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Higher Order Twisted Cohomology Operations*

J.F. McCLENDON (Kansas)

This paper gives a definition and axiomatization of higher order
twisted cohomology operations and an application to the problem of
classifying cross sections -of fibrations. The axioms are analogous to,
and essentially include, those given by Maunder [22] for ordinary
higher order operations. The operations are associated with relations in
A(D)y=H*(D; Z,)O A, where D is a fixed space, 4, the mod p Steenrod
algebra, and © the semi-tensor product operation of Massey and
Peterson [21]. The operations are defined on the underlying vector
space of X H*(X, B; Z,) where (X, B, X) is a pair over D (meaning Bc X
and X:X — D) and X H*(X, B; Z ) is simply H*(X, B; Z,) viewed as an
A(D)-module via x.

There are four parts and an appendix. An outline follows.

Part 1. Motivation, Statement of Axioms. A particular twisted second-
ary operation is examined from several viewpoints. The purpose of this
is to motivate the definition that is ultimately given for the general case.
(The casual reader may wish to read this section and then skip to PartV.)
The axioms and existence and quasi-uniqueness theorems are stated.

Part 11. The Category 7 (u), u:C — D. The study of the homotopy
properties of this category of spaces and maps “under C and over Dby u”
is motivated by 1. It is shown that 7 D=7 (id), id: D — D, has all of the
good properties of 7 =the category of base pointed spaces and maps.
Homotopy operations are developed in the category and a Peterson-
Stein formula is proved relating functional and secondary operations.

Part 111. Proofs of the Theorems of I. The theorems are restated in
the language of 7 D. There the techniques of Adams [1] and Maunder
[22] could be applied directly. However, a slightly different method is
outlined which owes something to Spanier [30, 31] and Alvez [2].

Part 1V. Some Exact Sequences. Some special cases of the general
results of Part II are considered in this part. The functional cup product
of Steenrod [34] and the twisted functional operation of Meyer [24] and
Gitler-Stasheff [9] are shown to be special cases of the homotopy
operations of Part 1L
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Part V. An Application. In this part twisted operations are applied
to the problem of classifying cross sections of a fibration. Let p:Y— B
be a fiber bundle over a CW-complex B with an n-connected fiber. Let
Sect[ p] denote the set of homotopy classes of cross sections of p. Sect[p]
has been computed by Steenrod [33], Liao [18], Boltyanski, James-
Thomas [16], and James [12], for dim B<n+1i and i small. Their results
often apply both to the stable range (i<n) and the unstable range.
The methods of the present paper are applied only to the stable range —
however, the results there are a substantial generalization of the earlier
results. Theoretically the problem is solved (in various ways) for the
entire stable range (dim B<2n). The answer is stated in terms of a
decomposition of p {e.g. a modified Postnikov system in the sense of
Mahowald [19]) and twisted operations in the cohomology of B. The
general result is made concrete in a case involving secondary operations.
An application to the problem of classifying immersions is given. The
theme of this part can be stated : twisted operations bear the same relation
to the classification of liftings as ordinary operations do to the classifi-
cation of mappings.

The operations of this paper, based on relations in A(D), were con-
ceived and developed by the author by analogy with ordinary operations
based on A(*)=A. The motivation was certain relations in the calcu-
lations of Mahowald [19] (see also Thomas [36]). However, similar
operations were considered independently and earlier by others:
(1) Meyer gave in [24] both a chain complex and an invariant definition
of functional twisted operations and posed the problem of axiomatizing
twisted operations; and (2) Gitler and Stasheff, in [9], gave an invariant
definition of the functional operation and used it to define a large
indeterminacy version of a twisted secondary operation. However, these
authors do not prove the additivity property of their twisted secondary
operation. This property is immediate from the definition of Part II1.
Also, it would be difficult to handle the indeterminacy of operations of
higher than the second order by their methods (or even to define such
operations). The thesis of this paper is that the “natural” category for
A(D)-operations is J D and that general properties of the operations
are best proved by stating them in the language of D, proving them,
then transiating into more common language.

Higher order twisted operations are also mentioned by Lamore [17].
They have been applied by Thomas [37] to the problem of the existence
of cross sections of a fibration.

This paper is a revised and extended version of my thesis [20]. I wish to thank Pro-
fessor E. Thomas for serving as my thesis advisor. I have profited from his lectures on fiber

spaces and T am grateful for having had the opportunity of writing up several of them.
1 also wish to thank Professor W. Massey for expressing his interest in this work.
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Part I. Motivation, Statement of Theorems

1. Primary Operations. Let A(D)=H*(D;Z,)OA,. Recall that as a
vector space this is simply H*(D;Z H®A,. The product i1s given by:
(d®a)(e®b)= Z(-l *da(e)®a/ b where *—(dega Y(dege)and Y a=

Z a®a, ¥ bemg the coproduct in 4,. A(D) is an associative algebra

containing 4 and D as sub-algebras (Massey-Peterson [21]).

Let x:X — D be a fixed map and B< X. Then H*(X, B) is an A(D)-
module via (d®a)-h=f*(d)a(h) (use Z, coefficients everywhere now).
If necessary denote this A(D)-module by X H* (X, B). The exact sequence
of the pair B< X (or of a triple C< B« X} is an exact sequence of A(D)-
modules. If §:Y— D and f:X — Y is such that y f is homotopic to £
then f* is an A(D)-map.

Consider the following situation

E,—E

LAl

DB
where p is a fibration with fibre F and E,— D is the induced fibration
and pl=f Then E,— D admits a section and we can form the exact
sequence of the “triple” (E, E,, D) (use mapping cylinders to produce
inclusions here and elsewhere when necessary). Assume (B, D) is (a— 1)-
connected and F is (b—1)-connected. A theorem of Serre says that
H*(B, D)— H*(E, E/) is isomorphic for i<a+b. We get the following
exact sequence of A(D)-modules.

-«— H'(E, D)— H'(E;, D)— H'*'(B, D) — --- — H***"}(E,, D).
This relative Serre sequence is useful for computing H*(E, D).

2. An Example of a Secondary Operation. The category will consist
of pairs over D, (X, B, x) where B< X and %: X — D, and maps f:(X, B)—
{X’, B') such that p f ~X. For simplicity we take B empty and X a CW
complex here. Use Z, coefficients everywhere and A= A,. The primary
operations are the elements of A(D).

Let de H?(D) be arbitrary, but fixed, and define L=L,=d®1+
I ®Sq?e A(D). From the multiplication rule above it follows easily that
we have a relation in A(D): LL+(Sq'L)S q'=0. Here and elsewhere
Sq' means 1®S¢q’. The key fact is that Sq*> d=d?. Note that if D==x
(a point) then this is simply: Sq? Sq*+Sq°> Sq' =0.

We want to associate a secondary operation @ with this relation.
By analogy with the case D=+ we should get @: X H"(X)— % H"*3(X)
such that (at least)

14*
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1) it is an additive relation for the abelian group structure. (See
MacLane [20] for “additive relation™. Here, as there, Def=domain of
definition, Ind=indeterminacy, Ker=Xkernel, and Im=image) Alter-
natively, @ is a homomorphism defined on a subgroup with values in a
quotient group.

2} Def @=ker LnkerSq' =« H*(X),i.e., @his defined iff Lh=0=Sq"h.

3) Ind®=Im L+ImSq* L. Alternatively, & takes values in
H"**(X)/(Im L+Im Sq' L).

4) @ is natural (for maps described above).

We will imitate the technique used by Adams [1] for D=x as closely
as possible. Let K;=K(Z,, i), an Eilenberg-MacLane CW-complex of
type (Z,, i), with fundamental class 1,e H'(K;). First note that L can be
realized as a map s:(Dx K,,D)— (K, ,,*), i.e. s is determined up to
homotopy by s*1,,,=L(1®1,). Write L for s and 7, for 1®1,. (Maps,
their homotopy classes, and the corresponding cohomology classes or
operations will not usually be distinguished in the future.) Form the
diagram:

DxK,, xK,—» P —2 K, .,

1

J (L, Sg")
D——>Dx Kn——)Kn-{»-Z XK!H-I

P is induced from the path-loop fibration over K, ,,x K, ,. Since a
representative of (L, Sq') can be chosen so that D=Dx*cDx K, is
sent to a point by (L, Sq"), the fibration over D induced by (L,Sq")j is
a product as shown. We can use the relative Serre sequence of Section 1
to find ¢e H"*3(P, D) such that i* ¢=L7, ,+Sq' L,.

