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Construction
of Non-Linear Local Quantum Processes. IT*

IRVING SEGAL (Cambridge, Mass.)

Introduction

Part I of this series treated singular perturbations V of given self-
adjoint operators H acting in L,(M), M being a given probability
measure space. If A is a given self-adjoint operator in a Hilbert space H
such that A = ¢l for some &£>0, the theory of Part I (referred to as “I” in
the following) applied to operators H of the form dI'(A4), acting in an
associated quantum field space and canonically induced from A4 (see I
for notation). As a corollary, certain non-linear local quantum processes
could be constructed.

This article extends the theory of such singular ' perturbations,
treating an abstract Hilbert space in which there is given a general kind
of “calibration” by auxiliary norms which in I were the L,-norms. This
is natural from a purely mathematical viewpoint, and is useful for
further applications in quantum field theory. In addition, the perturba-
tion of a proper lowest vector is treated.

The theory applies in particular to any self-adjoint operator H in a
Hilbert algebra K with unit having the properties that ¢="¥ is bounded
from L, to L, for some >0 and p>2, and that e~'" is bounded from L,
to L, for all sufficiently small ¢ by e*, for some constant a. Concerning V,
it suffices if it is of the form L,+ R,, where v is an hermitian element of K
such that [[v]|,+ |e™*|l,< oo for all p<co and L, (respectively, R,) denote
the suitably formulated operations of left and right multiplication by v.
Under these hypotheses, there exists a self-adjoint operator denoted
HZEV having the properties, among others, that H+ f,(V)—> HFV for
every sequence {f,} of real bounded Baire functions on R! such that
£.(A) = f(3) and | £,(A)|<|A| for all AeR?; that e *®FY) is bounded from
L, to L, by € for some >0 and real constant b; for arbitrary
ke[0,1], HF¥V=(1—k)H —(kinf H+2log e~ "| 44.), Where c is a con-
stant dependent only on H; and HF V > H + V, which is essentially self-
adjoint.
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In case K has the form L, (M), where M is a given probability measure
space (or equivalently, if K is abelian), and H is “indecomposable” in a
certain sense relevant to the theory of positivity-preserving operators,
the same is true of HF V; implying the unicity and essential positivity of
a proper lowest vector (PLV) for HFV, if any exists. If H is inverse
compact (i.e. (c I + H)~! is compact for some constant c),a PLV for HFV
necessarily exists; it is here shown that this remains the case if H isin a
certain sense “approximately inverse compact” (AIC). All this applies in
particular to the case studied in I in which, briefly and informally, H is
the hamiltonian of the covariant Weyl process determined by the dif-
ferential equation [J¢,=m? ¢, with the condition ¢, = ¢, in two space-
time dimensions, and V has the form {gog, ¢ (%, 0) f(X)d%, where g is a
given non-negative polynomial on R', E, is the state determined by the
PLV for H, ¢,(%,¢) is the generalized-operator-valued distribution on
space, at each fixed ¢, determined by the process and satisfying the cited
equation, f is a given non-negative, mildly regular, function of compact
support on R', and the subscript “E,” to the composition symbol o
signifies that renormalization is made, in the sense of [9], with respect to
the state E,, in formulating the a priori undefined non-linear function ¢
of the operator-valued distribution of symbolic kernel ¢ (X, 0). For any
state E, renormalization of powers of a Weyl process in space with
respect to E is a local operation in space and is independent of any
dynamical structure; in the case of the particular state E,, this renor-
malization coincides formally with the heuristically-established concept
of “Wick ordering”. It is here shown that the (“perturbed”) process
whose kernel is given symbolically by the equation

B(%, =" IV g4 (3,0) e~i11TY)

(which is rigorously valid when ¢(%, 1), etc. is formulated in terms of
generalized-operator-valued functions) has the property that for any
fixed ¢, the renormalized powers with respect to the PLV for HF V exist
and enjoy certain regularity properties; and that ¢ (X, t) satisfies the local
partial differential equation

Q¢ t)=m? $(%, ) +q g $(X, ) +1(X) s (X, 1),

where r(%) is for each % a polynomial on R' of degree less than that of ¢'.
If space is taken as the circle T" in place of R, and iffis taken as constant,
the same is true, and in addition r(X) is independent of X; it is left open
whether the mapping g — ¢ +r carries the set P of all non-negative
polynomials on R! onto P’. Thus, in this case, when space is T', there is a
solution in a natural sense for the (“quantized”) partial differential
equation [J¢=m? ¢+ p(¢), for an extensive class of certain polynomials
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peP'—not however according to present knowledge, necessarily in-
cluding the polynomials p(1)=gA2"*! (g>0;n=1,2,...).

Recent work of Gross [4] has initiated the extension of the classic
theory of positivity-preserving operators due to Perron, Krein, et al., to
the (non-lattice) case of a probability Hilbert algebra, and at the same
time eliminated the compactness assumption, replacing it by the assump-
tion that the operator is bounded from L, to L, for some p>2. The
existence as well as essential positivity of a highest proper vector is shown
for any self-adjoint such operator, as well as, in the abelian case, the
finite multiplicity of the corresponding proper value. These remarkably
general results are in a direction similar to that of the section of the present
work dealing with the PLV for HXV, and are indeed applicable to
certain such cases, associated with Clifford as well as Weyl quantum
processes. On the other hand, the present results, while limited to the
abelian case, and in part making the assumption that H is AIC, yield a
somewhat stronger conclusion about the spectrum near its infimum, may
well be adaptable to the Clifford process case, and do not require
boundedness from L, to L,, or in the case of the existence result, a
positivity-preserving assumption.

Recent work by Glimm and Jaffe [3] treats, in another form and
spirit, the quantum process application described earlier, in the special
case in which g(4)=gA*, with g>0. Unicity and existence of a PLV are
shown with the use of Markov process theory and estimates dependent
on the low degree of this ¢. It is stated that “the quantum field ¢ is a
solution to [the equation] [J¢=m> ¢ +4g >, provided that ¢ is suit-
ably interpreted”. Actually ¢* is defined in terms of its Cauchy data at
time t =0 and the operator H F V, rather than in terms of the Cauchy data
for ¢ itself at time ¢; it is the “Wick-ordered” cube of the free field which
is directly involved, rather than a generally defined operation on ¢. In
terms of the local renormalized operations treated here, the equation
satisfied by ¢ is

Od=m>p+4gd>+ro(x) d*+r,(x) p+ry(x),

where the r;(x) are certain f-dependent continuous functions on R!, The
“power” ¢(X,t)" involved here is definable, say as the kernel of a dis-
tribution in space, as the limit of the operators

(P (X, O +50(%) Py (%, ) ™1+ +5,(%)),

where ¢, (%, t)=[ ¢(X+ 7, t) h(}) dj, and the s,(x) are certain well-defined
continuous functions determined by the PLV for HFV, as the “test
function” h converges to the delta-distribution. It is thus constructible in
explicit terms from the Cauchy data for ¢ at time ¢ in any neighborhood
of .
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1. Moderated Perturbations

A calibrated Banach space is here defined as a Banach space B, a
simply ordered set P with an infimum p,, and a mapping p — | .|, from P
to non-negative functionals on B, which functionals are (possibly-
infinite-)valued norms, and which mapping has the properties:

1) |I.ll,, is the given norm in B;
2) |lul|, is monotone increasing as a function of p, for every ueB;

3) the common part of the sets B,=[ueB: |ull,<oo0] as p ranges
over P is dense in B;

4) if u, — u in B, then [|ul| ,<sup |u,|, for all peP.

Example. In any probability measure space, or more generally in any
probability gage space, say M, let B=L, (M) for some p,e[l, o0); let
P=[p,, o), and let |lull,=(]|u|?)'?. The foregoing conditions are then
satisfied.

The subset [ueB: |u],<oc0] will be denoted as B,. As a normed
linear space with the norm .| ,, B, will be denoted as [B,]. The common
part of the K, as p varies over P will be denoted as K,,. In the topology in
which convergence means convergence in each |.|,-norm, K, will be
denoted as [K,,]. If T'is any operator in B, | T, , will denote its bound as
an operator from [K,] to [K_], i.e. the supremum of || Tu|/|ull, as u
varies over the non-zero elements of K.

Let V(t), t=0, be a given continuous semigroup in B, i.e. each V(¢)
is a continuous linear operator in B, V(O)=1, V(t) V(t)=V(t +1) for all ¢
and t'=0, and V{(t) is a continuous function of ¢, in the strong operator
topology. This topology for operators will be employed exclusively in
the following unless otherwise specified. The semigroup V{t), or the
negative of its generator, will be said to be of type (Q, o, g, t,), where Q is
a given subinterval of P, which is here and henceforth assumed to be a
real, finite or infinite, interval, and «, a, and t, are given real numbers, of
which t,>0, in case |V(D)|l,, ,ex: S e for all te[0,t,] and pe@ (in par-
ticular, it is assumed that pe* € P for all such r and p). It will be said to be
of type (Q, o, a) if there exists a ¢, >0 such that it is of type (Q, o, a, t,).

