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1. Introduction

For a finite countably decomposable von Neumann algebra L we study the
structures of the space Consmtmg of all von Neumann subalgebras of L. Especially
we study the relation M &N which was previously studied by Murray and von
Neumann [117 and McDuff [9].

Much of the techniques used are taken from the articles [3] and [4], but also
[6] and [7] are very fundamental.

In Sect. 3 we obtain certain results about homomorphisms which are close to
the identity in trace norm.

Section 4 is devoted to the study of the relation M éN, and we prove that if
both M and N are factors, and one of them is finitedimensional, then for &
sufficiently small there is a unitary u in L such that u*MuCN. Corollary 4.3
contains a result for finitedimensional algebras, which is not dependent upon the
partxcuiar dimension. At the end of Sect. 4 we prove that if two factors M and N
satisfy M & N, then M is isomorphic to a subalgebra of N ®M

In the last paragraph we introduce the Hausdorff-metric with respect to some
trace norm on the set of von Neumann subalgebras. We prove that various
algebraically characterized sets have nice topological properties: The set of
maximal abelian subalgebras is closed, the set of factors is a Baire space and the set
of injective factors is an open and closed subset of the set of factors.

In the paper we use the notation L*N,7) and |||} for a semifinite von
Neumann algebra N with a faithful normal semifinite trace 1. We do not explain
this notation but refer the reader to the article [13] and the book [8] especially
111,7.

A special warning with respect to the word von Neumann algebra is perhaps
necessary; in Sect. 4 the von Neumann algebras M and N always contain the
identity I whereas in general von Neumann algebras are not in this article assumed -
to contain the identity.
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2. Technical Lemmas

In [7] Connes proves that the polardecomposition in a semifinite factor has
certain continuity properties with respect to the ultrastrong topology. ([7],
Theorem 1.2.2))

Results of this type go back to the work of Murray and von Neumann [11],
and can be found in Dixmiers book [8] in Chap. 111, § 7.3, pp. 273-276. Although
the above mentioned result of Connes could do for our purpose we want to use the
following lemma, because it is sharper in our context, and it is not too difficult to
prove.

2.1. Lemma. Let N be a semifinite von Neumann algebra with a faithful semifinite
normal trace t. Suppose e is a projection in L,(N,t) and h in L*(N,7) has the
properties, 0Sh<I and |th—e|,<k|el|, for some ke[O,1[ then the spectral
projection E, _,.,» for h corresponding to the interval [1—k*'%, 1] will satisfy

IE;) _yin—ell, SKHI—=KY2) " e,
Proof.

lel3k* zlih—ell3=1(I —hje| 3+ I ~e)|3
and

(I—h)2g(I—El_k1/z)(1—h)22—k(1_E1—kl/l)

SO

kI =B, _pin)e) ST~ h)’e) <k?{e] 3
or

(1=, el 3Kl 3.

1Byl =03 = By o105 (i) (10,
Wherefore

k 2
IE, -yl =35 (=) fel3.
Finally we obtain

IEy—xin—el3=IU~E; n)el* +1E; _ual~e)3

and

kI/Z 2 1 2
v = el Sk 1+ (5 ) 1613 Sk =] et

E| _jan—ell, SKM 1=k el,.

The lemma follows.
The next lemma has its sources within the works mentioned above, and we
want just to state it for the convenience of the reader.
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2.2. Lemma. Let N be a semifinite von Newmann algebra with a faithful normal
semifinite trace t, e~ f a pair of finite equivalent projections in N with

le—fll,=ellell, .
Then there is a partial isometry v in N such that
vto=e;  w*=f; Jv—el,26le—f],Z6¢le],

Proof. See [7] Lemma 1.4, or use ([6], Lemma 1.1.4, p. 388) on the algebra N, (-

3. Homomorphisms

3.1. Theorem. Let L be a finite von Neumann algebra, t© a faithful normal tracial
state, M a sub von Neumann algebra containing the identity I, of L and @ a star
homomorphism of M into L.