Let %:X—>D and hexH*(X) Then (X,h):X—DxK, and
(L, Sq'y*(X, h)=(Lh, Sq" h), so (X, h) lifts to P iff Lh=0=Sq' h.

Define: @(x)={phlph=(%, h)}<[X,K,, ;1= H"+3(X). Properties (2)
and (4) are immediate. However, (1) and (3) are not so clear. If D=x
then (L, Sq') is a loop map, P is a loop space, and ¢ is a loop map for n
sufficiently large. This plus the exactness of

[X’ Kn+1 X Kn]w) [X’ P]_) [X, Kn]_’ [X’ Kn+2 X Kn-i-l]

give (1) and (3). If D is not a point none of these things is true. One could,
with strain, establish the indeterminacy. However, the strain becomes
greater for higher order operations and, furthermore, can be avoided
entirely by working in the correct category.

Let 7, be the category of spaces and maps over D, i.e. of pairs (X, X)
where X:X —» D and maps f:X — Y such that § f=X (strict equality,
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different from the first sentence of this section). Let 4 D be the category
of spaces and maps under and over D, i.e., all (X, X, X) where X:D— X,
X:X—Dand $X=1, and maps f:X — Y such that  f=X and fX=7J.
Alternatively, 9 D consists of all pairs (R, r) such that DR and r:R— D
is a retraction, and maps f:R - § which are the identity on D and such
that s f=r.

Both categories have a natural notion of homotopy — an ordinary
homotopy which at each stage is a map in the category. Denote the
corresponding sets of homotopy classes by [ X, Y], (for 9) and (X, Y>
(for 7 D).

Consider the following commutative diagram

H"(X) 4 H"+3(X)

| |

[X,K,]

[X,DXK"]D{[:)’(\Z,]‘I]}FE’— [X>P] _2‘_‘)[X3Kn+3]

[X,DXK"]D“— [X,P]D _“—)[X’DXKn+3]D
1

(XVD,DxK,> & (XVD,PY- %2, (XVD,DxK,, >

where g=np and n:D x K, —» D is the projection.
Our definition of & is given by line 2:®(h)=¢@ *p;'[X, h]. More
convenient definitions are given by lines 3 and 4.
We could work with line 3 exclusively, i.e,, in Z,. It can be proved
directly that
[X,DxK, xK,]p—[X,Pl,—[X,K,]p

is an exact sequence of abelian groups and that (g, ¢),, is a homomorphism
(see 1V.1). However, in the proofs some ideas involving D would
eventually intrude; so it seems more natural to work with the definition
of @ given by line 4. We will see that all of the good properties of J *
(=the category of pointed spaces and maps) are also valid for 7 D. The
diagram (1.1) is replaced by the following diagram in 7 D.

DxK, ,xK,—>P—9? ,DxK,,,
(1.2) l
(Dx K,) =552 DxK, ,xK,,,
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P is the same space as in (1.1). Now, however, P— D x K, is induced
from the path-loop fibration in I D:

DxK,,xK, —-DxPK, ,xPK, ,—»DxK, ,xK, .

(m, L, Sq') is a loop map, P is a loop space, (g, @) is a loop map, and the
appropriate sequence is exact. In brief, all of the established techniques
for working with untwisted operations in J * can be applied to twisted
operations when they are placed in 9 D.

3. Suspension.

3.1. Definition. a) Let %X:X > D. Define C,X=Dx0uUX xI/R
where % is the equivalence relation generated by (x, 0)~(%(x), 0), xe X.
Define 2, X=Dx0uXxIuDx1/# where # is the equivalence
relation generated by (x, 0)~(X(x), 0), (x, 1)~ (%(x), 1), xe X.

b) Let i:B< X and £:X — D.

Define Cpi=Dx0UBxIuXx1/# where # is the equivalence
relation generated by (b, o)~ (%(b), 0), (b, 1)~(i(b), 1), beB.

Note that each of the spaces is a space over D via a map obtained
from X x I -2, X —, D. This map will be denoted by % also. Assume
henceforth that B is closed in X. This ensures that C, B< Cpi and
2, Bc X, X. This assumption could, and probably should, be avoided
in what follows by working with the cohomology of maps instead of the
cohomology of pairs.

Let u:(X,B)—{(Cpi, CpB) and v:(Cp X, Cpi)— (2, X, 2, B) be the
natural inclusion and “collapsing to D” maps. They are isomorphisms
on cohomology by excision and deformation retraction. Let é be the
coboundary for the exact sequence of the triple (C, X, Cyi, Cp B). It is
an isomorphism since H*(C,, X, C,, By~ H*(D, D)=0 for all n.

3.2. Definition. Z,:X H"(X, B)— X H**'(Z, X, 2, B) is defined to be
the A(D)-isomorphism v* §i*~ !,

Suppose Bc X —%5D-—'>E and w=t%. Then H*(X,B) is an
A(E)-module via w and the following diagram is commutative:

£H"(X,B)-—25 R H"*'(2, X, 2, B)=wH"*'(Z, X, 2, B)
f T
wH"(X, B)—%> wH"*'(2, X, Z; B)

All maps are isomorphisms. T:(XZ, X, X, B)— (Z; X, Z; B) is defined
from t in the obvious way.

2, X defined in 3.1 is the bundle suspension of James [13]. It is also
a special case of the Whitney join over D (Hall [10]). 23, X — D is the
Whitney join of £: X — D and proj:Dx §" ' D.
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4. Axioms. The terminology used here (“pyramid of operations”,
“admissable chain complex”) is taken from Maunder’s paper [22].
When D is a point the axioms and theorems are essentially those of
Maunder.

Let D be a fixed space and
C:Cy—2Cy_ — > C, -5 C,

be a chain complex of free finitely generated 4(D)-module. Each C,; is to
be graded and satisfy (C,;),=0 if g<i; each d, is to be an A(D)-map of
degree 0. A “pair over D” is a triple (X,B,x) where B< X and X:X — D.
Suppose that for N=2r>s=0 and every (X, B,X) that ¢"*(X, B;X):
Hom,(C,, x H*(X, B))—Hom,,(C,, £ H*(X, B)) is an additive relation
of degree —r+s+1 (so m=k—r+s+1). Here and everywhere else
Hom, (M, N) means Homy,, , (M, N)=the A(D)-maps from M to L of
degree k. An element of Hom(C,, X H*(X, B)) can be thought of as a
vector of cohomology classes of the abelian group H*(X, B).

4.1. Definition. The collection {¢"°}, N2r>520 is said to be a
pyramid of stable operations associated with the chain complex C if
the following axioms are satisfied:

) If N=1 then ¢*°=Hom(d,, 1).

II) If N>1 then

(1) (Induction.) If r—s< N then {¢* "}, r=u>v=s is associated with
the chain complex

C,—.-—C,.

(2) (Whither-Whence.)
»™°(X, B, %): Hom(C,,  H*(X, B))—Hom(Cy, * H*(X, B))

1,0

is an additive relation of degree —N+ 1. Def@™°=Ker ¥~ and

Ind " °=1Im o™ !

(3) (Naturality.) Suppose (X, B, %) and (X', B', X') are pairs over D,
g:(X, B)— (X', B'), and %' g is homotopic to %. If ee Def o™ ° (X, BY, ')
then g*eeDef o™ °(X, B; %) and g* ™% ()= o™ %(g* ¢).

(4) (Suspension.) Z, @™ O=(—~ 1)V 1M 0% .

(5) (Peterson-Stein relation.) Suppose B'cBc X and X:X —D. If
neDef " 1:°(X, B!, X) and i* yeDef o™ °(B, B!, %) then

N, N—1 % —1

@ Jr oMo

ne—d¢™0i*y,

where i*, j*, and J are from the exact sequence of the triple (X, B, B*).
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4.2. Definition. The chain complex C:Cy->---— C; is admissible
if ) N=1or II) N> 1 and there is a pyramid of operators {¢"*}, N— 1=
r>s20, associated with Cy_, — --- — C, such that V¥ 1 "~ -%(1)=0
(with 0 indeterminacy) for each neDef o™~ !'° where @™ "~! is the
primary operation associated with Cy,— Cy_;.

4.3. Theorem. If a chain complex has an associated pyramid of oper-
ations then it is admissible.

Proof. Take B= B! in axiom 5.
The next two theorems will be proved in Part I11.