While the theory to be developed fits logically into a Banach space
context, present applications are limited to the Hilbert space case, and
only this case will here be treated. A sequence {4,} of self-adjoint oper-
ators in a complex Hilbert space K is said to converge to a self-adjoint
operator 4 in K (symbolically, 4, — A4) in case any one of the following
equivalent conditions holds: (a) e*4= - ¢'*4 for all real t; (b) f(4,) = f(4)
for all bounded continuous functions f; (c) the same as (b) for all f which
are continuous and vanish at infinity on R! (or any set of such f which
separates R'); (d) the spectral family E,(4) for 4, converges to that, E(1),
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for A, for every A which is not a point of discontinuity of E(Z). This
notion is treated in Kato [6], where it is called “generalized strong
convergence” (in particular, a sufficient condition that 4, — A4 is that
A,x — Ax for all x in a domain D on which A is essentially self-adjoint).
With regard to the indicated equivalences, see also Kallman [S]. In the
present article, only the following result from Segal [11] will be used: if
the A, are uniformly bounded from below, then (a) holds if and only if
e " ¢t for all t>0 (or equivalently, for one t>0).

Let H and V be given self-adjoint operators in the complex Hilbert
space K, and let S be a given set of sequences {V,} of bounded self-adjoint
operators, each sequence being convergent to V. The moderated pertur-
bation of H by V, relative to the given set S, is said to exist if there exists a
self-adjoint operator H' in K such that H+V, - H’, for all sequences
{V,}eS. In this event, H' is called the moderated sum of H and V, and
denoted as HE V.

In the case of a calibrated Hilbert space, it will be convenient to make
the normalization py=2.

Theorem 1. Let H and V be given self-adjoint operators in the given
calibrated Hilbert space K. Let o, B, y, a, b, and ¢ be given real numbers,
such that «=0 and o +720. Let p, and q, be given numbers in P such that
2<qo<po.

Suppose that H is of type (2,4, a) and also of type ({2, pol, B, b). Let C
denote the class of all self-adjoint operators W inK of type ([2, po], 7. ¢), such
that K, cD(W)and |W|,, , <, and let Cy denote the set of all bounded
elements of C. Suppose that VeC, and that S is a given non-empty set of
sequences {V,} of elements of C,, such that for each sequence, V,— V and
1Va= V4o, 2 0. Then

1) HEV exists, is = —(a+c)l, and for any p,e(2,po) is of type
(I, B+7, b+c), where I=12,p ] if f+y>0,I=[py, po] if B+7y<0, and I
may be taken as [2, po] if B+7y=0.

2)If V' and S’ satisfy the same conditions as V and S, with possibly
different constants y' and c', such that a+y+7'>0, then for all ueK, and
all sufficiently small t,

e~ tHIV) y_ p—tHTV) fea«t—s)(H:uV')(V_ Ve SHIV) y s,
0

the integral being taken in the Riemann sense, the integrand being contin-
uous.

Movreover, if V,+V,—(V+V)* for all sequences and {V,}eS and
{(V,}eS, then HEV)FV' =HF(V+V')*.

3)Ifa+y>0and B+7>0,and if H is of type (2, a, a, ty) with 2¢*° > gy,
then every entire vector w for HE¥V is in D(H)nD(V), and (HF V)w=
Hw+Vw.
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Lemma 1.1. If {H,} is a sequence of self-adjoint operators converging
to a self-adjoint operator H, and if V is a bounded self-adjoint operator,
then H,+V->H+V.

Proof. 1t suffices to show that e"*Hn+¥) o g H+V) for a]] real t. By
Duhamel’s formula, for arbitrary uek,

t
elt(H,.+V)u=eitH,.u+ij‘el(t—s)H,. Veis(H"+V)uds,
0

and similarly for e"™*"), Subtracting, it follows that

eit(Hn+V)u__eit(H+V)u
t
=(e|tH,. u_eth u)+i5(ez(t—s)H,. Veis(H,.+V)_ez(t—s)H Vels(H+V))udS.
0

Setting g, ()= [ e"#»*¥) y—e"H+V)y | "and noting that the integrand may
be written as
(ei(t—s)Hn__ei(l—s)H) V(eis(H+V)) u+ei(t——s)H.. V(eis(H,.+V)__eis(H+V))u

it follows that .
g ()= A,O)+ VI fg.(s)ds,
0

where

t
An(t)= ”eitH,. u__eitH u” + j‘ ”(ei(t-—s)H,._ei(r—s)H) Veis(H+V) u“ ds.
0

The integrand in the last integral is bounded uniformly in n and s, and
—0 as n—0 for each s. Hence 4,(t)— 0 for each ¢, and boundedly in
each finite t-interval. It follows from Gronwall’s inequality that g,(f) - 0.

The following lemma is essentially a special case of Lemma 1.3, but
it is convenient to state it separately.

Lemma 1.2. Let A and B be self-adjoint operators in K, and suppose
that B is bounded. If A is of type (2, ¢, a) and B is of type ([2, po], —e&, b) for
some po>2, where >0, then A+ B is of type (2,0,a+b, o).

Proof. By the Lie-Trotter formula, e *“*® =]im (e "8/ e~14/"y" 50 it
suffices to show that [|e !B e~t4/"|| < e@+D" Now

”e_tB/ne_tA/,,“ § ||e—tA/n”2,p ”e—tB/n”u 2.

Taking p=2e*, the conclusion follows.
The hypothesis on B may evidently be weakened to the assumption
that [|e "2 ;.. , <€ for all sufficiently small ¢>0.

Lemma 1.3. Let A and B be self-adjoint operators in K, of which B
is bounded. Suppose that A is of type ([2,r,], o, a) and that B is of type
([2, rp], B, b), where ry>2 and a positive. Then for arbitrary r,e(2,1y), A+ B
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is of type (I, a+ B, a+b, t,), where I is of the form [2,r,] if a+ >0, of the
form [, r] if a+p<0, and of the form [2,ry] if o+ f=0; and t;=
lo+ B~ log(rp/r) ifa+f>0;t, = 0 ifa+ B=0; and t, = o+ |~} log(r,/2)
if a+f<0.

Proof. As in the proof of Lemma 1.2, if p is in the interior of [2, ],
then for sufficiently large n,

||e“B/"e"A/"Hp,pe(“m:/.. __<__ Ile_'Allp’ pext/n “e_tB“Peu/n, petetByt/n

_<_e(a +b)t/n.
It follows that if [p, pe®*t#*]1<[2, r,], then
”(e—rB/n e~rA/n)n” p. pela+ Bt __<_: e(a+b)t.

As earlier, it results that [e " “*P|| | .5 St

If x+8>0 and pe[2,r] with 2<r, <r,, then [p, pe™+P1<=[2,1,]
provided r e®*#'<r,, giving the value of t; indicated. Analogous
arguments apply in case a+ =0 or is <0.

Proof of Theorem. Let W and W’ be arbitrary in C,, and let u be
arbitrary in K. Then by Duhamel’s formula,

'

e tH+W) -t H+W) j‘e—(r—-s)(H+W’)(Wr__ W)e_s(H“"W)MdS.
It follows that 0

”e—t(H+W) u_e—t(H+W’) u”

14
S [lle = Wy S W = Wllgo,2 lle™>E Py, gy [ullp, ds.
[¢]

By Lemma 1.2, [|e"*~9H*+W)| <+ By Lemma 1.3, if ¢ is suffi-
ciently small, say te(0, t,), [le="#+™)| . Lela*D,
Hence if uckK, , {V,} €S, te[0, 1), t; <to, then

|e~tH+YD y _e=tHFVm y| 50 as m,n— o0.

It follows that e~"H+¥» y s M, (t)u for some operator M,(t), uniformly
in t, for te[0,;). Since ||e~*#+¥||, , is bounded as n— o0, M,(t) is a
bounded linear operator, and can be uniquely extended to an every-
where-defined bounded linear operator M(t), which is evidently self-
adjoint and positive.

Straightforward approximation shows that if ¢, ¢, and t+¢ are in
[0, t,), then M(t) M(t")=M (t +t). Moreover, if ¢ >0, then M(t)°=M(et),
since the approximations e~"™+¥» have the same property. If now ¢ is
arbitrary in (0, c0), choose m so large that t/m<t,, and define M(t)=
M(t/m)™; then M(t) is independent of the choice of m, by the preceding
sentence, and is a one-parameter semigroup. This semigroup is con-
tinuous, in view of the uniformity of the convergence in ¢, for t€[0, t,),
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and hence of the form (see Hille [8]) M (t)=¢~*¥' for a unique self-adjoint
operator H. Thus H+V,—» H'.

If {V,} is another sequence in S, then taking W=V, and W=V, in
the foregoing, and noting that |V,—V,/|,, »—0, shows that the same
operator My(t), and hence the same M(t), are obtained from {V,}. Thus
HZTV exists, and the type indicated for it follows from property 4) of a
calibration. This completes the proof of conclusion 1).

Now substituting W=V, and W’ =V, in the foregoing, where {V,} S’
in conclusion 2), and noting that |(V,—V,)—(V—=V')l,, ,—0, the ex-
pression given for e ~*HFV) y o~ HIVIy follows.