Suppose that for any m in M, | ®(m)—m|,=t, then there exist projections q,r
and a partial isometry v in (MO®M))’ such that v*v=qe ®(MY); vw*=reM’;
IT=vll, S2t; [ T =rl,St5 [ T—qll,St; Vme M g@(m)=v*mo.

Proof. Let K be the ultraweakly closed convex hull of the set {u*®(:jju unitary in
M}, then K is also a closed convex subset of L%(L, 1) and there will be a point k in
K of minimal Hilbert-Schmidt norm. For u unitary in M the map Kah—u*h®(u) is
a normdecreasing map (with respect to the Hilbert-Schmidt norm) of K into K so
by definition of k and the strict convexity of the unitball in Hilbert spaces we find,
that for any unitary v in M u*kd(u)=k or

Yue M, 1 kdu)=uk. )
It follows easily that ||k —I||, <t since for any unitary u in M
[Puu* — I, = || Pu)—ull, =t

Let k=vh be the polar decomposition of k, then Lemma 2.2 implies that
I—vll, 265 [T—v*ol, =t; [T—vv*|, =t
The relation (1) shows that he @(M)" and vhv*e M’, so the theorem follows.

3.2. Corollary. If M isatype I, factor (k< o) and ®(I)=1, then there is a unitary u
in L such that, |I —u|, <3t and ®(m)=u*Mu.

Proof. Find v as in 3.1, g=v¥*ve ®(M)'; q®(m)=v*mv and choose a set of matrix
units (e;;) for M, then the set {®(e;;) (I —q), e;{I —r)} consists of pairwise equivalent
projections. This result follows from the Comparison Theorem ([8] III, 1.2,
Theorem 2, p.218), because for any central projection z in L, for which
P, )(I—q)z)<tle, ,(I—r)z) we get (P(I)=1) t(( — q)z) <t((I —r)z) which con-
tradicts (I —g)~ (I —r), because g ~r and the algebra is finite. Let w be a partial
isometry such that w*w=(I—gq)®(e,,), ww*=(I—r)e,, and define the partial
k
isometry v, by v, = Y (I—r)e;;wd(e;)(I—q), then u=v+v, is unitary and
i=1
I —ul, S ~vf, + v, <2t + [ —qf,=3t.

For any e,, in M u*e, u=v*e,v+vie,v, =qPe,,)+{1—qg)Ple, )Pe,,)
=®(e,, ). The corollary follows. ([2] proof of Theorem 4.1).
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3.3. Corollary. If M=L, M is a factor and te[0, 1{, then ® is an inner automor-
phism implemented by a unitary v in M for which [|[I —v}|, <2t.

Proof. Find v, partial isometry, as in 3.1 then vw*e M'nM, so vo*=0 or vv*=1,
but || —vv*],=t<1, and v must be a unitary.

4. Subalgebras

In this section we will let L denote a finite von Neumann algebra of type I, with a
faithful tracial state 7. 5

We want to study the relation C between sub von Neumann algebras of L, but
before we want to go into the technical details, we will fix our notation and give
some explanatory remarks, which leed up to the first lemmas.

We will deal with two von Neumann subalgebras M and N of L, which do
always contain the identity I in L, whereas a homomorphism ¢ of one sub von
Neumann algebra into another, not necessarily needs to satisfy ¢(I) =1, but always
P(m*) = P(m)*.

Further we suppose that L acts on L*L,7), in the canonical way as
leftmultiplers, we will let £ denote the vector I in L3(L, 1), since it is then easier to
distinguish between the element x in L and the element x& in L2(L, t), when this is
necessary. ([8], 1.5, 1.6, [13]). Let N be a sub von Neumann algebra of L, then there
exists a faithful normal projection = of norm one from L onto N. The map = is
defined as a conditional expectation by

VxeL:n(x)eN and VneN:txn)=rt(n(x)n), (2}

{[12], Proposition 4.4.23, p. 211, [15-17]).

