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Abstract. For each *-derivation 3 of a separable C*-algebra A and each e > 0 
there is an essential ideal 1 of A and a self-adjoint multiplier x of I such that 
1l(3-ad(ix))llll <e and IJxll < 11611. 

Introduction 

The best understood derivations on a C*-algebra A have the form ad(h), where 
h~A  or, slightly more general, where h ~ M ( A ) - t h e  multiplier algebra of A. 
Even though not all derivations have this form, the multiplier derivations are so 
attractive that one may naturally ask whether some weakening of the multiplier 
condition could lead to a general result. For example, if 6 is a derivation of A, 
does there exist a closed ideal I of A such that 611 is given by a multiplier (of I) 
or such that (5/1 is given by a multiplier (of A/I)? Unfortunately, the answer to 
both these questions is negative, see [1, Example 6.5] and [13]. 

We show in this paper that if 6 is a derivation of a separable C*-algebra A, 
there is for each ~>0 an essential ideal I of A (i.e. I intersects every non-zero 
ideal of A) and an element x in M(I) such that ]l(6-ad(x))[Itl <~. Moreover, if 
6 * = - 3  (or 6*=6) we can choose x = x *  (or x = - x * )  such that IIxrl_-<[16l[ 
(whence [[ad(x)l[ <21[61J). A similar result was obtained by Elliott in [5, Theo- 
rem] for the case of a separable approximately finite-dimensional C*-algebra A. 
The ideal there is not shown to be essential and the bound on Ilxl[ is 248 l[6U, 
but, more important, Elliott finds an x in M(I) that derives A. This can probably 
also be obtained in the general case, but one will have to generalize [4, 
Theorem 3.3] to arbitrary (separable) C*-algebras. 

Recall that an element b in A+ is strictly positive if ~0(b)>0 for every state q~ 
of A. The existence of a strictly positive element in A is equivalent with the 
existence of a countable approximate unit for A (contained in C*(b)). Thus every 
separable C*-algebra has strictly positive elements. If A" denotes the enveloping 
von Neumann algebra of A we denote by M(A) the elements x in A" such that 
x A c A  and A x c A. If b is strictly positive in A then x e M(A) if only x b ~ A and 
bx ~A by [3, Proposition 2.6]. 
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Main Results 

1. Lemma. Let B be a hereditary C*-subalgebra of a C*-algebra A and assume 
that no non-trivial closed ideal of A contains B. For each x in A+ there is a 
sequence (y,) in A such that x =~ ,y*y , ,  ~ Ily.II < ~ and y.y* EB for every n. 

Proof. Consider the set 

J={xeA+13y~ ... . .  y, eA, x = ~ y ~ y k ,  yky~eB}. 

Since B+ is a hereditary cone in A+, it follows from [9, Corollary 1.2] that J is a 
strongly invariant hereditary cone in A+. Consequently, the norm closure of J is 
the positive part of a closed ideal in A, and since B+ c J  it follows from our 
assumption that J is dense in A+. 

Let ,4 denote the C*-algebra obtained by adjoining a unit to A. If x cA+ and 
e > 0 there is by the first part of the proof  a finite set (Yn) in A, with Yn Y* e B for 
all n, such that I l x - ~ y * y . l l  <e. But then 

x<=~,y*y.+el, 

whence, again by [9, Corollary 1.2], we have a decomposition 

* * z . z * <  * ZoZ~<_~l .  x = ~  z n z.+zo Zo, =Y.y , ,  _ 

It follows that z,z*eB and that ]Ix-Y, z*z,[I <e. Repeating the argument with 
x - ~ z* z, in place of x, and continuing by induction (say with e = 2-") we obtain 
the lemma. 

2. Lemma. Let 6 be a derivation of a C*-algebra A having a strictly positive 
element b. There is then an approximate unit (u.) for A contained in C* (b) such 
that for every n we have 

u,+lu.=u. ,  II(1-u.)bll <2 - " ,  116(u.)ll < 2 - " .  

