 7
so hypothesis (1) is satisfied. For hypothesis (2), note that ) b,= Z ¢; On the other
0 r

hand, Y c;=h'(F,(a)—h'(F,b)) for a<0 and b>0, which is d. So

i r—1
Yb=d— ) c.
0 -
This last sum we can compute explicitly from (5.1):
r—1
Y e;=3klk+ 1) +(r—kk=rk—Jkk—1).
So
k
Y by=d—rk+43kik—1)=3k(k+1)—e.
V]

So hypothesis (2) is satisfied, and we see furthermore that e=e, of (5.3). Our
conclusion is that for each 0=g =<k,

o=

b=3q(q+1)—e,,

with

e, 2min(g, e).
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More precisely, for 0<g<e we have

< 1

Y b,S3qlq+1)—g
0
and for e<gq <k we have

bi=iqlg+—e.

o ]s

Now for any g,
4
2b;
o

Making a change of variables I=r+k—g—1, we obtain the inequalities in the

second half of the proposition.
The equalities in the first half are obtained using the formula

i ¢;=h"(For +k—q—1)).

r+k—g

I

$ o= ga)

and the values of ¢; given in (5.1) for i<r—1.

Proposition 5.5. Let ZCIP? satisfy (x), and suppose d<k? Then we must have
d=3ik(k+1). Choose 1<a<k—1 sothat

k(k—a)+Laa+ 1) Sd<k(k—a+1)+%ala—1),

and let e=k(k—a+1)+%ala—1)—d, so that e>0. Then
d for 1<0
W (I, ()=
(Z2(1) {d—%(l+ 1(+2) for O0ZI<k
W5, 12k—a—N(2k—a—1—-1)—e for k—-1=2I£2k—~a—e-1
2=k ~a~1-1)2k—a—1-2) for 2k—a—e—1=5I<2k—a—1

WI,))=0 for 1=22k—a-2.
Proof. First note that curves of degree k—1 in P? depend on 3(k—1)(k+2)
=1k(k+1)— 1 parameters, so any set of d <3 k(k + 1) points is contained in a curve
of degree k— 1. Since Z is not contained in any curve of degree k— 1 by hypothesis,
we have d>1k(k+1). Then d determines a unique a in the range 15a<k—1
satisfying the inequality above.

The first two equalities follow directly from the values of ¢; given in (5.1), as in
the proof of (5.4).

For the inequalities, we will apply (5.3) to Zci, taking m=k—a. Thus b,
k
=Cyy_,—p for i=0,...,m. To check the hypotheses of (5.3), first note by (5.1) that

k=c,_ =..=c >c>...
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so (1) is satisfied. For (2), we have

m o k—1
Yhi=Yc=d- ) .
0 k -

But by (5.1)
k—1
Y c=1kk+1),
s0

Y by=d—1k(k+1).
0

Substituting for e, we find

Y b;=ktk—a+1)+Lala+1)—Lk(k+1)
(4]

=ik—a)k—a+1)—e
=imm+1)—e.
So the hypothesis (2) is satisfied for m=k—a, and e=e,,
Now the conclusion of (5.3) tells us that

q
Y b,<iqlag+1)—q=4%q(g—1) for 0=g<e
0

%bé%q(ﬁl)*—e for esg<m.
On the other hand
ébi: i ¢;=h" (S, 2k—a—q—1)).
So we make a change of variables I=2k—a—q— 1, which gives the statement of

the proposition. In particular, for 122k —a—2 we find that h'(.#,(]))=0.

Remark 5.5.1. In fact, the proof of (5.4) works also for r=k—1, hence d = k(k— 1),
and gives the same answer as (5.5) in that range. Also, the proof of (5.5) works for
a=0, ie. k2<d<k(k+1), and gives the same answer as (5.4) in that range.

Remark 5.5.2. 1 believe the inequalities of (5.4) and (5.5) are best possible, but 1
haven’t set about checking that systematically.

§6. Application to Curves in IP?

In the classification of curves in IP?, an important question is to determine, for each
degree d, the possible values of the genus g of an irreducible nonsingular curve of
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that degree. If the curve lies in a plane, then g =2(d— 1)(d— 2). If the curve does not
lie in a plane, then a classical result of Castelnuovo [AG, IV, 6.4] gives an upper
bound for the genus, namely

d2
—‘-‘——-d+1 if diseven
<
921021

—d+1 if disodd.

Furthermore, equality is attained for every d =3, and any curve for which equality
holds must lie on a quadric surface.

This suggests that a better bound should hold if the curve does not lie in a
quadric surface, or more generally if it is assumed not to lie in any surface of degree
<k for some integer k. I made some conjectures, and Joe Harris proved the
conjectured bound in the range d > k. (The best bound in the case d <k? is still not
known.) Harris’s original proof [15] involved a subtle study of curves and their
intersections with planes. The present proof, based on the techniques of §5,
resulted from Mumford’s observation of parallels between Harris’s proof and
recent work of Gieseker on the moduli of surfaces. Recently Gruson and Peskine
[14] have found another proof of this result, using the technique of liaison.

Theorem 6.1 (Harris). Let Y be a reduced curve of degree d in P*, contained in an
irreducible surface F of degree k, but not contained in any surface of lower degree,
and assume d>k(k—1). Then

e ) /
PY)S 57 +3dk—4)+ 143 f(f+1—k=
where d=f (mod k) and 0 f<k.

Proof. First we choose a plane H S P> such that Z=YH consists of d distinct
points {possible since Y is reduced) and the curve C=FnH is irreducible. Then Z
is contained in the irreducible curve C of degree k, and because of the hypothesis
d>k(k— 1), Z cannot be contained in any curve of degree < k. {This simple point is
the one which fails for d <k(k—1). Thus Z satisfies the hypotheses (x) of § 5.

Lemma 6.2. With the above hypotheses, for each l
ho(O4(1)—h(OyI— 1)) Zd —h' (F(D).
Proof. Consider the diagram

HOOp()) — H(O(l) — H'(p(I—1))=0
¥

0 HOOy(1— 1)~ H(Oy()) —2 HO D) L H (Oyi= 1)~ ...

HY{(IAD)
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Now Sy =0 because this map factors through H'(@ (! — 1)) which is zero. Therefore
imy Cker B=ima. Since h°(0,(1)) =d, this implies that
H(O(D) =m0y — D)z d —h'(F5(D)
as required.
Proof of theorem, continued. Take ¢>0. Then the Hilbert polynomial of Y gives
h(Oy(@)=dg+1-p,.
Choose r=k—1 so that rk<d <(r+1)k. Then we can write h°(0,(q)) as

hoO{@) =h"(Oylr— 1) + éj (HO(OL(D) — KOy (1 - 1)).

Since d = rk and Y is contained in the irreducible surface F of degree k, any surface
of degree <r containing Y must contain F as as component. Therefore
Ko(Oy(r— 1) Z h(Op(r — 1)) = h2(Op(r— k—1))

or

how},(r—1))>(r+2> (—~1;+2)_

On the other hand, by the lemma,

4q

Z (RO = ROl =1 sdlg—r+ 1)~ Z R ID) -
Now we are in a position to apply (5.4) - cf. (5.5.1). Let d=rk +f, so that e=k— f,
and substitute. We find that

dg+1—p,z (r—;—2> - (r——f;+2> +dlg—r+1)
r+f—1

Z Gr+k=Dr+k—1-1)—k+f)

r+k—1
= Y Yr+k—1-1)(r+k—1-2).

l=r+f

Using the formula

N b+ 1\ _(a
2/ \ 3, \3
to evaluate the sums, we find

p.<1+rd—d-— (r+2) + (r+k—2) + (k+1)

s [ M

3 3 3

~ (k—§+1)_kf+f2+ (k;f)
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Then expanding and substituting r= we obtain

2

d f
< 1 — 1 —f —
D= 7k +3dk—4)+1 2f<f+1 k k)

as required.

Remark 6.2.1. Harris actually proved more, namely that this maximum is attained,
for every k, d=k?%, by an irreducible nonsingular curve, and that the theorem
remains true if instead of assuming Y is contained in a surface of degree k, we
assume merely that Yis not contained in any surface of degree <k. For d=rk, with
r=k, a complete intersection Y of a surface of degree k with a surface of degree r
gives equality in the theorem.