Speaking in commutative terms the expression (2) depends upon the fact that
in finite measure spaces the L™ space is dense in the L' space, but the finiteness of
the measure also implies that L* is a dense subset of the L? space.

If we take this point of view = becomes a densely defined linear projection from
L*(L,7) onto a dense subset of L*(N, 1), and moreover we find from (2) that the
orthogonal projection p from L3(L, 7) onto N¢ is related to 7 in the following way.

VxelVn,n,eN :(xn, Eln, &) =(n(x)n | n,é) (3)

VxelL :pxp=pn(x)p=mn(x)p. 4)
One should remark that since pé=¢ (4) implies

Vxel :pxt=n(x)¢. 5)

Much of the later computations will take place in the algebra (Lup)’, so we want
here to find out some elementary facts about this algebra. First of all we remark
that (Lupy=L'np’ is isomorphic to the algebra R, of rightmultipliers with
elements from N. This result is contained in ([1], Theorem 1.3.1, p. 154), but it
follows also directly from the following simple argument.

Let R be the commutant of L then by ([8], 1.5.2, Theorem 1, 1.6.2, Theorem 2)
R consists of all right-multipliers so it is obvious that R is contained in R, np’
(Vny,n,eN :pR, n E=nn,t=R, pn ).
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Suppose R e R, np’ then from (5)
x{=R,p{=pR.E=px{=n(x)¢,

and we find xe N since ¢ is separating. The relation (4) shows that (Lup);=N,,
wherefore p is a finite projection in (Lup)”, a fact upon which most of the following
arguments depend.
It is clear that (Lup)” is semifinite and that (Lup)” is a factor if N is a factor.
The relations between certain projections in B(L?*(L, 1)) and the subalgebras of
L are studied in [14]. In that article C.Skau gives a characterisation of such
projections which are cyclic for subalgebras of L.

Definition. Let both M and N be von Neumann subalgebras of L, 6e R, {0}, M
is said to be contained 6 in N if for any m in the unitball M, of M, thereisannin N
such that [m—n|, <9. If both MEN and NEM we wrlte IM—NJ,=<6.

We wxll from now on assume that M and N are given subalgebras of L for
which M ¢ N, if we then look at (5) once more we find that for any m in M, n(m) is
the point in N which is closest to m in the Hilbert-Schmidt norm. Therefore

MEN=YmeM|im—n(m)|,<35. (6)
Let u be any unitary in M then since = is a conditional expectation
(I~ n(u*)u— u*n(u) + wlw*)n(w)) = I — n(u*)n(u).
The relations (6) and (2) then yield
M N=Vue M, 16> 2 u—n(u)]2 = (I — n(u*)m{uw)). (7)

In the articles [3] and [4] we did develop a technique, which from statements of
the type obtained in (7) shows that if 6 is small, the algebras are semifinite and the
| I, is replaced with || |, then within some small distance from # there will be a
homomorphism of M into N. It is our aim to transfer this method to the case
under consideration here, and in some sence the arguments become simpler here,
because the unitball in a Hilbert space has no faces other than the extreme points.

The first step in this direction was taken in the proof of Proposition 1.1 in [4],
where just as here we have an algebra L and a projection p outside L such that
(Lupy is a semifinite algebra in which p is finite projection.

Let us return to the concrete case, and in the rest of this section assume that N
is a factor, then there is exactly one faithful normal semifinite trace ¢ on (Lup)” for
which ¢(p)=1. This trace is related to 7 by the following relation

Vxe L :p(xp)=1(n(x))=1(x). (8)

The first equality follows from the uniqueness of the normalised trace on N and (4),
the second is a consequence of (2).
Let u be any unitary in M then by (7)

o((p—u*pu)*) = @(p + u* pu — u*pup — pu*pu)
=2¢(p — pu*pup) =2t(I — n(u*)n(u)) £ 256*.