4.4. Theorem (Existence). If a chain complex is admissible, then it has
at least one associated pyramid of operations.

4.5. Theorem (Quasi-Uniqueness). If ¢3-° and ¢ ° are two possible
apexes of the pyramid of operations {¢"*}, N—1=r>s520, associated
with the chain complex

dn dq
Cyv—="Cy > C—C,

then there exists an operation X associated with

I dy - d
Cy— CNAz‘_N_“Z_’ Cy_3——>C—>C,

for some d (X is of the (N — 1)’st order ) such that X ()= @} °(e)— o ° ()
for each e Def ¢} © = Def p¥-°.

We will consider what happens when D is varied. First, note that
t:D—E gives t*: A(E) > A(D). If (X, B, X) is a pair over D then (X, B, t X)
is a pair over E and t X H*(X, B) gets its A(E) module structure by pull-
back along t*.

Let C' be an A(E)}-module. C=A4(D)® 4 C' is an A(D)-module.
There is a natural isomorphism

a:Hom,, (C', t X H*(X, B)) - Hom,, (C, X H* (X, B)).

Let C':CL—---— C} be a free A(E)-module. Then C is a free A(D)-
module. Let {¢'~+} be a pyramid of operations associated with C*. Define

¢"*:Homyp, (C,, X H*(X, B))— Hom,,, .(C,, X H*(X, B)),
m=k—r+s+1,by o"S=a¢'~*0~! where
@'+:Hom, g, 4 (C!, t £ H*(X, B))— Hom,g, ,(C!, t £ H*(X, B)).

Then it is not difficult to verify that {p"°} is a pyramid of operations
for C. The proof of the suspension axiom depends on the following
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commutative diagram which is a consequence of the remarks after
Definition 3.2.

Hom, (C;, X H*(X, B)) 2>
Hom,(C;, t X H*(X, B)) e,
Hom,,,(C;,*H*Z, X, X, B)) <>~ Hom, ., (C!,t X H*(Z, X, £, B))

Hom(1, T*)

Homy,,(C}, tXH*(Z; X, Z; B)

¢ is defined in terms of ¢!. On the other hand, if (X, B, %) is a pair over
E and it happens that X! ~tx for some X: X — D then ¢! is determined
on (X, 4, X) by ¢.

As an example consider t:% — E. Then t*: A(E) > A(x)=A. lf @' is a
given operation for the A(E)-chain complex C' then ¢=a¢*a™! is
associated with an A-chain complex so is an Adams-Maunder oper-
ation [13]. The above discussion shows that if (X, B, X) is a pair over E
and % is null-homotopic then ¢!(X, B, X} coincides with the untwisted
Adams-Maunder operation ¢ (X, B).

Part II. The Category 7 (C— D)

1. Definition and General Properties of 9 (C— D). Let J be the
category of topological spaces and continuous functions. Define
T (C—-D) for u:C—DeJ to be the category whose objects are
triples (X, X, %) where C—*>X —%>D and £ %=u. A map f:(X, %, %)—
(Y, ¥, §)is amap f: X — Y such that f¥=y and jf=ZX. The triple (X, X, X)
will be denoted by X and, when confusion seems unlikely, simply by X.
The map f will frequently be denoted by f.

It should be noted that the definition makes sense for any category 7.
The work of this part could be carried out, with some extra effort, in
this more general setting. The results would take the form: “If 7 has
such and such a property then J (C — D) has such and such a property”.
These more general results will be taken for granted later when, for
example, 7 is allowed to be the category of pairs of spaces.

Some examples are:

(1) F(@— ) where @ is the empty set and * a point. The obvious
functor 7 — .7 (@ — =) is an equivalence.

(2) (x> *). This category is equivalent to the category of pointed
spaces and pointed maps.
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(3) 7 (C— =). This is the category of spaces under C.

(4) (@ — D). This is the category of spaces over D (see Part I).

(5) I (x—%> D). Where u(x)=d,eD. This is the category of pointed
spaces over D. If (X, X, X)e 7 (x —%-» D) then the base point of X is X(x).

(6) (D1 D). This is the category of spaces under and over D
(see Partl). Denote it by I D. If (X,x,) is a pointed space then
(Dx X,1,7)eJ D where 1:D—Dx X is defined by i1(d)=(d, x,) and
n:Dx X — D is the projection. More generally, let Dxx,cRacDx X.
Then (R, 1, 7) is in 7 D.

We observe that J(C—D)=Ju has the following categorical
properties. See Freyd [8], for example, for the terminology used here.

(1) u has an initial object C—- C—*> D and a terminal object
C—*“>D--15D.

(2) Zu has pullbacks and pushouts. Let f:X—Z and 5:YZ.
Define K = {(x, y)eXx Y:f(x)=g(y)}, L.e., K is the pullback off and g
in 7. Define C—%» K—*> D by k(c)= (x(c) y(c) and k(x, y)=%(x)= ().
The natural projections {from J) give the following commutative
diagram:

K- 2,7

s

| —
—
o0y

X157

and it is easy to check that this is indeed a pullback diagram. Pushouts
are constructed by a dual process.

(3) Ju has products and sums. For the product use the pullback of
the terminal maps.

4) Let C—*>C—*>D-">D'. DefneafunctorF T (u)—T (muk)
by (C—%5 X 5 D) (C'-*% X ™%, D'). F preserves initial objects iff
C = (', terminal objects iff D= D', pullbacks iff m is one-to-one, pushouts
iff k is onto. In particular, 9 > C—4>D—L»D gives Tu—7 () — D)
preserving terminal objects and pullbacks, so products.

We now consider homotopy in Ju.

(1) Define W:Ju —Ju as follows: given C —*>X —%5D, set WX =
{ke X: 2k(t)=%k(t)V t,t'el}, where I is the unit interval and X' is
the space of continuous functions from / to X with the compact-open
topology. Define WX to be (WX, w, w) where w(c)=X(c)' and w(k)=
%k(o) (=%k()Vtel). Then WX is in Ju. W is the free path function
(W for weg=free path). Define w,: WX X for tel by w (k)=k(t). If
fg: XY, say that f and g are homotoplc f~g, ifthereisan H: X > WY

such that Wy H=f and W, H=g.
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(2) Define Z:Ju—Ju as follows: given C—%> X %5 D, set ZX =
X x I/#, where Z is the equivalence relation: (x, t)#(x’, t') iff there is
ce C such that x=X(c}=x". Let k: X x I - ZX be the identification map.
Define C—52X 25D by 2(c)= k(x(c),t) and Zk(x, )=%(x). Then
ZX=(ZX,%3%) is in Ju. Z is the cylinder functor (Z for zylinder=
cylinder). Check that f~g: X — Y iff there is an H:ZX —Y such that
Hz,=f and Hz,=§

The result is that Z and W are adjoint functors and provide a notion
of homotopy with the usual properties. The sections which follow give
an outline of a development of the elementary homotopy theory of the
category .7 u. The motive for doing this is given in 1.2. The method used
will be that of Puppe [28] and its Eckmann-Hilton dual as worked out
by Nomura [26].

2. Path-Loop Properties of Zu. The homotopy theory of Ju is out-
lined here. The theorems can be proved by standard methods such as
those of Nomura [25]. The purpose of carrying the outline so far is to
demonstrate how much homotopy theory is valid here, before special-
izing to u=1id:D — D. This is particularly helpful in the dual situation
since in Part I1I we will have to work both with

J@®—D) and T(D-9%HD).

2.1. Definition. Let Xe 7 u.

a) Define the pointed path space of X, PX, to be the pullback of
%:CoX and wo:WX—>X. Define p:PX—X as the composite
PX ->WX 2 X for tel.

b) Define the loop space of X, 2X, as the pullback of ¥:C— X and
p:PX—X.

Let f:X— Y. Then Pf and Qf are defined in the obvious ways and
P and Q become functors: Tu—J u.

Next, the absolute covering homotopy property and the path lifting
property for f:X —Y can be defined in the natural way. They can be
shown to be equivalent and f is said to be a fibration if it has either
property. The fiber of /- X —Y is defined to be the pullback of the initial
map y:C—Y and f:X —Y. The  mapping space Ef is defined to be the
pullback of f and p,: PY—Y. PY—Y and Ef— X can be shown to be
fibrations with fiber QY.

