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Modular Forms and Root Systems

A. G. van Asch
Department of Mathematics, University of Utrecht, Utrecht, Netherlands

§0. Introduction

The coefficients p(m) of the formal expansion ) pym)x™ of the d-th power of

m=0
%0

[T (1—x" have been the subjects of many investigations. Macdonald gave in his
n=1

paper 7] a formula for p,(m) if d is the dimension of a simple Lie algebra. These
identities were obtained by Macdonald, specializing a more general formula
{see [7], (8.1)) which results from his theory of affine root systems. Since Dedekind’s

o) 1
n-function, which is equal to [] (1—x" up to a factor x**, is closely connected
n=1

with the theory of modular forms, the question arose whether these identities
could be proved using modular forms. We will give a affirmative answer in the
first place for formula (8.9) of [7], which is the identity for 5%, and thereafter also
for formula (8.13) of [7] which is another remarkable n-function identity ob-
tained by Macdonald. Basic in our proof are the classical transformation for-
mulas of theta functions. The theta functions we will consider are functions not
only of the complex variable 7, but they depend on a parameter from some real
vector space, too. As a new ingredient we study the situation in which there is
a finite reflection group, in particular a Weyl group, acting on this parameter.

It became clear that the method used in the proof of the identities mentioned
above might be pursued to get new identities. On the one hand we are interested
in spherical functions, on the other we want to consider polynomials that are
skew-invariant under the action of the Weyl group. Using a theorem of Chevalley
we determine the dimension of the space of homogeneous skew-invariant spheri-
cal polynomials in any degree. With this knowledge some new identities are
obtained. This is done in the last section, where we first give two more or less
general theorems, involving Eisenstein series besides the n-function. Thereafter
we consider a few special cases. In particular we get identities for n*® and #*>.
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§ 1. Notations

V is a finite dimensional real vector space of dimension I, RCV is a root system
(such that R spans V). R will be irreducible and R will be reduced too, i.ec.
Rn2R =0 Let 2r denote the number of roots in R, and d=2r+1is the dimension
of a compact Lie group having R as its system of roots relative to a maximal torus.
W(R) is the Weyl group of R.

OV x VR is a scalar product on V which is invariant under the action
of W(R). For each veV let gv)=1<v,v). LCV is a lattice, i.e. a free Z-module
of rank [ Unless stated otherwise we assume that sL=L for all se W(R), and
g(LYCZ. L* is the dual lattice of L (with respect to the bilinear form {, ), i.e.
L¥={veV|{v, yeZforall AeL}. (| ):V x VIR is a scalar product on V which
is invariant under the action of W(R) and such that («|x)=2 for any short root a
(when all roots have the same length let us call them all short).

RV is the dual root system, identified with a subset of ¥V by means of the

2a
(o)

oe R} .
P(R) is the lattice of weights of R.
S, will be the permutation group on I symbols.
# will be the complex upper half plane.
I is the full modular group.

scalar product ( | ),i.e. RV= {ozv =

For any positive integer p let I'y{p)= {(z Z) elc=0(mod p)}, and let I'(p)

denote the congruence subgroup of level p. Let .#,, denote the space of modular
forms of weight 2n for I'.

§2. Modular Forms, in Particular Theta Functions

We will use the following kind of theta functions:

O, L, P, &)=Y P(A+§)e?™a4*9, (2.1

iel

where eV, and P must be a spherical function with respect to g. The quadratic
form g is defined by means of the scalar product (, ), and all scalar products
on V which are invariant under the action of W(R) are equal up to a positive
factor (see [1], p. 66, Proposition 1 (ii)). Let ¢,,...,& be an orthonormal basis
of ¥ [with respect to the scalar product ( | )], and x,&; +... +x,,€ V. Define the
second order differential operator 4 by

& Vi
A= —5 + ...+ 5. 2
ox2 toet ox? (22)
Then we have:
P is a spherical function with respect to g<=AP=0.
From now on we take ée L*.
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For the theta functions (2.1) we have the following transformation formulas:

O(t+1, L, P, ) =e*™90(1, L, P, &), 2.3)
1

@ (* T La P’ é)
T
( ‘)%+2deg(P) 1 dea (P
— — +de .

St 20y i L Py, (2.4)
?')'(L) uel*/L

where «+(L) is the measure of V/L with respect to (, ) and for any 1eC we take

.arg(n)

—Vhkle 2, where —n<arg(t)<m.

1
Z

T

By ) we indicate that a sum must be extended over a complete sef of
nel*/L
representatives of the (finite) quotient L*/L. Formula (2.3) is an immediate con-

sequence of g(A+ &)=q(&) (modZ) for all Ae L. As for (2.4) we have

@(—E,L,P,éf)
T

. 5— + 2 deg(P) f
- (=9 T§+deg(P) Z P(ﬁ)QZnirquZnKu»@ (2.5
?}(L) pel*
(see for example [8], p. VI-14, Theorem 19)
. % + 2 deg(P) !
_ (=9 A T Y Pt ARt e 2mut 18
’U(L) pel*/L AcL
!— + 2 deg(P}
W) H
_ (___l)_,____, 5 +deg(P) Z 2D @(r, L, P, ).
“ (L) pel*/L

For these theta functions we have the following theorem which was proved
in the case that [ is even by Schoeneberg and in the case that ! is odd by Pfetzer:

(2.6) Theorem. For all £€ L* the function O(t, L, P, &) is a modular form of weight
!
= +deg(P) for the subgroup I'(N) of T, where N is the level of the quadratic form q,

2
ie. N is the least positive integer with Nq(I*)CZ.

For a proof see [9] and [10].

It should be remarked that, when [ is odd, modular form means modular form
with a multiplier system.

Another function which will play an important role is Dedekind’s n-function,
defined by

rit oo

nry=e'? [T (1 —e?™™). 2.7
ns 1
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For this function we have the following transformation formulas:
nx+1)=e" nx), 238)
1
1 (— ;) =(—it)*n(t) (see for example [11]). (2.9)

Another property of (z) that will be used is:

the function y(t) vanishes nowhere except at i . (2.10)

Other functions that will be used are the (normalized) Eisenstein series,
defined for any positive integer n by

(——1)“4” < wirt
B Zﬂ'zn—x(")ez s
=1

Eft)=1+

n

where the B, are the Bernoulli numbers, and 65, ,(r)= Y d*"~".

dir
The Eisenstein series &, are modular forms of weight‘ 2n for the full modular
group I (see [6], p. 53).
For the dimension of the space .#,, of modular forms for I" of weight 2n we
have the following formulas:

dim 4, = [g if n=1(mod6),

:HH if n#l(mod6) (see[61,p. 26). @.11)

Apart from I' we shall need the subgroups I'(2), I')(2), and I'4(3) in § 5. Now

I'{2) is generated by the two transformations t+>1+2 and 1+~ fi—%’ and [y(p)
-1

pr—1

regions for these groups, and then it is easy to conclude

is generated by t+—>7+1 and >

for p=2, 3. We can construct fundamental

(2.12) Lemma. {ioo} is a complete set of inequivalent parabolic vertices for I,
{0,i00} is one for both I'y(2) and T'y(3), and {0, 1,i00} is one for I'(2).

