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1 Introduction

Recently there has been introduced a number of new mixed finite element spaces
for the approximation of second order elliptic problems [5-7]. These new meth-
ods are of the same type as the methods in the classical Raviart-Thomas-Nedelec
families [13, 14], but they differ in that they are more accurate for the same
computational cost.

One of the reasons for the increased interest in this field is the success of
these methods in certain applications. For some problems in geophysics and
semiconductor physics they have been shown to be more efficient than more
conventional “displacement methods”; ¢f. [8, 11, 19] and the references therein.

In this note we will consider the application of these spaces for the approxi-
mation of the Stokes equations: Find the velocity u and the pressure p such
that

—Adu+Vp=f inQ,
(L. diva=0 inQ,
u=u, ondQ,
where for simplicity Q<R¥, N=2,3, is assumed to be a bounded polygonal

or polyhedral domain.
Let us assume that fe I*(2)¥ and u,e H/2(0Q)F with

fup-nds=0
o0
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so that there is a unique solution to (1.1) (as usual the pressure is normalized
to have a zero mean value over Q).

When deriving optimal [*-estimates for the velocity we will need the usual
regularity assumption for the solution to (1.1) when uy=0

(1.2) lail2 +lipils = Cliflfo.

Below we will show that the spaces of [5-7, 13, 14] can be used as building
blocks for producing “Taylor-Hood” type methods for the Stokes problem,
ie. methods with a continuous approximation for the pressure.

Let us here also mention that we in [16] used the same basic finite element
spaces for the construction of a family for the discretization of the equations
of linear elasticity. The estimates of [16] are uniformly valid with respect to
the Poisson ratio, and hence a trivial notational change in the constitutive equa-
tion gives yet another family for discretizing Stokes problem.

2 The Finite Element Families

We will give the construction for the triangular and tetrahedral families of [5,
7]. From the presentation it will be evident that the same construction can
be done for the triangular and tetrahedral Raviart-Thomas-Nedelec elements
[13, 14], and also for all the rectangular and brick elements of [5-7, 13, 14]
except the lowest order methods with a piecewise constant approximation for
the velocity. For the rectangular and brick elements of [5-7] all estimates
obtained are, however, not optimal.
In order to discretize (1.1) we write it as the system

c—Vu=0 in Q,
—dive+Vp=f inQ,
dive=0 ing,

u=u, ondQ,

2.1)

where 6={0,;}, 0;;=0;u;, i,j=1,..., N, and

(dive),= Za o, i=1,..,N,

N
divu= ) 0,y

j=1

Let %, be the partitioning of Q into closed triangles or tetrahedrons. The ele-
ments of €, are assumed to be regular in the usual sense (cf. [10]). The quasiuni-
formity of the mesh will not be assumed.
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Our finite element approximation of (2.1) is now defined as: Find
(o4, 1, pr)eH, x V, x B, such that

(o4, 1)+ (divr,u) =g, v-n), teH,,
(22) —(dIV Oy v)+(l7pha V):(f, V), vth3
(uth):O’ qun

where for the index k=1 the finite element spaces are defined through

(2.3a) H, = {reH(div; Q)|t)xe B(K)"*¥, Ke%,},
(2.3b) Vi={ve > (@ |vxeB_(K)", Ke%,},
(2.3¢) B={peC(Q)nLy(Q)|pxeR(K), KeF,}.

As usual (-, -) denotes the inner product in L*(Q)" or L*(Q)"*¥, whereas ¢+, )
stands for that in L2(0Q)". 13(Q) stands for the subspace of L?(£2) consisting
of functions with zero mean value over 2. We point out that for the functions
in H;, the assumption te H(div; Q), where

H(div; Q)= {zre 2(QN*V|divte *(Q)"},

is equivalent to the continuity of the normal component of t along inter element
boundaries. We also note that the spaces (2.3a), (2.3b) are N copies of the
spaces of Brezzi et al. [5, 7].

The finite element method (2.3) gives a poor approximation to the velocity,
but it is possible to construct a considerably better approximation by various
Element-by-Element Postprocessing Techniques [1, 5, 7, 17]. Here we will consider
a slight variation of a method introduced by us in [17]. We define

(2.4) Vi ={veLX(@"|vke B, (K)", Ke%,),

and calculate a new approximation uf¥eV} to the velocity separately on each
K e%, by solving the following problem

(Vui, Vv)x=(0,, VV)g, VE(I“Qh)V}Tm,
(2.5)
Ox “;T(K=“h|1<’

where Q,: [*(2)" - V;* denotes the L>-projection and (-, *)x stands for the inner
product in L*(K)¥*¥.