The norm || |4 is ultrastrongly lower semicontinuous on (Lup)’, hence for any hin .
0, (p) we obtain ||h—p||2<2Y%5.
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Just as in the proof of Theorem 3.1 we find that there is a k in €0, (p)nM’, and k
satisfies
0<k<I, |k—pl9=2"%6, henceif <2712,
Lemma 2.1 yields
3 projection ge M'n(Mup)':  |lg—pl|g S214512(1 = 21/451/2) 1, 9
Let ¥ denote 2V/45Y/2(1 —21/4§12)~* and remember that
lg—pli3=lgI —p)i3 +1UT—a)pl3,
then the inequalities below are easy.
=2 -lg-pliZ - laI-pli=olap—P=olp—q).
Pp—P=ep—ap)= U —g)pl3<lg—pl3 <y?
lo(p)— @@ =11 — p(q)| <77

In the uniform case ([3,4]) g would be equivalent to p via a partial isometry close
to p and g, and the desired homomorphism is simply obtained by Mam—uvmv* and
the identification of (Lup); with N. In the case of square integrable perturbations,
close projections need not be equivalent, but if g<p in the sense of Murray and
von Neumann ([8], 111.1.1) the following lemma can help.

(10)

4.1. Lemma. Let L, 1, N, p, ¢ be as above, M a von Neumann sub-algebra of L, r a
projection in M'~(Lup)”. Suppose r<p then there is a homomorphism & of M into
N such that for any min M,

1 P(m) —n(m)ll, =26 p—rll5.

Proof. The remarks in front of (10) yield, that if we let o denote ||p—r||% then
0=(1— () <o’

Let ¢ be a projection in (Lup)” such that r~e<p, then {|r—e{s<|r—pl$
+ilp—elf=a+p(p—e)*=a+(1—¢(r)"?<20. The Lemma 2.3 implies, that
there exists a partial isometry v in (Lup)’ such that v*v=e, vw*=r, and
le—vl$ <120

The algebra N is a factor (or p has central support I) so we get by (4) a well
defined homomorphism @ of M into N by

Vme M:®(me N and P(m)p=v*mo.
The relations (4) and (8) show that for me M,
1D(s) —ls)|| 5 = lv*sv—psp||§ = [[(v* — p)sv + pstv— p)il§
Slv*=pl+llv—phss2(lv—el§ +ile—p|§) = 26a.
The lemma follows. ,
The real problem left for the case M CN is to find conditions under which g is
not a minimal projection in M'n(Lup)’. To this end one should remark that in the

case where M =N, then (N'n(Lup)), is trivial, because N is a factor, and p is
minimal in N'n(Lup)”. In the opposite direction it seems likely that if M'~N is
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“big” then a q which is close to p ought not to be minimal in M'~(Lup)’. We want
to show a result of this type in the following theorem.

4.2, Theorem. Suppose MCéN, N is a continuous factor, M is finite dimensional and
5e[0,27 Y2, then there is an isomorphism @ of M onto a von Neumann subalgebra
of N (®(I)=1, here) such that

VmeM | ®(m)—m||, £105y [see line following (9)].
If 6 <27 Y% then y <1051/2,

Proof. Find a projection g in M'n(Lup)” as above such that [|g—p|,<y and
lolg)— 1] =72

If g<p then Lemma 4.1 shows that there is a homomorphism ¥ of M into N
such that

Vme M, : || $(m)—ml|, < Jm—n(m)], + || ¥lm) — n(m)] , <5 +26y.

The algebra (M'n(Lup)’), is a finite continuous algebra, since ge M'n{Lup)’
and the commutant of this algebra is generated by the two commuting algebras M
and Ry. The former is finite dimensional and the latter is a factor so the von
Neumann algebra they generate is isomorphic to the tensorproduct and hence
continuous ([8], 1.2, Example 6, p.29). Therefore if ¢(q)>1 there will be a
projection r in M'n(Lup)” such that r<g and ¢@(r)=1, furthermore we get r~p,
since (Lup)” is a factor. The distance between p and r is measured by |[p—r|,
<lp—ql,+lg—rl,= 7+(plg—1)"?*<2 vy, and Lemma 4.1 shows that there
exists a homomorphism ¥ of M into N such that

Vme M| P(m)—ml, S |m—a(m)],+52y<5+52y.