Let us now return to the theta functions under consideration. In (2.3) and (2.4)
we got the behaviour of &(z, L, P, £) under the two transformations t+>7+1 and

1. .
t+>— — which generate I'. Next we want to consider the effect on @(x, L, P, £) of
T

the action of W(R) on £. We suppose that P is a skew-invariant spherical function
(the existence of such polynomials will be discussed in §4J.

(2.13) Lemma. (i) @(t, L, P, ¢+ A)=0O(t, L, P, §) forall leL,

(i) Ofz, L, P, s&)=det(5)@(z, L, P, £) for all se W(R).
Proof. (i) trivial,

(i) is an immediate consequence of the fact that sL=L and the skew-
invariance of P.
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Immediately we get the following

(2.14) Corollary. If there exists se W(R) such that det(s)= —1 and sé—¢eL, then
&(t, L, P, &)=0.

Proof. Oz, L, P,&)=8(z, L, P,s¢)=—6(1,L, P, §).
Remark. Of course (2.13) holds not only for e L¥, but for all veV.

In the next two sections we consider some properties of root systems. In
particular, in view of (2.4) and (2.13) (ii) we are interested in the orbits of W(R)
in L*/L.

§3. Root Systems

For any ae R we denote by s, the reflection in the hyperplane orthogonal 1o «,
2vjo)
(rfar)
get a total ordering on R, in particular we can define positive and negative roots.
We introduce the following notations:

oy,...,0 18 the basis of R corresponding to the chosen Weyl chamber C.

R, is the set of positive roots, so R=R,U(—R,).

—1 -1 v
o=% > a, o=% ) av

acR ¢ aeR .+

o 1s the highest root of R.

Since we have identified R with a subset of V, C is a Weyl chamber for RY,
too, and «j,...,%  is the corresponding basis. The lattice in V' generated by R,
respectively RY will be denoted by L(R), respectively L(R"). It is clear that both
L(R) and L(R") are invariant under the action of W(R). We will use the following

(3.1) Lemma. Let L be L(R) or L(R"). For each veV the subgroup

e s,{vj=v— o. We now choose a Weyl chamber C for R. By doing so we

{se W(R)|sv—vel} of W(R)
is generated by the reflections it contains.

Proof. See for example [1], p. 227, ex. 1.

From this lemma we see that if for some pe L* the action of W(R) on its orbit
in L*/L is not faithful, then there exists se W(R) such tnat det(s)=—1 and
su—peL, and by (2.14) we find that @(z, L, P, ©)=0. So we are looking for the
orbits in L*/L on which W(R) acts faithfully.

Let us first consider the lattice L=L(R"). Now for the affine Weyl group
W(R) of R we have W, (R)=W(R)-L(R"), the semi-direct product of W(R) and
the translation group generated by L(R") (see [1], p. 173). So if we want to con-
sider the orbits in L*/L under the action of W(R), we could as well consider the
orbits in [* under the action of W(R). From [1], p. 66, Proposition 1 (i), we
know that every scalar product on ¥ which is invariant under the action of W(R)
is equal to ( | ) up to a positive factor. So let us define {,>=k( | ), where k is
some positive integer. Then we get that L* = {{e V|{&, A)eZ for all Ae L(RY)}=
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%Q’(R). So the quotient L*/L depends on the choice of k, and of course the number
of orbits in L*/L on which W{R) might act faithfully depends on k, too.

We introduce another notation:

F(R)={veV|(a;[0)>0, 1 £i<l, and (aylv)<<1}.
Then

F(R)= {veV|(xv)20, 1 i<, and (2,)v) <1}
is a fundamental domain for W(R) (see [1], p. 175). We have
(3.2) Lemma. By taking

k=1+(oyl0) when R is of type A, D, Eq, E4, Eg ,
=2+ {uglo) when R is of type B,, C, F,,
=3 +(0gl0} when R is of type G, ,

1
we find that there is exactly one orbit in L{R¥)*= F*?’(R) on which W{R) acts
1
faithfully, and that is the orbit of % .

Proof. Let pe L* such that W(R) acts faithfully on the orbit of u. We may assume
that pe F(R). Then we have («;|u)>0 and therefore (o) [ku)>0 for 1 <i<l. From
this we get (oo —kp) < (0 |g)=1, hence (a)|¢— kp) <0 because it is an integer.
On the other hand we have (ag|p)<1 and therefore (oglkp—0)<k—1~(xyl0)
[(orglkp — @) must be an integer since age L(RY)].

We have a relation ag=n,o] +... +nay, in which n,eZ and

mz1if Risof type A, D, Eq, E4, Eg,
n;z2 if Ris of type B, C,, F,,
n;z3if Ris of type G, .

This can be checked easily using the “Planches” of [1], or by giving a direct
general proof. From this relation we get

(aolkp—g)+ny(ajlo— k) +... +nfoy|o—kp)=0. (3.3)

Now let k be as stated in (3.2), then it follows from (3.3) that («)|g—ku)=0
for 1=i<1, hence g=ku. So with this particular choice of k there is at most one
orbit on which W,(R) acts faithfully. But it is clear that -};QEF (R), which proves
the lemma.

These numbers k can also be written as k= $(ap|a,) + (0] 0), and from this we
see that k depends on the chosen scalar product { | ). In Table 1 we list the value
of k, the Coxeter number h and the degrees d; of basic invariants.
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Table 1

Type k h Degrees of basic invariants
Aflz1) 1+1 I+1 2,3, .,1+1

B{l=2) 42 21 2,4,..,21

C(l=2) 2042 21 2,4,...,21

D(l=3) 22 212 2,4,...,20-2,1

E, 12 12 2,56,8,9,12

E- 18 18 2,6,8, 10,12, 14, 18

Eq 30 30 2,8, 12, 14, 18, 20, 24, 30
F. 18 12 2,6,8,12

G, 12 6 2,6

Remark. The quadratic form ¢q is defined by g(v)=1(v,v)=%k(v|v). Now it is
easy to check that g(L(RY))CZ.