Proof. Let K denote the convex set of monotone increasing continuous functions 
f on R+ such that f ( t ) = 0  for all t ~ t  o for some to>0,  and f ( t ) =  1 for all t>t~ 
for some t l > t  o. Note that K is also a net (the partial ordering being the 
ordering of functions) and converges to the characteristic function for the set 
R+\{0}. Since b is strictly positive it follows that the net { f (b ) l f eK}  is an 
approximate unit for A and converges to 1 a-weakly in A". Extending 6 to a a- 
weakly continuous derivation of A", this implies that for each fo in K the set 

E = {6 ( f (b)) l ie  K, f > fo} 

contains 0 as a a-weak limit point. Since E is convex (6 is linear and K is 
convex), and the a-weak topology on A is the a(A, A*)-topology, it follows from 
the Hahn-Banach theorem that E contains 0 as a limit point in norm. Thus with 
u.=f.(b), for a suitable sequential subnet (f,) in K, we find by induction an 
approximate unit (u,) satisfying the three conditions in the lemma. 
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1. Proposition. Let A be a C*-algebra containing a strictly positive element, and 
let B be a hereditary C*-subalgebra of A not contained in any non-trivial closed 
ideal of A. Assume that 6 is a skew-adjoint derivation of A such that ,~(B)cB. 
There is then a derivation 6' of A of the form ~'=ad(x),  where xeM(A)sa, 
Ilxll < I1~11 and I1~-~'11 < II~lnll. 

Proof. Let b be a strictly positive element in A, and choose an approximate unit 
(un) in C*(b) satisfying the conditions in Lemma 2. Let en=un-u ~_ 1 (with u o 
=0), so that ~ e , =  1. Moreover, enem=0 if [n-ml > 1, and 

Ile.bll _<_2-"+1, IlO(e.)ll <2  -"+1 

for all n. 
For  each n, choose by Lemma 1 a sequence (Y.k) in A with ~y.kY.k=e., 

[[Y.RI[ < oO and y.ky.*EB for every k. Define 

X n - - ~  (Ynk)Ynk, X 'n=~Ynk t~(Ynk) ,  

and note that x,, x'.eA. Moreover, x,+x'~=6(e~), whence Ijxn+x'~[] <2  -n+l. 
Choose by [7, Corollary 3.5.8] an element h in A'+ such that 6=ad(h)  and 

II,~ll = IIhll. Then 

_ _  * * - -  _ _  * X.--~,(hy~k--Y~kh)Ynk--he, ~Ynkhy.R �9 (*) 

The last term is positive and dominated by Ilhll ~,YnkYnk--Irhll % from which we 
conclude that IIx~fl<211~ll. Similar ly ,  IIx'oql<2 II~ll. But (*) also shows that 
x = ~  x,eA", with 

x =~he~-  ~ Y*khY,k=h--~y*khy,k �9 
n n,k 

We see that x=x*, and that x is the difference between two positive elements, 
both dominated by tlhll, and thus Ilxll _-< qlhll ( =  II~ll). 

To prove that xeM(A) if suffices to show that xbeA. To this end consider 
the partial sum 

1 

Sml ~- ~ x 2 n b  
n=tn 

(for m < l). We have 

I l l 

s~ts*t= ~ ~ x2nb2X*k = ~ x2~b2x*,, 
n=m k=m n=m 

because if n 4: k then 

~ ~(y2~,i)Y2~,i b Y2k,~6(YEk,j) --0, X2nbEX~k = , 2 * * * - -  
i,j 

" * < e  * < e  , ande  b2eEk=O. Usingthatllx~--x'n[I <2-~+1' SlnCe y2n, iY2n, i =  2n, Y2k, jY2k,  j =  2k 2n 
this gives 
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l l 
Ilsm,ll2~ ~ x'~.b2x'2~ +411all ~ 2 -2"+1 

< Max Ilxl.b2x'2*ll +8116114 - ' + 1 ,  
mNn<l 

because the elements --' h2v't* �9 ~2n u "~'2n are pairwise orthogonal (each is dominated by a 
multiple of e2. ). Finally, x2.-=X2n(1--UEn_ 2), whence 

{Ix~. b[I =<2 - 2 " +  t +  HXE.bll _-<2 -2n+  1 + 2  11611 2 -2"+2 

Combining these inequalities we obtain 

ilSmtll2 ~ ( 2 -  2ra+ 1 +2  ]16lJ 2 -  2re+z) 2 + 8  II'~ II 4 - "+  1, 

which shows that ~ x 2 . b e A .  In the exact same manner we show that 
x2 . -  1 b e A, whence by summation x b e A, i.e. x e M (A). 