If Y(I)=1 then let us choose a projection r in (W(M)Y "N such that 7(r) <6 and let
¥, be an isomorphism of M onto a sub-algebra of Nr such that ¥, (f)=r. Now @
defined by @(m)=(I —r)¥(m)+ ¥ ,(m) will give the result. If ¥(I)=+ I then choose as
above an isomorphism ¥, of M onto a subalgebra of (I—¥Y(I)) N(I — ¥(I}) and
again @=¥+ ¥, will do.

Instead of y we want to introduce the rough estimates y<3/26'/2 and
1058 <1506/ when § <10~ ¢,

4.3. Corollary. Suppose M is a type I, factor (keN), §<107°, then there is a
unitary u in L such that |1 —u|,<4506'% and w*MuCN.

Proof. Follows from 3.2 and 4.2.

The remarkable thing in 4.2 and 4.3 is of course that the results are not
dependent of the dimension of M, but only upon the finiteness of the dimension of
M and the continuity of N.

Corollary 4.3 can be generalised to arbitrary finite dimensional algebras M if L
is a factor.

Let us now turn to the case where N is a finite dimensional factor of type I,,
and let e be a minimal projection in N then ep is minimal in N, =(LuUp),, so we will
have ¢(ep)=1/k and for any projection r in (Lup)’ either ¢@(r)=c0 or
o(r)e{n/kine N}.
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Suppose M is a von Neumann subalgebra, § <27 % and M &N, then there is a
projection q in M'n(Lup)” such that |p—gqligS2M*6V (121451271 (9) and
11— olg)l <2'/25(1—-2"#512)72, (10).

These remarks yield very easy the following.

4.4. Theorem. Suppose N is atype I, factor <1072k~  and M EN then there is an
identity preserving homomorphism ® of M into N, such that YmeM , : | ®(m)—m|),
<395112,

Proof. For §<1072k™1, 2M25(1 244812y 2 <k~ 1 50 ¢(g)=1 and g~p. Since
§<107? we get Hp gl S2Y*§12(1 - 214§ "L <3251V2 - §/26  so by
Lemma 4.1, we find that there is a homomorphism @ of M into N such that
VmeM  :{{®(m)—m|, <3952, Moreover the proof of 4.1 yields that when g is
equivalent to p, then &(I)=1.

4.5. Corollary. If M is a type I, factor, N is an arbitrary factor, and |M — N},
<1072k, then N is a type 1, factor.

Proof. 4.4 gives that there is a homomorphism @ of N into M, but N is a finite
factor, wherefore ([8], 111, 5.2, Proposition 2 or 3, p. 257) either ¢ vanish or @ is
faithful, @(I) =1 however and N must be a type I, dlgebrd where n is a divisor in k.
Theorem 4.4 can then be used once more upon MEN because §<107 2k
<107 21~ . The corollary follows. ,

Let us turn to the situation where M CN and M is continuous.

Again if g<p we get by 4.1 a homomorphism @ of M into N such that for any
min M,

| P(m)—mll, <5+ 26y <4061 when §<107°.

We will then assume that ¢>>p. The continuity assumptions on M implies, that
there is a projection e in M such that (e)=o(p)/p(g) and p~ge. If the ratio
@(p)/plq) 1s rational the result is clear, if not choose projections e, in M, ¢,Ze,, ,
such that t{e,) is rational ¢lge,)=¢(g)t(e,) (ge M') and sup(e,)= o(p)/p(g), then
e=supe, will do. Now eq~p and fleg—pll=|p~qli5+lq—eqiS=lp—ql$
+(p(q) — (p)''2.