Remark 6.2.2. For k=2 we recover Castelnuovo’s theorem. For k=3, if Y is
contained in a nonsingular cubic surface, then one can derive this bound by an
explicit study of all curves on the surface [AG, V, Ex. 4.7].

§7. Stable Bundles on P?

In this section we will apply the results of § 5 to stable rank 2 bundles on P2 Our
purpose is to get bounds on h'(£(]) for all /, which we will then use in studying
stable bundles on P3.

Proposition 7.1. Let & be a rank 2 bundle on P* with ¢, =0 (respectively, ¢, = —1).
Let t=—1 be an integer such that (t+1)(t+2)>c, (respectively, (t+1)*>c,).
Then H°(&(t)) +0.

Proof. The Riemann-Roch theorem for £1(¢) says that
XEO)=3c (e, +2t+3)+(+ D (E+2)—c,.

This can be obtained from the Riemann-Roch theorem for & (see proof of 3.2) by
substituting ¢,(&(t))=c, +2t and c (&) =c, +1tc, +1°.

Now suppose that HY(&(t))=0. Then by Serre duality, H*(&(t)) is also zero,
because it is dual to H(&(—c, —t—3)) and t= —1 implies ~c¢, —t—3<t. Thus
the Riemann-Roch theorem reduces to

—~h{E®) =1c (e, + 2+ )+ +D(E+2D)—c,,

which is £0. Substituting ¢, =0 (respectively, ¢; = — 1) we get (t+1)(t+2)=c,
(respectively, (t + 1)? < ¢,). Therefore if the opposite inequality is satisfied, H(&(¢))
#*0.

Our next objective is to get some good bounds on hY&WD) for all IeZ. The
technique is to twist & by a large integer n, take a section se HY(£(n)), and let Z be
the zero set of s. First we show that for n sufficiently large and s sufficiently general,
Z will satisfy the hypotheses (*) of §5. Then we can apply the results of §5 to get
bounds on hN&(D).
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Proposition 7.2. Let & be a rank 2 vector bundle on P? with Chern classes ¢, c,.
Then for n>0 and se H(&(n)) sufficiently general, the zero set Z =(s), satisfies (x) of
§5: namely Z consists of distinct points, and there exists a curve of least degree
containing Z which is irreducible.

Proof. For n sufficiently large, §(n— 1) will be generated by global sections, so by
(1.4), for se H%(&(n)) sufficiently general, Z will be nonsingular, ie. consist of
distinct points with multiplicity one.

Consider such a Z. Then there is an exact sequence

00> E(n)— £ lc, +2m)—0.

For any integer k>0, curves of degree k containing Z correspond to elements of
H®(#,(k)). These can be lifted to elements of H°(&(k — ¢, —n)), and conversely, any
element of this space which is not a multiple of s gives a curve containing Z. In
particular, let ¢ be the least integer for which H°(£(1))+0, and assume that n was
taken >t. Then the least degree of a curve containing Z is k=t+¢,+n, and
HY&() = H( S k). Let ueH&()) determine the curve C of least degree
containing Z. We may have very little freedom in the choice of u, so we will show
that if s is sufficiently general, then C is necessarily irreducible.

First we show that the curve C can be characterized as the support of the sheaf

EW/(s- Ot —nm+u-0),

Indeed,
EM)/s- Ot —n)= S,(k),

and the section u defines the curve C, so
EW)(s- Ot —n)+u-0)= k)| I (k)

which has support C.

Thus s and u play a symmetrical role in the definition of C. Reversing these
roles, let W be the zero set of the section ue H(&(t)). Then Wis a locally complete
intersection zero-dimensional closed subscheme of P2, and there is an exact
sequence

005 E(t)— Fylc, +2t)-0.

Then the section se H%(&(n) determines a curve of degree k=t +¢, +n containing
W, which is none other than C. So to prove our result, it will be sufficient to show
that for n sufficiently large and s sufficiently general, C is irreducible. Since we get
all curves containing W in this way, it is enough to prove the following lemma.

Lemma 7.3. Let W be a zero-dimensional locally complete intersection subscheme of
P2. Then for all m> 0, there exists an irreducible curve C of degree m containing W.

Proof. At each point pe W, take local equations f g for W. Then we can express the
local intersection of the curves f,g at P as P together with some infinitely near
points. So let W be represented as P, ..., P, where we include all these infinitely
near points. Now blow up all the points P, and let X be the blown-up surface. Let
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E, denote the total transform on X of the exceptional curve introduced by blowing
up P, Then the linear system of curves of degree m in IP? containing W
corresponds to the linear system |n*(mL)— 2 E,| on X, where L denotes a line in P2,
and 7:X —»]P'2 is the projection map (see [AG, V, §4]).

Now X is obtained from IP? by a succession of blowing up points. At each step,
the relative @(1)-sheaf obtained from the Proj construction is just &(— E;) [AG, 1],
§ 71. Therefore, taking L as a very ample divisor on IP* and applying [AG, 11, Ex.
7.14b] successively, we see that for all m>0 and for suitable r;>0, the divisor
mL— Er,E, will be very ample on X . Then by Bertini’s theorem [AG 11, 8.18] we
can find an irreducible nonsingular curve C in the linear system jmL— Xr,E}. Its
image C=x(C) in IP? will be an irreducible curve of degree m containing W

Theorem 7.4. Let & be a rank 2 bundle on P? with Chern classes c,, c,, and let t be
the least integer such that HY(&(1))+£0
(@) Assume c; =0 and t=0. Then

=0 for 1S —c,+12-2

Se,— 24142 for —c,+t2-2Z51L—t~3
RED =c,—(+1)(1+2) for —t1—2<I<t—1

Sc —t2—~l~ for t—1g1ge, 121

0 for 1zc,—1*—1.

(b} Assume ¢; = —1 and t>0. Then

=0 Jor IS —c,+t*—t—1

Se,—+t+l+1 for —c,+P—t—151S—1—1
&) =c,—(+1)? Jor —t—-1=Zi<t—1

Se,—t2+t—1—1 for t1—151Sc,— 2411

<

for 1zc,—t*+t—1.

Proof. We will write only the proof of (a), since the proof of (b} is almost
identical. So assume ¢, =0 and ¢=0. In the first place, by Serre duality, h'(&(])
=hl(&(—1—3)), so it is enough to treat the case [Z —1.

In the range —1<I<t—1 we have h°(&())=0 by definition of ¢, and h*(&(1)
=h%&(— 1~ 3))=0 by duality, so the equality follows directly from the Riemann-

Roch theorem, as in the proof of (7.1).
It remains to treat the case [ =t. Pick an integer n>0 and a section se H%(&(n))

by (7.2) so that the zero set Z =(s), satisfies (x) of § 5. The degree of Z is d=c, +n?,
and the least degree of a curve containing Z is k=t + n. Note that since ¢ 20, for all

130, d<k(k-+1)=n®+n-+2nt+1. Therefore we can apply (5.5) - cf. (5.5.1).
First we must choose a such that
kik—a)+1a(a+1)Sd<k(k—a+1)+3ala—1).

Substituting d=n*-+c, and k=n+1 this says
(n+(n+t—a)+iaa+1)sn’+c, S+ (m+t—a+1)+3aa—1)

or
n2t—a)+ 12 —at+aa+1)<c,<n2t—a+ 1)+ > —at+t+3aa—1).
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So we take a=2t in which case the inequalities become
P+tSc,<n+t?,

R. Hartshorne

The first inequality ¢2 +t <c¢, must be satisfied, because if #(t + 1) > ¢,, then by (7.1),
HO(&(t— 1)) +£0, which contradicts the choice of t. The second inequality is satisfied

for n>0.
Thus we are in a position to apply (5.5), with

d=n*+c,
k=n+t
a=2u

2
e=np+t—c,.

