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Summary. We present and study a conservative particle method of approxi-
mation of linear hyperbolic and parabolic systems. This method is based
on an extensive use of cut-off functions. We prove its convergence in 2

m

at the order &2 + ¥y as soon as the cut-off function belongs to W™* 11,
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Introduction

Most of the partial differential equations arising in Sciences and Engineering
are conveniently solved numerically by using classical discretization methods
such as finite-difference, finite element or spectral methods. However, due to
the growing complexity of problems which need numerical solutions, an increas-
ing number of them are not efficiently solved by these conventional methods
and require specially fitted numerical techniques. This is the case in particular
of convection dominated complex problems for which the particle method is
able to provide effective numerical solutions. In fact, the particle method is
commonly used in some specific domains in Physics and in Fluid Mechanics.
In Physics, kinetic equations of Boltzmann and Fokker-Planck types are current-
ly solved by the particle method which is frequently associated with Monte-Carlo
techniques. In that direction, see for instance Duderstadt and Martin [11,
Chap. 9]. In plasma Physics and more specifically in the study of inertial confine-
ment fusion problems, the particle method is used in the numerical solution
of the coupled Vlasov-Poisson or Vlasov-Maxwell equations: see the recent
books of Hockney and Eastwood [15] and Birdsall and Langdon [5]. For
applications to the computer simulation of semi-conductor devices, see again

(15].

* Dedicated to Professor Joachim Nitsche on the occasion of his 60th birthday
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The particle method is also used in Fluid Mechanics for both compressible
and incompressible fluid flow simulations. On the one hand, vortex methods
of solutions of the two- and three-dimensional incompressible Euler and Navier-
Stokes equations are of growing practical importance: see for instance the survey
papers of Leonard [16, 17] and the references theirein. On the other hand,
for compressible multifluid flows, a particle-in-celi (P.1.C.) method has been intro-
duced by Harlow [14] using a particle treatment of the convective terms coupled
with a finite-difference treatment of the pressure terms. Recently, Gingold and
Monaghan [12] have modified the P.I.C. method by deriving a pure particie
treatment of the pressure terms.

The numerical analysis of the particle method has received a great deal
of attention in the last few years. Since the pioneering work of Hald [13] on
the convergence of the two-dimensional vortex method, many results have been
obtained in that direction, see the papers of Anderson and Greengard [1], Beale
[2], Beale and Majda {3, 4], Cottet [6, 7, 8], Raviart [19]. By using related
mathematical techniques, Cottet and Raviart [9, 10] have studied the particle
approximation of the one-dimensional Vlasov-Poisson equations.

Now, the purpose of this paper is to provide a mathematical analysis of
a particle method of approximation of linear first-order systems closely related
to the method of Gingold and Monaghan [12]. The analysis presented here
extends previous works concerning the particle approximation of linear hyper-
bolic equations [19, 20]. An outline of the paper is as follows. Section 1 is
devoted to the derivation of the particle method. We state in Sect. 2 the main
result of convergence. The consistency analysis of the method is based on a
theory of approximation of smooth functions by linear combinations of Dirac
measures. This theory is given in Sect. 3. We derive in Sect. 4 a I? stability
analysis of the method and we prove the main theorem. Finally, in Sect. 5,
we extend the method and the analysis to the numerical approximation of para-
bolic systems.

In a subsequent paper [18], we shall present a somewhat different but related
particle method of approximation of linear convection-diffusion problems.

1. Description of the Particle Method

Let x=(x',...,x")eR" be the space variables and t the time variable. Given
T>0, we set:
Qr=R"x]0, T[

We denote by .# (R?) the space of p x p matrices with real coefficients.
We introduce (n+ 1) mappings A: (x, t)e Q; — A'(x, )e Z (RP), 0<i<n, with
the following properties:
(i) A'el*(Qr; L(R?), O=isn;

() 2 el (Qr: 2(R?),  15ijsn: (1)

(i) A'(x, )=A'(x, )7, 1Zign, (x,1)eQr.
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Then, given two functions uy: xelRR" > uy(x)eR? and f: (x, )eQr — f(x, H)elR?,
we want to find a function u: (x, t)e O — u(x, t)eIR? solution of the first-order
symmetric system written in conservation form

ou & 0, 0 .
E+i;6—xi(A u)+ A%u=f in Q, (1.2)

with the initial condition

u(x, 0)=uy(x), xeR" (1.3)
Now, setting

L2(R")=L*(R"Y,

it is well known that Problem (1.2), (1.3) is well posed in IL2(R"): if u,cIL2(IR")
and fel!(0, T;IL2(R"). Problem (1.2), (1.3) has a unique weak solution
ueC°(0, T: L.2(R"), i.e. u is continuous from [0, T] into I.2(IR"). We shall assume
in all the sequel that the data A!, 0<i<n, u, and f are smooth enough so
that the solution u satisfies the regularity properties that we shall require later
on.