By (9) and (10) we obtain {leq —p{|$ <2y and Lemma 4.1 applied to the algebra
eMe + (I —¢) yields a homomorphism @ from eMe into N such that for any m in
MI

| @(m)—ml, <5+ 52y <8062,
We have now proved the following theorem,

4.6. Theorem. Suppose M is aécontinuous von Neumann subalgebra of L, N is a
subfactor 0<8<107°% and MCN, then there exists a projection e in M and a
homomorphism @ of M, into N such that

11—el, <25
and

| P(eme)—m|[, <808'%  for any min M, .
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We close this section by a result which have no conditions of continuity or
discreteness.

4.7. Theorem.l §S‘uppose M is an arbitrary von Neumann subalgebra in L, N is a
factor and M E®N then there exists a nontrivial homomorphism @ of M into NQM ,.

Proof. Instead of L and 7 let us consider L,=L®M, and 7, =1t®tr.

It is not difficplt to see, that if we let M and N denote M®T and N®C in
L®M,, then M °N and we may proceed exactly as above and find projections
p.q and a trace ¢ on (L,up)’ such that pK=N¢, ¢(p)=1, lg—plls<1 and
geM'n(Lyup)".

Lete;; i,j=1,2 be matrix units for C®M, then the rangeprojections r;; of ¢;;p
are mutually orthogonal and equivalent to p. The orthogonality is seen by the
following computation. Let n,,n, be operators in N then

(e,,(n,®N¢le, (n,®I)E)=1(n¥n )tr(e,,)=0 etc.
The equivalence r;;~ p follows by a similar argument. Let n;,n, be in N then
(e, —e32) (n, ®NEN(n,@NE) =7 (n3n)~11(n¥n,)=0,

and we can conclude that p(e,; —e,,)p=0 so

pey,p=3p+yple,, —e,)p=13p.

If we then define r as the projection onto NQM,¢ then r=r 47,41, +7,, 50
o(r)=4 and re(L,up)”. On the other hand p equals the rangeprojection of
ey r+ey 180 (Lyur) =(Lyup).

The relation (4) is now applicable again and we find that (L,ur)] is isomorphic
to N®M ,. The relation (10) becomes for d=1/8

=@ <y? =02 -1)"*<1

and 0 < ¢(q)<2.
Therefore g is equivalent to a subprojection of r inside (L,ur)” and we get a
non trivial homomorphism of M into N@QM,.

5. Topological Properties

We want to maintain the notation from Section 4, L is a countably decomposable
type 11, von Neumann algebra with a faithful normal tracial state t. & will denote
the set of all von Neumann subalgebras of L (not necessarily containing I), and we
equip this space with the topology generated by the metric d(M,N)={M —N|,.
We do start by showing that % is a complete metric space with respect to d. This is
followed by a result which shows that the relative commutant operation is
continuous on .. This in turn shows that certain subsets of & are closed.

Section 4 has some topological consequences in the space &, in particular we
mention that the set of injective subfactors is open and closed in the set of all
factors in &.
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5.1. Theorem. (%, d) is a complete metric space.

Proof. Let (M,),.n be a Cauchy sequence in (&, d) and (n,),. the corresponding
set of conditional expectations of L onto the algebras M,

Just as in Sect. 4 the =,’s are chosen such that any of them is the restriction of
the orthogonal projection P, onto the closure of M, in L*(L,t). Suppose x is an
operator in the unitball L, of L, then for any pair of natural numbers m, n, we get
by (7) of Sect. 4 that

170(3) = 1,001 = (0, ()| 70,(%) = 70, () + (70, (X) | 7,0() — 0, (X))
=1, ()| x — 7,(X)) + (7,,(x) | X — 7,(x))
= ((7,(%) = 7, (7, (D) X — 7, (X)) +{(7,,(X) — 70, (70, () [ X — 70,(x))
=4dM,,M,). *)
The computation shows that for any x in L the sequence (m,(x)),.y is a L*
Cauchy sequence consisting of elements from the closed ball in L (operator norm)

with radius {|x||. This ball is complete with respect to the L? norm, therefore we
may define a linear map = of norm one from L into L by

VxeL :n(x)= lim x,(x).