Writing g as the variable instead of [, we will need the range q=k— 1. Expressing

everything in terms of c,, t, n, we get

£i2n—-q)2n—q—1)—n—1t2+c, for n+t—15gSn—1*+c,—1
R (IADSE2n~-qg—1)(2n—g-2) for n—t*+c,~1=g<2n—1

=0 for gz2n—-2.
To compute K (£(])), we use the exact sequence
0-0(—n)—E(D)— L1+ n)—0,
which gives a cohomology sequence
0—HY(EW)—H ' (F1+n) > HHO(—n)—>H*&().
For 1= — 1, h*(&(1))=h’(&(—1-3))=0. On the other hand,
H(O(— )= (O — 1 3)) = {i(”* I=1n=1=2) g ;
Taking g=1+n above, and combining, we get
sin—hin—Il—-1)—n—12+c,—sn—1-)(n—-1-2)
for t—1=ZIgc,—17~1

R S3n—1-1)(n—1—2)—1(n—1—1)(n—1-2)=0
for ¢,—~t*—1<isn—1

0 for Izn-2.

IV 1A

Simplifying the first expression, n drops out, and we get
rE) e, —12—1-1

as required.

§8. Nonvanishing of H%(&(t)) on P?

-
77—

2
2

ged

In this section we prove one of the main results of this paper, which gives a specific
bound on t, as a function of ¢, and c,, so that H%(&(¢)) #0 for any rank 2 bundle on
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IP®. This gives, in principle, a method of classifying all stable bundles with given ¢,
and c,, by associating them to curves in P? of bounded degree. To prove this
result, we use the Riemann-Roch theorem for & on P, plus the estimates of
cohomology of the restriction of & to a plane which were developed in the previous
section.

Lemma 8.1 (Riemann-Roch). Let & be a rank 2 vector bundle on P> with Chern
classes cy, ¢,.
@ If ¢, =0 then

wWED) =31+ D{I+2)(1+3)—c,(1+2)

for any leZ.
(b) If ¢, =1, then

wED) =21+ 1)(1+2)(21+3)— 3¢,(21+3)
for any leZ.

Proof. This is another special case of the general Riemann-Roch theorem, and the
particular formulas can be computed as in the proof of (3.2).

Theorem 8.2, Let & be a rank 2 bundle on P> with Chern classes c,, c,.
(a) Assume ¢, =0, and let t 20 be an integer such that either
(1) tzc,—2 and (t+1){t+3)>3c,, or
(2) tsc,—2 and (t+1)(E+2)(2t+3)>3c,{c, +1).
Then HY&(t) +0.
(b) Assume ¢, = —1, and let t 20 be such that either
(1) tzc,~2 and (t+1)(t+2)>3c,, or
(2) t<c,~2 and 2t(t+1)(t+2)>3c3.
Then HO(&(t)%0.

Proof. We will only write the proof of (a), since the proof of (b) is almost identical.
So assume ¢, =0. If & is not stable, then H%&)+0 (3.0.1) so there is nothing to
prove. Sowe may assume that & is stable. Then by (3.3) there is a plane H CIP? such
that &|, is semistable (and in the case ¢, = — 1 it is even stable). Let r be the least
integer for which H%(&|,(r))*+0. Then r20.

Now suppose for some t =0 that H%(&(1))=0. Then also H 3(&(1) =0 since it is
dual to H%(&(—t—4)). Thus the Riemann-Roch theorem for £(t) says

—hYE)+hHEW) =3+ D+ 2t +3)—c,(t+2).

By duality h*(&(t))=h'(&(—t—4)). We estimate this latter dimension by compar-
ing with &},. For any I<0, H 0(&1,(1—1))=0, so there is an exact sequence

0->HY&(-1)»HYED)->H (E D)~ ...

If t>c,~2, then —t—4<—c,—2, 50 by (7.4), for any IS —t—4, h'(£|4()))=0.
Since in any case H(€())=0 for 1 <0, we conclude that H(§(—t—4))=0. Then
since h1(£(£))=0, the Riemann-Roch theorem above gives

Le+ Dt +2)(t+3)—c,(t+2) 0.
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Dividing out £+ 2 we find
{t+1)(t+3)=Z3c,.
So if the opposite inequality is satisfied, we must have H%(&(t))%0. This is Case 1.

Now suppose on the other hand that t£¢,~2. Then —t—42= —c,—2, so by
{7.4), noting r =0, we have

W& (—t— ) Sc,—t—2.

From the exact sequence above, we see that
~t—4
hW(E(—t—= Y hYEl).
l= =00
Since the estimate of (7.4) for h*(&|,(l)) increases by 1 each time, we obtain
h{E(—t—4)S3e;—t—2)(c, ~t—1).
Using this estimate for h%(&£(z)), and using h}(&(2)) =0, the Riemann-Roch theorem
gives
e+ D)@ +2)(t+3)—c,(t+ S He, —t—2)(c,—t— 1).
Simplifying gives
-+ D (E+2)(2t+3)<3c,(c, + 1).

So if the opposite inequality is satisfied, we must have H°(&(t))#0. This is Case 2.
Remark 8.2.1. Using Barth’s theorem [6] over C that if & is stable on P with

¢, =0, ¢, 22, then &, is stable for almost all H, we can improve the estimate of
(@)(2) in (8.2). It is enough to assume

t+2)(+3)2t—1)>3c,(c, — 1).

Remark and Conjecture 8.2.2. In both (a) and (b), Case 1 applies for ¢, =1,2,3,4,5,
and Case 2 applies for ¢, = 5. Here is a table of the least ¢ satisfying the hypotheses
of the theorem for small c,.

011121314151617{81911011{12

NS
IA

cg= 00t | O)1(1)2|2[313|3(4]4| 5| 5|5

==Lt | 0| |2 |3] 3] |4 5 6

Note that in Case 1, ¢t~ ]/3c,, whereas in Case 2 t~(5¢3)"/>. We conjecture that
the quadratic bound of Case 1 applies for all ¢,, eg for ¢, =0, that

t> /3¢, +1 —2 implies H%&(1))+0.

Remark 8.2.3. Atiyah has observed that this conjecture is true for instanton
bundles, i.e., those stable bundles & with ¢, =0 for which H}(&(—2))=0. In that
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case, the bundle & can be recovered as the homology ker /imu of a monad
o(— 12 @2d+zL@(1)d’
where d =c,(£), « is injective, cokerw is locally free, and f is surjective (see [3] or
[7a]). Therefore, letting # =kerf, there are exact sequences
0-F 0%+ L, o110
and
0-0(— 1)f'>F >£E-0.
Twisting by an integer ¢ and taking cohomology gives
0—H(0(t— 1))— HYF (1)) H°(&(t)) -0
and
0> HYF () —=HYOD>? ) -HY Ot + 11— ....
From this it follows that for 1 =0,
h°(£(t));(2d+2)<t+3) _d(t+4) -—d(H_Z),
3 3 3
which simplifies to
&) 2 3t +2) (2 +4t +3-3d).
The condition that t*+4¢+3—3d>0 is precisely > 1/3;3—51—2. We conclude

that if t> /3¢, +1 —2, then H%&(¢))+0, as required.
It seems reasonable to expect that for a sufficiently general instanton bundle,
this bound on ¢ is also the best possible, but we have no proof.

Corollary 8.3.* The set of stable rank 2 bundles on P* with given Chern classes
¢y, ¢, forms a bounded family.

Proof. We may assume c¢;=0 or ¢,=—1. Then according to the theorem,
HO&(t))+0, t depending on c,. Therefore for some 0<I<t, there is a section
se HY(&(1)) whose zero set is a curve in IP3. According to (1.1) & is determined by
this curve Y and an isomorphism ¢ of w, with ¢.(m) for a certain m. Since the
degree and arithmetic genus of Y are determined, these curves Y form a bounded
family parametrized by part of the Hilbert scheme ; the choice of isomorphism ¢ is
again a finite-dimensional choice. Thus the family of stable & with given ¢, and ¢,
is bounded.

Corollary 8.4. The possible values of ¢,, c,, o for a normalized stable rank 2 bundle
on P? are

¢, =0, a=0, ¢,21;
¢, =0, a=1, ¢,23;
cy=—1, c¢,even 22.

In particular, for any stable rank 2 bundle, ¢} —4c, <0.

