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On Zeros of Dirichlet's L Series 

H. Iwaniec (Warszawa) 

in a recent paper in this journal P.X. Gallagher has estimated the 
least prime in some special arithmetic progressions. It is the aim of the 
present work to show how his result can be extended to the general case. 

Let q>=3, d=I~[p, l = l o g q ( l t l +  3), ~l l=VQ-(log2/)~ 
p/q 

0- 1 = 4 .  104(logd +( / log2l)~). 

We shall prove the following two theorems: 

Theorem I. Let  s = a + i t, a > l - ~1, Z be a nonprincipal character mod q. 
Then 

r L(s, Z~l < (d ~ exp 1 ~.)100. 

Theorem 2. There e~cisls at  m o s t  one character Z ~ Z o  modq  and a 
number p such that 

R e p >  1-~,1, L ( p , z ) = O .  

I f  there does exist  such a character then it is real a~uJ its zero p is real and 
simple. 

Let P~mla, q) be the least prime-=a(modq), where (a, q)= 1. It follows 
from Theorem 2 and from the estimation 

Nq( T, ~r) ~ (q T)  b~l ~ logA (qT) 
that 

p~i~(a" q)~qb+~ 

which extends the result of Gallagher concerning the case q = p L  Also 
other results of [2] can now be extended without any essential change in 
the argument. Let us point out that for d small enough comparison with q, 
Theorem 1 gives a good estimation of L(s, )0 simultaneously with respect 
to t and q. This has been achieved by combining an idea of Postnikov (see 
Lemma2) with Vinogradov's estimation of trigonometric sums (see 
Lemmata 3 and 5). 

Remark.  it has been recently proved by M. Jutila that 

t) < 3 (9 + 1//17) = 2.4605.-. 

(see M. Forti and C. Viola [1]). 

I conclude th~s mtroductton by expressing my thanks to Professor A. Schmzel for 
his help in writing this paper 
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I 
N ( _ x l l  

L e m m a  I lGallagher).  Let LN= -- ~ - - .  Then 
i = t  i 

LN(x + y + x y ) -  LN(X)- Ls(Y)= ~ c,j x' ) 'j 
N < t + j < 2 N  

where the numbers [i , j]  c,~ are integers. 

Proof. See [2], p. 192. 

Lemma 2. (An extension of Pos tn ikov ' s  resultl. Let 

r=(4, q)/(2, q), q2ldN, _MN= 1~ n, 
n<=N.~n, qI=l 

2(-a primitive character rood q. Then there exists an integer L such that 
(L, q)= 1 and 

( LMN LN(~du) ) 
z( l  + rdu)=e - . (1) 

q 

Pro@ Clearly M N LN(du)e7Z [u]. It follows from L e m m a  1 that  

M N LN(du+dv+d2ut , ) -MN LN(du)+M s LN(dv) m o d q .  

Hence, the func t ion~( l+ 'cdu)=e(MNL~( ' cdu) )  i s a c h a r a c t e r o f t h e  
q 

group  of residue classes m o d q  congruent  to l modzd .  It is easy to see 
that the order  of  ~ equals q/zd i. e. it coincides with the order of the group. 
Thus, we have for a certain L 

z ( l + r d u ) = e ( L M N L N ( ~ d u ) ) .  
q 

Since q is the conduc tor  of;g, we have [L, q/zd)= 1. On the other hand the 
num ber  L is determined only modq/rd, thus it can be chosen so that  
(C, q)=  1 

L e m m a  3. Let q = I~ P~P, 0 < e < 1, q~ = l-I Pf~'PJ T d, )~ -- a primitive cha- 
racter modq.  Then there exists an integer T such that (T, q )=  1 and 

z( l  +q~u)=e ( TL[z" l'q~u' ) . 
q 

Proof It follows f rom L e m m a  2 that  Z(1 + q~u)=e ( LMx LN(q~u)). 
q 

LM s M N L 
The i-th coefficient of the polynomial  - - - -  L N (q~ u) equals - - -  ( - q~)', 

2 q iq 
so it is integer for i > - - .  
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Lemma 4 (Vinogradov). Let 2 < P < 2-1 < p3, ~Q = IQ, Q + p), k ~ 12, 
f (x)e ck(f2) and 

1 
l <~i[~! If'k)(x)l=<2 k ./or x eO .  