Suppose that the following diagram is homotopy commutative by

means of H. - — - —
X-L1sY H:X—Y
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Define w=wy:Ef— Ef’ by w(x, ¢, k)=(a(x), c,(Pb)k+ H(x)). Then the
left square of the following diagram is commutative:

Ef->X->Y

[l b
Eff X Y

where ff and 1’ are the natural projections.
The path-loop sequence for f: X —Y is:

and the path-resolution sequence is:

They are homotopically equivalent. Furthermore, a homotopy com-
mutative square sending f to /' as above yields a homotopy commuta-
tive ladder in both cases and this is preserved under the equivalence.
This important naturality property is the basis of the homotopy defini-
tion of a twisted secondary operation.

3. Path-Loop Properties of 7 (D—1— D)=.7 D. The objects in Z D
are triples (X, X, X) where D—*» X —%» D and £ x=1. Note that X is
actually an inclusion and X a retraction of X onto the subspace D.
D—>D-—15Dis a zero object for 7 D. The definitions of the previous
section take a simpler form here. Each £~ !(d)= X has a natural base
point-namely, X(d). The path space in D is formed simply by taking
the (disjoint) union of the ordinary path spaces of x~'(d) for all deD.
Similarly QX =) @(%7'(d)) where @ is the ordinary loop functor

deD

(in 7 *). Also, if f:X —Y is a fibration in 7 D then the fiber is simply
/YD) (“rope” might be more appropriate than “fiber” here). Two
examples are:

(1) Let x,e X where X is a space in . Form Dx X =(Dx X, 7, 1)
in 9D where 1:D—Dx X and n:D x X — D are defined by 1(d)=(d, x,)
and n(d, x)=4d. Then

P(DxX)=(D—->DxPX—D) and Q(DxX)=(D—DxQX D)

where P and @ are the path and loop functors of I *.

1 found example (1) and the associated notions of derived function
and loop suspension in James-Thomas [14, pp. 501/502]. The defini-
tions of this part are the result of a desire to generalize these notions to
cover example (2).
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(2) Let f:DxX—Y be a map in the ordinary category of spaces
and maps such that f(D x x,}=y,. Form Ef in the category; so Ef=
{(d.x,k)eDx X x PY: f(d,x)=k(1)}. Then D——Ef—2sD is in D
where 1(d)=(d, x,, y}) and n(d, x, k)=d. Let g=(proj, f/):Dx X -»Dx Y.
Then g is in D and Ef=Eg and the latter is formed in D (cf. the
last part of 1.2).

Let 4 and X be in 4 D. Denote by {4, X)> the set of homotopy
classes of maps from A4 to X. It is a pointed set with the unigue map
A—D— X as point. This map will be denoted by “O” or “0, x".

3.1. Theorem. Let f:X —Y be any map of 7 D. Then the following
sequence of pointed sets is exact for any Ain I D

CAESY s (4, XY 554, Y.

Next, a homotopy group structure is defined on 2X. First note

that, in J D,
QX x QX ={k,k)eX ' x X:k{0)=k()=k'(0)=k'(1)ex(D)
and Xk(t)=xk(@)Vt,t'el}.

The product is formed in the category (see I1.1). Hence m: QX x QX — QX
defined by m(k, kK')=k+ k" {ordinary path sum) makes sense and is a map
in ZD. Now in J D there is a zero object D and hence a zero map
between any two maps in the category. This, plus the reversal map
r:QX - QX defined by rk(t)=k(1 —1t) give:

3.2. Theorem. (QX,m) is a homotopy group in the category I D.

For a discussion of “homotopy group in a category” see Eckman-
Hilton [5] and [6]. Just as in the case D=# we get that (4, QX) is a
group, abelian if QX is replaced by Q? X, and Qf, : {4, QX)> - {(A4,QY)
is a homomorphism, etc.

There is also a homotopy operation n:QY xEf— E f.

QYXEf={Kk,x,k)e Y x X x Y':k'(0)=k'(1)=k(0)e X(D)

and Pk(t)=pk'(t)=%(x)Vtel}. n is defined by n(k',x, k)=(x, k+K').
It is easy to check that it has the expected properties.
The above is summed up in the following theorem.

3.3. Theorem. Let [:X — Y be a map of D and A a space of 7 D.
Then there is an exact sequence of pointed sets:
A, Yy s (4, QE ) s (4,QX) 5 (4,07
——AEf) A X)—— (4 T)
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and an action:
n, <{A,QY>x{A,Ef)—>CAEf)
such that

(1) the sequence consists of groups and homomorphisms after the
third term and abelian groups after the sixth term.

(2) o-v=v, (u+u)-v=u-W-v)and (y ), (u+uw)=u-(yf), u where
u, W e{A,QY> and ve{A,Ef>.

(3) Bfyv=Bf V' iff thereis auin {A, QY such that v'=u - v.

) yfou=yfw iff —u+u isin the image of Qf,.

There are two kinds of naturality for the sequence and action of the
theorem. First, it is quite easy to see that a map 4 - A’ gives a trans-
formation of the corresponding sequences and action when f is fixed.
Second, a homotopy commutative square

X-Lsy
la lb Hbf~f"a
x -y

gives a transformation of both sequence and action which depends on
the homotopy H. These facts about naturality will be used later to define
homotopy operations in the category.

4. Cone-Suspension Properties of 7 (C — D) and 7 D. The definitions
and theorems of this section are dual to those of the previous two sections.
So they will not be stated.

Notice that here, in contrast to Sections 2 and 3, the case C=0 is
interesting. The theorems for 7 () — *) and J (% - ) give a simulta-
neous development of unreduced and reduced homotopy. Also, the
cone, suspension, and mapping cone constructions for J(f — D) are
those used in 1.3. For example, if (X, X)eZ (§ — D), X:X — D, then its
suspension is X, X — D and X, X is the disjoint union of the ordinary
unreduced suspension of each £ ~*(d) (of each “fiber ). In 7 D the suspen-
sion is formed by taking the reduced suspension of each x~'(d).

5. Secondary Operations in 4 D. The method of this section was
inspired by Spanier’s article [30]. The first operation considered (the
bracket operation) is the one treated by Spanier. However, the actual
definitions used here are more in the style of Steenrod [34] and Peterson-
Stein [27]. The other operations (the box operations) seem not to have
been observed before in their general form (even for D = ). All the opera-
tions depend on naturality properties of the path-loop and cone-sus-
pension sequences of Sections 3 and 4.
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5.1A. The Bracket Operation-Loop Version. Suppose given
w-L.x £,y ',z

in 7 D and suppose g f and h g are null homotopic. Consider the following
commutative diagram.

(X, QY) —>(X,QZ>— (X, Eh> 25 (X, V> —> (X, Z)

| R R S

(W, QY -0 (W, QZ) ~t+5 (W, ERY — (W, Yy — (W, Z).

Define ( f,g,h)'=i ' f* p;'{(g). It is a double coset of f*<{(X,QZ) and
Qh W, QY) in (W,QZ)> and depends only on {f),<{g>, and {(h).
{f, g, k)" can also be defined by putting together null-homotopies as in
Spanier [ 30]. The operation defined here differs in sign from that of [30].
If D=+, this operation has the Peterson definition of the functional
cohomology operation as a special case. More generally, it has a special
case the functional twisted operation defined by Meyer in [24] and
Gitler-Stasheff in [9]. This will be made more explicit in Part I'V.

5.1B. The Bracket Operation-Suspension Version. Start with the same
data: W—L{s X £, Y-, 7 in 7D; gf and hg both null-homotopic.

Form:

CEX, 22 GWZ) X5 (CLZy (X, Z) — (W, Z)

T - R I

X, Y>— WY »(CLYY -5 (X, YD) (W, Y>.

Define {f,g, h>=k* "' h, i*"'(g). It is a double coset of h*(ZTW,Y)
and 2 f*(XX,Y> in {<XW, Z> and depends only on ([, {g), and <h).
1t differs only in sign from {f, g, h)’. If D=1+ this version has the Steenrod
definition [ 34] of the functional cohomology operation as a special case.
More generally, it gives the definition of twisted functional cohomology
operation which is actually used by Meyer and Gitler-Stasheff.