Remark. We note that the postprocessing is performed separately for each com-
ponent of u and that the local stiffness matrices to invert on each element
are the same for all components. [

The analysis technique to be utilized in this paper is the one based on
mesh dependent norms, first introduced in [2] for certain mixed approximations
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of the biharmonic equation and later adapted for mixed methods for second
order problems [15]. The norms to be used are the following

(2:6) loll3.a=lield+ ¥ hr{lo-n*ds,
Tely T
for e 2(QN*N with ¢ -nel*(T)¥, Tel,,
2.7 luifa= > IVulg x+ X he' | |[uli’ds,
Ke¥n Tely, T

for ue I*(Q)V with uge HY(K)Y, Ke¥,,
and

lo, ulli=lali3,x+ llulif,»-

Here T stands for a side of an element, n is the unit normal to T and I, denotes
the collection of the sides of the elements of €. For element sides in the interior
of Q [u] denotes the jump in u whereas for sides on 02 it denotes the value
of u. We note that an integration by part on each K%, yields

2.8) (dive,w=lolo4lluly,x

for each o and u for which the corresponding norms are finite. Also, simple
scaling arguments (cf. [2]) give the estimates

2.9 inf |6 —1|q,SCH|a|, 12<rzk+1,
reHy

(2.10) inf ju—vl, ,<Chul,  1<s<k,
veVy

and

(2.11) lello=lalos=Cligllo, o€H,.

In order to see that the problem (2.2) can be analyzed with Brezzi’s theory
of saddle-point problems [3} we write it in the following way: Find
(55,1, p)eH;, x V, x B, such that

a(aha U, T, V)"I"b(’r, v, ph):(f’ V)+ <u07 T- n>7 (1’ V)EHh X Vh

(2.12)
b(ey,u,; 9)=0, g€k,
where
a(o,u; 1,v)=(a,7)+(divr,u)—(diva,v)
and

b(r,v; p)=(v,Vp).

Hence, the analysis now consist of the verification of the two following lemmas.
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Lemma 2.1. There is a positive constant C such that

alo,u, t,v
su MZC T,V T,V)eZ
p = > h> >
(c.weZy o, uj,
(o,0)%(0, 0)
and
alg,u; 1,v
Sup -_Li_,_’*_),gcllo-’u”h’ (67 u)EZk’
(xt,v)eZn Iz, v,
(t, v} #(0, 0)
where

Z,={{o,u)eH, x V,|b(a,u; q)=0, qeB}.

Proof. The pair (H,, V,) is well known to constitute a stable discretization of
the (in this case vector) Laplace operator; cf. {7, 5].

Using our mesh dependent norms the stability can be stated as follows:
There exist a constant C, such that for every veV, there is a yeH, satisfying

(divy, = C, |v)If 4
and
Yo, s S 1¥]l4,4-

Now, let (r, v)e Z,, and choose (6, u)=(t—dy, v) with y be as above. This gives

alo,u;t,V)=alt—38y,v;1,V)=|lt)|3—5(y, 1) + 5(divy, V)
Z|el§+0C IvIT =870 tllo 2 N2l +0C, IvIF =0 IVIl1.alzlo

o
2(1—) i+ 5= i
> (Il + Vi)

when choosing 0<d<2e<4C,.
Since

lolio,n+ ull s = llzllo,n+(1+0) Vi1,

and (e, u)eZ,, the first asserted estimate follows from above and (2.11).
The second estimate is proven similarly. [

Lemma 2.2. There is a positive constant C such that

b(a,u; q)
o ————2Cligllo, eh,.
(o, u)eHI:xvh Ho', u“h |‘1”o qgein
(o,u)*+(0,0)

Proof. Since for ge B, it holds VqeV,, we can choose u through

ulK=h,2( Vq]Ka Ke(gh.
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With ¢ =0 this gives
ble,u; q)= Y. hgIVqld -

Ke¥y

Scaling arguments yield

i sC ¥ heluld x=C 3 hxIValig «.

Ke¥n Ke¥n

By combining the above estimates we get

b(e,u; g)
sup  2OBD 5 o5 vyl
(o, u)eeHy X Vj ”0',““}, Ke¥s
(o, n)*(0,0)

The assertion now follows from an argument by Verfiirth [18, Proposition 3.3].
We remark that by using the above locally weighted norm for the pressure,
the quasiuniformity assumption (ie. hy=Ch VYKe®¥, of [18] can be
avoided. [

We now get the following error estimates.

Theorem 2.1. For the solution uf e V¥ and p,€ B, to (2.5) and (2.2) we have
(2.13) lu—w¥ iy w4+ 1p—pallo S CH (Ul s 2 +1Plis1)-
Moreover, if (1.2) is valid we have

(2.14a) lu—wfoSCH 2 (lufsy +1ples)  Sfor k=2,
(2.14b) lu—uflo S Ch*(Juls+Iply) Jor k=1.

