
Inventiones math. 38, 207-217 (1977) IHventio~es 
mathematicae 

by Springer-Verlag 1977 

Triangulation of Subanalytic Sets 
and Proper Light Subanalytic Maps 

Robert M. Hardt* 

University of Minnesota, School of Mathematics, Minneapolis, Minnesota 55455, USA 

Introduction 

The smallest nonempty class ~c4 of subsets of a real analytic space M which is closed 
under the formation of locally finite unions, intersections, complements, and 
connected components and which contains Ac~g ~t {0} for any A in ,~ and real- 
valued function g analytic in a neighborhood of Clos A is the class of semianalytic 
subsets of M (see [6, w 1] for a list of references, the most basic being [11]). The 
smallest such class also containing all proper real analytic images of semianalytic 
sets is the (strictly larger, for dim M > 3 )  class of subanalytic subsets of M 
([6, 8, 14, 15]). 

A continuous function from a subset of real analytic space M into a real 
analytic space N is called a subanalytic map if its graph is a subanalytic subset of 
M • N. Here triangulations of subanalytic sets are constructed using only subana- 
lytic maps throughout. A map is proper (respectively, light) if its inverse image 
preserves compact (respectively, discrete) sets. Our main results are: 

Theorem 2. For an), locally finite jitmily ,~ of closed subanalytie sets in IR", there 
exists a simplicial decomposition ,~ of lR" and a subanalytic map f: [0, l] x IR" ---, llt" 
such that f =f( t ,  �9 ) is a homeomorphism for each t e l0 ,  1], ,fo is the identity, and 
.~ I(R) is a subeomplex gf',N,['or every Re:~. 

Theorem 3. I[ P is a closed finite-dimensional subanatytic set, f: P --+ N is a proper 
light subanalytic map, and 2 and ~ are locally finite families of closed subanalytic 
sets in P and f(P), respectively, then f =  h o p o g t.for some simplicial map p between 
simplicial complexes c~ and #{~ and homeomorphisms g: ~) aj ~ p and h: ~ ~'-~.f'(P) 
such that g- t(Q) is a subcomplex o[ N ['or every QE~ and h-a(R) is a subcomplex 
of ~'~for every R e ~.  

An arbitrary proper real analytic map, as Hironaka has kindly pointed 
out, may not admit a triangulation in the sense of Theorem 3. For example, in 
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any triangulation of the map, 

f : IRxN1--*IR z, f(r,~)--r.~ for ( r ,~)e lRx$1,  

at least one l-simplex but no 2-simplex in the triangulation of IR x N1 would have 
to be collapsed. 

For semianalytic sets, use of the Weierstrass Preparation Theorem and 
elimination theory as in [11, pp. 150-153] has classically provided partitions .9 ~ 
called semianalytic stratifications, into semianalytic, real analytic submanifolds 
such that if R and S are distinct sets in ,9 ~ and R~Clos  S is nonempty, then R is 
contained in Clos S and dim R is strictly less than dim S. The triangulability of 
semianalytic sets was not fully established until ten years ago when it was proven 
by Lojasiewicz in [10]. Independently Giesecke obtained simplicial decom- 
positions in [5]. Recently it was shown in [8] (first) and in [6] that subanalytic sets 
admit stratifications into subanalytic, real analytic submanifolds. The referee has 
also noted the earlier work of Gabri61ov, [14] and [15], treating the Whitney 
stratification of subanalytic sets; the author apologizes for being unaware of and 
not mentioning Gabri61ov's work previously. While the present paper was being 
written, Hironaka obtained subanalytic triangulations of subanalytic sets in his 
interesting Arcata lectures [9]. Triangulations of Whitney stratified sets have been 
treated in the theses of Johnson [16], Hendricks [17], and Ullman [18]. (See [9] 
for references to older triangulation literature.) Because of differences of proofs 
and our construction of an isotopy of the ambient Euclidean space, the present 
paper may be of independent interest. The conjecture of [13, p. 167] on the 
triangulability of the mapping cylinder of a proper analytic map follows from 
[9, 3.7] or Theorem 2, the Embedding Lemma, and [7, 4.8]. 