4 Maruyama [30, p. 92] has announced this result for stable rank 2 bundles on any nonsingular
variety, This is an independent proof in this case
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Proof. Indeed, we have seen that all these values are possible (3.1.1), (3.1.2), (3.1.3).
Conversely, ¢,c, =0 (mod2) by (2.2) and if & is semistable, then ¢} —4c, <0 by
(3.5). Thus we have only to eliminate the cases ¢, =c,=0and ¢, =0,0=1,¢,=1,2.

If ¢, =c,=0, then by (8.2), H%(&)+0, so & is not stable.

If ¢, =0, c,=1, then Wever (8.4.1) shows that &(1) corresponds to two skew
lines as in (3.1.1), so a=0.

If ¢, =0, ¢, =2, then HY(&(—2))=0 by (9.4), s0 a=0.

Example 8.4.1. Let & be a stable rank 2 bundle on PP? with ¢, =0 and ¢, =1. Then
H%&)=0 because & is stable, and by (8.2), H%(&(1)) £0. Therefore if se H(&(1)) is a
nonzero section, its zero scheme Y must be of codimension 2. The curve Y will be of
degree 2, and its dualizing sheaf w, will be isomorphic to @,(—2). Thus ¥ must be
a union of two skew lines, or a certain multiplicity 2 structure on a single line. It
could not be a conic or two lines meeting because in those cases wy X 0y(—1).

Knowing the structure of Y, one can analyze the structure of & and describe all
such bundles up to isomorphism. This is done in the thesis of Pete Wever [46], and
the main results are these: (1) Any such bundle has a section se H%(&(1)) whose
zero scheme is two skew lines. (2) Any two such bundles differ by an automor-
phism of IP?. (3) The set of all such bundles has a fine moduli space isomorphic to
P® —G(1, 3), where G(1,3) is the Grassmann variety of lines in P

This classification of stable bundles with ¢, =0, ¢, =1 has been obtained
independently by Barth [6] (at least over €), by another method. He calls them
null-correlation bundles.

§9. Stable Rank 2 Bundles on IP* with ¢, =0 and ¢,=2

In this section we study the structure of stable rank 2 bundles on IP? with ¢, =0
and ¢, =2. Our first main result (9.7) is that such a bundle & determines a unique
nonsingular quadric surface QCIP® and a certain linear system on Q, and that
conversely this data determines &. From this we can show that the variety of
moduli M of these bundles is irreducible and nonsingular of dimension 13. From
this we can also see that up to automorphisms of P>, there is a 1-parameter family
of inequivalent bundles of this type. Then we study the restriction of € to planes
and lines in P, One main result (9.13) is that & is uniquely determined by its
divisor of jumping lines {with one exception in characteristic 3). It is not known
how generally the divisor of jumping lines determines a stable bundle on P°.
Another result is an explicit construction of the divisor of jumping lines in terms of
the quadric surface Q and the linear system mentioned above. We were not able to
decide whether the variety of moduli M is a rational variety, although it appears
likely that it is.

Throughout this section, & will denote a stable bundle on IP? with Chern
classes ¢, =0 and c¢,=2. Since & is stable, H°(&)=0, but according to (8.2),
H%&(1)+0. Let se H(&(1)) be a nonzero section. Then the zero set Y=(s), of s
will be a curve (meaning a locally complete intersection closed subscheme of IP?) of
degree 3 such that w, =@y~ 2). Our first task is to classify all such curves Yin P°.
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Proposition 9.1. Let Y be a curve of degree 3 in P with wy=0(—2). Then Y is
either

{a) the union of three nonintersecting lines; or

(b} the union of a line with another line not meeting it, where the second has a
multiplicity 2 scheme structure given by a homogeneous ideal of the form (x2, xy, y*,
fx+gy), where [ and g are linearly independent linear forms in the remaining
variables z, w, and where we have taken x =y =0 as the equations of the reduced line ;
or

{c) a single line with a multiplicity 3 scheme structure given by a homogeneous
ideal of the form (x, x*y, xy% 3, fx+gy+ax*+bxy+cy?), where f and g are
linearly independent linear forms in the remaining variables z,w, and a,b,c are
constants.

Proof. From the hypotheses, one sees immediately that the arithmetic genus p, of
Y must be —2. Thus Y cannot be an integral curve. If it is reduced, each connected
component Z must be of degree <3 and have w, =0 ,(—2). The only connected
reduced curve with this property is a line IP*. This gives case (a), which we have
studied earlier (3.1.1). The curve Y cannot have a conic or two intersecting lines in
its support, so the only remaining possibilities are two lines, one with a multiplicity
2 structure, or one line with a multiplicity 3 structure. It remains to see which
multiplicity 2 or 3 structures Z on a line (say x=y=0) have the property that
W, =0,(-2).

First let Z be a multiplicity 2 structure on the line X given by x=y=0, such
that w, =@ ,(—2). Then according to Ferrand’s theorem (1.5), taking m=2, the
ideal sheaf .#, is obtained as the kernel of a surjective map u: #; — 0. Hence there is
an exact sequence

0.0,/ F2 54/ FEF 0, 0.

Since S,/ F2204(—1)DOL(— 1), with generators x and y, the map u is given by
two linearly independent forms f,¢g in the homogeneous variables z, w along the
line X. Therefore .#,/.#3 is generated by fx + gy, and the homogeneous ideal of Z is
of the form (x?, xy, ¥%, fx+gy), as required.

Now suppose Y is a multiplicity 3 structure on the line X, with wy =0 y(—2).
Since we do not have a general classification of multiplicity 3 scheme structures on
a curve analogous to Ferrand’s theorem, we will use an ad hoc argument. Take an
affine 3-space A3 CIP? with affine coordinates x, y, t, and pass to the ring k(t) [x, y].
Then Z corresponds to a multiplicity 3 structure on the point x=y=0in AZ,.
Therefore its ideal can be written in the form (x3, x2%y, x3?, y3, fx+gy+ax?
+bxy+cy?), where f,g,a,b,c are polynomials in ¢, and f and g are not both zero.
Going back to IP3, this shows that the homogeneous ideal I, of Y contains a
homogeneous polynomial of the form h=fx+gy+ax®+bxy+cy?, where
£,9,a,b, c are polynomials in z and w, with f, g of some degree r and a, b, ¢ of degree
r—1. Since Y is locally complete intersection, we see that

Iy =(x3x%, xy%,y3, fx+gy+ax? + bxy +cy?)

and furthermore that f and g can have no common zeros along X. Now the
arithmetic genus of such a curve is easily computed as a function of r=degf.
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Indeed, there is an exact sequence

0 Ops( — = 1)/(x2, x7, ¥%) = Ops/(x3, X2y, x3?, %) Oy —0
from which a short calculation gives p,=1-3r. In order to have p,= —2 we must
have r=1. Thus f and g are linearly independent linear forms, and a,b,c, are
constants, as required.

Lemma 9.2. With the same hypotheses as (9.1), the curve Y is contained in a unigue
quadric surface Q CTP3, necessarily nonsingular.

Proof. In case (a) this is classical. In case (b), it is clear from the ideal that the
double line is contained in a 3-parameter family of quadrics. Thus we can find at
least one quadric Q containing Y. This quadric must be irreducible, for otherwise
the double line would be contained in a plane, which is impossible as we see from
its ideal. Furthermore Q must be nonsingular, because any two lines on a quadric
cone meet. Then it is clear that Y is a divisor of type (3,0) on Q (recall [AG, 11,
6.6.1] that the divisor class group of Q is Z@Z, generated by a line in each of the
two rulings; by the type we mean the class in Z@Z). Therefore Q is unique,
because Y cannot be a subset of a divisor §nQ’, which is of type (2,2).

In case {c) it is clear from the ideal that Y is contained in a unique quadric
surface Q. It must be irreducible since Y is not contained in a plane. It must be
nonsingular, because the triple line scheme on a quadric cone fails to be locally
complete intersection at the vertex.

Lemma 9.3. Given & as above, and a section se HY(&(1)) with zero set Y, the
nonsingular quadric surface Q of (9.2) containing Y depends only on &, and not on the
choice of s. Furthermore, dim H%&(1))=2, and as se H°(&(1)) varies, Y describes a
linear system of dimension 1 and type (3,0) on Q.

Proof. First we show that dim H°(&(1))=2. Indeed, we have an exact sequence

00> E(1)—F,(2)—0,
and (9.2) implies that dim H%(#,(2))=1, from which it follows immediately.