The limit is taken in the ultrastrong topology since this topology coincides with
the L? topology on bounded sets. It is obvious that x is positive, and not difficult
to see that 7 is a projection. In fact let xe L then for any ¢ >0 there exists n, such
that [|n(x)—m,(x)]|, <& for n>n,. Therefore if n>n, we obtain

7(x) = m(m(D 5 S 7)) — 7, ()] + 7, (7, — ) (X)], < 2¢
50 m*(x) = 1t(x).

Now let M denote the image n(L), then for any pair a,b in M

n{ab)= lim 7, (ab)

ab= lim n,(a)n,(b)= lim n (ar,(b))

and

ab—n(ab)= lim 7 (a(b—n,(b))=0.

In order to show that M belongs to & we just have to show that M is weakly
closed.

Let x belong to M, by Kaplansky’s Density Theorem we can to & >0 find m in
M such that | x—m|, <e hence

[x —n(x), =[x —m~+nlm)—n(x)l[, £2{x—ml, =2,
and x=mn(x) so Me .
The relation (*) shows that if n, is chosen in N such that d(M,,, M,) <¢&*/4 for

all m,n>n, then for any x in M, {[x—n,(x}|,<e for n>n, and for any y in
M), ly—nl, <& for n>ny so d(M,, M)<e¢ for n>n, and & is complete.

5.2. Definition. For any M in &, C(M) denotes the relative commutant of M i.e.
CM)=M'nL.

We want now to show that C is a continuous map of % into .%.
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5.3. Theorem. For any M,N in & ||C(M)—C(N)|[, £2|M —N|,.

Proof. Put 6 ={|M — N|{, and let xe(C(M)),, then we find exactly as in the proof of
Theorem 3.1 that cop(x) meets (C(N)),, hence

d(x, C(N),)<sup{|juxu* — x| ,|u unitary in N}.

To any unitary u in N we find m in M, such that Jlu—m], <J. Therefore
fuxu* — x|}, = flux—xu|l , =[|(u—m)x —xfu—m)|| , £20.

5.4. Corollary. ||C(M)nM —C(N)NN|[,<5|M—N|,.

Proof. Put ={M —N]||, to min (C(M)nM), find k in C(N}, and nin N, such that
[m—nll, <38, |m—kj,<26. Choose r in o,(n)nN’ then re C(N)nN and
Im—rll, S lim—kll,+k—ril, 220+ |k—rll, 20 + |k —nll, =20

+ltk—ml|,+m—n|,£55.

5.5. Proposition. The subset .# of of & consisting of maximal abelian von Neumann
subalgebras is closed.

Proof. Suppose Me.# .o/ and let § >0, then for any A in .¥ with |M — A|| £ we
get because 4 =C(A)

M —CM)j, £ |M— A, +]|C(A4) - CM) [, =35
Since ¢ is arbitrary M =C(M) and M 1s maximal abelian.

5.6. Definition. A von Neumann algebra N in % is said to be normal if
N =C(C(N)).

5.7. Proposition. The set A" of normal elements in & is closed.

Proof. Let Me. 1~ and let §>0, choose N in ¥~ such that |M —N|, <3 then
M —C(CIM)|, £ IM =N, + | C(CIN) = C(CM))] , £56..

Again ¢ is arbitrary and the proposition follows.

5.8. Proposition. The set o/ of abelian algebras in & is closed.

Proof. Suppose MeZ and m,ne M. To any ¢ find 4 in .o/ such that | M — A|| 2 S0
Find a,b in A4, such that |m—all, <6 and |[n—b], <4, then

lmn—nmi, < imn—b)| , + [(m—a)bli, + [bla—m)|, + (n—b)m|, =40.