The stratification of subanalytic sets is here used to construct the isotopy of 
Theorem 2 and the triangulations of Theorem 3 in roughly the following six steps : 

I. In case the union of the sets in ~ is bounded, choose stratifications ,~ in IR i 
and o rthogonal projections pi: IR i ~ 1W-1 for i e { n, n -  1 . . . . .  1} so that 0~ stratifies 
each R in ~,  ,~ 1 stratifies pi(S), and p~lTan (S, x) is injective whenever xcSe,~ 
and dim S < i. 

II. With eg o = {lR~ the family (g~ of components of sets p~-~(C)c~S for C e ~ _ a  
and se~gfi forms, as in [7, 3.1], a CWdecomposit ion for ie{1, 2, ..., n}. 

III. An analogue of barycentric subdivision of each r provides in Theorem 1 
the desired triangulation for the bounded case. 

IV. Inasmuch as this triangulation maps any set in ~ which is already a 
simplex onto itself, triangulations and homeomorphisms for the unbounded case 
may, in Theorem 2, be built up from those of the bounded case. 

V. Since there exist subanalytic partitions of unity, any n-dimensional para- 
compact real analytic space may, by well-known arguments in our Embedding 
Lemma, be mapped into IR 2"+ 1 by a proper subanalytic homeomorphism. (Thus 
even for analytic manifolds, the analytic embedding theorem of [4, Theorem 3] 
is not needed here because the nonsingularity of the subanalytic embedding is not 
required.) 

VI. Theorem 3 follows from the argument of III because the triangulations of 
Theorem 1 commute with the projections pi. 
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All of our proofs and results carry over for any collection ~.//of manifolds and 
class o~ of subsets satisfying the axioms of [-6, 2.2], in particular, for the class of 
real semialgebraic subsets of paracompact real algebraic manifolds. An elementary 
proof of the triangulability of semianalytic sets not involving the subanalytic 
stratification theory of [6] or [8] results by using generic projections in Theorem 1 
in the manner of [7, 3.2, 3.3]. 

An important remaining question is whether two subanalytically (respectively, 
semialgebraically, semianalytically) homeomorphic simplicial complexes are PL 
isomorphic. Thus, even though by [9, 3.7] or Theorem 2, there exists, for any 
two subanalytic (respectively, semialgebraic, semianalytic) triangulations 

f : U , ~ - , A  and g : U ( ~ - , A  

of a subanalytic (respectively, semialgebraic, semianalytic) set A, a third triangula- 
tion h :U2r  so that each image h(H) of a simplex H e ~  "j is contained in 
f(F)c~g(G) for some simplices F e ~  and Ge (q, it is not obvious that ,~- and (~ 
are PL isomorphic (see the interesting discussion and example in [12]). The 
question reduces to the weakened PL Schoenfleiss problem of whether an n- 
dimensional subanalytic (respectively, semialgebraic, semianalytic) closed ball 
in IR" which is bounded by a locally fiat PL sphere is a PL ball. The latter is known 
for all positive integers n4=4 [19, 3.37]. 

Preliminaries, (Our notations follow those of [3, pp. 669-671].) 

For any family ,4 of sets, ~),~r is the set ~) A. 
A e , 4  

For any two families ,N and ~ of subsets of the same set, .N is said to be com- 
patible with c~ if 

B c C  whenever Be:~, C e ~  and Bc~C+-~. 

For any subset D of a topological space, the.~'ontier of D, Fron D, is the set 
(Clos D) ~ D. 

For any subset E of a real analytic manifold, a subanalytic stratification ~9 ~ ore  
is a locally finite partition of E into subanalytic, real analytic (properly embedded) 
submanifolds such that 

R ~ F r o n S  and d i m R < d i m S  whenever R e S ,  Sef/~, and Rc~FronS+0.  