Now note the

llq

Sublemma. Let 0 and d be given real numbers such that a+34>0,
o+ +7>0. Then for all sufficiently small t, and any given uek,

e~ HHIMIVI) | —tHIWFV)
uniformly for all self-adjoint operators W of type ([2, po], 3, d).

Proof. In view of the uniformity of the bounds on the e~ *(HFW)¥Vi
for t in a sufficiently small interval J independent of W and n, it suffices
to establish the conclusion for the case that ueK, . In this case,

e HHFMITV) L —tWHIWITV)

t
= [emC-NHFWILVI) (Y7 ) o= sWHFMIFV) y g
0

for teJ. Using again the uniformity of the bounds, and estimating as in
the proof of 1), the required conclusion follows. End.

Resuming the proof of 2), since V,+ ¥V, = (V+ V')* and
IV, +V)=(V+V 42 —0,  HFV,+V)->HFV+V)*

by the proof of 1), and the observation that (V+V')<(V+ V')*. On the
other hand, e~ *H+Vm)+Va)y o= tUH+VedEV) 4 a5 5 — 00, uniformly in m,
while as m — oo and n is held fixed there is convergence to e~ "(HFV)FVa)
by Lemma 1.1. It follows that e~*H+Vm+¥)y s convergent as a double
sequence to e *HFV+V) - in particular, e~ H P+ Vi gy oy o~ HHFVIFVYy,
Since it is evident that ((H+V,)+V,=H+(V,+V,), it follows that
HIVYFV' =HFVTFV).

To show 3), let w be an entire vector for H' =H ¥V, i.e. weD(e'"') for
all t. Then w=e""# (¢'"" w). From Lemma 1.3 it follows that H' is of type
([2,p11, B+, b+c, ty), where t;=|B+7| " log(po/p;), and go<p; <po.
Taking t=t,, it follows that weK, for all p < p,. The Duhamel formula is
therefore applicable to e~*#¥" w for all sufficiently small ¢, expressing
it as t
e Hwt fe Ve~ Hwds.

0
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Hence

t
tH e —Dw=t"Ye " —Dw+i fe I ye=H ywds.
0

Evidently, t "'(e="*' —I)w —» — H'was t - 0. Now e~ *#" w is a continuous
function of ¢ near 0 with values in [K, 1, since

tH

e~y _w=eH (7 H p_yp)

for arbitrary s>0 and suitable v, and this shows that

”e—tH' —tH'

w—wl,, Sconst |le v—-0vl[,—»0 as t—-0.

From this it follows by estimates used earlier that the integrand
e—(t—s)H Ve—sH’ w

is a continuous function of s and ¢ with values in K, in the range 0<s<t.
At s=1t=0, the integrand takes the value V'w, and it results that

t
T e Y e yw s V.
0

Thus, w is in the domain of H, and Hw=H'w—Vw.

Corollary 1.1. If H+V has a self-adjoint extension (in particular if for
all ueD(V), V,u—Vu for all {V,}eS), then H+V=HZTV.

Proof. Let E denote the domain of all entire vectors for H'. Then
H+ Vand HF Vagree on E. But H T Vis the unique self-adjoint operator
extending its restriction to E, so any self-adjoint extension of H ¥ V must
be identical with HE V.

If in particular, the indicated special condition is satisfied, then since
{(H+V,)u, uy=const{u, uy for all ueD(H), it follows that if in addition
ueD(V), then {(H + V)u, uy =const{u, uy. Thus H + V is semi-bounded,
and being hermitian, has therefore a self-adjoint extension.

Remark. Conceivably, H+ V always has a self-adjoint extension, but
this is not known. By 3) of Theorem 1, a self-adjoint extension could fail
to exist only when o+ 7=0.

Corollary 1.2, If in 2), (V~V')* together with the V—V,, is self-adjoint
and is for {V,} €S/, of type ([ 2, po], 6, d), where o+ >0, then
HFWNF(=V)=HFV-V)*
Proof. By Lemma 2.1, the conclusion is valid if V' is bounded. In
particular, (HFV)-V,=HF({V-V)). But HF(V-V,)-> HF(V~-V")*,
so that (HF V)F(— V") exists and has the indicated value.

The notation R,, (resp. L,,) for any element w of a Hilbert algebra K
will denote the operation of right (left) multiplication by w, in the sense
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indicated in Segal [12]. For w=w*, R, and L, are self-adjoint and
commute, so that defining M, as the closure R,,+L,,, M,, also is self-
adjoint.

Corollary 1.3. Let K be a Hilbert algebra with unit e of unit norm, and
let |lull, for arbitrary ueK denote the L,-norm: E(|u|")'/%, where E denotes
the trace.

Let H be a self-adjoint operator in K of types (2, a, a) and ([2, po], B, b),
Jfor some py,>2, where 0>0 and >0.

Let v be a given hermitian element of K such that e~ and v are in K,
for all p<co. Let S denote the set of all sequences of the form {M, }, where
v,=f,(v), {f,} being an arbitrary sequence of real bounded Baire functions
on R', having the property that | f,(4)|<|A| for all n and AeR®, and that
fu(A) > f(A)yasn— o, for all A. Then:

1) HE M, exists, and for any p, €(2, po) and all sufficiently small ¢>0,
is of type
([2,p1], B—e, b+2loglle™"ll5p, /)

2) If v satisfies the same conditions as v, then for all uek,

t
et HEMY o=t HIM) y [ p=(=9HIMN N o =sHFMy g
0

( Bochner integral ), the integrand being bounded for se[0, t].

Moreover, HF¥M,)F¥M,=HFM, .

3) Every analytic vector for H¥ M, is in D(H)nD(M,), and H+ M,
HEM,.

4) For any €[00, 1],

H¥Vz(1-A)H-(la+2loglle™|4.)-

5) Let B denote the class of all operators H satisfying the indicated
conditions, and C the class of all v satisfying the indicated conditions,
together with the conditions that ||v|| ,+ e~ "l , <c, for pe[2, o), where for
each p, ¢, is a given constant. Let ¢ be an arbitrary positive number. Then
there exist constants C and a, and a fixed index qe€[2, ) such that

le=tEFM) _ o=t M) < C(|[(H = H)(1 +a) I+ H) ||+ [o—v'],).

Lemma 14, For any ¢>0 and t >0,

||e"M"||p,pe~='§ ”e~"||§;1/a.

Proof. Let an element u of K be called “special” if it lies in K, for some
p>2. Note first that if u is special, then ueD(e ') and e~ "Mvu=
e~""ue~'". To see this, observe that if v is bounded, then e~ ***u=e " u

for all ueK. In particular, if v,=f,(v), then e~ u=e~""u. By Holder’s
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inequality (see Kunze [7], for the form used here) e ~***u — e~ "’ u. On the
other hand, by commutative spectral theory, e~*Mv is the closure of
e lve~'® Now, e '""y—e "y by Hélder’s inequality. On the other
hand, e="%»n={,(L,). It follows from commutative spectral theory and
Fatou’s lemma that ue D(e~'*), and it follows in turn that e~'fvy=
e ""u. Since L, and R, commute, it results that e "Mvy=e~""ye~*",

By Holder’s inequality, if 1 <g<p,
le=ue=*"l,<lle™**| 2 lull,

if g7'=2r~'4p~!. Substituting g=pe~* and using the monotone in-
creasing character of ||w||, as a function of s together with the inequality,
€'t —1>te, the lemma follows.

Proof of Corollary. According to Lemma 1.4, M, is for any p,e(2, 00)
and ¢ >0 of type ([2, po ], —¢, ¢) for finite ¢ (as given in 1), which thereupon
follows. Conclusion 2) follows from 2) of the theorem together with the
observation that, by what has just been shown, e S#¥M-)y remains
special for arbitrarily large s, if u is special. The boundedness of the
integrand for se[0, t/2] follows from the fact that e ~¢~9#+Mv) ig then
uniformly bounded from L, to L, for suitable p>2, while for se[t/2,t],
this is true of e s#¥Mv) The indicated associativity property follows
directly from the theorem and Lemma 1.4.

The same argument as for Part 3 of the theorem shows that in the
present case, inasmuch as g, can be chosen arbitrarily > 2, it suffices if w
is an analytic vector; for then w=e~"#'(¢'® w) for some >0, showing
that w is special, which suffices.

The proof of 4) is virtually identical with that for Corollary 2.1 in
Segal [9]. To prove 5), set V=M,, V'=M, and write

e HHEV) _ g~ tH'FV) (o=t HEV)_ o =tUHTV)) 4 (p~1H'FV) _ p=t(H'FV))

Applying the Duhamel formula to each of the two summands on the
right, and estimating the integrand as earlier, in the intervals [0, /2] and
[t/2, t] separately, with the aid of 4) in dealing with the first summand,
the conclusion follows.

Corollary 1.5. If H and v are as in Corllary 1.3, then F(t)=e~#F'Mv)
has a holomorphic continuation from the half-line t>0 to the half-plane
Re(t)>0, in the uniform operator topology.