Now let te H%(£(1)) be a section linearly independent from s. Then the image of
t in H%(#y(2)) gives an equation for Q. Therefore

EM/s, ) =Sy o(2),
where #, , denotes the ideal sheaf of Y on Q. Since s and ¢ form a basis of H &),
the left-hand side of this isomorphism depends only on &. We can recover Q as the
support of the coherent sheaf on the right-hand side, so Q depends only on &.
It is easy to see that there is a linear map H °(<§’(1))—+H°((90(3, 0)) whereby the
section s goes to the section cutting out Y on Q. So as s varies, Y cuts out a linear
system of type (3,0) and of dimension 1.

Lemma 9.4. The dimension of the intermediate cohomology of & is as follows:

2 if 1=0,-1
1 - >
WED)= {0 otherwise
2 if I=-3~4
2 - y
h(ED)= {0 otherwise
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rroof. From the exact sequence
0—0> (1)~ .#4(2)-0

we have HY(&()) = H (#,(I+1)). From the exact sequence
0—>Fy—> Iy Iy o0

we have HY(Sy(1+ 1)) = H'(S, (I+1)). Now since .#y 4 is an invertible sheaf on Q,
its cohomology depends only on the linear equivalence class of Y. Since Y is
linearly equivalent on Q to a union of three disjoint lines, we may assume, for the
purposes of this calculation, that Yis a union of three disjoint lines. Then from the
exact sequence

0—->fy—>(9ﬂ,3—>(9y“*0
it is easy to compute that

2 if m=01
0 otherwise.

Byl = {

This gives the result for 4!, and the statement for h? follows by Serre duality.

Remark 9.4.1. Since H(&(D)=0 for 1 £0, by Serre duality H3(&(1))=0 for [ = —4.
So we can apply the theorem of Castelnuovo [32, p. 99] to conclude that £2) is
generated by global sections. (Of course £(1) is not generated by global sections:
its global sections generate the stalks only at points not on Q.) It follows from{1.4),
at least in characteristic 0, that &(2) will have a section whose zero set is an
irreducible nonsingular elliptic curve of degree 6. This shows that in characteristic
0 the construction of (4.3.3) actually produces all stable bundles with ¢, =0 and
=2

Lemma 9.5. With &,Q as in (9.3), the linear system of curves Y on Q induced by
varying se HY(&(1)) is a linear system without base points.

Proof. The support of Yis always a union of lines, so it will be sufficient to show
that for any line L, there exists a section se H(&(1)) not vanishing aleng L.
Considering #; ®&(1) as a subsheaf of &(1), since dimHO(&(1)=2, it will be
sufficient to show that dim H(#, ® £(1)) < 1.

Let h, and h, be linear forms defining the line L. Then the exact sequence

hg B2

0-0(—2) 225 0(— NP O(— 1) —2

tensored with &(1), gives an exact sequence

g0,

0=H(&)2 > H(F,@E(1)~H' (6(— 1) =" HY(&Y.
I claim in fact that the map
h, :HY{&(—1)—~HY&)

has kernel of dimension <1, which will prove our result. Let H be the plane
defined by h,. From the exact sequence

0-&(— 1)L §—E|,—0
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we get

0=H"(&)—~H (&)~ H((— 1) "> H'(8).

Since H'(&(—2))=0, the same sequence shows that H%(&(~ 1)|,)=0. Therefore if
H%&|,)*0, a section te H%&|,) must have a zero-set Z of codimension 2 in
H =1P?, which will consist of two points, since ¢,(€|,)=2. So we will have an exact
sequence

0->04—81g—>I, 4—0,
from which it is clear that dim H%(&|,)=1. This completes the proof.

Corollary 9.6. If char.k+3, then there exists a section se HY(&(1)) whose zero set is
three disjoint lines. Thus the construction of (3.1.1) gives all stable bundles with ¢, =0
and ¢, =2,

Proof. The linear system of the curves Y is of type (3,0) on Q. Regarding @ as
P! x P!, this linear system is induced by a linear system g) of degree 3 and
dimension 1 on one of the factors P'. Since the g} has no base points, it induces a
morphism of degree 3 from P! to P'. If char.k+3, this morphism will be
separable, so the general member of the g3 will consist of three distinct points. The
corresponding curve Y on Q will be three disjoint lines.

Remark 9.6.1. On the other hand, if char.k=3, the Frobenius morphism of IP! to
IP! corresponds to a g3} consisting of {3P|PeP*}. From (9.7) below it follows that
for any choice of Q and a choice of one factor in Q =IP! x P!, there exists a bundle
& giving rise to the given Q and g3. Thus in characteristic 3 there are stable bundles
& with ¢, =0 and c, =2 such that for every se H%(&(1)), the zero set Y=(s), is a
single line with a multiplicity 3 scheme structure.

Theorem 9.7. Each stable bundle & on P* with ¢, =0 and c, =2 determines
(@) a nonsingular quadric surface Q CIP?,
(b) a choice of one of the two factors in the isomorphism Q=P x P!, and
(c) a linear system g} of degree 3 and dimension 1 on P', without base points.
Conversely, any such data (a), (b), (c) arise from a unique such bundle &.

Proof. We have seen in the previous lemmas that as se H%(&(1)) varies, the
corresponding curves Y sweep out a linear system of type (3,0) without base points
on a uniquely determined nonsingular quadric surface Q. This picks out one of the
two families of rulings on Q and gives a g3 without base points on P*.

To prove the converse we show, using a technique similar to the proof of (1.1},
that £(1) can be recovered as an extension of coherent sheaves. As in (9.3) pick two
linearly independent sections s, te H(&(1)) and consider the exact sequence

0-0DO 5 £(1)—Fy 4(2)-0.

Now £y ,=0,(—3,0), where we denote the two generators of PicQ by 0(1,0) and

0,(0,1). With this notation, 0,®0ps(1)=0,(1,1), s0 Sy ,(2)=0y(—1,2). The
exact sequence above determines an element &€ Extps(@g(— 1,2), 0@ 0). This Ext?
is the global sections of the corresponding sheaf t&’xt1 ; using the isomorphism
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W= Ext'(Uy, wys), we can interpret & as an element of H%(0(3,0))%, or as two
elements &,,&,e H%0O4(3,0)). These of course are the generators of the g3.

Conversely, given the data (a), (b), (¢), let ¢ 1,izeh’{’(@%& 0)) correspond to
divisors generating the g}. They determine an element &€ HY(04(3,0))%, which by
the above reasoning is isomorphic to Ext,%,;((OQ(~ 1,2), 0@ 0). This ¢ determines an
extension

0-0B0~&£(1)—>0,(—1,2)-0

for some coherent sheaf & on P>. We must show that & is locally free, stable, and
has Chern classes ¢; =0 and ¢, =2.

To show that &(1) is locally free, apply the functor S#om(-, 0) to the above
sequence. We obtain (in part)

= HOM(O2, 0) > ExtH (O~ 1,2), O)—Ext*(E(1), O) = Ext (07, 0)=0.
al
04(3,0)

The two global sections (1,0) and (0,1) of H#om(0*0) go by & to
¢,,¢,€ H%(04(3,0)) by construction. Since these generate a linear system without
base points, J is a surjective map of sheaves. Therefore £xt!(£(1), 0)=0. On the
other hand, clearly £(1) has projective dimension 1 over each local ring, so by a
lemma of Serre [42, lemme 9, p. 2-08], £{1) is locally free.

It is clear that & has Chern classes ¢, =0 and c,=2. Twisting the above
sequence by ~ 1 it is immediate that H%(£)=0, so & is stable.

Corollary 9.8. The variety of moduli M of these bundles is an irreducible
nonsingular variety of dimension 13.

Proof. The nonsingular quadric surfaces Q C IP? are parametrized by P — 4, where
4 is the discriminant locus of a quadratic form in 4 variables. The moduli variety
M is fibred over P° — 4 by two copies of a variety U, where U G(1, 3) is the open
subset of the Grassmann variety of 2-dimensional subvector spaces of the
4-dimensional vector space H%(0p(3)) corresponding to linear systems without
base points. Thus M is nonsingular of dimension 13. It is connected, because by
varying Q one can connect data (a), (b), (c) corresponding to the two different
choices in (b).