5.2. The Box Operation-Loop Versions. Suppose that the following
data in 7D is given:
X*>4-1sB HA-WM p,H=sf
Jj ls Py H =gr
Lt M
i.e., the box is homotopy commutative by means of a fixed homotopy H.
Suppose also that f x and r x are null-homotopic. Consider the following



198 J. F. McClendon:

commutative diagram:

(X,04)—— (X,QB) —<(X,Ef> -5 (X , A)— (X,B)

1 [ b
(X, QLY %8 (X, OM) 5 (X, Eg) — (X, LY — (X, M>

where w=wy (see 2.15). Define [x, f,g,r,s, H]=i 'w, p ' <{x>. It is a
double coset of Qs,(X,2B) and Qg,(X,QL) in (X,QM). If one
builds upward using Er and Es, instead of to the left with Es and Eg,
then the result is an operation which differs from the one defined here
only in sign. The operation can be defined directly, by putting together
the null-homotopies of s f and gr by means of H.

In the case D=« the operation has the Adams operations [1] as
special cases. In the general case this operation gives the secondary
twisted operations of 1.4.

5.3. The Box Operation-Suspension Versions. Suppose that the fol-
lowing data in D is given:

A-L5 B H:ZA—M  Hiy=sf
11‘ ls Hi =gr
L2t sM-—>sY

Suppose also that y s and y g are null-homotopic. Consider the following
commutative diagram

(B, Y) —={ZA4,Y)—><CLY)—> (B, Y) —s (AT

(EM.Y) == EL YY) —>(Cg, Y>> (M, Y)—— (LY

where w=wy, (see 3.15). Define [y, f,g,r,s, H]=k*"Tw* i*~1(y> It is
a double coset of Zr*<(ZL,Y) and £ f*(ZB,Y) in (A, Y). It can be
defined vertically (with a different sign) via Cr and Cs or directly by
putting together null-homotopies.

If D= and Y is an Eilenberg-MacLane space this operation has
fiber space suspension (in cohomology) as a special case. For any D it
gives a suspension for a fiber space in 7 D and this will be used in Part 111

The operations 5.1 —5.3 are related by several formulas of the Peter-
son-Stein type. One such formula is given here.

Suppose the following diagram in D is given:

w-L.x-¢,y t,z k., M.
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Suppose also that g f, hg, and kh are null-homotopic and that H is a
null-homotopy of k h. Define @ (g)=1[g, h, i, ¥, k] =<{(X, QM) based on
the following diagram in 7 D.

X-ty-35p
||
Z4sM
the given null-homotopy H, and a vertical diagram using Eh and
Em=QM.
5.4. Theorem. (Cf. Theorem 4.5 of Spanier [30]) f*O,(g)=
Qk, {f g h) for any choice of null-homotopy H.

Proof. It follows easily from the definitions that the indeterminacies
of the left and right hand sides of the equation are the same. Hence it
suffices to find a common element.

Consider the following diagram in 7 D.

QY S Eh-250M

w y
, v p

Wt x f, 7y, 7z M

w=w, is the map, depending on H, which is used in the definition of
Oy (g). Tt follows (as in I11.2.15) that wy i~Qk. Let v be any lifting of g
(using that h g is null-homotopic) and u any lifting of v (using that g f is
null-homotopic). Then the diagram as shown is homotopy commutative.
By the definitions of the operations involved, wv is a representative of
Oy (g) and <u) is a representative of { f, g, h)". Hence f*{wv) ={wiu) =
{Qk)uy=Qk, {u) is a common element of the cosets of the theorem.
Q.E.D.
Part II1. Proofs of the Theorems of 1

1. Transference. The axioms in L4 are stated for the category 7, of
pairs over D. The object of this section is to show that for the proofs of
the existence and quasi-uniqueness theorems it will suffice to consider
a certain full subcategory 27 D of 9 D. #F D consists of spaces which
contain D as a strongly non-degenerate retract.

1.1. Definition. Let (X, 4,%) be a pair over D. Define (X/4), as
X UD/® where Z is the equivalence relation generated by: a~ x(a) for
each acA. A map (X/4),— D is defined by XU 1. Denote this map by
% also.

The result is that % is a retraction of (X/A4), onto D. Also, if Ac X
has the AHEP over D, it is easy to check that Dc(X/A4), has it as well.

15 Inventiones math,, Vol. 7
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1.2. Definition. x (X, 4, 2):(X, 4, X)— ((X/A)p, D, %) is defined to be
the composite (X, A) ~2> (Cpi, Cp, A)—*> ((X/A)p, D).

Note that both m and k are maps over D and m is an isomorphism
on cohomology by excision and deformation retraction. It follows from
11.4.12 that if A< X has the AHEP over D then k is a homotopy equiv-
alence of pairs over D.

Denote by 27 D the full subcategory of 7 D consisting of all (¥, X, )
such that y:Dc Y hasthe AHEP over D. Such a Y can be said to contain
D as a strongly non-degenerate retract.

The transfer from 7,7 to 27D is in two stages. First, replace
(X, A, X)eF, by (M, 4, X) where M is the ordinary mapping cylinder of
A< X (M formed in 7, is the same as M formed in 7). The map M — D
defined from % is still denoted by X. Then (X, 4,%X)—(M,4,%) is a
homotopy equivalence of pairs over D and A =M has the AHEP over D.
It is easy to check that all axioms can be transferred to the intermediate
category. Next, apply k. It is easy to see that all the axioms except pos-
sibly the suspension axiom are then transferred to 29 D. For the sus-
pension axiom we must relate two different notions of suspension.

Let (Y, ¥, §)e. 7 D. Then by 11.4.1 we have (XY, y, j)eF D. Now con-
sider (Y, D, )e 7> Then by 1.3.1 we have (X, Y, D, §)e 7> Note that
ZY is obtained from X, Y by collapsing 2, D to D. 2, Y is an unreduced
suspensionand X'Y is areduced suspension. Thereisamapk:(2, Y. Z, D)~
(2Y, D). It can be checked that if Dc Y has the AHEP over D then k is
a homotopy equivalence of pairs under and over D.

1.3. Definition. Let (Y, ¥, ))e 27 D. Define an A(D)-isomorphism
Z:H"(Y,D)—» H"*{(ZY,D) by T=k*"1X,.

Now let (X, 4, X) be a pair over D and 4 be closed in X. The following
diagram in 7 is commutative:

(Zp X, Zp 4) 2%, (3 (X/A)y, I, D)
k

KX, 50N (5,(X/A)p. D)

((Zp X/Zp A)p. D).

This implies that the following diagram of 4(D)-modules is commu-

tative:
H"(X, A) — 222" Hr((X/A),, D)

- ;

H™ (2 X, 2, A) L2020 e (3(X /4),, D)
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where all maps are isomorphisms and (Z, X/Z, A),, has been identified
with Z(X/A)p-

The result is that in order to prove the existence Theorem 1.4.4 it
suffices to define operations on 7 D and check the reformulated
axioms — where “reformulation” in axiom 4 means replacing suspension
by reduced suspension.

2. Suspension Operations. In this section two suspension operations
are defined, one of which is dual to the reduced suspension of the previous
section. Also, sufficient conditions are given for the operations to be
surjective. All spaces and maps are assumed to be in 7 D. So the func-
tors P, 2, C, 2 send 9 D to I D and, in particular, ¥ coincides with the
2 of the previous section.

Consider now the following special case of the operation of 11.5.3.
Let Ay -% A, —25 4, be a diagram in 7D and assume f, f, is null-
homotopic by a fixed null-homotopy H. Then we have the following
homotopy commutative diagram

Ay — A, Cf,2t>34,25 54,

O

D—A4,— 4, — D — XA,.

If we apply < , Z> to this diagram the resulting rows are exact in the
sense of 11.4.20.

2.1. Definition. p=py:{A,,Z> —{A,, QZ) is defined to be k* =1 w*,
p is defined on Ker(fy*) and its indeterminacy is f*<4,,Q Z).
Let {(g>e{A,, Z) and let G be a null-homotopy of g f;. Then a represent-
ative for p{g) is (Pg) H—Gf,. If A, — A, — A, along with H is thought
of as a fibration then p can be thought of as fiber space suspension.
Consider Q4,-2%> 04, 2 QA, and a null-homotopy H' of Qf, 2f,

determined from H in the natural way. Let
P =py{QA,, Z)—{(RA4,,22Z>

be the corresponding operation. Then it is not difficult to prove the
following theorem.

2.2. Theorem. p'{Qg>=—Q(p {(g>).

An important special case of the operation is obtained by letting
Ay,— A, —> A, be the path-loop fibration and H the constant null-
homotopy. In case Z is Dx K(Z,, n) there is a definition in terms of
cohomology.