Proof. If V is bounded, then H¥tV is the generator of a one-para-
meter semigroup, and is easily seen to be a holomorphic function of the
complex variable ¢ (e.g. by the Lie formula). Moreover, the application
of the Lie formula as in the proofs of Lemmas 1.2 and 1.3 shows that the
same results are valid with ¥ replaced by ¢V in the hypothesis, ¢ being
complex, but with (Ret)V in the conclusion. Applying the Duhamel

16 Inventiones math., Vol. 14
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formula as earlier, it follows that lime~#*+*M») where v,=f,(v), the
n

sequence f, being as earlier, exists in the uniform operator topology,
uniformly in any bounded t-region in which Re ¢ is bounded away from 0.
This limit is then a holomorphic function from the half-plane Re t>0 to
the bounded operators in the uniform topology, extending F(.).

Definition. An operator H in K is called indecomposable in case (a)
if u is a non-negative hermitian element of K and if (0, o), then e~ u
is non-negative; (b) if u, ' eK and u, ' 20, and if for all t >0, (e~ u, u>
=0, then either u=0 or u'=0.

Example. Let H be a given complex Hilbert space, let A be a given
self-adjoint operator in H such that A>¢l for some £>0; let H=dI'(A),
in the notation of I; let M be the probability measure space associated
with the “free” Weyl process over H as in I. Then (a) follows from
Mehler’s formula when u is a tame function, and thence for general non-
negative f by a simple limiting argument; (b) follows from the fact that
e""Myu - [uin K, as follows e.g. from the duality transform.

Corollary 1.6. If H and v are as in Corollary 1.3, if H is indecomposable
and K is abelian, then H + M,, is indecomposable.

Proof. The Lie formula shows that e =" ¥5¥) is positivity-preserving
for any s> 0 (i.e. satisfies condition (a)), setting V=M, . Now if v <0, then
by the Lie formula, e ~"@¥V) y>¢~"H 4 if u>0, and it follows that

e I 'y > (e u,
from which (b) follows for HE V.

For the case of a general v, let v.. be the positive and negative compo-
nents of v, so that V=V, —V_, where V, =M, . On replacing H by
HZE(—V_) through the use of the preceding paragraph, the question is
reduced to the case in which V=0. Now assuming this, then by the Lie
formula, e *H¥V)y is for fixed >0 and u=0, a monotone decreasing
function of s = 0. Since (a) holds for H ¥V it can fail to be indecomposable

only if there exist u and ' in K, each of which is non-negative and non-
zero, such that (e *H¥Vy "> =0 for all t>0. But

<e—-t(H+V)u, u’>g<e~t(H+sV)u, u’> for Sél,
and so vanishes for such s. From Corollary 1.4 it results that
(e WISV y =0 forall s>0.

Letting s — 0, it follows by continuity that {e ="y, u’> =0 for all t>0, in
contradiction with the assumed indecomposability of H. End.

Remark. The method used here for the proof of Corollary 1.5 appears
to be potentially more powerful than that indicated in [11] for a special
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case, in that it applies to certain cases in which H+ V is not necessarily
essentially self-adjoint, or in which H is not necessarily affiliated with the
ring of operators determined by HF V and V. The earlier method is
however quite sufficient for the present corollary.

More specifically, by [1, Theorem 3.3}, if H F Vis not indecomposabile,
there exists a measurable set N such that e~"#¥") leaves invariant the
subspace N of all functions in L, (M) which vanish outside N. This means
that N is invariant under the multiplication algebra M of M. On the
other hand, H is affiliated with the ring of operators determined by H ¥ V
and V since H is the closure of (HFE V)—V; and hence with the ring
determined by H ¥ Vand M. It follows that the e =" also leave N invariant,
contradicting the indecomposability of N.

A quite brief proof may be given for the cited result of Ando in the
particular case needed here, along similar lines, as follows.

Lemma 1.5. Let H be a self-adjoint operator in L, (M) which is bounded
from below and is such that e "1 is positivity-preserving, for all t>0. Then
H is indecomposable if and only if the e 'Y, t >0, together with the multi-
plication algebra of M, act (jointly ) irreducibly on L,(M).

Proof. Since an invariant subspace under the multiplication algebra
consists of all vectors in L, (M) which vanish on some measurable set,
the “only if” part is immediate. Suppose therefore that the e ~'¥ together
with the multiplication algebra act irreducibly, but, as the basis of an
indirect argument, that H is not indecomposable. Then there exist f, g in
L, (M), neither zero and both non-negative, such that (e="¥ f, g>=0 for
all t>0. Let N denote the essential union (i.e. union modulo null sets) of
the supports of the e ¥ f (equivalently, the union of the supports of the
e~ [ for rational t>0); then N meets the support of g in a null set, so
that N differs from all of M by more than a null set. To conclude the proof
it suffices to show that the subspace N of all vectors h in L, (M) which
vanish outside N is invariant under the e~'# for ¢>0. Since the positive
and negative parts of the real and imaginary parts of any such f are
again in N, it is no essential loss of generality to consider the case in
which A=0. It is easily seen that if =0 is in N, then there exist 2 mono-
tone increasing sequence {h,} of elements of L, (M) such that 0<h, <
some finite linear combination of the e~ with positive coefficients, and
such that h,— h. But for any s>0, {¢~5# b} is a monotone increasing
sequence of elements of L, (M) with the same property, which converges
to e~*¥ f, showing that the latter vector is an element of N.

In this connection, the following well-known result from the theory
of positivity-preserving transformations should be noted (cf. Ando [1],
Theorem 3.4).

16*
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If an indecomposable operator has a proper lowest vector, the cor-
responding invariant subspace is one-dimensional, and the vector may be
chosen to be positive a.e.

Here the term “proper lowest vector” (abbr., “PLV”) for a given
self-adjoint operator T in a Hilbert space K is defined as a unit vector v
in K such that Tv=Av for some AcR!, while T=AI. If the invariant
subspace corresponding to the proper value A is one-dimensional, T is
said to have a unique PLV. T is said to have the “spectral gap I” (resp. to
be “compact in the spectral interval I} if C,(T)=0, where C, denotes
the characteristic function of I (resp., f(T) is compact for all continuous
functions f on R which vanish outside I). If A=inf T, and if (4, A+¢) is a
spectral gap for 7, it is also said that T has a spectral gap “of width cat ™.

A self-adjoint operator T in a Hilbert space K will be called inverse-
compact if either one of the following two equivalent conditions holds:
(a) (cI—T)* exists and is compact for some ¢>0; (b) (cI—T)~* exists
and is compact for all ¢ not in the spectrum of T. The notation iaf T

will denote the infimum of {(Tu, u)> as u varies over the unit vectors in
D(T)nM.

Definition. A self-adjoint operator T in a Hilbert space K will be
called approximately inverse-compact (abbr., AIC) if it is bounded from
below, and if there exists a sequence {7} of self-adjoint operators in K
such that:

@ | f(T)—f(T)| -0 for all continuous functions f of compact
support;

(b) K is isomorphic to a direct product K;, x K;, in such a way that T,
is isomorphic to the closure of T, x I, + I, x T,", where T, is self-adjoint
and inverse compact in K, and 7, has a unique PLV and a spectral gap
at inf T, of width ¢>0 (uniformly in n).

Lemma 1.6. If T is AIC, then T has a PLV, and is compact in the
spectral interval (inf T, inf T+ ¢). Moreover, if T, has for each n a unique
PLVw,, then T has a unique PLV w=1limc,w,, for a suitable sequence c,
of constants of absolute value one.

Proof. Let A, (resp. A, 4,) denote the infimum of the spectrum of
T, (resp. T,, T,”). Then A,=1,+ 4,, and any point in the spectrum of T, in
the range (1, 4, + ¢) must be of the form p+ 4;, where p is in the spectrum
of T,. Since T, is inverse-compact, it follows that T, is compact (or
equivalently, has finite spectrum of finite multiplicity) in the spectral
interval (4,, A,+¢). By virtue of (a), 4, —»inf7T, and T is compact in the
spectral interval [inf T, inf T+ ¢). In particular, T has a PLV. If T, has a
unique PLV, then it is easily seen to have the form w, x w,, where w,



Construction of Non-Linear Local Quantum Processes. 11 225

and w, are unique PLVsfor T, and 7,". If f'is a continuous function which
is 1 in a sufficiently small interval around A=inf 7, and which vanishes
outside of a properly larger interval, then || f(T,)— f(T)|l = O uniformly,
implying that the projection P, onto the one-dimensional subspace
spanned by w, x w, converges to that onto the corresponding subspace
for T. It follows that this subspace is one-dimensional and spanned by a
vector of the indicated form.

Corollary 1.7. Let M be a given probability measure space, and let v
be a given real function in L,(M) for all p<oo, such that e”"e L4, (M),
where o is a given constant 20. Let H be a given self-adjoint operator in
L, (M) of type (2, a, a). Suppose that H is AIC, with the properties that :
(a) H, is also of type (2,a,a), and |(H,—H)(cI+H) '|-0 for some
constant ¢, (b) there exist independent complemented c-subrings R, and
R, of the ring of measurable sets of M, which jointly generate the latter
ring, such that K;, and K, are naturally isomorphic to the subspaces of K
consisting of the elements measurable with respect to these respective
subrings.