Proposition 9.9. Up to automorphisms of W°, there is a 1-parameter family of
nonisomorphic bundles & More precisely, the quotient space M/PGL(3) of the
variety of moduli M by the group PGL(3) of automorphisms of P is isomorphic to
the quotient space U/PGL(1) of the space of g3 without base points on P' by the
group PGL(1) of automorphisms of P*.

Proof. For any choice of Q and of one factor in the isomorphism Q =IP* x P!,
there is a morphism @ :P* x P* - P* with image Q, sending the first factor onto the
chosen factor. For any such ¢, the inverse image @*(Ops(1)) is isomorphic to
P¥0p,(1)®p%@y.(1). Therefore according to the general theory of morphisms to P
[AG, 11, §7], any two such morphisms differ by an automorphism of P°. Thus
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PGL(3) acts transitively on the data (a), (b) of (9.7). Next, note that if 6ePGL(3)
leaves Q and the choice of factors fixed, then ¢ induces an element of PGL(1) on
each factor. Conversely, any pair of elements 7,, 7,ePGL(1) induces an automor-
phism of P! x P! which extends to an automorphism of IP>. Therefore the quotient
space M/PGL(3) is isomorphic to the space U of g} without base points on P,
modulo the action of PGL(1). Since U is an open subset of G(1, 3}, this is clearly a
1-parameter family.

Remark 9.9.1. 1t seems an interesting problem in elementary invariant theory to
describe the quotient space U/PGL(1) more completely. An equivalent problem is
to classify degree 3 morphisms of P! to itself up to automorphisms of P,

Next we will study the restriction of our bundle & to planes and lines in P3,

Proposition 9.10. Let & be a bundle as above, and let Q be the quadric surface
associated to &. Let H be a plane in P2, If H is transversal to Q, then &\ is stable on
H. If H is tangent to Q, then &|y is semistable but not stable.

Proof. If H is transversal to Q, let se H%(&£(1)) be a section and let Y be its zero set.
From the exact sequence

00 &(1)— #4(2)-0,

tensoring with 0, gives an exact sequence

0-0g > E(1)lg—IA2)-0,

where Z=YnH is a 3-point scheme in H. Those three points Z (distinct or
coincindent) lie on the irreducible conic C=0nH, so the scheme Z is not
contained in any line. Therefore H%(#,(1))=0, and so H%&|,)=0, which implies
that &} is stable.

On the other hand, if H is tangent to @, then H contains one line in each of the
two rulings on Q. Therefore there exists a section se H*(£(1)) vanishing along one
of those lines. The image 5 of this section in H%&(1)|,) vanishes on a set of
codimension 1 in H, so H%&|,)=+0. This shows that &|, is not stable. But we have
already seen, in the proof of (9.5), that H%&(—1)l5)=0. Therefore &, is
semistable.

Remark 9.10.1. In particular, &|, is semistable for all planes HEIP?. This
strengthens (3.3) in this case. On the other hand, the fact that &, is stable for
almost all H illustrates a general theorem of Barth (see footnote to (3.3)).

Proposition 9.11. Let &,Q be as above, and let L be a line in P°. We study the
restriction of & to L.

(@) If L is in the 2nd family of lines on Q (not those which form the curves Y)
then &), =0,(—2)®C;(2).

(b) If L is in the 1st family of lines on Q, and is a double or triple line of the curve
Y of the g} containing it, then &), ~0,(—1)®0(1).

(¢} If LELQ, but L meets some divisor Y of the g} in two points, then
&, =0,(—DDO,(1).
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(d) If L is a line of the 1st family on Q, which is a simple line of the divisor Y
containing it, then 8|, =0, ®0,.

(e) If LLQ, and L meets each divisor Y of the g} in at most one point, then
8, =0,®0,,

Proof. We know from the structure of vector bundles on P! and the fact that
¢,(€)=0 that for any line L, &|, = O(— a)@® O(a) for some integer a. Pick a section
se H%(&(1)) and let

00> £(1)—#,(2)-0

be the corresponding exact sequence. If Y meets L in a finite number of points
P,,...,P, r=0,123, then tensoring with L gives an exact sequence

0-0, -, ~0,2— Z P)® Z kp,—0,

where k,_is the constant sheaf k at P, If r=0, then H%&(—2)|,)=0 so we must
have &, ~O® 0O or O(—1)@0(1). If r =1 one sees easily the only possibility for &,
is O@O. Similarly if r=2, 8|, 20, (- 1)®O,(1), and if r=3, &, = O (-2)DO(2).

If L is in the 2nd family of lines on @, then L meets every Y in three points,
which proves (a). Conversely, if L is not one of those lines, then there exists a Yin
the g} with Ln Y=, so &}, must be either 0@ or O(— YD O(1).

Cases (c) and (¢) follow similarly from this discussion. In case (d), since
EWy =S/ FFY, it follows that &(1)], is the normal bundle of L, which is
O (1Y®O(1). Hence &, =0, D0,

The only remaining case is (b). Such a line is a limiting position of a family of
lines of type (c), so by semicontinuity, &/, = 0(—a)®@(a) with a= 1. On the other
hand we have seen that a<2 except in case (a), so we must have a=1,

Remark 9.11.1. This result illustrates the theorem of Grauert and Miilich (see
Barth [6]) that if & is stable with ¢, =0 then &}, =, ®0, for almost all lines L.
The lines for which this does not hold are called jumping lines for &, and they form
a closed, codimension one subset of the Grassmann variety of lines on P?. We will
call lines of type (a) double jumping lines.

Our next objective is to show that & is determined by its divisor of jumping
lines. First we need a preliminary result of plane projective geometry.

Proposition 9.12. Let C be an irreducible conic in P}, and let a g3 without base
points be given on C. For each divisor D=P, +P,+P;€g}, consider the lines L,
joining P, and P, for 1Si<j<3.1f P,=P, take L;; to be the tangent to C at P,
Then

(a) the totality of the lines L, as D varies in the g3, forms an irreducible line
conic I'* in the dual projective plane P?;

(b) the g} is uniquely determined by I'*; and

(c) keeping C fixed, let U denote the set of all g3 without base points on C,
considered as an open subset of the Grassmann variety G(1,3) in a certain projective
space 3 ; furthermore let IP3 denote the parameter space of all line conics in P?*.
Then there is a linear transformation of W3 to 5 which for each g3e U gives the
point corresponding to the line conic I'*. Thus the set of I'* which arise in this way is
an open subset of a quadric hypersurface in P3.
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Proof. Any two conics in P2 are projectively equivalent, so it is sufficient to prove
these statements for any given conic C. We will use affine coordinates for
simplicity. So let C be the conic y=x2. To describe a g} on C, we use the projection
of C onto the x-axis, and give a g3 on the x-axis by specifying two cubic
polynomials

f=apx*+a,x*+a,x+a,
g=byx*+b,x*+b,x+b;.

Then a general member of the g} is given by the three roots x,,x,, x, of the
polynomial f+ tg depending on a parameter t. Since the question is symmetric in
the three roots, we consider only the points P, =(x,,x?) and P,=(x,,x3) on C
corresponding to x, and x,. The line L=L,, joining P, and P, has equation

=00 +x,)x XX,

and this equation also gives the tangent line at P, if P, = P,. If we write a general
line in the form y=ux—v, then this line has (affine) line coordinates (u,v)
=(x, +X,,x,X,). We wish to find the locus of the point (u,v)eP** as ¢ varies.

For this purpose we express x,, X,, x5 in terms of the given a, b; which define
the g}

a, +tb,

Xy +x2 +X3= — m

o T 10
a,+tb,
X Xyt X Xy +XpXy= 2 b
o T 10

ay+thy

R T

O O

We combine these equations with
u=x;+x,
V=X 1x2 s

and then eliminate x,, x,, x4, t 50 as to leave an expression involving only u,v,a;,b;.
The result of this computation depends only on u,v and the quantities
pij=ab;—ab, 0Li<j<3, which are the Pliicker coordinates of the point of
U S IP; representing the given g3 : the result is

Po 3t +Poyiv+po 0% +pyat+(py = Po3)v+ Py =0.