In order to approximate the solution u of (1.2), (1.3) by a particle method,
we begin by introducing a system of moving coordinates. We write

Al=d I+ B, 1Zign, (1.9
where I is the identity matrix of £ (R") and the functions @' are realvalued
functions defined on Q; which satisfy

. oa ..
a'eL*(Qy), WELm Qr), 1=i,j=n (1.5)

Then, we define the characteristic curves associated with the first order differen-
tial operator

g X .0
at .;a axt
J
Consider the differential system
d
d_):za(x, t), a=(a',...,a". (1.6)
We denote by t — x(&, t) the unique solution of (1.6) which satisfies the unitial
condition
x(0)=¢,  CeR” (1.7
and we set .
56 n=det (351 (1.8
il - 66‘1 ’ - .

Then, it is a simple and classical matter to check that

da’
ox!

e n=t(e D@V x( 0,0, diva= Y 19)
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Moreover, since J (&, 0)=1, we have
JE >0 VEeR", Vite[0, T].

Note that (£, t) may be viewed as a system of Lagrangean coordinates associated
with the “velocity” vector field a=(a', ..., a"). Hence, t — x(¢, t) is the trajectory
in the velocity field a of a material particle whose initial position is ¢.

The next step consists in deriving a general approximation of a continuous
function by a linear combination of Dirac measures. Let ge C°(IR") and let
@eCI(RM, ie., ¢ is a continuous function with compact support. By using
the change of variables x=x(¢, t), we have

[ godx= [ g(x(& ) p(x(& D) I (&, 1) dE.
Rn R~

Now, if we approximate the integral

Fv@de by Y any(&)
Rn

keK
for some set (&, w, )k Of points £, €R" and weights w,€R, we obtain

| godx= w(t) g(x(t) @(xi(2))
Rn keK
where

i (O=x(C, 1), W)= J (&, 1), keK. (1.10)
This amounts to approximate the function ge C°(R") by the following measure

") g= Y wi(t) g (xi (1) S(x — X, (1)) (1.11)

kekK

where &(x —X,) means the Dirac measure located at the point x,eR” and the
subscript h refers to a discretization parameter to be specified.

Later on, it will be useful to associate with the measure II*(t)g a continuous
functions IT*(t)g which approximates the function g in a more classical sense.
In order to construct II"(t)g, we first introduce a cut-off function
{eCH(IR™ L' (IR") such that

| {dx=1.
Rn

For the sake of simplicity, we shall assume in all the sequel that the function
{ has a compact support. Next, we set for all e>0

1
Cs(x)=5; C(g) (1.12)

and
M) g=1"t) g*{,
or equivalently

(T2 ()8)(x) = Y. wi(t) g (e (t) Lo(x — X, (1)) (1.13)

keK
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We are now looking for a particle approximation u” of the solution of Problem
(1.2), (1.3) of the form

uh(x, )=y w(t) u(t) 6(x — x, (1)) (1.14)

keK

where u,(t) stands for an approximation of u(x,(t), t). We consider also the
regularized form u” of u” given by

(., )=u"(., 1) *{,

ie.,

ug (x, )= 3 wi(0) () £, x — x, (1))- (L.15)

keK

In other words (1.15) consists in approximating the solution u by point particles
which move along the characteristic curves passing through the points &,, ke K.
Similarly, (1.15) amounts to approximate u by finite size particles, the motion
of each particle being identical to that of its centroid x,(r) and its size being
characterized by the function (,.

It remains to derive a discretized form of Problem (1.2), (1.3) in order to
define the unknown functions ¢ — u,(t), ke K, and therefore the approximate solu-
tions u" and u”. Using, (1.4), Equation (1.2) becomes

1% 0 ]
A£+Za,aw+2 (B + A%u={ in Qr.