For any stratification ,9 ~ of a closed subset of a Euclidean space such that each 
member of cf is bounded and convex, the family 

3- = {Clos S: Se,5 e} 

is called a convex cell complex or com,ex cell decomposition of UJ ' .  Then, for any 
T= Clos S in .9-. , 

Vr={v: v e t  and {v}e~ T} is finite, 

T={ y" t , , v : t ,>OforveVrand  ~ t~=l}, 
t ' ~ V T  V ~ V T  

and 

7~={ Z t~,v:t,.>0 fo rveVrand  Z t , ,= l}=S.  
u E V  T v f fV  T 
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For  any member  T of a convex cell complex, the point 

br =  y, (card VT) -1 v 
V E V T  

in T is called the barycenter of  T. 
Any member  T of a convex cell complex for which card 1/7,= l + d i m  T is 

called a simplex. For a point  x in a simplex T, the representat ion x =  ~ t~ v is 
v ~  V'I" 

unique. A convex cell complex ,Y- consisting entirely of simplices is called a sim- 
plicial complex or simplicial decomposition of ~ ) J .  

A simplicial complex ~ is a simplicial subdivision of a convex cell complex 
i f 0 ~ = 0 Y r  and {G: G ~ r  is compatible with [/2/: H ~ . ~ } .  By [-9, 1.1], there 

exist a simplicial subdivision N of ~ with (..) Va = ~) V H. Another  simplicial 
G~Cg H ~ , ~  

subdivision of ~ is the first barycentric subdivision of o~f consisting of the convex 
hulls of {bRo, bu, ,  . . . .  bn~ } corresponding to finite sequences H o, H~ . . . . .  H k in 
.;r with 

Ho ~ H- ~ " " ~ Ht ~ ~ 

Theorem 1. (Triangulation of bounded subanalytic sets in IR".) I f  

,% = ego = 6~o = {IR~ }, b(lR~ = 06lR ~ h o = 0 :  lR ~ --+IR ~ 

K,  is the union of a finite simplicial complex in IR", and, for each 

i~{1,2  . . . .  ,n}, Pi: ]Ri----~IRi 1 

is an orthogonal projection, Ki_ 1 =pi(Ki), ,97i is a subanalytic stratification of Ki, 
,~-a is compatible with {Pi(S)} and pi[Tan (S, x) is injective whenever x~S~,Ji  ~ and 
dim S < i, and 

~i= {components of p71(C)c~S: C 6 ~  1 and S~5~}, 

then 

(1) ~i is a subanalytic C W decomposition ([2,V, 2.1]) of Ki, 
(2) each CEC(o~i contains a point b(C) such that b[pi(C)]=pi[b(C) ] and the 

collection ~i of convex hulls D(C o . . . . .  Ck) of {b(Co) . . . . .  b(Ck) } corresponding to 
,finite sequences Co . . . . .  C k in cg with 

Fron C O ~ C~, Fron C, ~ C 2 . . . . .  Fron  Ck_ ~ ~ Ck 

is a simplicial decomposition o1" K i, 
(3) there exists a subanaIytic map hi: Ki ~ Ki such that 
(4) (1 - t) ~K, + t h i is a homeomorphism for each re [0 ,  1], 
(5) Pl ~ hi=hi i ~ (Pi]Ki), 
(6) hi[b(C)] = b(C) for each Ceg i ,  
(7) hi(T)= T. for  each member T of  any simplicial complex in K i with which 

~ is compatible, 
(8) hi]D is an analytic isomorphism .for each D e ~ ,  and 
(9) {hi(/)): O ~ i }  is compatible with gi and hence with ,~'. 
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Proof  We use induction on n. Since ,~ consists of  singleton sets and open intervals, 
the case n =  1 is easily treated. We now assume conclusions (1) through (9) hold 
for i = n - 1 and abbreviate K = K,,  p = p,, ~ = ~,,  and ~ = ~ , .  