This is manifestly a conic I'* in P?*. Furthermore its coefficients are 6 linearly
independent linear forms in the p;;, so I'* is determined by a linear transformation
of P to P3, as claimed in (c).

The fact that I'* is irreducible follows easily from the construction: a reducible
line conic would consist of two pencils of lines; for a triangle of lines to belong to
two pencils, one of the vertices of the triangle must be the axis of one of the pencils.
Then this axis would lie on C, which is impossible since the g} is supposed to be
without base points.
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Finally, it is clear that the g} is determined by I'*; to find the divisor Deg}
containing any given point P, merely take the lines of I'* passing through P and
intersect them with C.

Remark 9.12.1. The line conic I'* £ P** consists of the set of tangent lines of a point
conic I'SP2. Thus each divisor D of the g} on C determines a triangle which is
inscribed in C and circumscribed about I' (Fig. 1).

R C

<P

~U

Fig. 1

This is closely related to the classical “porism” of Poncelet which says in
particular that if C and I" are two conics in the plane, and if there exists one
triangle inscribed in C and circumscribed about I, then in fact every point of C is a
vertex of such a triangle. If that happens, then the triples of points on C forming
the vertices of these triangles are parametrized by the points of C, three times over,
s0 by Liiroth’s theorem those triples of points form a g} without base points on C.
Our result is a converse to this statement. Similarly, of course, the points of
tangency of the sides of the triangles on I' form a g} on I

Remark 9.12.2. Dualizing the result of (9.12) and interpreting it as in (9.12.1), we
see that if a g} is given on a conic I', and if for each divisor D=0, +Q,+Q; of
points in the g we form the tangents to I' at the points Q;, and let these tangents
intersect at three points P,, P,, P, then as D varies, the points P; will move on
another conic C.

Theorem 9.13. Assume char.k= 3. Then the bundle & is uniquely determined by the
set Z < G(1,3) of its jumping lines.

Proof. First consider a plane HCP?. If H is transversal to the quadric surface g,
then H contains only lines of types (¢) and (e} in the classification of (9. 11) In
particular, the jumping lines of & in H are all of type (c). More precxsely, the g3 of
curves Y on Q cuts out a g3 on the irreducible conic C=QnH in H, and the
jumping lines in H are precisely the lines of the line conic I'* in H* associated to
this g3 as in (9.12).

On the other hand, suppose H is tangent to Q. Then H contains a line L of the
first family on Q and a line M of the second family. Let Y be the divisor of the g3 on
Q which contains L, and let R,Se M be the two points where the two lines of Y
besides L meet the plane H. Then any line in H passing through R or S will meet L,
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hence will be a jumping line of type (c), except for M itself, which is a double
jumping line of type (a). Thus the set of jumping lines in H consists of the two
pencils of lines with axes R and S.

Summing up, for any plane H CIP?, the set of jumping lines of & contained in H
is a line conic in H*, which is irreducible if H is transversal to Q, and reducible if H
is tangent to (). This characterizes the set of planes tangent to Q in terms of the set
Z of jumping lines, and so Q itself is uniquely determined by Z. Furthermore the
choice of the two families of lines on @ is determined, because the line M of the
second family in a tangent plane H is characterized as the line joining the axes R
and S of the two pencils of jumping lines. (At this point we need to know that at
least for one such H, the points R and § will be distinct. Since char. k # 3, this
follows from (9.6).)

Now take any plane H transversal to Q. Since @ is already determined by Z,
the conic C=QnNH is also determined. As we saw above, the jumping lines in H
form the line conic I'* of (9.12), and this in turn uniquely determines the g3 on C.
Since we also have determined the choice of line family on Q, we recover the g} on
0. Therefore by (9.7), & is uniquely determined.

Remark 9.13.1. The same argument works also in the case char. k=3, unless the g}
of (9.7) corresponds to the Frobenius isomorphism of P! to P*. In that case the Q
and g3 of (9.7) are uniquely determined by Z, but we cannot determine the choice
of family of rulings on Q, unless we specify in addition which lines of Z are double
jumping lines. Indeed, in this case Z is simply the set of all lines tangent to Q.

We conclude this section with a geometric description of the divisor of jumping
lines, which is useful in studying the existence of real jumping lines over € [20].

Theorem 9.14. Assume char.k+#3. Given a bundle & as above, denote by
G=G(1,3)CIP® the Grassmann variety of lines in 3. The set of lines in the first
Sfamily on the quadric surface Q associated with & forms a conic yCG. Let n be the
unique plane in P* containing y. The g} on Q induces a g3 on y. For each divisor
D=P,+P,+ P, of the g3, let the tangent lines to y at the points P, intersect in 3
SJurther points X |, X ;, X 5. As D varies, by (9.12.2), the points X, lie on another conic
I'Cn. Let n* C1P° be the plane dual to m with respect to the quadric surface Q. Let W
be the cone with vertex n* over the conic I' Cn. Then W is a quadric hypersurface in
IP%, and WG is the divisor Z of jumping lines of &.

Proof. A jumping line LCIP? can be characterized by the property H%(&(—1)(,)
+0, From the exact sequence

0—-4,-20-0,-0, 1)
tensoring with &(— 1), we get
0—H(&(—1)|)—~H'(F,@8(— 1)) > H(&(—1)).

Thus L is a jumping line if and only if kera#0. Let h, and h, be linear forms
defining L. Then from the exact sequence

ha, —hy

0-0(—2) 2221 g(—1)2 2222, g, 50, @



Stable Vector Bundles 277

tensoring with &(—1) and using (9.4), we get an isomorphism
8, H\(F,®@E(— 1) H¥&(-3)).

Being the coboundary map of the exact sequence (2), we might think of §,; as
multiplication by 1/(h; A h,). In particular, the map

o =a=8; 1 H{E(— 3)—H(E(~ 1))

is linear in the Pliicker coordinates of the line L. The jumping lines are described
by the equation deta’=0. Since these are both 2-dimensional vector spaces, by
(9.4), we see that the variety W CIP® defined by deto’ =0 is a quadric hypersurface,
and that Z=GnW.

To compute W more precisely, we now choose a section se H%(£(1)) whose zero
set Y consists of three distinct lines Y;, Y,, Y;. Furthermore fix two linear equations
defining each line Y. Use the exact sequences

005 8(1)~.8,(2)~0 3)
and
0-Sy—=0-0,—0 )

to form the rows of the following diagram:
0 —— HO(0p) —— H(0) —2—— H'(#,) —— 0

1

o HYE(—1))

HY0/(—2) HYJ,Q6(—1))

dex | Oy x| o,

0 — H3O(—4) — H¥(I(—2) H(&(—3))——0

The right-hand column consists of the maps a and J, described above, plus the
isomorphism H*(&(— 1))-=> H'(.#y) coming from exact sequence (3). The map dy in
the middle column comes from (4). The map J; in the middle column is a
coboundary map obtained from (2) by tensoring with Oy, and assuming that
YnL=, so that .#, @0y =0y. The diagram clearly commutes.

We identify H(@p) with k and H%(®,) with k>, and the map between them
sends 1 to (1, 1, 1). Using the linear forms defining each Y; we can get a specific
isomorphism of H(0y(—2)) with k3, and using the coordinates of IP* we have a
specific isomorphism of H*(@(—4)) with k. Furthermore fix an isomorphism
@ : A2&-=> . Then according to (1.1) the exact sequence (3) determines elements
£, &y, &yek such that with these identifications, the map 6,8y : H'(0y(—2))
=k3>H3(0(—4) =k is given by (£, &5, &3).

Finally, we must identify the map &, of the middle column. The key point is
that if L, M are disjoint lines in IP?, with Pliicker coordinates / and m, and if we use
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the coordinates m to get a natural isomorphism HYO,(—2))=k, then the
corresponding map

871 HY(O, (- 2)=k—H0,) =k,

where §, is obtained from (2) as above, is simply multiplication by {/,m)>, where
{ , »isthe bilinear form on the 6-dimensional vector space of Pliicker coordinates
p;; corresponding to the quadratic form

Po1P23— Po2P13 T PosP12

which defines G in P°.