Take, again by [7, Corollary 3.5.8], an element k in B'~ ( cA " )  such that OIB 

= a d k  and Ilkll = l161BII. Set y = ~ Y , k k Y . k ,  and note that y e A +  with Ilyll < Ilkl[. 
n,k 

For each a in A we then use the fact that ~ * - Y.kY,k--1 to compute 
n,k 

6(a)=6( Z * * Y.k Y.k a Y,,z Y,.t) 
.,k,m,l 

= Z 6 (Ynk )YnkaymtYml+Ynk6(Y"kaYmt )Yml+Y"kY"kaYmt6(Ymt )  
n,k,ra, l 

= x a +  ~ y,,k(ky.kay~l--y,,kaYmlk)y~l--ax 
n,k,m,l 

= x a +  y a - a y - a x  =ad(x  + y)(a). 

Consequently, with 8' =ad(x)  we have 

116-6'11 = Ilad(y)ll < Ily[I < 1161BII, 

as desired. 

1. Theorem. Let 6 be a derivation of a separable C*-algebra A. For  each e > 0 
there is an essential ideal I of A and an element x in M(I) such that II (8 -ad(x)) l I  I{ 
__<e. If 6 is skew-adjoint we can choose x = x *  with Ilxll < 11811. 

Proof. We may assume that 6 is skew-adjoint and that 11811 =1. Let h be the 
minimal positive generator for 6 in A" (cf. [7, Corollary 3.5.8]). We know from 
[8, Theorem 2.1] that h is a lower semi-continuous element in A" This result is +~ 
obtained by showing that each spectral projection of h, corresponding to an 
interval I-0, t], is a closed projection (namely the annihilator of M,(t,  oo)). Its 
complement, denoted by q(t), is therefore open, i.e. there exists a hereditary C*- 
subalgebra B(t) of A such that q(t) is the strong limit of an approximate unite for 
B(t). Moreover, B(t)=q(t)A"q(t)c~A. (In the case at hand B( t )=R( t )nR( t )* ,  
where the right ideal R(t) is the closure of M~(t, oo)A.) 

Let ql = q ( 1 - e )  and B 1 = B ( 1 - e ) ;  and let I~ denote the closed ideal generat- 
ed by B 1. Clearly 6 ( B I ) c B  1 since ql is a spectral projection for h. Moreover, 
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3lBl=ad(qth), (1-e)qx <=qlh<ql; 

so that [l~lBxll~. Since II~ll=l we have q14:0, whence B14:0 and I14:0. 
Choose by Zorn's lemma a closed ideal A 1 of A which is maximal with respect 
to the property A~ c~I~ ={0}. Then A~ +I~ is an essential ideal in A and 

OIA t = ad((1 -ql)h)lA1, 

whence IlfiLA~ l[ < 1 - ~. Repeating the argument above with A~ in place of A we 
find a non-zero hereditary C*-subalgebra B z of A~ with 6(Bz)cB 2 and 
ll~lBzll __<E. Moreover, if 12 is the closed ideal generated by B2, and if A 2 is a 
closed ideal in A~ orthogonal to I z such that I z +A z is essential in Aa, then 

II~IA211 ~ II~IAx II-~. 

Since e > 0  this process must eventually terminate, and we are left with 3- 
invariant hereditary C*-subalgebras B1, B 2 .. . .  ,B,, generating pairwise ortho- 
gonal ideals 11, 12 .... ,I,, such that 1131Bkll <~ for each k and 11 +I2+. . .+I  . is 
essential in A. 

Let B = B I + B 2 + . . . + B ,  and I=I1+I2+.. .+I , , .  Then 6(B)cB and 
II61BII <~. Applying Proposition 1 there is then an element x in M(l)s~ with 
IIxE[<[I~II such that ][(6-ad(x))lll[<e. Since I is essential in A the theorem 
follows. 

Essential Multipliers 

Given a C*-algebra A let {l~[2eA} be the net, partially ordered under inclusion 
( 2 < #  if 14 = I,), of essential ideals in A. (Note that if I and J are essential then so 
is InJ . )  If 2 < #  we have the inclusions 

l u c l z c A ~ M ( A )  c M ( I z ) c M ( I  .) 

by [10, Proposition2.6]. We define M~ as the inductive limit of the system 
{M(Iz)[2~A}, and shall refer to it as the C*-algebra of essential multipliers. 