Then 
max [ E e(f(n))] <'/k pX-~ 

0 < R < P  Q < n < Q + R  

where 7k= expik log z 6k), ek=i3k)  -2  log -1 6k. 

Pro4: See [4]. 

Lemmaf i  (Vinogradov). Let f ( x ) = a l  x +a 2 x 2 +.. .  +akXkelR[x] ,  
k>__ 12, 2=< l=<k, al=a/b, (a, b)=  1, 2 < P < b < U  -1. Then 

0 < n < P  

Proof. See [4]. 

2 

Lemma 6. Let X be a primitive character mod q, d I oo < N < N' < 2N, 
q(lt] + 3 ) = N : ,  z>�89 Then 

N' 
~ z ( n l  n i '  N 1 . . . . . .  (2) 

< ~'200z q 

Proof We can assume that 

~'2oo: < N ...... , (3) 

since otherwise the estimation 12) is trivial. We consider two cases: 

(i) q + 3 < l t [  and (ii) q + 3 > l t [ .  

0) Put 6 = 2o, e = ( 1 - 6) log N/log q, P = N/q,, pk - 2 =< ] t J < pk- i. Hence 

Nb/'c d =< P < N 6 , (4) 

11 =<20z+ 1 <k<66z+2<=70z ,  (5) 

e.k>__2, (6) 

2rc k < P, (7) 

P < 2  l<p3 where 2=~l~l-k--P-k, (8) 

q < z d q ~ = r d N l - a  (91 

Every integer n from the interval N_< n-< N'  can be represented uniquely 
in the form n = a + q, u, where 0 =< a < q~. Thus 

N'  

~ , z ( n ) n " =  ~ z(a) ~ z( l  +q~a*u)(a+q,u)",  (10) 
N O < a < q ~  N - a  <_u< - N ' - - a  

~a, q)= 1 q, q,: 
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where a a* - 1 (mod q). The last sum is of  length < P. In virtue of Lemma 3 
it can be represented m the form ~ e(f(u)), where 

u 

,f(u) T t = f f  Li2/~llq~.a* u) + ~ log(a + q~ u). 

Since k > [2/el we have 

o 1 k 
z<=~,v. ] f r ~ ' ( u ) ] = L ( - - q ~  / < 2 k 2 .  \ a+cLu / = 

Thus the sum ~ e(f(u)) can be estimated by means of Lemma 4 and we 
get I~  e( f  (u))[ < 7t p1-% Hence 

u 

n it ~k o, N 1 6~(zd)~. < N ~ . . . . . . .  X(n) < q ,  )'k pl  . . . .  ?k Ni ~ q~ < / k  )'200z 

(ii) Put ~=~6-, 
Hence 

I ] =NlOO e=61ogN/logq, k= ~ +1,  H P=H/%. 

(11) 

(12) 

Ng'5/r d ~ P < N 9~ 

1 2 < k < r =  < = 1 8 0 z .  

Let N <_m<_2N, nl< n<_m + H. Then 

(13~ 

where 10~1 < 1. If (a, q) = 1 we solve the congruence a a* -= 1 (rood q) and set 

[ m - a  l t + a -  Q = L ~ j  'f(u)=Tq Lr[q~a*u)+ 2~ g k  (q~u m m) . By Lemma 3 

and (13) we get (' 

O<a<qc Q<u<Q+P ~ -  -~-qa 
go, q ) = l  

= E z(a) E e(f(u+q))+04 v2 ~ -  +q, , 
0 < a <q~: 0 < u < P  
[a, q ) = l  
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where 10z] < 1, i=2,  3, 4. The k-th coefficient of the polynomml ]'(u+Q) 
equals 