If in addition feV,, then (2.14a) is also valid for k=1.

Proof. Let us split the proof into four steps.

Step 1. Let us prove the estimate

(2.15)  lo—=ollo,a+ lus—Qpull; s+ 1lp—piallo S CH* (6l 1 +1Plics1)-

Using [3, Proposition 2.1], Lemmas 2.1 and 2.2 imply the existence of a triple
(r,v, q)eH, x V, x B, such that

(2~16) H"'|o,h+”VI|1,h+”4”0§C
and

(2.17) lley—6lo,p+ s~ Qpully s+ lps—Plio
<a(e,—6,u,—Quu; 7, V)+ b(1,¥; p,—P)+ b(6,— 6,9, — 0, u; g),
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where ¢ and p are the interpolants to ¢ and p, respectively. Using (2.1} and
(2.2) we get
(2.18) a{e,—d6,u,—Q,u;1,v)+b(t,v; p,—p)+bl6,— 6, w,—Q,u; q)
=a(c—6,u—Q,u;t,v)+b(z, v, p—p)+ble—é,u—Q,u; g)
={6—6&,1)+u—Q,u,divt)—(v, div(e —4))
+ (v, Vp—p)+(u—Q,u, Vq).

Let us now estimate the terms on the right hand side of (2.18). Since VgeV,
and div teV, the definition of Q, yields

(2.19) (u—Q,u,divr)=0
and
(2.20) (u—Qyu, Vq)=0.

Further, standard interpolation theory gives

221 (6—6,1)=llo—6loItllo=Ch"ole+1,
and using (2.8) and (2.9) we get

(222 (v, div(e —6) S Cllo—&llo. [Vl x SCH oty .

Finally, the last term is estimated as follows

(2.23) W Vp—p)=- ) (divvp—px+ 3 [(v-n])(p—pds
Ke¥n Tel, T
SO Idivvlg g+ 3 ' fIlv-n]*ds)'?
Ke¥n Tely T
(ip—plg+ 2 hr [ Ip—pl*ds)'?
Tely T
SCIvlalp=BlI3+ X hr | Ip—plds)'?
Tely T

éChk+1lp|k+l’

where we in the last step used an interpolation estimate easily obtained by
scaling; cf. [2, Lemma 3].

By collecting (2.17)+2.23), using the triangle inequality and (2.9) we get (2.15)
which contains the asserted estimate for the pressure.

Step 2. Let us derive an estimate for | Q, (uf —u)llo.

We first note that @, uf =u,.



834 R. Stenberg

Suppose that (1.2) is valid so that the solution (z, 7, g)e H§(Q)" x L2 (Q)V ¥
x [2(Q) to

y~Vz=0 n Q,
(2.24) —divy+.l7q=u,,—Q,,u %n Q,
divz=0 in ,
z=0 on 0Q,
satisfies
(2.25) fzlla+ iyl + gl = Clluy— Qpullo.

Let § and § be the interpolants to y and g. Using the relations
(divf,u)=(divy, Qyu) and (V4 w)=(Vq,Q,u)
standard arguments gives
(226) fu,—Qyul3
=(6—0,, 7~y +(divie—ay),2— Q1) —(V(p—pp). 2— 01 2)
+(divy, Qpu—u,)—(div§,u—u,)—(Vg, Qyu—uw) + (Vg u—u,)
=(6—0,, 7—y)+(div(e—a4),2— 0, 2)— (V(p—ps) 2— 0, 2)
+(div(y—9), Qpu—uy)—(V(g—q), Qru—uy)

<C(llo—6nllo,n+ luy—Quully w+Ilp—pallo +( ) by f |p—pul* ds)''?)
Teln T

“(ly—Fllo,nt 12— Quzlly w+lig—Gllo+( Y by f lg—g1* ds)''?)

Teln T
SCHYolyw i +1plivr)
(ly—Floa+liz—Quzlly s+ lg—dllo+( Y hr [ 1g—GI*ds)'’?).

Tely T
For k=2, (2.9), (2.10) and the interpolation estimate of [2, Lemma 3] give

(2.27) (ly—Flon+ 12— QOnzly s+ llg—Glo+( Y, hr j lg—g|*ds)'’?)

Tely T

SCh(lyl +lql +zl2).
Recalling that Q,u} =u,, (2.25}2.27) give
(2.28) |Qn(u¥ — oS CH 2 (l6lc+1 +Iph+1)  for k22
For the case k=1 and feV, we have
(div(ie —o,)+V(p—pp),2— Qyz)=Ff—dive,+Vp,, z—Q,2)=0,

and (2.28) is still valid.
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If ¢V, we only get
(229 1Qn(uf —wlo<Ch*(l],+|pl,) for k=1.