15*
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2.3. Definition. Let (Y, 3, §) be in 7 D. Define an A(D) homomorphism
c:9 H"(Y,D)— $ H*"(QY, D) as § p* where p:(PY,QY)—(Y,D) and ¢
is the coboundary from the exact sequence of the triple (PY, QY, D),
(an isomorphism).

In order to see that this is dual to the reduced suspension of the
previous section, consider the following alternate definition of the latter.

2.4. Definition. Let (Y,7,9) be in JD. Define Z:9H"(Y,D)—
JH"*Y(ZY, D) as k*~' § where k:(CX, X)— (X, D) and 6 is the cobound-
ary from the exact sequence of the triple (C X, X, D) (an isomorphism).

This definition coincides with I11.1.3 under the (more general) con-
ditions here. Under the more restrictive conditions of I1.1.3 (D< Y has
the AH EP over D) the operation is an isomorphism — although here it
may merely be an additive relation. Note, however, that X1 is always a

homomorphism.
Let /:X—> QY bein I Dand f:2X — Y be its adjoint. So

f1(X,D)>(QY,D) and f':(ZX,D)—(Y,D).

25. Lemma. f*og=X"1f'*

Proof. Exactly as in Adams [1, p. 62].

In order to apply the relative Serre theorem (Serre [29], or Spanier
[32, p. 506]) to the p of 2.3 we need to know that p is a fibration in 7 =
category of spaces and maps. This is easily proved. The Serre theorem
implies that p*:H*(Y, D)— H*(PY,QY) is isomorphic for k<2 (con-
nectivity of (¥, D))— 1. Hence o of 2.3 is isomorphic in the same range.
If A, — A, in 2.1 is actually a fibration in 7 and Z=D x K(Z,, n) then
it follows similarly that p:H"(4,,D)—H""'(4,, D) is epimorphic if
n=<conn(A,, D)y+conn{A4,, D).

3. Proofs of the Existence and Quasi-Uniqueness Theorems. Let
d:C— C' be a map of free finitely generated graded A(D)-modules.
Amap f:B— B ing D will be called a realization of d of degree k provided:

(1) B=DxX,K(Z,,deg(c)+k) and B'=DxX;K(Z,,deg(c)+k)
where the ¢;’s generate C and the (c))’s generate C';

(2) f=(proj, h) and
h:(Dx X; K(Z,, deg(c;)+k), D)— X; K(Z,, deg(c})+ k)

is determined by h* (i, k)=2s(i, j) (1®1(j, ky) where d(c)=Zs(i,j)c},
s(i, ))e A(D), and the 1’s are fundamental classes.
Suppose that

C:CN"“"—’CN—l—’"'—)Cl‘*i‘—)CO



Higher Order Twisted Cohomology Operations 203

is a chain complex as in 1.4. Call
B(0) L% B(1) — - — > B(N~ 1)-L™, B(N)
in D a horizontal realization of C of degree k provided that f(i) is a
realization of degree k of d,. Consider the following diagram in Z D.
Diagram %, (N)
Q¥ 1B(N—1)> - E(2, N—1}—E(l, N— 1) 2, Q-1 B(N)

pIN-1,N-2)

QY- 2B(N-2)—-E(2, N-2)—E(l, N—2) %=1, gv-2g(N _ 1) 21 2IM  ov -2 g()

Q?BQ)—~ EQ2 — E1,2 —2,0°B3)..Q2B(N)

| |

QB(l) — E@,1) -£2,0B2)-2%,0B(3)— .- 2B(N)
p(1,0)

B(0) &B(l)—fg—’—»B(Z)—f‘ﬂ»B@)q -e-— B(N)

Denote the diagram by %, (N). Each E(m,n)— E(m,n—1) is a principal
fibration induced by the map E(m,n—1)— Q™ ! B(n) where B(0) is
thought of as E(1,0), 2 B(1) as E(2, 1) etc. All spaces and maps depend
on k and this will be indicated by a subscript if necessary. % (N) will be
called a universal example in degree k provided that {g(i)>ep ("2 f (i),
2=<i<N. p is defined as in II1.2.1 using the natural null-homotopy of
E(l,i—1)—>E(1,i—2)— Q2 B(i-1).

Define Q %, (N) to be the diagram obtained from %, (N) by replacing
all spaces by their loops and all maps by their loops except the g(n)’s.
Replace g(n) by (—1)"" 1 Qg(n).

Consider %, (N) and %, . ,(N). We can find a sequence of homotopy
equivalences from the bottom row of % (N) to the bottom row of
QU (N) — giving a homotopy commutative ladder. Pick any such
sequence. Then homotopy equivalences are induced on all rows to give
amap: o (N): %(N)— Q%, , (N)with homotopy commutativity through-
out. The sign introduced with the g’s in Q4% ,(N) was to guarantee this
homotopy commutativity (see 111.2.2).

The collection {#%(N), o (N)}=(#%(N),a(N)) is called a universal
example for C or a vertical realization of C.

Fundamental classes for the universal example are chosen as follows.
First make a choice for the K(Z,, n)’s of the bottom row of %, (N) for a
fixed k. Then always assume o 1,=1,_, where (here only)

o:H"(K(Z,.n);Z,)—> H" '(QK(Z,,n—1); Z,)
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is the ordinary cohomology suspension. This gives fundamental classes
for all of % (N). The o’s then determine fundamental classes for all
%;(N)’s. These fundamental classes are used to set up a correspondence
between homotopy and cohomology in what follows. In order for this
correspondence to be valid it is assumed for all spaces Y (in 7 D)
under consideration that (Y, D) has the homotopy type of a CW pair.
The results can be extendend to the general case by standard techniques
(e.g., CW-approximation).

3.1. Lemma. Let C:Cy— ---— C, be a chain complex as in 1.4 and
let (%(N), 2(N)) be a universal example for C. If the operations {¢"°} are
defined by

(32) @ B(s)«— E(s+1,r—1)— Q" B(r)
then they satisfy the axioms given in 1.4,
Proof. Use induction. The full definition of p=¢"% is p=g, po!

where:

Hom,(C,, H*(Y, D))

(Y, B (0)) & (Y, E (1, N— 1)) 5 (Y, Q¥ ' B(N))

|

Hom, _y,,(Cy, §H*(Y, D))

and g=g(N), p=p(1,0) ... p(1, N —2). The details are omitted (see [23],
cf. (Maunder [227))

3.2. Lemma. Let C:Cy—---— C, be a chain complex as in 14.
Suppose o0 is the peak of a pyramid of operations associated with C.
Then there exists a universal example for C such that ¢"°({p>)ag(N)
where p=p(1,0) ... p(1, N—-2).

Proof. This is omitted. In order to retain the homotopic flavor of the
development use

pi{QYZB(N-1), Q""2B(N)> —»<E(1,N—1), Q"' B(N))
to get g from QN2 f(N). p is defined as in II11.2.1 by the canonical null-
homotopy of g(N —1) p(1, N-2).
Theorems 1.4.4 and 1.4.5 follow without difficulty from these lemmas.

PartIV. Some Exact Sequences

Two special cases of the exact sequence of I1.3.3 are considered here.
The first is stated principally in the language of 7, (spaces and maps
over D). The second is a further specialization and is stated partly in
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terms of 7, and partly in terms of 7 * (=the category of pointed spaces
and maps). The second sequence and its dual are used to show that the
definition of the functional twisted cohomology operation given by
Meyer [24] and Gitler-Stasheff [9] can be viewed as a special case of
the bracket operation of IL.5.1. It follows that the functional operation
is related to the corresponding secondary operation of part III by the
Peterson-Stein formula I11.5.4.

Suppose that (X, 4, x) is a pair over D (meaning merely that A< X
and X:X — D) and (Y, B, #,§) is a pair under and over D (meaning
y:D<B,BcY, j:Y— D, and y j=1). Denote the set of homotopy classes
of maps, classified by homotopy over D, by [(X, A); (Y. B)]p. This can
be thought of as taking place in 4 2(@ — D) where 7 2 is the category of
pairs of spaces. (Y, B) is sent into this category by the forgetful function.
Then [(X,A); (Y, B)], has [y x], as a distinguished element. Recall
from I11.1.1 that ((X/A)p, X, X) is in J D. The procedure of passing from
(X, A, %) to ((X/A)p, %, X) is a variation on “adding a disjoint base point”
and could be viewed as simply that — adding a disjoint copy of D —
by working in 2D instead of 4 D. Now, note that {(X/4),; YD =
[(X, A); (Y, D)],. This plus the exact sequence of 1I1.3.3 is all that is
needed to prove the following theorem.