We first notice the simple but crucial following result

Lemma 1. If u" is given by (1.14), we have in the sense of distributions on Q.

2 2 d
U Z 5 (@ 1) =3 — (W (0) e (0)) 30— x,(1). (1.16)

kekK

Proof. Denote by <.,.> the duality pairing between the space C3(Qr) of all
C* functions with compact support in Q, and the space 2'(Q) of all distribu-
tions on Q. If we set

a a i, h
Lu"= =5 U +Z@ (d uh),

we have for all peCZ(Q7)
do L .0¢
h — h ~ 7 t_ 7
CLaboy=—(ih 5+ Tt )

:-j{ZMﬂ%m( iw%@umm%m

kekK i=1
But it follows from (1.6) that

Jdo &
Gﬁ+§“

i=1

0 d
S (& 0. 0= 0(x(6 0.0
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Hence, we obtain

d
Lub, y=—73, jwk(t)uk()d @ (x, (1), ) dt

keK O

(G 0m0m)36=00) o)

and the conclusion follows. [

Let us next derive a particle approximation of (B‘ u"). We write

a l h ‘ a 6B' h i a h
o Bu )‘ g B
0B
and we use the following approximations for B' and — Ep.

Bi~ Y w, () Bi(1) 6(x — x, (1)),

keK

JB
F Y wi(t) Bk(t) Ox ;(x X (1))

keK
where
Bi(1)=B'(x, (1), 1). (1.17)
We find
(B ;(zw,(r)B ) 0% e x,(t»)
leK
(Y W (®) w (2) 6 (x — X, () + (Y wie(t) Bi(£) 8(x — x,. (1))
keK keK
0
(Zm0u0 35 =0
ie.,

0 . ;
B w2 Y, wilt) wi(B)(Bi () u (t) + Bi(t) u, (£))

k,leK
0
5% (% () — x,(£)) 6 (x — X (1)) (1.18)
Finally, we have
AU =3 wi (1) AR (1) () 6 (x — x, (1) (1.19)
keK

where
AR(t)=A(x(t), ) (1.20)
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and we consider the following approximation of f

f= Y, w0 £ (1) 6 (x— x,. (1)) (1.21)
where
J@)=f(x,(2), t). (1.22)

Combining (1.16), (1.18), (1.19) and (1.21), we find that a (semi-)discretized
form of Problem (1.2), (1.3) consists in finding functions te[0, T] — u, (t)eIR?,
ke K, solutions of the differential system

d (Wk(t) () + wy (¢ {Zwl(t Y (Bi(t)u(r)

leK i=1

# B0 1(0) 525 (03 0} A0 (O = w040, (1.29)

u (O)=up(&,), kekK. (1.24)

On the other hand, using (1.6), (1.7), (1.9) and (1.10), we note that the functions
t—x,(t) and t - w(t) can be characterized as the solutions of the differential
equations

B =at 0, wi0)=4, (1.25)

and

d
%(t)wk(r)(diva)(xk(r), B w0)=w,. (1.26)

The numerical method is thus defined by the Egs. (1.23)-1.26). It remains how-
ever to perform a suitable time — discretization in order to obtain a practically
implementable numerical scheme.

Remark that any solution ue C°(0, T; L' (IR") of (1.2) satisfies the following
conservation property.

fulx, 1) dx-l—jx | A°(x, s)u(x, s)dx ds

R» 0 Rn

ju(x,O)dx+j'l [ f(x,s)dxds.

Rn 0 Rn

It is often required in practice that a similar property holds for any approximate
solution (1.2). In fact, we shall say that the numerical scheme (1.23) satisfies
the conservation property if

YO w () + 3 wils) AL (s) we(s) ds

kekK 0 kek

=Y wi(0) (0 + [ Y wi(s)f(s)ds

keK 0 kekK

holds for any solution ¢ — (u ())xcx € C°(0, T I' (K)?) of (1.23).

1.27)
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Lemma 2. Assume that the function { is even, i.e.
{(—x)={(x) VxeR" (1.28)
Then, the numerical scheme (1.23) satisfies the conservation property.