Step 3. Next we estimate ||(I — Q) (uf —u)ll, and [(I —Q,) (uF —u)l|, 4.

First, since (I — Qyx) vix =0 for ve B (K)", we have

(2.30) [ —Qu) (uf —u)|lo, x £ C hg (I — Q) (uf —u)|y .
Next we write
(2.31) (I — Q) (uF — ), g = (VI — Q) (uf —u), V(I — Q) (uf —w))g

=(V(ui —u), V(I — Q) (af —u))g
—(V Qi —u), V(I — Q) (uyf —u))g.
Now, {2.1) and (2.5) give
(2.32) (V(uf —u), V(I — Q) (uf — )y =(0,—0, V(I — Q) (uf —u))k
Slo—oullo kI — Q) (uy —w)] k.

Further, a local inverse inequality yields

(2.33) (VQu(uf —u), V(I — Q) (uff —u))g
S1Qn(uf — )|y, ¢ | — Qp) (wf —w)l; ¢
S Che ' | Qu(uF —wllo, & I(T — Q) (uF — )], x.

Combining (2.30)+2.33) and summing over all K €%, gives
(2.34) (I — Qn) (uf —u)lio = C(h [l6 — 0yl + | Qnluk —w)llo).
Also, from (2.31), (2.32), (2.33) and the inequality (proven by scaling)

h fI0—QWvPds<CIVI— Q) V5. ks veViik,
oK

we get
(2.39) T —Qn) (uf — )l = Clllo — 4]l o + [ Cului — )]y, ).

Step 4. By combining (2.28), (2.29), (2.34) and (2.15) we obtain the asserted esti-
mates for |u—u¥||,, and that for |u—u?|, , follows from (2.15) and (2.35). O

3 The Implementation by Hybridization
Let us close the paper by briefly considering the solution of the discrete system

(2.2). The method advocated in [1, 5-7] is the Fraijs de Veubeke hybridization
technique. In that the condition diveel*(Q)" for ¢eH,, which is equivalent
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to the continuity of ¢ - n along interelement boundaries, is enforced by introduc-
ing Lagrange multipliers. More precisely, define

M, = {m|meP(T)V, Tel,, mr=0 for Tc0Q},

and let H, be as in (2.3a) with the condition div ae*(Q)" dropped. The modified
discretization now reads: Find (6, u,, m,, p,)eH, X V, x M, x B, such that

(6h, 7)+ Z {(div 7, wp)g — Ty - Mg, My Dok} =<7 - M, Up), tel,,

Ke¥n
- Z (din’h,V)K+(Vph,u)=(f,V), vth»
Ke¥n
3.1)
(uha V‘I):O’ quu
Z {6, -0, Do =0, leM,,.
Ke¥€n

Above ng stands for the unit outward normal to JK.

Clearly, the three first components of (2.2) and (3.1) coincide. The physical
meaning of the new unknown m, is that of an approximation to the velocity
u along the inter element boundaries.

For m, we have the following error estimate which is needed if any of the
postprocessing methods of [1, 5, 7] is used.

Lemma 3.1. For Tel,, let Ir: I*(T)Y — M,y be the I*-projection. Then we have
Hmh_IT“HO,Téc{h}(/z Hﬂ'_o'h“o,x+hlzi/2 Qnu—u]o &}
for TcdK, Ke¥,. O

For the proof of this result we refer to [7, Lemma 4.1].
The algebraic equations generated by (3.1) are of the form

AL+ BU—-6M=0,

— BT +9P=F,
2TU=0,
¢T2=0,

where X, U, M and P are the vectors for the degrees of freedom for 6, u,,
m,, and p,, respectively.

Now the matrix o/ is positively definite and block diagonal. Hence, 2 can
be eliminated separately on each element which gives the system

SU+9IP=F,
970 =0,
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where UT=(U, M), 97 =(27,0), FT=(F, 0)T and

(B AR B
M:
(—%T&ﬂg& CTAE )

which is positively definite. Hence the system is of the same form as for more
conventional Talor-Hood type discretizations of Stokes problem. Thus any of
the methods for solving linear systems of this kind {cf. [12]) can be utilized.

Further, 7 .o/ ~! #7 is also positively definite and block diagonal, and hence
U can be eliminated on each element separately. This results in a system of
the form

EM+%P=0G,
GTM—#P=H,

where both & and s are symmetric and positively definite. Now the system
has the same form as that of some recent stabilized mixed methods {4, 9].
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