In all cases but one the estimates of the n; given in the proof of (3.2) are best
possible, i.e. equality holds for at least one n, The only exception occurs when R
is of type E5. Then we even have n; 22 for all i, So we get

1
(3.4) Lemma. Let R be of type Eg. The only orbit in ig’(R) on which W(R} acts

1
faithfully is the orbit of 37 0

1
(3.5) Lemma. The numbers k defined by (3.2) are such that 5];( { ') is the canonical
bilinear form ®g on V.
(For the definition of @5 see [1], p. 172.)

Proof. We have (a|o§)=0 or 1 for all positive roots a0, (see [ 1], p. 165, Propo-
sition 25 (iv)). Let = be the sum of the positive roots not orthogonal to a,. Then
we have

Y (dlogla= Y (alagla+2ap=n+d,.
aeR ¢ aeR 4
aFap

On the other hand we have =g —s,,0=(el%y)2g. So

Z (afog)or=(@log)atg + org = kot -

acR
Hence Y (arfog)® = k(o] atg).
as R+
By [1], p. 172, formula (17) we can write Y, (¢|og)*= — so that
acR s @R( 0» & O)
Py, ap)= ('O%‘%'—), which proves the lemma.

In Section 5 we will consider, besides the functions @(t, L(R), P, &), the theta
functions @(z, L, P, ) where L=L(R). There we will be interested in the orbits
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of W(R) in L*/L{R"), instead of L*/L, and again the question arises whether we
can choose the scalar product {, > such that there is exactly one orbit in L*/L{R")
on which W(R) acts faithfully. We have

1
(3.6) Lemma. The only orbit in EQ”(RV) on which W{R) acts faithfully is the orbit
1
Of E g.
This lemma can be proved analogous to (3.2), using the relation og =m0, +...
...+mya, such that m, +... +m;=h—1(see [ 1], p. 169, Proposition 31).
Remark. Again it is easy to check that for g(v)=21h(v|v) we have g(L(R))CZ.
(3.7) Lemma. Let e F(R). Then for all Ae L(RY), 150, we have
(E+AE+D>(E10).

Proof. Take Ae L(RY) such that (¢ +A|&+4) is minimal. There exists se W(R) such
that s(¢+1)eC. Now (s(é+A)|ag)>1 is impossible since then by applying the
reflection w in the hyperplane {ve V|(v|ay)=1} we would get
41 = (s +Alao)]

(@oloto)

Ws(E+ Aws(E + 1) = (€ + DIs(E+ )+

<@E+AE+4),

which contradicts the minimality of (£+A|&+4) (we recall that ws({+4) is ex-
pressible in the form s'(¢+1) for some s'e W{(R), A€ L{R")). So (s{&+ Djap) <1,
and therefore s(&+ A)e F(R). Since F(R) is a fundamental domain for W,(R), and
£e F(R), this implies 1=0, proving the lemma.

(3.8) Lemma. (i) ;Ege F(R), (i1) %QE F(RY).

Proof. (1iYWas already mentioned in the proof of (3.2), and (ii) follows immediately
from (3.6) if we replace R by R".

1
In Section 5 we will consider in particular the cases that L=IL(RY), {= QQ

and L=L(R), é= %Q.

Then we see by (3.7) and (3.8) that the first term in the series @(z, L, P, &) is
P(£)e?™@ provided that P(¢)+0; in particular e2™*9 determines the behaviour
of Oz, L, P, &) at t=io0. In these special cases g(&) can be expressed in terms of k
and h by some “strange formulas”. The first one is

d
Pple0)=5, (see[5]p.243). (39

Another one, which was proved by Macdonald, is

(elo)  h+1 ¢
% L

(aj‘“j)
Tk 5 (see [7], p. 120), (3.10)

j=1
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and as an immediate consequence of (3.10) we get
(olo) h+1 ! 2
2h 24 & (o)

In (3.2} and (3.6) we found that by taking {,>=Kk( | ), or {, >=h( | ) respec-
tively, there is exactly one orbit in L(RY)* or L{R)* respectively on which W,(R)
acts faithfully. We will give now one example (which will be used in Section 5 to
prove formula 6{(a) on p. 138 of [7]) in which there are more orbits. We consider
the case that R is of type Bfl=2). Different from our normalisation of { | ) so
far, we suppose in this particular case that the root lengths are 1 and 2. We can
use the description given in [1], Planches.

(3.12) Lemma. Let R be of type B(1=2), and {,>=Ql+1)( | ). Then the only
1
orbits in L(R)*= Sl P(RY) on which W{R) acts faithfully are the orbits of
1

1 . . .
LT o and 341 (0 +w,) where w, is the fundamental weight corresponding to o,.

Proof. From aq = o, + 205 + ... + 20, (see [ 1], Planches) it is clear that for pe F(R) we
must have ((21+ Dplo)=1, 1 Li<], which implies (21 + D=0, or (21 + Doy )=2
and {(2[+ Duley)=1 for 2<i<Z], which implies QI+ Dp=o+w, (since o} =u,).
Remark. The fact that there are two orbits in this case does not depend on the
chosen normalisation of { | ). However, we did so in order to get

(olo)=(0c+w,lo+w Hmod 2]+ 1)), {3.13)
which will be used in Section 5.

(3.11)

§4. Skew-Invariant Spherical Polynomials

In this section all polynomials will be homogeneous. First we will consider some
properties of skew-invariant polynomials and then we will determine for what
degrees there are skew-invariant spherical polynomials. A crucial role is played
by the polynomial [] (£]a) which will be denoted shortly by I1. We have

aeR .

{4.1) Theorem. Every skew-invariant polynomial is divisible by Il.

For a proof see for example [1], p. 185, Proposition 2 {ii}.

Now we shall give a proof of formula (2.5) in the special case that P=1I1. The
reason for doing so is that there is a kind of an analogue to the method used by
Schoeneberg and Pfetzer. They proved formula (2.5) by applying one differential
operator a number of times (see [9] and [107), and we will prove it by applying
several differential operators. For any indefinitely differentiable function f: ¥V —»C
and for any ae R let

%, (@=tim LEXH=IC)

=0 t

For all o, Be R we have £, %= %, %,
F ==,
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Now let & be the differential operator defined by
7= 1] %,.

acR ;

(4.2) Lemma. If [V —C is an indefinitely differentiable function, invariant under
the action of W(R), then &L f(s&)=det(s).Z f (&) for all se W(R).