Proof. 1t follows from (1.28) that

o(, o¢,
afci(—x)= ~5%(x). (1.29)

Hence, by interchanging the roles of k and I, we obtain

. . 0
2 W) wi(O)(Bi(t) wy (1) + Bi(t) i (1)) 5% (i (1) = x,(£) = 0.

k,leK

The conclusion follows at once by summing the Eq. (1.23) with respect to ke K
and integrating from O to t. [

Remark 1. It would seem more natural at first glance to use in (1.23) the following
a
discretization of e (B u)(x, (1), 1):

. ]
> wi(t) Bi(t) ul(t)aéi (X () — x,(1).

leK

However the corresponding scheme does not satisfy the conservation property.

aii (B'u)(x, (1), t) which

lead to a conservative scheme when the condition (1.28) holds, for instance

On the other hand, there exist other discretizations of

. : 0
2 wiO)(Bi(8) (1) + By () e (1)) 6—5:, (e () — x, ()

leK

All these conservative or non conservative schemes can be studied in exactly
the same way than the scheme (1.23). [

2. The Main Result

In order to present a simple analysis of the convergence of the particle method,
we shall restrict ourselves in all the sequel to the following model situation.
Given a discretization parameter h> 0, we set:

KZZH; ékz(kih)1§i§n7 a)k=h"Vk=(k1,... k,,)EZ".

Hence, the initial positions &, of the particles are uniformly distributed in the
space R". Note that, in many applications, it may appear more adequate to
choose the set (&, Wy in a more sophisticated way depending on the initial
condition u, but this leads to non essential technicalities in the proofs.
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It will be also convenient to assume that the cut-off function ( is sufficiently
smooth. The case of a non-smooth cut-off will be discussed in the appendix.

In order to prove that Problem (1.23), (1.24) has a unique solution, we first
introduce the space £2(Z") of sequences v =(1,),.z- With values in R such that

Tol =X 1ol®'? < + o0, 22

keZnr

where |.| denotes the Euclidean norm of IR?. We provide also #2(Z") with the
following time-dependent norm

ol =X we®loe?) 2 =" 3 J (&, Do ?)' 2 (2.3)

keZn keln

Next, we state some simple preliminary results. In all the sequel of the paper,
we shall denote by C, ¢y, ..., ¢;, ... various positive constants independent of
the parameters s and ¢.

Let us begin with a standard result.

Lemma 3. Assume that the hypothesis (1.5) holds. Then, there exists a constant
C=C(T)>0 such that

exp(—CHZJ(&, t)Zexp(Cy), 2.4)
C™HE—n|Z|x(E )—xn, D] =ClE—n] (2.5)

SJor all £, neR" and all te[0, T].

As a consequence of (2.4), we obtain that v—jv||, , is indeed a norm on
£%(Z") which is equivalent (but not uniformly equivalent with respect to h) to
the usual 2 norm (2.2).

Lemma 4. Under the condition (1.5), there exists a constant C=C(T)>0 such
that for all ke Z*

0 C
Z w,(2) 'a% (x (1) — xl(t))\ = ' (2.6)

leZn
Proof. Since the cut-off function { has a compact support, we observe that
meas(supp({,))<c; &
Now, let xeR” be fixed; using (2.5), we find that the number of indices leZ"
such that x — x;(¢) belongs to supp({,) is bounded by ¢, (E)n

h

aCF C3
- (x)| St
ax; (X)} = 8n+1

that
i
lgnwl(t) 5o () — x,(t))’
F .
:hnleZZnJ(éz, t) \*i (=X, ()| Sy b (2) . 2%'
Setting

o =(uo(Ekezns [ ()= (fi(ODiezn

We can now prove.
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Theorem 1. Assume that (1.5) holds and the cut-off function { belongs to the
space C3(IR"). Then, under the conditions

o I, 0 < + o0, 2.7)

T
F1f@Ny, dt<+ o0 (2.8)
0

Problem (1.23), (1.24) has a unique solution t — ii(t) = (1, (£))y.cz~ Which is continuous
from [0, T] into £*(Z").