Remark. If R, and R, are as indicated, and M is the triple (R, R, 7),
then it is straightforward to verify that the mapping f x g —»fg extends
uniquely to a unitary transformation from L, (M) x L,(M") onto L, (M),
where M'=(R,R’, r) and M"=(R, R", r). This is the natural isomorphism
referred to. Hypothesis (b) does not restrict materially further H, but
effectively relates the action of M, to the AIC formulation of H.

Proof. It will suffice to treat the case o> 0, for the case «=0 is similar
and simpler. Note that if v, denotes the conditional expectation of v
with respect to the subring R,, then |u,|,<|vll,, since conditional
expectation is a contraction on any L ,-space. Similarly, e~ ,< |le™"||,
+1, for if v=v, —v_, where v, are non-negative and have disjoint
support, then v,=(v,),—(v_),, so that

e PVn— ePW-)n o= PW+In < pPU-In
It follows that

Jemremsferen={ ( %, p) 0 K).
k=0
which by monotone convergence equals

S Pk S ¥ AT =fer- <fer L.
k=0 k=0

It follows from Corollary 1.3, Part 5), that

”e—r(H,.+M.,")_e—t(H+Mu)|| -0,
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which implies in turn, setting M, =V, and M, =V, that

If(H,FV.)-f(HFV)|-0

for all continuous functions f of compact support. Now taking T,=
H,%V,, T,=H, TV, where V, denotes the restriction of ¥, to K, nD(V,),
it follows that the sequence {7} satisfies the conditions given in the
definition for AIC. Applying Scholium 1 the corollary follows.

Corollary 1.8. The operator H'(H, V(f)) indicated in Corollary 3.3 of
[9] admits a unique PLV, and has compact spectrum in the interval of width
m above its infimum.

Proof. Suppose first that H is an arbitrary complex Hilbert space,
M and M* are arbitrary orthocomplementary closed linear subspaces,
and A, is a non-negative self-adjoint operator in H which leaves M
invariant and whose point spectrum (if any) omits 0. If (K, W, I, v) denotes
the free Weyl process over H, if J denotes an arbitrary conjugation on H
leaving M invariant, and if H'=[xeH: Jx=x], M'=[xeM: Jx=x],
and M*'=[xeM*: Jx=x], then the duality transform represents K as
L,H’, g), where (H', g) denotes the isonormal probability space over H',
in a fashion which induces representations of K(M) and K(M%) as
L,(M,g) and L,(M*, g). Thus K=K'xK", with K'=L,(M’, g) and
K"=L,(M",g), in such a way that dI'(4,) is decomposable with H'=
dI'(Ap) and H'=dI'(Ag), where Ay and Ay are the restrictions of 4 to M
and M, respectively. The operators H and H" have unique PLVs, and
if Ag=¢l for some >0, are of type ([2, o0), o, 0) for a fixed « (dependent
on ).

Turning now to the specific case cited, let z denote any fixed real
cyclic vector for the (so-called single-particle hamiltonian) operator A,
and set M, for the closed linear manifold spanned by the vectors
Cimjzn, m+1y2m(A), where C; denotes the characteristic function of the
interval I and m=0,...,2"n. Let A,= Y. Cipzn me1y2m(A); then A4,

0<m<2"n

leaves invariant the finite-dimensional submanifold M,,, and so has self-
adjoint restrictions 4, and A to M, and M;. The reahty conditions of
the previous paragraph are fulfilled, and setting H,=dI'(A4,), and defining
H, and H, similarly, all the hypotheses of Corollary 1.6 follows, except
for the inverse compactness of H, and the suitable convergence of H,
to H. The first of the latter conditions follows from the finite-dimension-
ality of M,,. The second is easily checked in the particle representation.
Finally, since inf A= m, the same is true of A, whence H, has the spectral
gap m above inf H,) =0.
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2. Nonlinear Perturbations of Wey! Processes

We now specialize to the case in which there is given a complex
Hilbert space H, a self-adjoint operator B in H such that B= ¢ for some
£>0, and a conjugation J on H commuting with B. Let (K, W, I} v) denote
the free Weyl process over H; and as earlier, let ¥(z) denote the self-
adjoint generator of the one-parameter unitary group

[W(tz):teR'], H=dI'(B), and H' =[zeH:Jz=z].

As usual, for any positive definite self-adjoint operator C in a Hilbert
space K, [D(C)] denotes the completion of D(C) as a pre-Hilbert space
with the inner product: {x, y>c={Cx, Cy). It is evident that C has a
unique continuous linear extension from D(C) to all of [D(C)] into K;
in the present contexts it will cause no confusion to denote this extension
also as C.

For arbitrary ze[D(B~%)], define
@, (2, t)=T'(t) P(B~* 2) [(—1)

where I'(t) is an abbreviated notation for I'(e'*®), and for zeD(B?),
define .

Dy (z, )=T() P(iB* z) I'(—1).
The continuous (antilinear) extension of J to all of [D (B?%] (for a=0) will
also be denoted as J, and a J-invariant element will be called “real”; the
set of all real elements in a given domain will be denoted by the sub-

663

script “r

Lemma 2.1. If xeD,(B?), and if the u, (i=1, 2) are arbitrary elements
of D(H?), then {Dy(x,)u,, u,) is a dlfferentlablefunctlon of teRY, with
derivative {Dy(x, t)u;, u,>. If in addition xeD(B?), then the latter ex-
pression is also differentiable, with derivative —{®y(B* x, t) u,, u, .

Proof. This is straightforward, hence omitted.

If A is an abelian ring of operators in a Hilbert space K, and v is a
unit vector in K, the space of all normal operators T in K which are
affiliated with A and have v in the domain of | T|”? will be denoted as
L,(A,v), and considered as a Banach space with the norm: ||T|,=
[ITIP2 v||?". If M is any measure space, or couple (A, v), the notation
L;(M), I being a subset of (0, co], will denote the common part of the
spaces L,(M), as p ranges over I, in the topology of convergence in each
such space.

Theorem 2. With the same notation as earlier as regards (H, B, J), etc.,
let A denote the ring of operators generated by the bounded functions of the
P(x) for xeH', and let V denote a self-adjoint element of L3 (A, )
having the property that e=" isin Ly, (A, v).
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Let x be an element of D(B?) such that the map

5§ eisd)(](x, 0) Ve—is ‘130(x, 0)

is differentiable at s=0, from R' into L, (A, v), with derivative V(x).
Define ‘ ' . . .
D(x, )=e"M Py(x,0) e H'  D(x, t)=e"H Dy(x,0) e

If the u; (i=1,2) are arbitrary analytic vectors for H =HZFV, then the
Sollowing equations hold :

(/00D (x, Y uy, uy> =L P(x, ) uy, u,»  (xeD(B?)
(0%/0t2) {D(x, t) g, u > +{D(B2x, t) uy, u, > + <" HV(x)e " uy,u,>=0
(xeD(BY)).

Lemma 2.2. If H is self-adjoint, V is bounded self-adjoint, and T is a
bounded linear operator on K, then for arbitrary teR',
eit(H+V) Te_it(H+V)

t
=eitH Te——itH+ j‘et(t—s)(H+V)[V; elsH Te~1sH] e—l(t—s)(H+V) ds
0

(integral taken in the strong operator topology).

Proof. If H is bounded, this is a special case of Duhamel’s formula,
applied to the perturbation ad V of the operator ad H in the Banach space
of all bounded linear operators in K. If H is unbounded, let {H,} be a
sequence of bounded self-adjoint operators such that H,— H; then
H,+V— H+Vby Lemma 1.1, and a limiting argument employing dom-
inated convergence and the formation of matrix elements with arbitrary
elements of K completes the proof.

Lemma 2.3. For arbitrary te R, bounded linear operator G on K, and
analytic vectors u; (i=1, 2) for H', the following equation holds:

<eirH’ Ge—itH’ u, u2>___<eitH Ge—itH uy, u2>

t
+ 5<[V, ¢ G isH o= iU=9H' yy o=it=H N g (%)
6

Proof. When V is bounded, this is implied by Lemma 2. For un-
bounded ¥, let V,=f,(V), where {f,} is a sequence of functions on R!
such that | £, (4)| £|A| and f, (1) - A for all 1. Then equation (x) holds with V
replaced by ¥,. The only question in passing to the limit as n— oo is
with the integral on the right side.

Setting w;(s)=e~¢~9" 4, (¢t being held fixed for the moment), the
w;(s) are again analytic vectors for H, for all i and s. By an argument
given in an earlier proof, they are therefore in L, for some p>2, and

moreover ,
wi(s)], <const [|e*H u]l;
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here, p and the constant depend only on the ¢>0 for which u; and u,
are in D(e*#) and so are uniform in s. The integrand is

(TG e~ w (s), V,w,(s)) —<eF Ge B ¥, w,(s), Wy (s);

applying Hoélder’s inequality and the fact that V,—»V in L,, g<oo,
including the g such that p~' +¢q~' =4, the required dominated conver-
gence follows.