Proof. Let ae R be a simple root. Then
f&+ts,p)— f(&)

gﬂ f(S,,f)= lim f(sa£+tﬁ)—f(sa£) = lim
=0 t =0 t
=L JO).
Hence
L fs,0)= < I1 »%,p) AR "( Il i"a) O=-2Z1(0),
BeR peR .

because s,o= —a, and s, permutes the other positive roots (see [ 1], p. 157, Corol-
lary 1). This proves the lemma since W(R) is generated by the s, where a is a
simple root.

(4.3) Lemma. For any 1€ we have L(e*™ ) =2nity [] (& ape?™.

aeR+
Proof. #(e*™ )= |2nit) [] <& o) +g(&)| ™9, where g(¢) is a polynomial
acR +
function of degree <r. Both Z(e*™) and [] <&, «) are skew-invariant under

xR+

the action of W(R), and therefore g(£) must be skew-invariant too. By (4.1) g(£)
must be divisible by I1, which is of degree r, and therefore g(£)=0, which proves
the lemma.

Remark. ] <& o) isequal to IT up to a positive constant.

acR .+

Now consider the function @(t, L, &)= ) *™™**% where te# and feV.
ieL
This function @ is analytic in 2# and periodic on V] i.e. @(t, L,{+A)=0O(1, L, &)
for all Ae L. Therefore we obtain its Fourier series and we have (see [8], p. VI-10,
Proposition 23)

1
t (r) 2 27 g+ 2ai¢e 0>

O, L, §)= D) Z* e

By applying the differential operator ¥ to both sides of (4.4) we obtain
@rity ¥ ] A+E ayerrinadrd

44)

1

iel aeR.s
i
7 i 2mi .
1 -5 , = )+ 2mip. &
=—1 22niy ) [] mode ° ,
U(L) puel* acR 4

from which (2.5) (with P=II) follows immediately.
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We now return to the problem of finding skew-invariant spherical polyno-
mials. Let S be the C-algebra of homogeneous invariant polynomials. We have
the following theorem, due originally to Chevalley (see [2]):

(4.5) Theorem. S is a polynomial ring, ie. S=C[I,....1], where 1,,....I, are
algebraic independent invariant polynomials.

For a proof sce also [1], Chapter V, § 5.

We remark that the number of invariants in a basic set is equal to the rank
of the root system R. Now the set I,,...,I, of basic polynomial invariants is not
uniquely determined. However, their degrees dy,...,d; are uniquely determined
(see [1], p. 103, corollaire). The degrees d; are listed in Table 1.

Let S, be the space of polynomials in S of degree n. From Table 1 it is very
easy to determine the dimension of §,, since this dimension is equal to the number
of solutions {a,,...,a)e N of ad, +... +ad,=n.

Now let P be a skew-invariant polynomial, then by (4.1} P is of the form
P=JII where Je§, for some n. If we apply the differential operator 4 from (2.2)
on P the result will again be a skew-invariant homogeneous polynomial (4P-s=
A(Pes) for any isometry s of V), so AP=JII for some J'e§,_,, provided n=2.
The case n=1 is not very interesting because S, = {0}, and for the case n=0 we
get, since Al must be skew-invariant, AIl=0 (so IT is the most simple example
of a non-trivial skew-invariant spherical function).

We are now going to determine the dimension of the kernel of 4:S, - S, _, 11,
nz2.

For all types there is a basic invariant of degree 2 (uniquely determined up
to a constant multiple), and we denote

J(O=(19), ie J(O=xi+..+x],

whenever ¢, ..., is an orthonormal basis of V and é=xe, +... +x;
Now it is clear that for any homogeneous polynomial P we have

(£|DP)=deg(P)P, (4.6)
oP P\ . . . .
where DP = T A is the gradient of P in the usual sense of calculus. Since
X ox,
DJ,=2¢ we get immediately for any polynomial P
A(J,P)=[2l+4 deg(PY]P+J,(4P). 4.7)
If AP=0 then it is easy to prove by induction that for all n=1 we have
AJTP=[2nl+4n(n—1)+4n deg(P)]J; 'P. (4.8)

We now prove
(4.9) Proposition. The map A:S,H—S,_,II is surjective for all n22.

Proof. Whenever §,_, = {0} there is nothing to prove. Suppose now that we can
find a basis P,,..., P, of S,_, such that 4J,P,JT=c;P,Il, 1 <i<s, and ¢;>0.

Then we can find such a basis for S, too. For first of all J,P,,...,J, PeS, are
linearly independent. Furthermore let @, 11, ..., Q1T be a basis of ker (S, 11— S, _,IT),
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so Qi ...,0,€8,. Since J P M,... JPJdIynker(S,I1-S,_,)={0} and
A4:8,1-S,_,H is surjective, J, Py,...,J, P, Q,,...,0, must be a basis of §,. For
this basis we have

4J (J,PIh=[2l+4 deg(J, PID)+c)J, PHI, 1Zi<s,
by {4.7), where 21 +4 deg(J P, IT)+¢;>0, and
AJ(Q:N)=[2]+4deg(Q,ID]QT, 1=Zist,

by (4.8), where 2/ +4 deg(Q,IT)>0.

For n=2 we can find such a basis since A4J, [ =(21+4 deg(II))Il. When all d,
are even we are ready by induction. Otherwise, let d; be the lowest odd degree
and let J; be a basis of S, (it is easy to see from Table 1 that dimS,; =1). Then
we must have 4J,I1=0, and therefore A(J, J,[T)=[21+4 deg(J I1)]J,11, so in this
case we are ready by induction too.

As an immediate consequence of (4.9) we get

(4.10) Corollary. The dimension of the space of skew-invariant spherical functions
of degree r+n is equal to (dimS,—dimS, _,).