As in [7, 3.1], we divide ~ into the two families 

d =  {components  of  p- t (C)c~S:  C~Cr S ~ . ~ ,  and dim S < n } ,  

: ~ =  {components  o f p  I(C)c~S: C ~ , _  t , S~,c/,], and dim S = n } ,  

and observe that the argument  of [7, 3.1] establishes (1) and shows that, for each 
A ~,4, 

P(A)~C~,, 1 and p[Clos A is a homeomorphism,  and, for each B ~ ,  the two sets, 

B -  =p-1  [p(B)jr~{(xl  . . . . .  x~}: x , = i n f  {z: (x I . . . . .  x~_~, z)~B}}, 

B ~=p- i [p (B) ] r~{ (x l  . . . . .  x,): x , = s u p  {z: (x 1 . . . . .  x ,  a,z)mB}}, 

belong to .~ /and 

B = { ( l - t ) x + t y :  0 < t <  1, x e B - ,  y ~ B  +, and p(x)=p(y)} .  

For each sequence C o . . . . .  C k as in (2), there exists,therefore,an integer j (C o . . . . .  Ck) 
in {0, 1, . . . , k +  1} so that 

C j e N  for j < j ( C  o . . . . .  Ck) and 

C j e , 4  for j > j ( C  o . . . . .  Ck). 

Let 

b(A)=(p]Clos A)-~(b[p(A)])  for A ~r 

b(B)=�89 )+b (B+) ]  for B ~ ,  

and 

d ' = ~ c ~ { D ( C o , . .  Ck): l=<j(Co,.  C k ) < k  and C j(c ...... c~) )((co ..... c~) 1}. 

If D(C o . . . . .  C k ) ~  , O<=j<l<=k, and p[b(Ci)J=p[b(C~)], then p(Cj)=p(Ct) ,  
D(C o . . . .  , Ck)~(4, and j +  1 = j ( C  o . . . . .  Ck)=l. Thus, for each D 6 ~ d ,  

p(D)c@,,.~ 1 and plClos D is a homeomorphism,  

and, for each E = D(C o . . . . .  C k ) ~ ,  the two sets, 

E - - = D ( C  0 . . . . .  Ci(c ...... C k ) - 2 '  Cj(c . . . . . . .  c k )  . . . . .  Ck), 

E+ = D ( C o  . . . . .  Cj(c ...... c~)-~, Cj(co ..... c~)+i . . . . .  C~), 

belong to ~ ~ 5 ~ and 

E = { ( l - t )  x + t y : 0 < _ t < _ l ,  x e E  , y e E  +,and p(x)=p(y)} .  

Applying (2) for i = n - 1  and the above observations,  we conclude that each 
/)(Co . . . . .  Ck) in ~ is a k dimensional simplex, that {{): D e ~ }  is disjointed, and 
that (2) holds for i =  n. 
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Next ,  to obta in  h,,, we define hl)" D ~ K for D = D ( C  o . . . . .  Ck)C@ by induction 
on k as follows: 

I. For C o ~,4, we let h D = (piClos Co) 1 o t7, 1 ~ (piD). 

II. For C o s ~  and k = 0 ,  we note that  D=D(Co)= {b(Co)} and let hv=b(Co). 

III .  For C o ~ ,  k> 1, C 1 + C +, and hD( c ...... ok) ah'eady defined, we let 

h~)[b( Co)] = b( Co) 

and for xeD~{b(Co)  }, choose 0<r__< 1, yeD(C t . . . . .  Q), and 0 < s _ < l  so that  

x = ( 1 - r )  b(Co)+ry,  

hD(c . . . . . .  c , a 0 ' ) = E ( l - s ) ( p l C l o s  Co)  l + s ( p l C l o s  C + ) - l ] ~  l~ 

in case [(plClos Co) a - ( p l C l o s  C~) 1]oh,_..~op(y)4=0, 

s= �89  in case [(plClos C o ) - - l - ( p l C l o s  C~) - l ]oh , ,  t o p ( y ) = 0 ,  

and let 

ho(x) 1 =([~(1 - r ) + r ( l  - s ) ]  (plClos C o ) - t  

+ [ � 8 9  C(~;)-X)oh,._lop(x). 