Proof. Using (1.26), Eq. (1.23) can be equivalently written in the form

uk(t)+ 2 wi(®) Z(B (0) w () + Bi(2) uk(t)) (xk(t) x())

leK i=1

+ A2 (0) w (=1, ()
where
1 dwc(t)
we(t) dt

70
A

= AJ (1) + (diva)(x, (1), 1).
For all te[0, T], we introduce the linear operator ¢(t): ve/*(Z") - ¢ (el (Z")
defined by

(POVh= Y wi(1) Z (Bi(t) v+ Bi(t) Uk) % (xk(t) x () + AL () vy

leX i=1

Let us check that ¢(t) is indeed a linear continuous mapping. Using (1.1) (i),
(1.5) and Lemma 4, we have

(P () v)|=c, z Z wi(t)|v

i=1 ledn

52 0= +( 2+ es)
and therefore
[EGEIESDY
i=1

ZWN%ZMMMIC

kelZn ledn

Cy
P () o

Next, applying Cauchy-Schwarz’ inequality gives

<ZM@MI%

E
2 () —x,
leZn ox'

)2

g&bmm%.um)mmﬁ

6 i

(ZM@MI

leZn

)
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]

so that by Lemma 4 again

D wk(n(zw,(tnm O (O =)

keln leZn

Ce

Cq
<= ) w(@Ow)|yl? ‘
k, leZn

(t))‘

2

<6 ci 2_%a 2
:Ei PRAGIAG] —?“UHM-

leZn

Hence, we obtain

|
1900 I, Ses (1) o],
Now, Problem (1.23), (1.24) can be equivalently written in the form
du - = _ _
4 OFe@uam=,@), O0=t=T a0)=d, 29

Using (2.7), (2.8) and standard results in differential equations theory, we obtain
that the linear differential problem (2.9) in /2(Z") has a unique solution t
—a(t)eC°(0, T; £2(Z").

After having obtained a particle approximation of the original problem (1.2),
(1.3), we then construct the function 4" defined by (1.15). Let us check that
the function t - u(., t) belongs to C°(0, T;IL2(R"). This will be an immediate
consequence of

Lemma 5. The mapping

v=Uhkek = VE0x, )=, wi (1) 0 $(x — X, (1))

keZn

is continuous from ¢2(Z") into L2(R") and there exists a constant C=C(T)>0
such that

o, D@m= Cllol,, OSt<T (2.10)
Proof. Applying Cauchy-Schwarz’ inequality gives
|2 wi®) v L (x—x, ()

keZn

<Y Wi (x—x (I Y we®)|vi]?)

keldn keZn

so that

lot(., Ol Lz(mn)—(f X w1 x—x, W) dx) [ v |1z .-

Rn keZn
Now, in the sum

PR GIACESA) o

keZn
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we have to take into account only the indices keZ” such that x — x,(t) belongs
to supp({,). Argueing as in the proof of Lemma 4, we find that the number

£ n
of such indices is bounded by c, (-};) . Hence, we obtain

1 Olmn e (5] supw (12,007 491017,

keZn

and the result follows from the bounds

wi(=h"J(, DEc, I,

1
[P de== [ Lo dys=2.
Rn € Rn €

Now, we want to compare u?(., t) and u(., t) in IL>*(R"). This is done in
the next theorem which is the main result of this paper. Before stating the
theorem, we need to introduce the standard Sobolev spaces

ol

Wi @) ~Loelr(@): 00—

eIr () mgk}

where £ is an open subset of R™. We provide W* ?(Q) with the norm

lol,pe=( 2 10*¢fr0)"”

jej 2k

and the semi-norm
ol p0=( Y, 180 |Fr)'?

ja| =k
for 1 £ p< oo and their usual modification for p= oo.

Theorem 2, Assume that the cut-off function { satisfies the following hypotheses
(i) {eCI(R" belongs to the space W™+ 1 (R") for some integer m>n;
(i) there exists an integer r =1 such that

{ Ldx=1,
x @2.11)
[ x*{dx=0 VaeN" with 1<|a|<r—1";
Re
(iii) the condition (1.28) holds.
Assume in addition that the parameters h and & satisfy.