§ 5. Macdonald’s Identities

In this section proofs are given of the formulas (8.9) and (8.13) of {9}, and of one
other identity, mentioned in Appendix I of [7]. First we take L==L(R"),{,>=k( | )

. 1
where k is defined by (3.2), and ¢é= EQ. We are going to compare &(t, L, I1, &)
with 5(1)%. We have
O@+1, LI, §)=e>90(t, L, 11,§)

nid

=e'20(t, L, II,&) by (39). (5.1)

Furthermore it follows from {2.14) and (3.2) that for all ue L*/L which do not
belong to the orbit of £ in L*/L we have &(z, L, I1, 1)=0, and therefore we get

: 4
@(—;,L,H,éj —e?0, LT, &),

!
2
l .
where c= ——(—i)! ) det(s)e? o0,
U(L) seW(R)

Now from (3.7) and (3.8) it is easy to see that
fim O, L, 11, %)
i W(T)d

we even know that II({)= [] (¢jo)>0, since (g|a)>0 for any positive root a.

acR ¢

=I()+0; (5.3)
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In particular (5.3) implies that ©(z, L, II, £) does not vanish identically, hence
we can choose o€ such that @(ty, L, I, £}+0. Then we have

1 4
Q (— —9L’ H: é) :C‘ng(‘fo, L, Ha é}}

To
and

d
@(7"071—”[19 (f)=(—“i)~dc'[02@(— ri)[ﬂ”; é)s
0
and therefore ¢ =(—i). Then we get
1 2
(& (— #aL’ Hs é) :(.....ifc)d@(r, L, H’ 6)2 B
T

6@ L,1,§?
n(z)*
function, invariant under the action of the full modular group I. By (5.3) this
quotient is bounded, hence constant, and again by (5.3) we must have

O, L I1, )
T 2 = Eloy.
n(z)’ ocQA-( |

So we have proved

and with (2.8), (2.9), (2.10), and (5.1) this shows that is a holoinorphic

(5.4) Theorem (Macdonald). Y, ] (k2+012)  rianina FeRAt O = p(ry,
AeL(RY) aeR. (ol
4
From (2.9) we can now determine the constant ¢, and we get ¢ =(—i)*. Hence
2qi S0l@) 1
(5.5) Corollary. Y det(s)e * =rk?*(det((a|x))*

se W(R)

Next we take L=I(R), {,>="h( | ), where h is the Coxeter number of R, and

(= A g. We want to prove formula (8.13) of [ 7], so we want to compare @(t, L, 11,£)

. L fogla) VWV . .
with (H 7 (——‘j—i r)) ; let us call this last function x{1).
i=1
B1p)

Let p denote @l where f is a long root and « a short one, so p=1if R is of
type 4, D, E¢, E; or Eg, p=2if Ris of type B, C, or F, and p=3if Ris of type G,.
From our normalisation of ( | ) (which was suggested by W. L. J. van der Kallen)

it follows that
pL(R¥)C L=L(R)C L(RY). (5.6)

Moreover it is easy to check that h is divisible by p. When p= 1, i.e. when all
the roots of R have the same length, we have L(R)= L(R"), k=h, y(t)=n(7)%, and
in this case we get (5.4) again. In the cases that p=2 or 3 the function x(z) is a
product of powers of 5(r) and n(2t), or n{z) and n(37) respectively and in those
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cases we should not consider the transformations from the full modular group.
instead, we are going to consider the subgroup I'y(p). First of all we have
; 2ni tele)
O@+1,LI1LH=e"90(, L1, H=c  * O(1, L1110,
;lele)

st+)=e 2" y(r) by (2.8)and (3.10).

5.7

we have
pr—1

As for the transformation t+>

!

nNia

—_T _ iz ; p‘!—l 27!1( )q(u)%Zm(,uQ
@(pr 1’L,H3£)-w(ﬁ){—1)d( . ) > 1 (uwe

- uel* aeR,

i 4

2 1
= W TR

nel*/L(RY) AeL(RY) acR.:

2T gt A+ 2ilpatt )+ Gk A, 5]

(5.8)
Now we have pq(p+24)=pq(w) + pq(A) + p{p, 4>
1h
=pq{p)+ 5 —é(pl!pi)ﬂ,u, pA>

=pg(u){modZ) by (5.6).
Besides {u+4, & ={p, £ (modZ) for all Le L(RY), since £e L{RV)*.

Therefore (5.8) takes the following form
@(lLAHQ

pr—1

l
— ( ( 1)2 Z e2rilpaun +<u. 5] @( — 1’ L(R\/)’ o, ﬂ).
(L) T pel*/L(RV) t

Then by (2.13), (2.14), and (3.6) we get

o[ = L

i d

i2 . —-1-2— nipq(%a) Zm.s .
St o, i

se W(R)

| &

.@(.. %,L(RV),H,E(,)

= (—if(pr— W 501G oo, 1, 11, ). (5.9)
On the other hand we have

" ((djlaj) ._.jl.,) _(__ l)(p‘f )1 227: [;%%‘J’i n ((ocjlcxj) T)
2 pr—1 2 ’



Modular Forms and Root Systems 159

by (2.8) and (2.9), and therefore

X(p:l) e 17 W, (5.10)

by (3.11) and the fact that {h+ 1}=4d.
From (5.7}, (5.9), and (5.10) we see that

@(t’ L? H? 5)
(1)
transformations from I'y(p). Again we have to take care of the parabolic vertices,
which were determined in (2.12). From the definition of &(z, L, I, £), (3.7) and

(3.8) we get easily that

lim Mﬁ_ 11 €l (5.11)

T i X( ae R4

is invariant under all

Furthermore we can write

1
o(—-, L1,
O LILY ( : 5)
lim 2= i ————————,
=0 1) oo ( 1)
x — —
T

1
T

d
L, >=c 20 ( L(RY), H, }116> for some constant ¢, and

and since 6‘(
d
7

i h+ 1
x(— E) 't (H n( —————— g*~ r)) for some constant ¢’ +0, we get by (3.7), (3.8),

T =1

o
and (3.11) that -(—T—I:~IZ-Q is regular at t=0 too [as for (3.8) (ii): %O'EF(R)}.

(1)
Hence this quotient must be constant and by (5.11) equal to r[ (o). So we have
ae R

proved
(5.12) Theorem (Macdonald).
(hitgly) amir2rgirel (fl (ala,) )) '

AeLiR) aeR+ {QW)

j=1

. i
For the transformation 1+ — — we get
T

@(_ %’L’H’é) =C,T§ [l (ﬁta)(lj ((a!oc) ))kﬂ'

aeR 4

On the other hand we have

¢ 1
@<“ l,L,IT, é_f) .—_crz@(‘c,L(RV), H,Eo)
T
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Hence ¢’ [] (¢la)=c [] (halav>

aeR+ aeR .
2 bt 1
i’ 2 (s La > 4/ ) 3
Now ¢= *“("i)d det(s)e " 7, and c’:(—i)z( - ) '
(L) se;(m ;U1 (%Ia,‘)

Therefore we get the following

(5.13) Coroliary.

h+1

2m.(sa|g)} 1 1
T detig)e” ? =i’h2(ﬂ ‘Q'“))(U a)) " (et

seW(R) acR + (O’IO(V)

If p=1 this is just (5.5) again.
Now let R be of type B,{I=2) and let ( | ) be normalized as in (3.12).

i
Let (,>=QI+1)( | ) e=% > wo=3 Y o', &=-———0 Wetake L=L(R).
aeR axcR 4 22—'}—1
( 21+ 300

ER ) . In this special case
T

the situation is different from the one considered so far. Besides the fact that the
normalisation of ( | } is not the same as before, we have neither g(L)CZ nor
e L*. However, we still can use formula (2.5), and since 2¢g(L)CZ as well as
2¢ée L*, we will consider what happens under the transformations t+—7+42 and

We want to compare &z, L, I1, ) with X(T)Z(

T 2—_}1 which generate I'(2).
It can be easily seen that both @(z, L, I1, &) and y(z) are transformed in the
same way under 1+ 2.