IV. For Coe~N, k> 1, CI = Co and hD+ and h D ah'eady defined, we choose 
0_< t _< l so that  

x = [(1 - t)(plO-)-1 + t(plD+)- 1] op(X} 

and let 

hD(x)=E(1--t) h D. o(plD-)  - l + t h D ,  o(plD +) -1]op(x). 

Clearly each function hD, for D e ~ ,  is a cont inuous  subanalyt ic  m a p  whose 
restriction to /}  is an analytic i somorphism.  To see that  h, = ~j h o is a well-defined 

De@ 

cont inuous  function we will verify, for each D = D (Co . . . .  , CO ~ ~ and j~  {0 . . . . .  k}, 
by induct ion on k, that  

holE=h e where E = D ( C o , . . . ,  Cj_ 1, CJ+ 1 . . . . .  Ca) 

in each of the following eight cases. 

Case1. Co~,4 andj=O. Here Clos C l c C l o s  Co, C16,~r , and, by I, 

hz = (plClos CO-Ioh,_~o(plE)=hDIE. 

Case 2. Coe,~ and j >  1. Here,  by I, 

he= (p lC los  Co)-~oh,_lo(plE)=holE. 

Case3. C o ~ ,  k >= l, Ct + C~,and j=O. Here for x ~ E = D ( C  1 . . . .  , Ck) we choose 
r =  l and y = x  in I I I  to compute  ho(x)=hE(x ). 

Case4. Coe~,  k = l ,  C I + C o  ~, a n d j = l .  Here E=D(Co), and, by II and III,  
hE=b(Co)=hD]E. 

Case 5. C o ~ ~,  k > 2, C a + Cg, and j > 1. Here C 2 4= Co ~ and h e [b (Co) ] = h o [b (Co) ] 
by III,  For  x s E ~ { b ( C o )  } and 0 < r < l  and y s D ( C  1 . . . . .  Ck) chosen as in III ,  
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we see that y~D(Ct ,  . . . ,  Cj_~, Cj+ 1, . . . ,  Ck), infer by induction that 

hD Ic ...... c~l (Y) = hD Ic ...... c . . . .  c ........ c~) (Y), 

and conclude by III that he(x)=hD(X ). 

Case6. Co~N, k__>l, C1=C ~ and j=O. Here E = D - ,  and, for xeE.  we choose 
t=O in IV and infer from I and IV that hE(x)=hD(X). 

Case7. Co~.~, k>__l, C I=Cg ,  and j = l .  Here E = D  +, and, for x~E, we choose 
t = l  in IV and infer from 1 and IV that hE(s)=hD(x ). 

Case& Co6N,  k=>l, C I = C  ~ and j>2.  Here E c D - ,  E + c D  +, and, by IV, 
hE=hulE. 

From the definition of h we now readily obtain conclusions (3), (5), (6), (8), 
and (9) for i = n  and deduce, for each D ~ V ~ 4  ~, that p[h.(D)]e{h._l(F): F ~ . _ ~ }  
that p[h.(D) is a homeomorphism,  and, for each E~g,  that 

hn(E)= {(1 - t ) x  + t y:O< t < l ,x~h, ,(E-) ,  y~hn(E +), and p(x)=p(y)}. 

Thus {h,(/)): D 6 ~ }  is a disjointed covering of K, and h,, being continuous and 
bijective, is a homeomorphism.  