1. Theorem. Suppose that . Y— Z is a map of 7 D and that (X, A, X)
is a pair over D. Then there is an exact sequence of pointed sets:

= [(X,4);(Q* Z,D)],
— [(X,A);(QEf, D)]p— [(X, 4);(QY, D)], - [(X, 4); (QZ, D)],,
— [(X,A5(ELD)]p — [(X,A); (Y, D)]p — (X, 4);(Z, D)]p

and an action
[(X,A);(QZ, D)]p x (X, A); (Ef, D)1, — (X, A);(Ef, D)]p

where QY,QZ, and E f are formed in I D. The sequence consists of groups
and homomorphisms after the third term and abelian groups after the sixth.
The action has properties like those in 111.3.3.

The following definition is needed for the next theorem.

2. Definition. (James-Thomas [14, p. 5017.) Let g:(Dx K, D x *) —
(M,*) be a map of pairs. Define Ag:(DxQK,Dxx)—(QM, *) by
Ag(d, a)(t)=g(d, a(t)).

Let g:(Dx K, D x x)— (M, x) be a map of pairs of spaces. Let Eg—
D x K be the principal fibration induced by g in 7 . Let QK and QM
be the ordinary loop spaces formed in 7 *. Let (X, 4, %) be a pair over D.
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Define

xg:[(X, A); (K, «)] - [(X, 4); (M, »)], Bg:[(X, 4); (Eg, D)]p
= [(X, 4); (K, %)],

and yg:[(X,A); (@M, %)] - [(X,A);(Eg,D)], as follows: ag[v]=the
class of (X, A) = (D x K, D x ) % (M, ), fg[w],=the class of

(X, A)—2> (Eg, D) 2> (D x K, D x %),
and y g[u]=the class over D of
(X, 4) =% (D x QM, D x x) —— (Eg, D).

3. Theorem. Use the notation above. There is an exact sequence of

pointed sets

A8, (X, A); (EAg, D)]p 225 [(X, A); (QK, %] 295 [(X, A); (@M, #)]
—E, [(X,A);(Eg,D)], —2% [(X,A);(K, %] —25-[(X,4); (M, *)]

and an action
[(X,A); (@M, *)] x[(X, A);(Eg, D)1, — [(X,A);(Eg, D)].

The sequence consists of groups and homomorphisms after the third term
and abelian groups after the sixth term. The action has properties like
those in 111.3.3.

Proof. In Theorem 2 replace Y by DxK, Z by Dx M, and f by
(proj, g). Note that E f, formed in .7 D is the same as E g which is defined
in I x. Also, Qf is (proj, A g). Finally observe that (X, A); (D x K, D)],=
[(X, 4); (K, %)]. Q.E.D.

4. Example. Let (X, A) and (D, Q) be relative CW complexes. Let
K=K(Z,n, M=K(Z,n+1), and deH*(D, Z). Define, for each non-
negative integer n, g(n):Dx K(Z,n)—> K(Z,n+1) by gn)* i(n+1)=
d® i1(n). Then for a pair over D, (X, 4, X), Theorem 3 gives the following
exact sequence of abelian groups and homomorphisms:

L HYX, A)—2 H (X, A)— [(X, A); (Eg(n), D) ]p
— H"(X,A)—%> H"t*(X,A) —[(X,A);(Eg(n+1),D)],—
where @(w)=x*(d)w
Note that if D=X, %=identity, and d=xeH*(X) then p=xu:
H"(X,A)— H"**(X, A). So ¢ is the homomorphism defined by cupping
with x and we have succeeded in including it in an exact sequence in a
natural way.
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5. Example. Suppose that [:(X,A)— (Y,B) in 72 and ue H(Y; Z)
are given. Consider (X, A) to bea pair over Y by means of f. Letwe H"(Y, B)
be such that f*w=0 and u-w=0. Define g=u®1:YxK(Z,n)—
K(Z,n+k)and form

(X/A), —Ls (Y/B), L1 ¥ x K(Z, n) 2228, ¥ x K(Z, n+ k)

in 7 Y. If we form the diagram for < f, (1, w), (proj, g)> as in II1.5.1B and
make the same sort of identifications as in the proof of Theorem 3, then
the result is seen to be exactly the Steenrod definition of the functional
cup product uu,w. If IIL5.1A is used instead then, as in Example 4,
we get the following dual definition of the functional cup product.

H =YX, A) 2 B 140 (X, A) 25 [(X, A); (E, Yy

| - g

H""!(Y, B)—— H"""*(Y, B) — [(Y, B); (E, V)],
—— H"*h(X, 4) L2 HP R (X, A)

| I

—— H"(Y,B) —*>H"**(Y,B)

where E=Eg. That is, —uu,w=(yg) ' f*(g)"'w=a coset of
f* H" 1+k(YB +f* H"— 1+k(X A) in H*~ 1+k(X A)
6. Example. Let (X, A) and (D,9) be relative CW complexes. Let

seA(D)=H*(D;Z )@A Represent s in each dimension n by a map

s(n)= d®z(n)+1®Sq z(n) DxK(Z,,n)— K(Z,,n+k) where k is the
degree of s. For example, if de H? (D Z,) then s=d®1+1®8q?
represented by s(n)=d® 1(n)+1® Sq* 1(n):D x K(Z,,n)— K(Zz,n+2)
For (X, A4, X), a pair over D, Theorem 3 gives the following exact sequence
of abelian groups and homomorphisms:

. H""I(X,A;Zp)—»H"‘“"(X,A;Zp)—> [(X, 4); (Es(n), D)]p
—H"(X,A;Z,)— H" (X, 4;Z,) — [(X,A);(Es(n+1),D)]p....

7. Example. Suppose that f:(X, x)— (Y, §) is a map of spaces over D.
Suppose also that we H"(Y; Z ), se A(D), f* w=0, and s(w)=0. Consider
the following diagram in .7 D:

X+ Ly oW, pxK(Z,,n)-B2E) Dx K(Z,,n+ 1)

where X*=(X/P)p,=XuD (disjoint union), y=juid, and w means
WU *,
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First apply Definition 1I1.5.1B. After the appropriate identifications
are made we get the following diagram:

H"=(Y)—— H""(X) — H"(Y, X) —I> H"(Y) — H"(X)

| | L P
H™1(Y)—— H™~1(X)—*s H"(Y, X) — H™(Y) — H™(X)

where m=n+k and (Y, X) means (M f, X) where M f is the ordinary
mapping cylinder. Then s w={f*,(y,w),(proj,s)>=i*""sj*'w, a
coset of s H* Y(X)+ f* H"~1**(Y) in H""'*¥(X).

This is exactly the definition of the twisted functional operation given
by Meyer in [24] and Gitler-Stasheff in [9].

Definition IT1.5.1A gives, as in Example 6, the following diagram:

HH(X) 0= H™H(X) =" [X, E]p —— H(X) —— H"(X)

I I b |
H(Y) -2y Hm=3(Y) —— [ X, E], % H(Y) —— H™(Y)

where m=n+k and E=Es(n). So —s,w={f",(y,w)(proj,s)) =
(y s())=' f*(B s(m)~ ' wisanalternate, equivalent, definition of the twisted
functional operation.

PartV. An Application

Twisted operations occur naturally in connection with existence and
classification of cross-sections of a fibration. The classification problem
will be taken up here.

Consider the following commutative diagram of pointed spaces
and maps.

Y

(1) / s

x—2.B
where p is a fibration and X is a CW complex. g will be spoken of as a
“map over f 7. A “homotopy over f ” is a base point preserving homotopy
H,;:X—Y such that pH,=f for each tel. Let [X, Y], be the set of
pointed homotopy classes of pointed maps over f. Denoteitby [X, Y], ,if
necessary.