T ~-k ( k + i - 1 )  
ak = - k q ( -- q~ a* )k ~ ( -- q~ a ' Q )  i 

~=o i 

Thus a k represented as a fraction in its reduced form, has the denominator  
contained in lhe interval t / q~ ,kq)c (P ,  pk-1). Therefore  the sum t /  k 

e( f (u  + Q)) can be estimated by means of Lemma 5 and we get 

whence 

I E Zt'On"l<q~9're r + ~  +q~, 
m < t t < m + H  

~Z(t~ '  n < ~ - - q ~ T r  . .  ( ~ - ) + N P - ' + H  

< ? ~ N P - " " +  I + N P  ~ + H < T z o o ~ N t  ........ - 

By Lemma 6 we get 

Lemma 7. Let Z be a primitive character modq,  d~~176 < N  <N'<=2N, 
q({t[+ 3 ) = N L  , > !  and R e s > 0 .  Then ~ 2  

N '  11 -- s < , ,  N 1 R e ,  e6,,. 
Z ( n )  t 2 0 0 =  

Lemma 8. I f  Z is a nonprincipal primitive character modq  then in the 
region R e s >  1 - r / w e  have 

q I L(s, X)l < d 1~176 exp(60 l~). 

Proof Clear ly  q > 3. '7 < �89 I R l x)l = ] ~ Z (n)] =< q/2, 
n < x  

~ , x ( n ) n - s = s ~  x,,+ dx. N s I R e s > 0 ) .  
n > N  

Hence, setting log Z = 2 l, log Y = 60 (1 log 2 l) ~ we get 

] ~ Z ( n )  n - S l < q ( l t [ + 3 ) Z " - l < l ,  
n > Z  

I E z( l E ,,"-' 
n < l  n<Y 

If Y > Z  there is nothing more  to prove. Assume therefore that Y < Z  and 
put z 1 = / / log  Y. An easy computa t ion  shows that 

~l<~:6ooz, and 3172oo:, yn . . . . . . . .  < 1 .  
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It follows from Lemmata  6 and 7 that if d * oo < N < N ' <  2 N, Y < N _<_Z we 

N' n -  s 1 have ~ z ( n )  <7200:, Y" . . . . . . . .  < ~ T ,  hence 

z n-S 1og221 311 ~r x(n) < t- ~ n~-l < ( f ~ 1 7 6  l ) q - l  + l 
t <n<dlOO 

and the p roof  is complete  

Lemm a  9. Let Z be a nonprincipal character rood q, M = (d' exp/'~)~ oo. 
Then in the region R e s >  1 - q  we have IL(s, Z)] < M. 

Proof We get from Lemma 8 

]L(s, •)( < r / - t  1--[ (1 +p~-')(d~~176 
p/d 

3 

Lem ma  10. Let F(s) be a function regular in the circle Is-So[ < r and 
satisfying there the inequality IF(s)] =< M IF(so} ]. Then 

F' 4 1 
Re ~ -  (s o) > - - -  log M + Re ~ - -  

r p ,s o - -  p 

where p runs over the zeros of F(s) in the circle ]S-So]<r/2 consted with 
their multiplicities. 

Proof. This is a simple consequences of the maximum principle, see ~3], 
p. 384. 

Lemma 11. Let Z be a nonprincipal character mod q, ~q = r//400 log M. 
I f  the function L(s, Z) has a zero in the region R e s >  1 - 0  then it is 

unique, simple and real The character Z is then real. 

Proof. For  a > 1 we have 

3Re  E E E ( ~ , Z o ) + 4 R e ~ ( c r + i t ,  z ) + R e ~ ( ~ r + 2 i t ,  z2)<O. (141 

For  s = o - +  it, 9 Itl < 1 < o  we have 

' 1 ~' (s)  ~ - ( s ) +  s ~  < 3, E ( s ,  x o ) -  f 

Hence  
E 1 - a  

Re (s 'z~ (1-or)2 + t  2 

The  proof  will be completed in two steps. 

logp 
< 2, - -  < z log log 3 d. 