So let us consider ¢+ : P 1 . We have
L, I,
Je= 5)
1 d
i? 27 2 200 (B Yy gy + 2mica, &
- o) (™
(L) T u;ﬁ“ al—;{l+
k3 4
) 3
1 (— i) (_%’f _______ ] ) P2l + 1 g (_ l,L(RV)s n,u>.
1)(L) T pel*/L(RY) T
By (3.12) we need only to consider the orbits of u, = {0 and

2l

- (et o).
Fa= oo en
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We have e?™#i#> = p2mihz12> by (3.13), and therefore we get

21(21+2)

B0 L1, ¢),

4
)

-1
© (E——#l L1, é) @—1)e (5.14)

_ 4, 202042)

B B O]

O, L11,8)
x(r)

T(2). We have to take care of the parabolic vertices of I'(2) which were determined
in (2.12). It is obvious that £e F(RY), and therefore we get by (3.7):

. O LILE :|
im — 2 = Elo 5.15)
1—~iwm X(t) aEI;I+ (

We conclude that is invariant under all transformations from

As before we can write lim o L1, = lim
=0 X(T) oo )( (., 1\

We have

4
p)

1 4
@ (—— ;,L, I, 6) =c, 1201, LRY). I, ) +¢,12 O(t, L(RY), I, 1),

for some constants ¢y, ¢,. Since u,, t,€ F(R) we find by (3.7) that both

d d
ZQ(Ta ( ) Ha lh) and TZ@(T9 I—‘(Rv)a n’ lu’2)
1 1
A A
L,
are regular at t=1o0, and therefore ~—~£’£—5((-1~)~ ----- é )i is regular at t=0.
In the same way we get that o, L A )H 2y is regular at t=1 too. Hence this
quotient must be constant, and by (5.15) equal to [] (&]e). So we have proved:
aeR +

(5.16) Theorem (Macdonald). If Ris of type B (12 2) then

5 (QL+ Ditla) e HERIIEENEE (n(r)ﬂ”)*
AeL{R} a2eR: {Qia) ’?(2’5)2
Finally we consider the case that R is of type Eg again. We take L=L(RY),
248
(,>=31( | )and g_ig We know by (3.9) that — 219 _ 248 4o (9‘9)

— =10,
So we get &(r+1, L, H, E=0(t, L, I1, &). By (3.4) we find that

2x30 24’ x 31

i
@(~ ;,L, m, «f) =ct' %O, L, 11, &),
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i m’m
where c= —— 3 det(s)e2 31 By a calculation as used in the proof of
V(L) seW(R)
(5.4) we get the following formula

=n(1)**%&,(1). 5.17

s ah. @) A 17

§6. Some Other Identities

In this section we will study ©(z, L, P, &) where L= L(R"), q(v)=k{v|v) where k
1

is the number defined in (3.2), and &= P o. The polynomial P is a skew-invariant

spherical function, and as we have seen, P can be written as P=JII for some
invariant polynomial J. We define

&, J)= _@.%(%}'i’—‘;—) (¢ and the lattice L are fixed) .
Then we have the following transformation formulas for this function &(t, J):
P(t+1, N=d(z, ), (6.1)

by (2.3) and (3.9), and
@ (~ %’ J )z{— 1)destDgdeetD (g Jy. (6.2

This last formula is an immediate consequence of (2.4), (3.2), and (5.5). The
function &(t,J) is holomorphic; it is holomorphic at t=ioo too; by (3.7), (3.8),
and (3.9) we have

lim &(z, Jy=J(OH(S) .- (6.3)

From (6.2) it is easy to see that whenever deg(J) is odd, which can only occur
if R is of type A,(1=2), D\(! odd) or E,, we must have &(t, J)=0, and so we get

(6.4) Lemma. If P=JII is a skew-invariant spherical function such that deg(J)is
odd, then we have &(r, L, P, £)=0.

From now on we assume that deg(J) is even. It follows from (6.1), (6.2), and
{6.3) that &{(z, J)is a modular form for I of weight deg(J).

We conclude from (2.11) that for low degrees of J, i.e. deg(J)=4,6,8 or 10,
&(z, J) must be a multiple of an Eisenstein series. We will consider the cases
deg(J)=4 or 6 and after that we will deal with a few special cases where J is of
higher degree. We will make explicit calculations and to that end we will use the
following descriptions of the various root systems.

Let IE, be a Euclidean space of dimension /, and let &,,...,¢ be an orthonormal
basis of ;. For all root systems we take J (x4, ...,x;)=x% +... +x} as in Section 4.
the basic invariant of degree 2.
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1+1

(6.5) Type A,(I=1). Let VCIE,,, be the subspace of vectors Y, x;¢; such that
j=
1+1

Z x;=0. Then a set of positive roots is given by {e;—¢;|1 Si<j<I41}. A set of

algebralcally independent invariant polynomials is given by J,, J,,...,J; where J,

1
is defined by Ji(xy,...,x)= ——— Y Xp)--- Xg for 2<i<l, and where
(l—.l+1) i! e,
Xjp1=—(x;+...+x). We write the elements of V as x& +...4+x¢+
1

(; Z xi) €y 1=X1(6; — &4 )+ ... +X[E— 814 )
i=1

The Gramian matrix of the basis ¢; —¢,, (,...,§—¢,;, of V'is

2 1 1 I —1 —1
1 2 ~1 l
. Its inverse isl—+—1 I . )
| Loo—1
1 i 2 —1 —1 i/

and therefore 4 takes the form

i
go oy #0 F

42, o I+ B, oxox;

(6.6) Type B)(I=2). V=E, and a set of positive roots is given by
IV 2e; 2 el si<jsDuf{)/2e1 Si<l)

(we recall our normalisation). A set of basic polynomial invariants is given by

JisJds...,J, where J; is defined by Jy(x,,...,x)= T z+1)fz' ;xd,u) X3
for 2<i<I. We write the elements of V as x;&, +... +x;¢ and then A is

> + il

ox? T oxE

6.7y Type C(l=2). V=IE,. In this case we have as a set of positive roots

{e;tel1Si<js}u{2¢|1<i<l}. We take as a set of polynomial invariants
Ji,...,J,, defined in (6.6), and A takes the same form as in (6.6) too.