5.9. Proposition. Let A be an abelian element in & and ¥, the algebras in & with
center A, then &, is closed.

Proof. Let Me &, and 6 >0, choose Ne.#, such that |[M—N||,<d then by 5.4
MM — 4|, £56. The result follows.

5.10. Corollary. The set of factors in & containing I is a Baire space in the metric d.

S.11. Theorem. The set F of subfactors in & (not necessarily containing the
identity 1) is a Baire space in the metric d.
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Proof. Let Me % and neN. Choose N, in # such that [M—N,|,<1/n then
[MAM¢~ClIy ||, <5/nso Cly converges to MNM*.

Let p, denote the orthogonal projection onto CIy ¢ then for any m in
MM pmE—->méand it is possible to see that (M M°)¢ is one dimensional, and
consequently M is a factor.

We want now to investigate the topological consequences of the results in
Sect. 4.

5.12. Definition. Let M and N be von Neumann algebras, then M is said to be
quasicontained in N if there exists an n in N such that M is isomorphic to a
subalgebra of N®M,.

If M is quasicontained in N we write M<N. If M<N and N<M we say that
M and N are quasiequivalent and we write M ~ N,

5.13. Theorem. Let M,Ne .. If |M —N||, <% and I, belongs to both M and N,
then M ~N.

Proof. The result is an immediate consequence of Theorem 4.7.

5.14. Corollary. The set of all injective subfactors in . is open and closed in ¥.

Proof. It is obvious that any von Neumann subalgebra of M®M, is injective
when M is injective and finite, and the corollary follows.

5.15. Corollary. If L*(L,t) is separable, then the set of hyperfinite subfuctors in e
is open and closed in F.

Proof. Follows from 5.14 and the result in Sect. 5 of [7].

5.16. Theorem. (a) The set of continuous factors in S is open and closed.

(b) For each ne N the set of factors in ¢ of type 1, is an open and closed subset
of S¢.

Proof. The part (a) follows from Theorem 4.7, whereas (b) follows from
Corollary 4.5.

5.17. Remark. The reason why we did introduce the relation ~ was the hope that
the set of equivalence-classes should perform a tractable invariant.

If we take equivalence-classes of continuous factors only, 5.14 shows that the
invariant for the hyperfinite factor consists of only one point, but on the other
hand by Connes result mentioned in 5.15 it is clear that a factor with separable
predual, and only one equivalence-class, must be the hyperfinite (I1,) factor. Let us
recall that a finite I, factor M has property I' if and only if for any m,, ...,m, in M
and any &> 0 there exists a projection e in M of trace § such that |[[e,m,]||, <« for
all ie {1.. k}. (See [7], Theorem 2.1 proof of b=-a).

5.18. Proposition. The set 4 of factors with property I is closed.

Proof. Let Me9, suppose m,, ...,m, in M and £>0 are given. Choose ¢ >0 such

that 36+ ( max [|niy|)y <g,p=20"*(1—-026)Y*) "', find Nin%,n,,..,n.in Nand a
1<i<k

projection e in N with t(e)=1 such that

IM=N|,<5, |[n,ell,<d, lm—nl,<d fori=1.. k.
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Let h be a selfadjoint operator in M of norm less than one such that |[h—e||, <5
then 0<h?*<I and |h? —e||, < |[hh—e)l|, + |(h—e)e] , <25. By Lemma 2.1 there
exists a spectral projection g for h? such that [|g—e||, S(26)"3(1—(28)1/3)~ 127112,
By 5.16 we know that M is continuous, hence we can find a projection fin M such
that t(f)=1 and || f—g|,Sh—1(9)"V*=<|le—g|,. The [ is then close to e in fact

If—el=f—gl,+lle—gll,22]e—gl <.

Finally we obtain

ILAm = 20m—nl ,+ 20 f—elly linll . + [ Tesn ]l =e,

and M has property I,
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