We invite the reader to verify the following statements: 
(1) M~(A) is non-separable unless A is separable, simple and has a unit 

(whence M ~ (A) = A). 
(2) If I is a minimal ideal in A then M~(A)=M(I) .  
(3) If I is an essential ideal in A then M~176176176 
(4) If I is not essential in A then M~176 is a direct summand of M~(A). 
(5) Each non-zero ideal in M~(A) has a non-zero intersection with A. 
(6) If A is prime then M~(A) is prime. 
(7) If A has a faithful factorial representation ~ then it extends to a faithful 

representation of m | (A) such that ~(m ~176 (A)) c ~(A)'. 
(8) If A = C([0, 1]) then M| can be identified with the algebra of bounded 

functions on [0, 1] that are continuous except on a set of first category, modulo 
the ideal of functions that are zero except on a set of first category. 
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2. Proposition. (cf. [6, 2.4]). Each derivation 6 of a separable C*-algebra A 
extends to an inner derivation 6 of Moo(A). Moreover, if 6 is skew-adjoint we can 
for each e > 0  choose x in Moo(A)~ with 6=ad(x)  such that 

Ilxll ~ 11611-+-~. 

Proof Each derivation of a C*-algebra B has a unique (norm-preserving) 
extension to M(B) by [1, Lemma6.1]. It follows that each derivation of an 
essential ideal of A has a unique (norm-preserving) extension to Moo (A). 

We may assume that 3 is skew-adjoint and that 116[] = 1. Applying Theorem 1 
and proceeding by induction we obtain a decreasing sequence (I,) of essential 
ideals (I,+ 1 is essential in I ,  and therefore essential in A), and a sequence of self- 
adjoint multipliers (x,) (i.e. x,~M(1,) for each n), such that (with lo=A and x o 
=0)  

] (3--k~=lad(Xk) ) I, <2-"~ ;  (,) 

/ .~i \ 

[[Xn[[~ ~--k~.~=oad(Xk))In-l" (**) 

If follows from (*) and (**) that Ilxlll__<l and IIx.+lll<2-"~, so that we can 
define x=~x, in Moo(A) with IrxfJ < l + e .  By (,) we have 

Jl(a-ad(x))]I,l[ < 2 - " e + 2  ~ Ilxkll < 6 . 2 - % .  
k > n  

With 3 as the unique extension of 6 to M ~ (A) we must therefore have I]a-ad(x)[] 
< 6 - 2 - "  e, whence a=ad(x) ,  as desired. 

Let A be a primitive C*-algebra which is anti-liminary (otherwise A has a 
minimal ideal), and assume that A acts irreducibly on some Hilbert space H. 
From (7) we know that M~176 Note that MOO(A)+B(H); in fact 
M~176 C(H)=  {0}, since otherwise A n C(H)4: {0} by (5). It is possible, but 
probably not true in general, that M~176 is simple; but if not we define a well- 
ordered chain of C*-algebras Mff (A), increasing with ~, such that 

M~ (a) = M~176 (MOO_ 1 (a)) 

if ~ is not a limit ordinal, and 

M~ (A) = ( U M~ ~ (A))- 
~ < 0 t  

co _ _  oo if ~ is a limit ordinal. Let 03 be the first ordinal for which Mo, ( A ) -  Mo,+ 1 (A) and 
put M~(A)=M'~ Note that M~ C(H)= {0} since the assumption that 
there is a first c~ with M~(A)n C(H), {0} is not compatible with (5). 

The C*-algebra M'(A) has the property that it contains every multiplier of 
any non-zero ideal in M'(A). If therefore Theorem 1 could be extended to cover 
some reasonable non-separable cases (it holds for any C*-algebra for which 
every (essential) ideal contains a strictly positive element), we could use Pro- 
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p o s i t i o n  2 to c o n c l u d e  tha t  eve ry  de r i va t i on  o f  M'~ is inner.  As  it s tands  there  
is no  o b v i o u s  a d v a n t a g e  in us ing M~'(A) ins tead  of  M ~ (A). 

N o t e  tha t  by P r o p o s i t i o n 2  b o t h  M~(A) and  (in the  case of  a p r imi t ive  
a lgebra )  M'O(A) is a de r iv ing  a lgeb ra  in the sense of  Saka i  (see [11] a n d  [12]). 
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