(6.8) Type D,(1=3). V=K, and a set of positive roots is given by
leitellSi<igly.
As a set of polynomial invariants we take J,, J,,...,J,, where J,,...,J,_, are the
polynomials defined in (6.6), and J(x;,...,x)=X, ... X, Again 4= p +..+ o

(6.9) Type F,. V=IE,, and a set of positive roots is given by [/isi, 15ig4,
2e;te), 1Si<j<4, %[/2(61 +¢,+e51¢,). In this case we do not know a com-
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plete set of basic polynomial invariants®, but since we will consider polynomials
of degree 6 only in this case we tried to find a basic invariant of degree 6. We did
so following a method of Flatto (see [3]). We got

J3 (X1, X5 X3 X4) = 16(x§ + x5 + x§ + x§) +5(x2 + x3 + x5 +x3)°

—200x3 + x5+ x5+ x3)(xF+ x5+ x5 +x3) .

2 P
. P . C e
(J, is constructed such that J, is invariant, and 4J,=0) A= = 4+ Fwt

{6.10) Type E¢. In this case we use a rather unusual description, given by
Frame (see [4]; it may be readily seen that the reflection group considered there
is the Weyl group of type E¢). We take V =IE. A full set of roots is given by

1 2 2 2
+ 5[/6((;03—;“—181 -+ sin 2_735,‘% 82+cos—7;és3+sin %IP- €4

2nc . 2me
+cosTss+s1nTsé, 1Za,b,cL3,

. 2nma 2na
+ —sm—~§—al+cosTa2 , 1=Za<3,

+ (——sin~2w7—3f~bss+cos%£84), 1<h<3,

. 2mc 2nc
+ —sm-—g—ss%—cosTaﬁ , 1Z£¢£3.

We take as positive roots those roots whose scalar product with the vector
6e; + 56, +4e3+3e,+ 265+ &4 is positive. We write the elements of V as x,&; +
V1€s+X,83+ V284 + X385 + V386, and furthermore p;=x7 +y?, 1<i<3, g;=3x7 —
x;y?, 1 £i< 3. Then a complete set of basic invariants in terms of p; and ¢, is given
by Frame. We will only use J, and J,:

Jy=pi+p2+p;.

J2=p1(p2+p3) +P3(p1+p3)+ P3Py +P2) = 3pipopstai + a3 443

—5{q1(92 +95)+92(9: +93) + 93(q: +q2)} -

3 62 62
4=x i+ 52)

8
(6.11) Type E,. Let VCIEg be the subspace of vectors Y x; such that
i=1

x,+x3=0. A set of positive roots is given by +g+¢;, 1Si<j<6, g5—¢7,

i=1
of basic invariants, but we only need an invariant of degree 6. If we put J,{£)=

1 6 . 6
§<es—a7+ 2:1(~ 1)”")3i) with > w(i) odd. Again we do not know a complete set

! Quite recently Professor Coxeter informed me that a complete set can be found on p. 179 of his
Regular Complex Polytopes (Cambridge, 1974)
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3ou +202

Fig. 1

> (£]o)® we get an invariant of degree 6, which appears to be linearly inde-
aeR 4
pendent of J3, and so it must be algebraically independent of J; too, so J, is a
basic invariant of degree 6. We write the elements of V' as
X8+ X8 (—X)Eg =X 81 + ... + XgEg + X (87 —Eg) .

The Gramian matrix of the basis ¢,,...,64,¢67—£g of V is

1 1

. and its inverse is . ,

1 1
\ o) %
& & &
and therefore 4 takes the form A= = +.+ o +%5{%—.

(6.12) Type G,. Let V=E,. A set of positive roots is given in Figure 1.

Here oc1=]/§£1 and a,=—3 2sl+—2‘—|/552. As in (6.9) we can construct a
basic invariant of degree 6, and we get J,(xy, X,)=x$—x§—15(x}x3 —x}x3).
& &>
ox? * ox3

The case that R is of type Eg is omitted since deg(J)=4 or 6 cannot occur
when R is of this type.

Let us now consider the functions @(z, J) where deg(J)=4. By (4.10) we know
that ker(S,IT—S,IT)#0 if and only if 4 is degree of a basic invariant. We get the
following

In this case 4=
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(6.13) Theorem. If R is of type A(123), B{l=2), C{1=2) or D(I=5), there exists
an invariant polynomial J of degree 4 such that
(i) JII is a spherical function,

) JO+OA+E) ricopinr osa+o

AeL{R") JOIE) = "(T)dgz(f) .

In detail:
J=J2— ?I(i_i;z}(f;‘?;jzz)) J, if Risof type A(1=3),
=Ji- (;lliﬁ—)z(llij)h if Ris of type B,or C(1=2),
=Ji- %f_;l)%'{:%h if Ris of type D(1=5).

Proof. First of all we have AJ}IT=(4]+ 8+ 8 deg(I1))J  II by (4.8). Then we know
that we must have AJ ;I =aJ Il if R is of type A, and AJ, I =aJ,II in the other
cases, for some constant a. By using the description of A4 given in (6.5), (6.6), (6.7),
and (6.8), a straigthforward calculation (for instance by looking at the highest
powers of x, that can occur) shows that

a=%(1-1)(-2)(1+2)/(+1) if Risof type 4,,
=221-1)(l-1) if R is of type B, or C,,
=2(1—1){(21-3) if Ris of type D, .
From this it is easy to see that the polynomials J, stated in (6.13), are such that
JII generates ker(S,H—S,II). Then from (6.1), (6.2), and (6.3) we see that

@1, Jy=J(EIT(E)E,(t). So it only remains to be checked that J(£)+0. By calcu-
lation we find

|
JQ)= = 5g5 [0+ D*(+3)(1+4) if R is of type 4,,

1
s R+ DI+ HERI-7Q21+3)  if Ris of type B,

- 1—;0 I+ 1)@+ 1)Q1+3)(+4) if Ris of type C,,

- %6 21— 1)(— QI+ 1)(+1) if Ris of type D,

So we see that J(g)30 (we assumed I>4 if R is of type D)), hence J(&)=0
because J is a homogeneous polynomial, which proves the theorem.