It will be shown that [ X, Y] can be calculated in terms of a tower of
fibrations which factors p and various twisted operations in H*(X).
The method described here is designed for use with Postnikov systems.
The results could be stated in terms of a spectral sequence. A modifi-
cation of the method yields a spectral sequence of the Adams type —
this will be the subject of a separate paper.
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1. Generalities.
A,) assume that diagram (1) can be embedded in the following diagram

) 4

SN N

E'(k)—— E'(k) —— E(k)

l l l

E'k—1)——E'(k—1)———E(k— H-LE=D ck—-1)

] |

E'2Q—— E(@2) —— E@2) -I2,c(@)

YxQCo s Eu1) 2, E(1 L9
X\‘—L» y —2-» B -L2.c()
where
(1) g:Y?—Y is the square of p-i.e., the pullback of p by p.
2y E(i+1)—E(i), E(i+1)> E'(i), and E"(i+1)— E"(i) are induced
from PC(i)— C(i), the path-loop fibration over C{i).
(3) v(1)is a fiber homotopy equivalence due to f(0)p~0.
Note that g has a lifting to Y?-namely, sg where s: Y—Y? is the
canonical cross section of g:Y? — Y.
B,) assume 7,(Y)— n;(E (k) is isomorphic for i < N,.
Then the same is true for Y2— E"(k) and by the approximation
theorem for liftings (James-Thomas [15]) we have that

X, Y1p=[X, Y*}y— [X, E"(K)]y

is bijective for dimension X < N,.

C,) assume YcYxQC(0) has the HEP (homotopy extension
property) with respect to C(1). Then f(1)u(1)ev(l) is homotopic to g(1)
and g(1){|Y== Let P(2) be induced by g(i). Then P(1)>Y is fiber
homotopically equivalent to E”(2)—Y and admits a section. Replace
E"(2) by P(2) and repeat the process (with a new assumption).

The result is:

Ck—1) C(2) o))
(3) Ig(k'“ Igm Igm
Y2 Pk)—>Pk—1)> - PR —-YxQC(0)-Y
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where P(i)—Y has, say, s(i) as a section and g(i)|s())(Y)==. Also
[X, Y1ls=[X, Y*]y > [X, P(k)], is bijective for dimension X <N,.

At this point we can transfer the problem to the category 7Y (see
Part I1 for the properties of 7 Y). We have the following diagram in 7 Y.

YxQCk)—— P(k)
YxQCk—1)E=D, pk— 1) —EEL Yy x Ck)
(4) YxQCQR)—— Piz) 3 Ly % C(3)

YxQC(l)—— p(l) —F2,yxC(2)

|

YxQC0)—22s Y x C(1).

Here g'()=(p(i),g()), p(i):P(i)—Y is from (3), and P(i+1)— P(i) is
induced from the path-loop fibration in 7Y:YxQC(i)—»Yx PC(i) —»
Yx C(i). (P and Q are still the path and loop functors on 7 x=the
ordinary category of pointed spaces and maps. Let P and Q denote the
corresponding functors on 7 Y. Recall from Part I that P(Y x C(i))=
YxPC(i) and Q(Yx C())=YxQC(i)) Also [X,Y],=(XVY,P(i)>
where {, > denotes the set of homotopy classes in 7 Y.

D,) assume C(0) is a loop space in 7 * and C(1), ..., C(k) are double
loop spaces in 7 *. Assume that g'(i) is a loop map in Y.

Theorem 1 (classical). Assume A, B,,C,,D,. If dim X<N, then
[X, Y]pe [X, QC(0)].

Theorem 2. Assume A,,B,, C,,D,. Ifdim X <N, then

a) {X, Y]y has a natural group structure.
b) (James-Thomas [16])

[X,Y]g=L,>L,2L,=0
and
Lo/L,=Kerac[X,QC(0)],

L,/L,=[X,QC(1)]/Imu

where o is the twisted primary operation determined by g(1).

Theorem 3. Assume A, B;, C5, D5 If dim X <N, then
a) [X, Y1, has a natural group structure.
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b) [X,Y]y=LyoL,oL,oL;=0
Lo/Li=Ker p<[X,QC(0]],
L,/L,=Ker ff/Ima,
L,/Ly=[X,QC(2)}/Im ¢
where a:[X,Q2C(0)]—[X,QC(1)] and B:[X,QC(1)]>[X, C(2)] are

the twisted primary operations determined by g(1) and g(2)i(l), respec-
tively, and @ is the twisted secondary operation due to the relation fo=0.

Theorem k. Assume A,, B,, C,, D,. If dim X £ N, then

a) [X, Y1z has a natural group structure.

b) [X,Y]y=L,>L,oL,>---oL,=0 and the quotients L,/L,,, are
determined by twisted operations of order <k—1. The operations are
determined by the diagram (2).

Proofs. Apply the functor (XVY, —) to the diagram (4). By 11.3.3
the result is part of an exact couple of abelian groups. The theorems can
now be proved by standard techniques.

Comment. Becker proved in (3) that if dim X <2 Conn F (F =fiber
of p) then [ X, Y], has a natural abelian group structure. His theorem
can be proved by the methods used here.

2. A Guiding Principle. Associated with every modified Postnikov
system for p: Y— B there is a classification theorem. The twisted opera-
tions involved can be read off from the data of the Postnikov system.
See Mahowald [19] or Thomas [36] for “modified Postnikov system”.

3. A Specific Example. Consider
|4 —» BSO (k) —£- BSO (m)

m,m—k
where k=4s+1, V,, ,,_, is the Stiefel manifold of (m—k)-frames in R™

and BSO(n) is the classifying space for SO (n). The following system was
constructed by Mahowald in [19].

E,

L

iz
yEo— K
Bix Kygy 2 XKy 3 X Kygig E, Kysia

iy i, k3, kD)

B,— By x K451 XKy 3—E, LOTES S VIR S I

p (Was 12, Was+a)
b, p Was+2,Was+a)
Bk Bm K4s+2xK4s+4
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where K;=K(Z,,i) is an Eilenberg-MacLane space of type (Z,,i),

B,=BS0(n),
kiiy=LT,,,, L=1®S¢*+W,®1€A(B). ;=10 ;,®1),
k3iy=LSq' T, +Sq' T4, 3,
k§i1:(1®sq4+M®I)T4S+I+Q74s+3’

where =W, ® 1 if K=8s+1and Q=1®Sq* if K=8s+5, and

k3i2:L74s+2+SCIIT4s+3-

The system has the property that n,(B,)— =;(E;) is isomorphic for
i<4s+5.

Assumptions 45, By, and D, of V.I are clearly satisfied with N;=
4s+5. The classifying spaces and the K,s can be taken to be metric
simplicial complexes (Milnor [25]). This and Theorems 11.3 and 2.2 of
Hu [11, p. 106/117] imply C,. Theorem 3 of V.I gives the following
theorem.

3.1. Theorem. Let f: X — BSO(m), g: X — BSO(k), and pg=f. Assume
dim X £4s5+35. Then [ X, BSO (k)lgsom=Lo=>L; o L,>L;=0and
Ly/L,=Ker ¢
L,/L,=Ker f/Ima
Ly/Ly=H**3(X)/Im ¢

where

W H(X)DH*2(X) »H*(X)DH 3 (X) DH*(X)
B:H(X)®H ™ (X)®H'**(X) > H'**(X)
o:H'(X) ®H*(X)—~H'"*(X)
a(x, y)=(Lx, LSq"' x+Sq'y, Sqg*x+W,x+Qy),
B(x,y,2)=Lx+5Sq'y,

and ¢ = % is due to the relation o =0.

If X = RP*s*3 (real projective space) the operations are not difficult to
evaluate. ¢ is seen to be trivial by first evaluating it in complex pro-
jective space and then using the natural map RP*"— CP" and the
naturality of . The following theorem is the result.
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3.2. Theorem. Let & be a vector bundle over RP*** k=45+ 1. Assume
that & has m—k linearly independent cross sections. Let

Vi x> E—Z>RPE+4

be the associated bundle. It has a cross section. Denote by Sect[p] the
group of homotopy classes of sections of p. Then the order of Sect[p] is
given by the following table.

|Sect [p]|

) W,()=0, W,(®)=0 {12 jz’;"
" 4 5 even

) W,(6)=0, W,(¢)=x { . o

3) Wo(&)=x%  W,(0)=0 1

4 W, )=x* W (&)=x* 1

If £=v is the stable normal bundle for RP*$*> then W,(v)=x? and
W,(v)=0. The following corollary now follows from the Smale-Hirsh
theorem as formulated by James and Thomas in [15].

3.3. Corollary. Any two immersions of RP***% in RP8+® are regularly
homotopic.
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