Conclusion (4) for i = n now follows from (4) for i = n - 1, (5), and the observation 
that, by (6), e,,.h,,(x 1 . . . . .  x ,  1, ") is increasing whenever (X 1 . . . . .  Xn-1)@Kn 1" 

To establish (7) for i=n, we note, by (7) for i = n - 1 ,  that h,_ 1 [p(T)]=p(T)  
and use induction on dim T. If p]T is bijective, then every C e g  contained in T 
belongs to d ,  and (7) follows from (6) and the definitions of ~ in (2) and h, in I. 
If p] T is not bijective, then dim p (T)=(d im T ) -  1, h,(T) is contained in the dim T 
dimensional cylinder p 1 [p(T)] ,  h , (F ron  T ) = F r o n  T by induction, and h,(T) = T 
by the connectedness of T. 

Theorem 2. (Triangulation qf subanalytic sets.) For any locally finite .~unily df 
of subanalytic subsets of" IR", there exist a simplicial decomposition ~ of IR" and 
a subanalytic map f :  [0, 1] x IR"--.IR" such that .Ji=f(t , ' )  is a homeomorphism 
for each t~[0,  1], fo is the identity, and {f1(/5): F~ ,~}  is compatible with ~.  

Proof. For  (Xl, . . . ,  x,)eIR" and j e{  - 1,0, 1, 2 . . . .  }, let 

Ih(xl . . . . .  x,)lq = s u p  {Ix, l . . . . .  Ix~ 

L j= lR"cv{x : t lx l l< j} ,  and , ~ j = { R c ~ L j : R e ~ } .  

With d o =  {Lo}= {{0}} and eo: [0, 1] x L o - . L  o, we will choose inductively for 
j e  {1,2 . . . .  } a simplicial decomposi t ion dj of Lj and a subanalytic map ej: [0, 1] x 
Lj-~ Lj such that 

(1) ej,,=ei(t , .) is a homeomorph i sm for each re[0,  1], 
(2) e i . o = ~  ,, 
(3) {ej, l(E): Eegj} is compatible with g j ,  
(4) {EcsLj_2: E f g j } = { E c v L j  2 ] E 6 g j  1}' 
(5) ej[[-0, 1] xLj 2 = e / _ l [ [ 0 ,  1] xLj_ 2, and  
(6) for each EerYj, E ~  Bdry L j c { ( x l ,  . . . , x , ) :  Ix,,l=j} for some me{1 . . . .  ,n}. 
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Assuming eo, o~0, . . . ,  es_l, gj-1 have been chosen, we first observe that the 
equations 

d(t,x)=x for (t,x)s[O, 1]xL  1 incase j = l ,  

d(t,x)=ej l(t,x) for (t,x)s[O, 1]xLj_ I 

and 

d( t ,  x ) ~ - ( j - -  1) 1]Ix H e j_  1 I t ,  ( j - -  1)I[xl1-1 x ]  

for (t,x)s[0, 1] x (L j~Ls  1) in case j > 2 ,  

define a subanalytic map d:[O, 1]xLj~[O,  1]xLj extending ej_ x such that 
d,=d(t, ") is a homeomorphism for each ts[0,  1] and d o =~L~- 

Second we let 5Po = {R ~ and use [7, 3.2] to select for is{n, n -  1 . . . . .  1} ortho- 
gonal projections Pi: lRi ~lRi-1 and subanalytic stratifications ~ of 

Pi+l ( ""  (p~(Lj))...) 

so that ~, is compatible with gj_~w{d~l(R): Rs~j} ,  ~_~ is compatible with 
{p~(S)}, and pilTan (S, x) is injective whenever x s S s ~  and dim S < i. 

Third, we apply Theorem 1 with K,  = Lj to obtain a simplicial decomposition 
of L; and a subanalytic map c: [0, 1] x Lj -,  Lj such that c, = c(t, �9 ) is a homeo- 

morphism for each ts[0,  1], Co =llL~, G(E)=E for eachEsgj_ 1 , and {q(b): Os~}  
is compatible with ~ .  