Lemma 2.4. For arbitrary analytic vectors u and v’ for H',

<eitH, (.D(X, 0) e_itHl uy, u2>
t
={Do(x, D uy, uz> + JCe TV (x) ey uy) ds.
0

Proof. Note first that the expressions involved in the lemma do in
fact exist. For e """y is again analytic for H', hence is contained in the
domain of (H'+c'I) for a sufficiently large constant ¢', and hence con-
tained in the domain of (H+cI)? for sufficiently large c. This implies
that it is in the domain of ®(x, t) for all ¢t and xeD(B?). An argument
similar to that used for the proof of Lemma 3 shows that the integrand
and the integral on the right side are well-defined.

Now set G=¢"?>9 reR!; then it follows from Lemma 3 that
M (G=Tye "™ uy, uyy =< r " (G-D e " uy, uy) *)
*

t
+r—1j‘<[V’ eisHGe—isH] e—i(l—s)H’ ul’ e—i(t—s)H' u2>ds.
0

If w is analytic for H', it is in the domain of ®(x, s) by the argument
above for all s, so that e‘SHr’l(G—I)e”"f” w, which is the same as
r (=9 _ Iyw, converges as r—0 to i®(x,s)w. Thus, as r—0 the
left side of Eq. (*") converges to the left side of Eq. ().
Setting G(s)=e"*# Ge~"*# and defining the w;(s) as earlier, the inte-

grand on the right may be written as

—r LG VG (s) ™ = V) Gwy(s), w,(s)).
For any fixed s, r~'(G(s) VG(s)~' — V) converges as r -0 to V(x) in L,
for all p< co. It follows as earlier that if zeK,, p>2, then

lr=(G(s) VG(9)™ ' =) z—V(x) z| c]zll,

as r—0, where ¢ depends only on x and V and not on z.
Now writing
r ' (G(s)VG(s) ' =I)G(s)w
=r G VG(s) =) w+r~(G($) VG(s) ™ ~1)(G(s)— ) w,
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the first term on the right converges to V(x)w, uniformly in s, by the
observation just made. To examine the second term on the right, note
that [[r="(G(s)VG(s)™'—I)|, s, 5 remains bounded as r—0, for all
pel2, co); while (G (s)—I) w,(s) — 0. Since

r= {G(s) VG ()™ =) (G(s)—T) wy(s), w,(s))
={{G(s)=D)wy(s), r " HG(S) VG ()" =) wy(s)) > 0
boundedly in s, it follows that
t t
r= LDV, Gs)] wi(s), w2 (5)) ds = [ {V(x) wy(s), wy(5)) ds.
0 0
Proof of Theorem. Evidently, for arbitrary ¢>0,
<8—1(ei(t+e)H' d5(x, 0) e~ iC+H _ pitH’ di(x, 0) e—itH’) Uy, uy)
= (7 (e d(x,0) e " —d(x, 0)) wy, wy ),
—itH'

where w;=e u;. By Lemma 2.4, the last expression is

(e (@ (x, €) — Do (x, 0) w, wH+&~1 [ (=9 V(x)e 1~ y, [, ds.
0
By observations concerning @, already made,

(e @y (x, 8) — Do (x, 0)) Wy, wy ) = — < Po (B x) wy, wy).

Since (e'e~9H Ve—it=9H "y, 'y % is a jointly continuous function of ¢
and s,

e [V (x) e I Wy wydds - (V(x) we, wy.
0

It follows that (3/0¢) (& (x, t) uy, u, » exists and equals
—{ P (BEx) Wy, wy > =V (x) Wy, w > = —{D(B> x, t) uy, uy)
< V(x)e "y u,).
Finally, (6/01) {P(x, t) uy, up» = (D(x, ) uy, u,), for
(0/01)D(x, t) uy, uy> =(0/01) " D(x,0) e " uy, u,)
= —ie" ' P(x,0) H e "y, u, > +idP(x,0) e My, e " H'u,>

(note that H'u; is again an analytic vector for H', so the indicated deriv-
ative exists and the expression given for it is well-defined). Now if u is
analytic for H', then it is in the domain of H and of V,and H'u=H u+ Vu.

It follows that the last expression may be written as

(%)= —i<{P(x, 0)(H+ V) wy, wo) +i{P(x,0) w;,(H+ V) wy).



Construction of Non-Linear Local Quantum Processes. 11 231

Note next that Hw; and Vw, are in D(®(x, 0)) (i=1,2). For if w is
any analytic vector for H’, we L, for some p> 2, so by Holder’s inequality
and the assumption that VeC, Vwel, for all g<p, showing that
VweD(®(x, 0)), inasmuch as @(x, 0) is the operation of multiplication by
an element of D. On the other hand, Hw=H w—Vw; H'w is again
analytic for H’, hence is in L, for some p,;>2, and consequently in
D(&(x, 0)).

It follows that

(#)=—i{D(x,0) Vwy, wy> +i{P(x,0) wy, Vw,>—i{P(x,0) Hwy, w;)
+i{D(x,0)w;, Hw, ).

Now V and &(x, 0) commute, in the sense that their spectral projections
do so; it follows that

—i{@(x,0) Vwy, w,> +i{@(x,0) wy, Vw,>=0.
Thus,

a . ;
(*):E M P(x,00e" " w, wyd,_o

=<¢O(xa O) Wi, W2> =<eitH,d>0(x’ 0) e_itH,ul, u2>
={D(x, ) uy,uy>.  End.

In the Lemmas and Theorem of this section, the processes @,(x, t)
and process @(x, t) are treated for suitably regular x. As a function of x
for fixed ¢, these processes are operator-valued distributions. In an
analogous classical context, these distributions may be established as
functions. Although it is out of the question to define the present processes
as strict operator-valued functions, they may be identified with generalized
operator-valued functions, in the case of a two-dimensional space time.
This is a corollary to the following results, together with the fact that the
delta distribution on space is in the domain of B~! in the two-dimensional
space time case.

It is convenient to use the following notational conventions. If B is
a given sesquilinear form with domain G in the Hilbert space K, the
value of B on the given ordered pair of vectors u,, u, in G will be denoted
as {Buy,u,>; and {u;, Bu,) will denote (Bu,,u,;>. f P and Q are
operators in K of which P is bounded while Q and 0* are defined on G,
then <[P, Q] u,, u,» will denote {Qu,, P*u,>—<{Puy, Q* u,).

If B is a self-adjoint operator in a Hilbert space H such that B=¢1
for some £ >0, the notation D __(B) will refer to the union of the [D(B~4)],
k=1,2,..., with the usual identifications between these respective
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domains; in the topology of convergence in some one [D(B~%)], this
space will be denoted as [D_  (B)]; C will denote B*.

Scholium 2.1. The sesquilinear forms { ®y(x,t) uy, u, > and {Po(x, t) uy, u,»
on [D(H)] (u,-eDw(H)) extend continuously (and uniquely so) from the
given domains for x to the domain [D _ (B)]; and on this domain

(0/08) Dy (x, Yuy, Uy = (dio(x, uy,uzp,
(0%/01) Py (x, D) g, uy = — Do (B> x, t) uy, Uz ).

Proof. This is by recursion from the relations

<d>0(x’ t) ula u2> = <[l H’ (DO(X, t)] Uy, u2>a

<(p0(B2 X, t) Uy, u2> = <[l Ha (:DO(X’ l)] Uy, u2> .
Thus <®,(x, t) uy, u,), originally defined only for xeD(B?), is bounded
by const ||C x| (I +H)uy| (I +H)u,|, and so extends in a unique
continuous fashion to D(B~*). Similarly, {(®,(x, t) u,, u,> extends in a
unique continuous fashion to D(B~*). Similarly, {(®,(x, t) u,, u,) extends
in a unique continuous fashion from xeD(B~?%) to xeD(B~%). The
original relations remain valid for these extensions, and the procedure
indicated may be iterated, yielding ultimately the indicated extensions.

Scholium 2.2. Let E denote the domain of all entire vectors for H', in
the topology in which a generic neighborhood of uck is

[WeG: e (u—u)| <d]

for some t, 8>0. Then the sesquilinear forms {P(x,t)u,u,y and
{D(x, ) uy,u,> on E (u;cE) extend continuously, and uniquely so, from
the given domains for x to the domains D(B~*) and D(B™*), respectively.
Moreover,

%(qj(x, Dy, uy>={D(x, Duy,u,>  if xeD(B™).

Proof. Note first that for arbitrary ze D(B),
(1+H)~' ¥(Bz)(1+H)"!| <const||z].
For by Lemma 3.1 of [10, II], with n=0
19 (z) ul| <const |iz|l I(1+ H)* ull =cllz|l (1 +H) ull.

It follows that ||¥(z)(1+H) 'u|=c]z|, and by taking adjoints,
[(1+H)"'¥(z) ul| Sclz|. On the other hand,

Y(iBzyw=i[H,P(2)]w=i[l+H,¥(z)]w
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for we D (H), whence
1+H) '"®P(iB2)(1+H) 'w=i?()(1+H) ' —i(1 + H)" ' ¥(2).

Taking bounds, the result follows.
Note next that if 4, and u, are in D(H) and if zeH, then

[<P(2) uy, uzp|Sconst | B~ z| (1 + H)uy || [(1+H) .