pjq p -  1 

2 log 5 I. (15) 
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(i) Put 
f = ) ~ [ s ;  R e s > l - - 0 ]  ff X24=Zo, 

[{s;  R e s > l  -0,41Imsl>q} if X2=,g,e, 

and suppose that for certain O=~+i},eF we have L(p, Z)=0. Put also 
a o = 1 + 50, s o = cr o + i 7, sa = % + 2 i 7- It follows from Lemma 9 that in the 
circle I,s - Sol < rt we have 

I g(s, Z) L-'(,s o, ZYl < M ~ LP (n) j  < M/5 O. 
n = 1 H~r~ 

Hence by Lemma lO we get 

E 
Re L_(So,Z) > _ 4 log(M/5O) 4 1 (16) 

O-o-/~ 

The function L(s ,z  z) is regular in the circle Is-s~l<rl/2 and satisfies 
there the inequality IL(s, Z 2) L -1 (s 1, )2)1 <2M/5,9 .  Hence by Lemma 10 
we get 

8 log(2M/5O). (171 Re E (sl, Z2)> - ~ -  

The formulae (14)-(17) give 

3 4 161og(M/5Ol+81og(2M/5O)< - - +  - - < 6 1 o g 5 / +  1 
1 - a  o a o -  fi = r/ q = 1 5 0 '  

hence fl < 1 -  0. This contradict ion shows that the function L(s, Z) does 
not  vanish in E 

(i) Let z-be a real character,  A = {s; Re s > 1 - 0 ,  4 [ Im s[ < q}. Suppose 
that  p =/~ + i~, is a zero of L(s, Z) in A with the greatest imaginary part  and 
that ifp is real and simple L(s, X) has in the region R e s >  1 - O  still another  
zero p*. 

Put  [ p  if p=ap, 
P~ = / p  if p = p  is a multiple zero, 

p* if p = p  is a simple zero. 

Hence p l = f l l + i 7 1 ,  where fl~>l-O, ]71[<[7[<r//4. Set % = 1 + 5 0 ,  
S o = % + i  7. Thus the numbers  p and Pt are in the circle IS-Sol<q/2 and 
are zeros of L(s, X) (if p = Pl then ? is a multiple zero). It follows from 
Lemma 9 that in the circle I s - S o [ <  r/we have [L(s, X) L-l(so, Z)] < M/5,9. 
Hence by Lemma 10 we get 

E _4log(M~5,9)+%@ r R e  ~ (s  o , Z) > 4 . - ( ' / - ~ 1 ) -  
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Since 
41ao- f i l )  > 4 1 % - f i l )  > % -  I 

( a O - - f i l )  2 + ( ) ' - 3 ' 1 )  2 = (0-0__/{1)2+(2) , )2  = (0- 0 _ 1 ) 2 + , ,  2 ' 

we get by (14), (15) and (18) 

3 4 16 1 
- - +  --<_8 l o g 5 1 + - - l o g ( M / 5 O ) < - - -  

1 - ~ r  o ~ r 0 -  fl - -  q 1 5 0  ' 

hence f l< 1 -O.  The obtained contradiction completes the proof  of the 
Lemma 

In order to prove Theorem 2 it remains to show. 

Lemma 12. Let )~i(i=1, 2) be distinct non-pritTcipal real characters 
modq,  fll real zeros o.fl L(s, )~,). Then 

min (/31 , [12)< 1 - 0 .  

Proof The character X3=)~1 )~2 is not principal. Put a o =  1 +50 .  It 
follows from Lemma 9 that in the circle Is - % ] <  r/we have 

IL ( s , x )L - l (ao ,Z i ) l<M/5o  q for i=1 ,2 ,3 .  

Suppose that rain(ill, fi2)> 1 - O. Hence by Lemma 10 we get 

~ E  
0 <  - ~-  (a0, Z,)< 2 log 5 l +  

12 1 
log(M/5~)+  - -  

q cr o - 1 

1 1 2 1 1 1 
< - - - ~  - 0 .  

~ro- fll %--f12 150 5~ 60 60 

The contradiction obtained completes the proof. 
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