Remark. If R is of type D, the polynomial J constructed above is such that J(£)=0.
However, in this case ker(S,I1—S,Il) is 2-dimensional; we have AJ II=0
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[we recall that J,(x,, x5, X3, X4)=X,X,X3x,], and so J,IT is another generator of
ker (S,II-S,II). But we also have J,(£)==0, and therefore we get O(t,L,JI1,£)=0
for all Jl eker (S, I1-S,1I).

Next let us consider the functions &(r,J) where deg(J)=6. Analogous to
(6.13) we can prove

(6.14) Theorem. If R is of type A(122), B(iz3), C{{=3), D{i=4), E,. E,, F, or
G, there exists an invariant polynomial of degree 6 such that
(i) JH is a spherical function,
JA+ (AL s ionirsteiiva_

il o Ve =t} &4(1) .
@ 2 Iene (eF &)
In detail :
J=J3}-216J3 if Risof type A,,
s 6(l+1)(12+2l+4)(12+21+8)‘]2~ 24(’+1)(’2+2‘tﬂj ;
ot (-1 (31+2) 2 (-nEi+2 3
if Risof type A(123),
_p 3(212+1+4)J Iy 3P +144)(2P +1+8)
T =)= (- )(-2@1-)@21-3)"°
if Ris of type B, or C,(1=3),
_p 612—31+12J Iy (61 —31+12)(212 —1+8)
T =D=M T A= Da-2QI-3)21-5""°
if Risof type D|(124),
137
_ 3 . .
Ji 51272 if Risof type E,
=J§——¥J2 if Risof type Eg,
=J, if Risof type Fy,
=J, if Risof type G, .

Remark, Whenever R is not of type 4,(I=35) or D, the polynomial J is uniquely
determined up to a constant factor. If R is of type 4,(1=5) or Dy, then

ker (S I —S,IT)

is 2-dimensional. We can choose J' ITeker(S¢IT—S,IT), J' linearly independent of
J, such that J'(g)=0, and consequently @(z, L, J'I1,£)=0, so to get the identity
(6.14) (i1), we can add to J any muitiple of J'.

The space .#,, is the first one in which there appear two linearly inde-
pendent modular forms for I' [see (2.11)]. Now we will first consider the functions
®(z, J), where deg(J)=12, in the cases that R is of rank 2. By (4.10) it is easy to
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see that ker(S,,I1—-S,,I1) is 1-dimensional. As generators we find JIH, where

J=J¢— 64873 J3 4+ 4665674 if R is of type 4,
= JO—40J%J,+ 3847273 — 102443 if Ris of type B, ,
=J%~4J3 if R is of type G, .

Now a basis for .#,, is given by &, and #%“, and one might hope that J(£)=0,
for in that case @(1, J) would be a multiple of #**. However, J(£) turns out to be
non-zero, and therefore @(z, J) must be a linear combination of & and 5>%. It
appears that there is exactly one Ae L(RY) such that g(A+ &)= 1+ q(&); we find that

A= —g +e, if R is of type 4, ,
=—4)/2e,—4)/2¢, if Ris of type B,,
= ———%1/532 ifRisof type G, .

Then we get respectively

JUAONUAE) srionpisetiro _ 2
retirg J(OH(E)

it

t-“l- 2ni 4
332768e  +...,

.S 17
esz‘ﬁ 7286170 th'%i

= =5 ¢
2m’:-{3 5_83‘_417_02 ezm--i%
703
65520 .
Now &g(1)=1+ Wez"”-i—... (see [6], p. 53, where the wrong number

54600 must be replaced by 65520, as can easily be seen from the short table on
p. 52), and by a simple calculation we find that

w erzc’rQ)R(k;&‘!‘ ¢, ki + g}

= d 24
ek JOHE) = (1) (Ee(t) +an(x)*?), (6.15)

where
2_2—2160?216-89, d=8 if Risoftype 4,,
:éog-—-—%g——:m, d=101if R is of type B, ,
:124—7%33—4:‘, d=14if R is of type G, .

Of course, whenever dimker(S,,IT1-S,,I1)22 we can choose a spherical
function JII, where deg(J)=12, and such that J(£)=0, and then ®(z, J) must be
a multiple of n(z)**. We consider the cases that R is of type A, or Bj. First let R
be of type A4,. The 7-dimensional space S, , is generated by J$, J¢J,, J3J3, J2J3,
JJ3d5,J5, 03
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Now it is easy to determine generators for the 2-dimensional kernel, but we
even want to have J(&)=0, and then we must take
J=207J942752J%J 13108073 J3 —886016J%J5 +4599936J,J% 7,
+ 818664073 + 1576960073 .
It depends on the second term in the series O(t, L, JII, &) whether or not this
function vanishes identically. It appears that there is exactly one e L(RY) such

that g(A+&)=1+g(&); it is easy to see that A= —g, +e,, and J(A+ I+ E)+0,
so we get

~1 , 4 .
314.33.5.11.863 Y J@A+ Q41+ g)emterditedita— )39 - (6.16)
AeL(RY)

If R is of type B; we can determine JITeker(S,,[I—- S8, IT) such that J(£)=0 in
the same way. Here we get
J=578995J¢ — 10769307 J+J, + 32305340 J7 J 5 + 5878279GJ1 J3
— 2384047907, J,J 5 — 9213912573 + 1309160489 J% .

Again there is exactly one Ae L(RY) such that g{A+ &)= 1+4¢{£), in this case
A= —%ﬂ(el+gz), and again J(A+SHI(A+E&)+0, so we get in this case

J(10/ I1(104 2nitPR(10A+ 0. 104+ @)
221335411213172887 Aegkv) ( A+Q) ( +Q)€
= (6.17)

Remark 1. An identity for 5(r)*° appears in another way too, when we take R of
type D5 in (5.4).

Remark 2. 1f dim ker (S, , 1S, ,II)=2, which happens if R is of type 4,(I=3),
B(1=3), C(1=3), D,(123), Eq, E-, F., we can find JeS, , such that ©(c, L, JIT, &)=
c-n(t)** 24 The problem is that we do not know whether or not c=0.

1 feel indebted to Professor F. van der Blij, my thesis advisor, for suggesting the problem dealt
with in this paper, and for his help and concouragement during the period of preparation. I wish to
thank also Professor T. A. Springer and Wilberd van der Kallen for their help and stimulating interest.
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