This conclusion follows by replacing B z in the preceding paragraph by z.

Finally, note that if u is entire for H’, then by part of Theorem 1,
| H u|| < const || e# u]| for sufficiently large t,. Combining these observa-
tions, the existence of the extensions described in Scholium 3 follows.
To conclude the proof, note that in order to show that f'(r)=g(t), fand
g being given numerical functions on R, it suffices to show that there
are sequences f,(t) and g,(t) of continuous such functions such that
[~ () and g,(t) > g(t) pointwise and boundedly on finite intervals
and f,(t)=g(¢). For

t

fy=lim [ &,(5)ds= [ g(s)ds.

0

Now we have pointwise convergence if x,eH, x, — x in [D(B~)]:

(DX, Dy, 4y ) = DX, 1) 1y, U3 )
<¢(X,,, t) Uy, u2> e <¢(X, t) Uy, u2>;
and )
[<¢(xn’ t) U, ll2>l :l<lP(lB% Xn» t) Uy, u2>|

ScllB~Ex, | ™ u] ™ uy]l.  End.

The differential equation obtained in Theorem 2 involves a “source”
term {e'**" V(t)e """ u,, u,> which is in no effective sense a function
of ®(x, ) and ®(x, 1). It is remarkable that in the case of the perturbations
V treated in I, the equation can be given the form of a local differential
equation in a natural sense. In order to exhibit this form, the concept of
renormalized (or generalized Wick) power of a Weyl process in space,
with respect to a relatively general vacuum, must be further developed.

3. Renormalized Powers with Respect to General Vacuums
of a Scalar Relativistic Quantum Process
in a Two-Dimensional Space-Time

This section is concerned with an extension of the results of treating
the existence and properties of renormalized powers with respect to the
free vacuum, to the case of the renormalized powers with respect to a
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vacuum vector in a general class. These powers were defined in [10], but
a priori it is not clear how extensive their domains of definition (consisting
of “test functions” in space) may be, or indeed if any vectors other than 0
are in these domains. For finite-dimensional systems, parallel algebraic
existence, etc. is established in [ 107]; in question here are the existence and
properties of certain self-adjoint operators in Hilbert space, constituting
an infinite-dimensional analogue to the algebraic results. In the case of
the renormalized powers relative to the free vacuum, the possibility of
defining the powers as a limit of standardized rearrangements of non-
commuting monomials, in line with Wick’s formal ideas, makes possible
a variety of approaches to the question. In the general case, lack of any
simple expression for the expectation value of a product of renormalized
powers appears to necessitate an approach which depends more on
functional analysis and less on combinatorics or explicit expressions.

The definition of the strong renormalized power for an arbitrary
Weyl process may be briefly recalled as follows. If @ and @ is an arbitrary
Heisenberg pair over a linear space L of functions on a manifold S
(paired with itself via the usual inner product relative to a given measure
on §), and v a given vector in the representation space K in the domains
of all the monomials in the ®(x) and ®(y) for arbitrary x and y in L, then
& is defined recursively by the conditions: (f here is a suitable real
element of L)

P(f) v, v)=0;

& (f) is a self-adjoint operator affiliated with the ring of operators
determined by the @(x), xeL;

eid'ng) @‘")(f)e“id)(g)=¢(")(f)+n(D‘"_l)(fg)-f— e 4 (:l) (p("-”(fg')+...

where @°(f)=] f. In other words, having defined the & (.) for m<n,
including the domains of functions f to which they are applicable (and
possibly consisting only of 0), a given f is said to be in the domain of
@™ if there exists a self-adjoint operator T affiliated with A such that

¢'®® Te=i%® — closure of T+ the indicated operators

(note that all the operators in question are affiliated with the abelian
ring A, so there is no problem with their addition and closure). This
means in particular that fg" must be in the domain of ®"~".

There is also a more general concept of weak renormalized power,
where sesquilinear forms relative to a given domain are involved; this
is not required here.

On the other hand, the treatment of the general case given here
depends on the prior existence of a treatment for the case of the free
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vacuum, and indeed it is necessary to make certain aspects of this treat-
ment more precise. In presently relevant terms, the basic existential
result of [ 10, I] may be stated as follows.

Recall first that for any measure space M, the notation L, ,(M),
where p =g, denotes the common part of the spaces L,(M), re{p, q], in
the topology of convergence in each such space L,.(M). If G is a locally
compact abelian group, and I is any interval in R', the notation L,(G*)
refers to the space of all functions on G* which are Fourier transforms of
elements of L,(G), in the topology in which Fourier transformation is a
homeomorphism.

Let G be a locally compact abelian group, and let B denote a real
self-adjoint operator in L,(G) which commutes with all translation
operators' in L,(G). Suppose that the spectral function B(.) for B on
the dual group G* has the property that B(.)"'eL ,;(G*). Let
(K, &,, d,, v,) denote the normal static Heisenberg process? associated
with the given pair (G, B). Let R denote the ring of operators on K
generated by the bounded Baire functions of the @(x).

Then there exists for each n=1,2,... a unique mapping ®§” from
the space of all real elements of L,(G) A L,(G) to the self-adjoint operators
in K affiliated with R, having the property that for arbitrary >

gED(BY ALy 1)(GF). T TOH(f) P

is the closure of

n n ) )
N WERI)
j=0 \J
Moreover,
(pgl)(f)EL[l, oo)(Rs UO)'

There does not appear to be any uniquely convenient spaces in which
to take the functions f and g which enter into the theorem, due to the
circumstance that the g’s are appropriately chosen to be such that the
operation M, of multiplication by g is continuous on the space chosen

! (i.e. those of the form f(x)— f(a~!x), for some aeG, and arbitrary felL,(G)).

% i.e, these represent the “free scalar quantum field " for a scalar particle in the space G,
whose energy-momentum dependence function is B(.) at an arbitrary fixed time, e.g. r=0;
cf. below.

* The condition that g lic in D(B*), in addition to L, ;(G*) was inadvertently omitted
in the formulation of Theorem 2.1 in [10,1]; as ®(g) is defined only for geD(B?), the
operator on the left in the statement of the conclusion is undefined, although the right
side is defined. An extended definition as a limit can readily be supplied (C'DO(G) can be
formulated e.g. as the generator of an automorphism of the Weyl algebra treated elsewhere;
alternatively, sesquilinear forms may be employed); but it is quite sufficient for our purposes
here to have this conclusion for an arbitrary set of vectors ¢ which is dense in [D(C)].
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for the f’s, in addition to other natural conditions. In particular, if a
single space A is desired as a domain for all the ™, n>0, and for @ as well,
the following desiderata appear conservatively applicable: (a) A should
be a real algebra of functions on G; (b) A should be contained and dense
in [D(C)], which is the natural space for the g’s; (c) A should be transla-
tion invariant; (d) A% should be contained in L,(G), so that the constant
terms entering into the conclusion will be defined. When (b) holds,
AcL,(G)=[D(C; Y], where C, is the operator defined below, such
that @™ is in a certain sense naturally definable on [D(C; !)]. Making
the conservative assumption that B(.) is continuous on G*, a simple
algebra A satisfying these conditions is that of all functions on G which
are Fourier transforms of hermitian-symmetric continuous functions of
compact support on G*. In the important special case G=R! or T!
and B(k)=(m?+k%?*, m being a nonzero constant, a more convenient
space, which has the additional properties of being a Banach algebra
and of being contained in L;(G) (so that @ is also defined on it) is
[D(B)]. The preceding observations follow from

Lemma 3.1. For arbitrary n>0, the mapping f—®(f) extends
uniquely from L,(G) A L, (G) to a continuous linear mapping from [D(C; 1]
to Ly, (R, v), where C, is the translation invariant self-adjoint operator
in L,(G) whose spectral function is

(B~'(.)x---*B~Y(.))"*  (n-fold convolution).
Proof. For fe L{(G) A L,(G),
196 ()3 =const [ (b~ %---xb=") | f(k)? dk,

by [10, 1] (cf. I); =const(n) || C, f]|3. On the other hand, L,(G) A L,(G)
is a dense subset of [D(C; )], for if ye[D(C;1Y)] is orthogonal to all
feL(G)A L,y(G), then {C;'f, C;'y>=0 (where {.,.> denotes the L,-
inner product), whence {f, C;2y>=0, and C; 2 y=0, so that y=0.

Thus the map f— &§’(f) is continuous from [D(C, )] to L, (R, v,)
and defined on the indicated dense subset, and the conclusion follows,
as regards extension to a continuous mapping from all of [D(C; Y]
into L,(R, ve). On the other hand, by Corollary 1.1 of I, [|®("(f)l,=
const(n, p) || @Y (f)||, for arbitrary pe[1, o), and the entire conclusion
follows. End.

The following result, intuitively to the effect that {:¢q(x)": v, v
exists and is a function, is needed in the proof of the next Theorem.

Lemma 3.2. Let v be an arbitrary unit vector in K, for some p>2.
Then there exists a unique function h,e[D(C,)] such that (D (f) v, v)> =
{f, hyy for all feL,(G).