Fourth, we let 

V= ~ VE, W=BdryLs  1, 
E~gj - 1 

t~: Ls_ 1 ~ [0, 1] for vs V, 

t~(x)=0 whenever x~Esgj  i and vCE, 
x= ~ t~(x)v and ~ t~(x)=l whenever x s E s g j  1 and v~E, 

~EV v~V 

s: Lj_ 1 -~[0, 1], s(x)= ~ t~(x), 
v~VnW 

r: lR"c~{x: s (x )>0}- , I a  ~ r(x)= y~ t~(x)v/s(x), 
wVc~W 

ej(t ,x)=d(t,x)=ej_l(t ,x ) for (t,x)s[O, 1]xLj 1 and s(x)=0, 

ej(t, x)=d(t, x +s(x) [c(t, r(x))-r(x)]) for (t, x)~[0, 1] x Lj_ 1 and s(x)>0, 

ej(t, x)= d[t, c(t, x)] for (t, x)s[0, 1] x (Lj~ Ls_l), 

gj be a simplicial subdivision of g = (first barycentric subdivision of 

~c~{D: D=L,i~lnt Lj_t})u(Cj_I~{E: E~  Int Lj_1} ) 

with 

U v =lJv , 
E ~  s E ~  

and observe that e s is a (continuous) subanalytic map and that ~ is a convex cell 
decomposition of Lj because ~ ,  being compatible with {ci-l(S): S s ~ }  is com- 
patible with ~O~'~ X = {C 11 (E): E ~ j _  1 }. Moreover, for each E+,Nj_~ with E~ W=~f~, 
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we infer, from (6) with j replaced b y . j -  1, that 

F = r(Ec~ {x: s(x) > 0}) c Ec~ I/V,, F e d)_ 1, c,(F) = F, e j, ,(E) = ej _ 1, ,(E), 

and ei.,IE is injective for tel0,  1]. Statements (l), (2), (4), (5), and (6) are now 
readily verified. 

To prove (3) we assume Ee~i,  R a ~ ; ,  and ej, l(E)c~R+O, and verify that 
e.i ' 1(~)c R in each of the following three cases. 

Case 1. E c I n t  Lj..~. Here s[/~=0, Ecdf)_ 1 , ej, 1lE=e~_l,l[E, and 

ei 1 . 1 ( E ) c R m L j  -1 

by (3) applied with j replaced b y , j -  1. 

Case2.  / } c l n t L j _  1 and Ec~W4=O. Here sl/}>0, /}c/> for some Fed)_ 1, and 
e~, 1 (E) c e~_ j. 1 iF) c RmLi_. 1 by (3) applied with j replaced by j - 1. 

Case 3. E c L j ~ I n t  Lj_~. Here E is contained in some member o f ~ ,  and 

ei,, (/~) = d, [c, ( i t ]  ~ R 

because {q(L)): De~}  is compatible with ,~ and ,~ is compatible with {dll(R)}. 
Having obtained e o, d 0 , e t , a l ,  e2, d2 . . . . .  the proof is completed by observing 

that 

o~-= ~ ~)c~{E: E c L i _ 2 }  
j - I  

is a simplicial decomposition of IR" and letting 

f ( t , x ) = l i m e a ( t , x  ) for (t, x)e[0, 1] xlR". 

Embedding Lemma. For any n dimensional subanalytic subset V of  a paracompaet 
analytic space M,  there exists a proper subanalytic homeomorphism mapping V into 
]R2 n+l 

Proof  For ie{1, 2 . . . .  }, there are open subsets G~ and U~ of M, an integer n~>n, 
and subanalytic functions p~: M --+ [0, 1], ~i: Gi--+ IR"' such that 

Clos U i c G i c M ~ F r o n  K {Uic~V: ie{1,2 . . . .  }} 

is a locally finite relatively open cover of V, spt p i c  G i, U/c~spt (1 -p~)=ta, and c 5 
is a homeomorphism. Defining 

pi , j (y)=PiO,)e j .~ i (y)  f o ryeGi  and pi,j(y)=0 for y e M ~ G  i, 

we now need only modify the proof of [1, pp. 13-16] by using a subanalytic 
partition of unity, omitting the arguments involving tangent vectors and smooth- 
ness, and observing that, on [1,pp. 13-14],q)(D) has measure zero in p2,,+L 
because both (p and D are subanalytic and dim D = 2 n. 