Applying this in our case, let P, P,, P, be the Pliicker coordinates of Y}, Y,, Y3,
and let y; be the linear form ¢ , P,> on IP®. Then the map

S L HY (OW(—2)=k*->H(0,)=k*

is just multiplication by y, in the ith place.
Now we can rewrite our big diagram explicitly as follows:

0— k-2 k2 V-0
(71,72,73) Ia/
0 — k ‘L(éx.lz,és) k3 < W — 0

From this diagram it is easy to compute deta’, which is uniquely determined up to
a scalar multiple. It is

Eyiva+ &y +Eiyays.

This then is the equation of W, where the y, are linear forms on IP°, and the ¢, are
constants,

Since y, is the linear form { , P,), the hyperplane y,=0 in IP® is just the tangent
hyperplane to G at P,. Therefore the linear space y, =y, =y, =0 is the intersection
of these hyperplanes, which is just the plane n* dual to the plane # containing P,,
P,, P,. On the other hand, the line y,=0 in = is the tangent to y at P,. It is clear
from the equation of W that Wz contains the 3 points y, =y, =0, y, =y;=0,
¥, =y, =0 where these tangents meet. Now, since W is independent of the choice of
se H%(&(1)) and hence of the curve Y on @, this holds for any choice of ¥, so we see
that W is the conic I" determined by y and its g} according to (9.12.2). Now
from the equation of W it is clear that it is the cone with vertex =* over I, as
required.

References

1. Atiyah, M.F., Rees, E.: Vector bundles on projective 3-space. Invent. math. 35, 131-153 (1976)

2. Atiyah, M.F,, Ward, R.S.: Instantons and algebraic geometry. Comm. math. Phys. 55, 117-124
1977)

3. Atiyah, M.F,, Hitchin, N.J,, Drinfeld, V.G., Manin, Ju.I.: Construction of instantons. Phys. Lett.
65A, 185-187 (1978)

4. Barth, W, VandeVen, A.: A decomposability criterion for algebraic 2-bundles on projective
spaces. Invent. math. 25, 91-106 (1974)



Stable Vector Bundles 279

6.
7.

. Barth, W, VandeVen, A.: On the geometry in codimension 2 of Grassmann manifolds. In:

Classification of algebraic varieties and compact complex manifolds. Lecture Notes in
Mathematics 412, pp. 1-35. Berlin, Heidelberg, New York: Springer 1974

Barth, W.: Some properties of stable rank-2 vector bundles on IP,. Math. Ann. 226, 125-150 (1977)
Barth, W.: Moduli of vector bundles on the projective plane. Invent. math. 42, 63-91 (1977)

7a.Barth, W., Hulek, K.: Monads and moduli of vector bundles (preprint)

8.

9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.
21

22.

23.
24.

25.
26.
27.

28.
29.

30.
31
32,
33.

34.
35.

36.
37.
38.

39,

Ferrand, D.: Courbes gauches et fibrés de rang 2, C.R. Acad. Sci. (Paris) 281, A345-347 (1975)
Ferrand, D.: Construction de fibrés de rang deux. Séminaire E.N.S, (1977-78) exposé 5 (preprint)
Gieseker, D.: On the moduli of vector bundles on an algebraic surface. Ann. Math. 106, 45-60
1977

Gravert, H, Miilich, G.: Vektorbiindel vom Rang 2 iiber dem n-dimensionalen komplex-
projektiven Raum. Manusc. math. 16, 75-100 (1975)

Grauert, H., Schneider, M.: Komplexe Unterrdume und holomorphe Vektorraumbiindel vom
Rang zwei. Math. Ann. 230, 75-90 (1977)

Grothendieck, A.: Techniques de construction et théorémes d’existence en géomeétrie algébrique
IV: Les schémas de Hilbert. Séminaire Bourbaki 221 (1960/61)

Gruson, L., Peskine, C.: Genre des courbes de I'espace projectif (preprint)

Harris, J.: Untitled preprint (Nov. 1976)

Hartshorne, R.: A property of A-sequences. Bull. Soc. Math. France 94, 61-66 (1966)
Hartshorne, R.: Varieties of small codimension in projective space. Bull. AMS 80, 1017-1032
(1974)

Hartshorne, R.: The classification of curves in P* and related topics (lecture notes in Japanese),
Ishida, M., Sato, E., eds. Math. Res. Lec. Notes 2, Kyoto Univ. 74pp. (1977)

Hartshorne, R.: Algebraic Geometry. Graduate Texts in Math. 52, 496pp. Berlin, Heidelberg, New
York: Springer 1977

Hartshorne, R.: Stable vector bundles and instantons. Comm. Math. Phys. 59, 1-15 (1978)
Hirzebruch, F.: Topological methods in Algebraic Geometry, 3rd ed., Grundlehren der math.
Wiss. 131, 232 pp. Berlin, Heidelberg, New York : Springer 1966

Horrocks, G.: Vector bundles on the punctured spectrum of a local ring. Proc. Lond. Math. Soc.
(3), 14, 689-713 (1964)

Horrocks, G.: A construction for locally free sheaves. Topology 7, 117-120 (1968)

Horrocks, G., Mumford, D.: A rank 2 vector bundles on IP* with 15,000 symmetries. Topology 12,
63-81 (1973)

Horrocks, G.: Examples of rank three vector bundles on five dimensional projective space
(preprint)

Kleiman, S.L.: Geometry on Grassmannians and applications to splitting bundles and smoothing
cycles. Publ. Math. IHES 36, 281-298 (1969)

Maruyama, M. : On a family of algebraic vector bundles (in) Number Theory, Algebraic Geometry,
and Commutative Algebra, in honor of Y. Akizuki. Kinokuniya, Tokyo 95-146 (1965)
Maruyama, M.: Stable vector bundles on an algebraic surface. Nagoya Math. J. 58, 25-68 (1975)
Maruyama, M. : Openness of a family of torsion free sheaves. J. Math. Kyoto Univ. 16, 627-637
(1976)

Maruyama, M.: Moduli of stable sheaves, I, J. Math., Kyoto Univ. 17, 91-126 (1977)
Maruyama, M.: Moduli of stable sheaves, IT (preprint)

Mumford, D.: Lectures on curves on an algebraic surface. Annals of Math. Studies 59, Princeton
Univ. Press, Princeton (1966) 200 pp.

Mumford, D.: Varieties defined by quadratic equations (with an Appendix by G.Kempf) in
Questions on Algebraic Varieties. C.I.M.E. ed. Cremonese, Rome (1970), 29-100

Mumford, D.: Theta Characteristics of an algebraic curve. Ann. Sc. ENS 4, 181-192 (1971)
Narasimhan, M.S., Seshadri, C.S.: Stable and unitary vector bundles on a compact Riemann
Surface. Ann. Math. 82, 540-567 (1965)

Peskine, C., Szpiro, L.: Liaison des variétés algébriques (I). Invent. math. 26, 271302 (1974)
Rao, A.P.: Liaison among curves in IP* (preprint)

Saint-Donat, B.: On Petri’s analysis of the linear system of quadrics through a canonical curve.
Math. Ann. 206, 157-175 (1963)

Sato, E.: On the decomposability of infinitely extendable vector bundles on projective spaces and
Grassmann varieties. J. Math. Kyoto Univ. 17, 127-150 (1977)



280 R. Hartshorne

40.

41.
42,

43,
44.
45.

46.

Sato, E.: The decomposability of an infinitely extendable vector bundle on the projective space, 11
(preprint)

Sato, E.: On infinitely extendable vector bundles on G/P (preprint)

Serre, J.-P.: Sur les modules projectifs. Séminaire Dubreil-Pisot (1960/61), Secr. Math. Paris,
exposé 2 (1961)

Takemoto, F.: Stable vector bundles on algebraic surfaces. Nagoya Math. J. 47 (1972)

Tango, H.: On morphisms from projective space P to the Grassmann variety Gr(n,d) (preprint)
Tyurin, A.N.: Finite dimensional vector bundles over infinite varieties. Math. USSR Isvestija 10,
11871204 (1976)

Wever, G.P.: The moduli of a class of rank 2 vector bundles on projective 3 space, thesis. Univ.
Calif. Berkeley (1977)

Received June 15, 1978