Construction of Non-Linear Local Quantum Processes. 11 237

Proof. By Hélder’s inequality, |[{®"(f)v,v)>|<const [@"(f)|, for
some ¢ < oo, which in turn by I is Zconst |®™(f)],=const {|C,; 1 f]3.
Thus (@™ (f)v,v) as a function of fe[D(C,")] is a continuous linear
functional, hence of the form (C;'f, C;'g) for some ge[D(C; 1]
Setting h, = C;7*(C; ' g), the stated conclusion follows. End.

One direction of refinement of the transformation rule for D (f)
under ¢®°® may be indicated as follows.

Lemma 3.3. If geD(C), and if the operation M, of multiplication by
g is bounded on ﬂ [D(C;Y)], in the topology of convergence in each

[D(C; 1], and maps this space into L,(G), then

ei®o® @i (f) e~ %@ =closure of Y &"~7(fg) (7) .
j=0
Proof. The validity of the foregoing equation for suitably regular f
and g as in the cited theorem impilies it for all f in ﬂ [D(C; Y], and the

I n
indicated g, inasmuch as transformation by ¢'®® acts continuously on
LZ (R7 U)~

Remark. The further development of the precise spaces on which
renormalized products are conveniently defined leads to as yet apparently
untreated questions concerning the Soboleff-Calderon spaces L, , [2].
The structure of the space of all multiplication operators M, which
carry L, , into L, ,,, for given p, n, q, and m is relevant, particularly in
the cases p=g=2.

In the case of general vacuum, the basic existential result applicable
to a two-dimensional space time is the

Theorem 3. Let G and B be as earlier. Let (K, ®,, ®,, vy) denote the
normal static Heisenberg process associated with this pair, and the ring of
operators generated by the bounded functions of the ®@q(x).

Suppose (K, @, b, v) is another Heisenberg process with veK, for some
p>2, and with @ and ® of the form:

D(x)=Zd(x) Z", xeL,(G); D()=Zd(y)Z"", yeD(B),

Z being a unitary operator on K such that Zv=v. Then the renormalized
powers ® relative to this latter Heisenberg process have all of L, (G) in
their domains.

For complete specificity and the reader’s convenience, the following
terminological notes are made.

1) (K, &, &,0) is a Heisenberg process with the indicated domains
means that ¢ and @ are mappings from the real vectors in L,(G) and

17a Inventiones math., Vol. 14
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D (B)respectively to the self-adjoint operators in K, satisfying the relations
i ’ i® i®(x’ id ' i® id(y
é (x+x )=el (x) é' (x )’ el Y+y) — e » e » )’

2P i®)  Hix ) LI LIB(0)

for all xeL,(G) and yeD(B); that v is a cyclic vector signifies that the
only closed linear manifold in K which contains v and is invariant under
all bounded Baire functions of the @(x) and of the d(y) is all of K. In
addition, the mappings x — ¢'®™ and y — ¢'®* are required to be con-
tinuous.

2) K, is the subset of K consisting of all vectors of the form Tu,,
with Te L, (R, vy).

3) The normal static Heisenberg process associated with the pair
(G, B) is the process derived from the normal (free Weyl) process
(K, W, I,v,) over L,(G) as follows. If ¥(z) denotes the self-adjoint
generator of the unitary group [W(tz): teR'], then for real z:

Dy (2)=V(B™ %), d,(z)="¥(iBz2).

4) @ (.)is defined recursively as follows. @' (f)={ f. Now assuming
that (1) is defined for r <n and real fe L, (M) as a self-adjoint operator
in K affiliated with the abelian ring of operators R generated by the
bounded Baire functions of the @(f), feL,(M), and is such that for
ali geN,

£ G (f) e=i%® = closure of Y (:) & (fg),

s=0

for all n, a given element f of L, (M) is said to be in the domain of defini-
tion of @ (.) in case there exists a self-adjoint operator T affiliated with
A such that for all geD(B),

¢'®® Te=i%® = closure of T+ (':) Y PI(fg);
s=1

such an operator T is necessarily unique, and is defined as @™(f).

Proof of Theorem. This is by induction. Note first that it suffices to
consider the case Z=1I, by virtue of the invariance of the notion of
renormalized power, relative to unitary transformations which leave
invariant the basic unit vector v. This invariance results directly from
the definition of the renormalized powers, together with their unicity.

Now set @ V(f)=d(f)={ f. By Lemma 3.2 there exists a unique
h,eD(C,) such that

(P (f)o,0d>=L{f, h>
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for all feL,(G). Now as an induction hypothesis, suppose it has been
shown that for r<n, ¢ (f) exists satisfying the conclusions of the
Theorem, and such that moreover:

&9 ( f)=closure of B (f)+ ( ;) G-I (fhy)+ -
+(,7,) B+ h).
Now let

T=closure of & (f)+ (;’) S V(fh)+ -+ DO fh,. ).
Then

¢"®® Te~i®® =closure of O (f)+ (rlz) By V(fg)+ -

[ rmae(y ) o
4o
=closure of [¢§)"’(f)+ (;l) "=V (fh)+ ]

—1
() [oerro+ (")) o 2Umpe--]
+ P
=closure of T+ ('11) QU= (fg)+ .
This means that &' (f) exists, and has the form required to complete
the induction.

Corollary 3.1. In the preceding theorem,

@™ (f)=closure of &’ (f)+) " (fh) (;l) .
where (DG (f)v,vD>= | fh;.
G

Remark. It follows that

n

PO (f)= 3, B "(fk),

r=0

where ko= 1 and the other k, are in L, ,,. Moreover, the &§® may be
similarly expressed in terms of the @',

Notation. If g(A)=1 a; %/, then the symbolic kernel of the distribution,
) J
f—=Y a;®9(f), will be denoted as gop¢(x), where E is the state deter-

J
mined by the vector v.

17b Inventiones math., Vol. 14
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Remark. The symbolic expression g o ¢ (x) representing a distribution
may be strictly defined as a function of x, whose values are sesquilinear
forms or generalized operators, rather than strict operators, in the same
way as in the case E=E,=the PLV for H which is treated in [10, II].

Corollary 3.2. Suppose that the V of the theorem has the form V=
fgog, (x,0) f(x)dx, treated in 1. Then ¢(x,1) satisfies the differential
equation

Q¢ (x, )=m? P (x, t}+ ¢ op P (x, ) +r(x)op P(x, 1),

where for each x, r(x) is a polynomial of degree lower than q', whose
coefficients, as functions of x, are in Ly ,(G), and E is the state determined
by the PLV for H'.

In case G=T" and f(x) is constant, then it follows from spatial
invariance that the functions r; are constants, where rx) ()= rix) A
In this case there then results a well defined mapping p — p from the real
polynomials on R! of the form p=¢/, q=0, to similar polynomials p,
such that starting as in I with a hamiltonian involving p (more precisely,
[ p), there is obtained a solution ¢ of the equation

O¢=m>¢+por¢.

The question of whether the equation J¢p=m*¢+rop¢, where r
is a given polynomial, is soluble in the sense treated here, is equivalent
to the question of whether r is of the form p for some p. The mapping
p—p has not yet been explored, particularly in the more relevant
aspect of its behavior for large coefficients g; of ¢, and the cited question
is presently open.

References

1. Ando, T.: Positive linear operators in semi-ordered linear spaces. Jour. Fac. Sci.
Hokkaido Univ. 13, 214-228 (1954).

2. Calderon, A.P.: Lebesgue spaces of differentiable functions and distributions. Proc.
Symp. Pure Math., IV, 33-49 (1961). Amer. Math. Soc., Providence.

3. Glimm, J., Jaffe, A.: The A($*), quantum field theory without cutoffs: II. Annals of
Math. 91, 362-401 (1970); III, Acta Math. 125, 203-268 (1970).

4. Gross,L.: A non-commutative extension of the Perron-Frobenius theorem. Bull
Amer. Math. Soc. 77, 343-347 (1971).

5. Kallman, R. R.: Groups of inner automorphisms of von Neumann algebras. Jour.
Funct. Anal. 7, 43-60 (1971).

6. Kato, T.: Perturbation theory for linear operators. Berlin-Heidelberg-New York:
Springer 1966.

7. Kunze, R.A.: L-Fourier transforms on locally compact unimodular groups. Trans.
Amer. Math. Soc. 89, 519-540 (1958).



Construction of Non-Linear Local Quantum Processes. 11 241

. Hille, E.: On semi-groups of transformations in Hilbert space. Proc. Nat. Acad. Sci.

USA 24, 159-161 (1938).

. Segal, L.: Construction of nonlinear local quantum processes: I. Annals of Math. 92,

462-481 (1970).

. — Nonlinear functions of weak processes. I. Jour. Funct. Anal. 4, 404-457 (1969);

11, ibid. 6, 29-75 (1970).

. — Notes towards the construction of nonlinear relativistic quantum fields, I1I1. Bull.

Amer. Math. Soc. 75, 1390-1395 (1969).

. — A non-commutative extension of abstract integration. Annals of Math. 57, 401-457

and 58, 595 (1953).

Irving Segal

Massachusetts Institute of Technology
Department of Mathematics
Cambridge, Mass. 02139

USA

( Received February 28, 1971)