Theorem 3. (Triangulation of  proper light subanalytic maps.) !t  M and N are finite- 
dimensional paracompact real analytic spaces, P is a closed subanalytic subset o f  
M, f :  P -~ N is a proper light subanalytic map, and ~ and ~ are locally.finite families 
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of subanalytic subsets of P and f(P) respectively, then there exist positive integers m 
and n. an orthogonal projection p: lll"--.IR", a simplicial complex fr in lR" and 
subanalytic homeomorphisms 

g : ~ ) f g ~ P  and h: p ( U ~ ) ~  f(P), 

such that 

M = {p(G): G ~ }  is a simplicial complex in IR", 

{g(G): GEff} is compatible with 2, 

{h(H): H e ~ }  is compatible with 5~, and f =hopog -t .  

Proof First we assume, by the Embedding Lemma that M ~ IR t and N ~IR", let 

p : I R " x I R t ~ l R  ", q : l R " x l R t ~ I R  l, r :p - - , lR"x lR  l, 

p (x ,y )=x  and q(x ,y)=y for (x ,y)a lR"xlR l, r(z)=(f(z),z) for zeP,  identify 
IR" x IR 1 with IR m where m = n + l, and let Pl : 1111 ~ 1R~ = {0} and 

Pi: 1Ri ~ l R i - l ,  pi(xl . . . . .  xi)=(xl . . . . .  xi_l) 

for ia {2 . . . . .  m} and (x 1 . . . . .  xi)~lR i. 
Second we use ]-6, 4.1, 4.2, 4.3, 2.1] to choose subanalytic stratifications 

,~,, of Kz=r(P) ,  Y~_~ of K"  1=Pro(K,,), 

"(J~m-2 of gm_2=Pm 1]-pm(Km)] . . . . .  -~n of p(K=)=f(P) 

such that, for i e { m , m - 1  . . . . .  n+ 1}, 50,, is compatible with {r(Q): Qe~}, ,~ is 
compatible with ~,  ,~-1 is compatible with {pi(S)}, and p/lTan (S, x) is injective 
whenever x e S e , ~ .  

Third we apply Theorem 2 to obtain a simplicial complex .~ in lR" and a 
subanalytic homeomorphism h,: ~ ) J - , p ( K m )  such that (~,={h,(/~): Fe,N} is 
compatible with ,(//,, and then let ~ ,  be the first barycentric subdivision of ,N, 

b[h.(F)]=h.(bF) for f e , ~ ,  

and 

~ =  {components ofpil(C)c~S: C ~ i _ l  and S e ~ }  for iE{n+ 1 . . . . .  m}. 

Fourth we observe that each member of ~. is simply connected and that each 
point in IR" has an arbitrarily small neighborhood whose intersection with each 
member of ~. is connected. Thus we may repeat the arguments in the proofs of 
[7, 3.1] and Theorem 1 to obtain inductively for i~ {n+ 1 . . . . .  m} a point 

b(C) in ( h . x ~ , - . ) - l ( C )  foreach C ~  

and a subanalytic homeomorphism 

hi: U~@i - .  K i 

where the collection c~ i of convex hulls of {b(Co), ..., b(Ck) }, corresponding to 
C O . . . . .  C k in ~/with 

Fron Co~ C1, Fron C 1~ C 2 . . . . .  Fron C k_l ~ CR, 
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is a simplicial complex, 

piohi=hi_, o (piJ ~) @,), 

and {h~(b): De.@i} is compatible with .5' i. Then 

~.={p(D):  De~m}, poh,.=h.o(p]U~,.), 

and the proof is completed with 

a~=~,. ,  g=goh~, ,  and h=h,,. 
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