&

U=y (xm if x=(x!, ..., ¥)eR", a=(a;, ..., a,)e N".
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Suppose finally that the exact solution u belongs to the space C°(0, T; W* ©(R"¥)
n

where p=max(r+ 1, m) and satisfies for some y> 5

and for all BeIN" with |B|<u
|Pu(x, )| <c(1+]|x])""xeR", te[0, T]. (2.13)

Then, there exists a constant C=C(u, T)>0 such that
h r hm
ful-, )—u; (., D@ =Cle +8,,.v+1 , 0=r=T (2.14)

Let us sketch the main steps in the proof. We write
u(, )—u' (., O=ul., )~ u(., )+ IO u(., )—u(., 1).
Setting
e()=(ex(Dhezn, () =ulx, (1), ) —u (1), (2.15)

we have

(O u, —ul(, )= 3 we(®) exlt) L (x —x, (1))

kelZn
and by Lemma 5
fu, )=ui (., Ole@n S ule, =IO ., Olzmn+crlle®ln..  (2.16)

The key point is to estimate |e(t)]l,,. We note that the function ¢
= (1(x (2), ez satisfies approximatively the Eq. (1.23). First, using (1.6) and
(1.9), we observe that

d
- (& 0, 0T, 1)

0 to0 oJ
(G 3 a3 ) (e 0, 0 D+ ulelE 0.0 5 (60

i=1

ou & 0
:(éq Y e (a’u)) (x(&, 1), 1) J(E, 1).

i=1

Hence the solution u of Problem (1.2), (1.3) satisfies

n

d
00,0 1 0+ G 0 T

i=1

0 .
P (B'u)+ Aou} (x,(0), 1)

=J(C DN,  keZ®

or equivalently
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d o
T OO0, 0)+ (04 3 (0 T (B utx (0,0

legn i=1

oL,

+ B0 w0, 0) 5 5 (50— 50

+wi () AR () u(x,(8), ) =wi (O (0 + @i (1)) 2.17)

where @ (t)=(@(t))icz~ is defined by

(D
o)== ¥ {52 (B0,

~ 3 OB U0, 0+ B0 uln 0, 0) o

leZn

" (el - x,(t))}

Remark that

n

. 4]
ou(0= = ¥ 4B (35 (00— T w0, )

i=1 teZn

0B’ .
S 0= +{ 5 0.0~ X w0 B0

leZn

0
5% (5t) =50 s 0

ie.,

n

oult)= — z{Bk(t) (e, )= I u(e, D) (xi0)

i=1

(OO B O uta0.0f. 219
Now, substracting (1.23) from (2.16) gives

d n
2 w0 e(t) + wi t){z ) 3 (B0 &)+ B )

d leZn

|
& (xk(t)—xz(z»} W) AL e = W0 @) (2:19)

Moreover, we have by (1.24)
,(0)=0. (2.20)

Using (2.16), a proof of Theorem 2 will follow from
(i) estimates of the approximation errors

hu, )= RO u, Oliemey T @Ol, 3
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(ii) a stability inequality of the form
t
le®lls, . =C | ll@(s) 4,5 ds
0

for the solution t — e(t) of the equations (2.19), (2.20). We shall derive in Sect. 3
the consistency estimates (i). In Sect. 4, we shall establish the stability property
(ii) and give the proof of Theorem 2.

Remark 2. Consider the case where
B'=0, 1<i<n,
ie., Eq. (1.2) reduces to
ou 0 ; o )
5{+!Z Fr@w+A%u=f in Qr.

i=1

Then, (2.19) becomes
d
I (Wi (1) €, (£)) + wi () A2 (2) e, (8) =0.

Since ¢,(0)=0, we obtain ¢,(t)=0 and therefore
u'(c, =" u(.,v), u'(.,)=MI"@)u(., 1.
Hence, in that case, finding a bound for the error
u(., t)—uf(., 1)
exactly reduces in estimating the approximation error

u(., D —IT"Ou(., 0. O

3. Some Results in Approximation Theory

Given a function ve C°(IR"), we want to derive bounds for the error v—II*(t)v
between v and its generalized interpolate IT*(f)v defined by (1.11). We begin
by recalling two simple but essential results of [19].

Lemma 6. Assume that the cut-off function { satisfies the conditions (2.11) for
some integer r = 1. Then, there exists a constant C >0 such that for all function
geW"P(R"), ISps+ o0

Hg_g*Csl|n_p(mn)§C8r|g|r,p,Rn (3.1)
Next, we set for all k=(k,, ..., k,)eZ"
Dy={xeR"; (k,—H h=<x'S(k;+Hh 1 <itn}
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i Ek(g)=D§ g(Q)dé—h"g(&), geC’(Dy). (3.2)
Then, we have ‘

Lemma 7. Let m=1 be an integer and p>%, qu%. There exists a constant
C >0 such that, for all function ge W™P(R") n L} (R") if m<2 or for all function
geWm PR A W™ LYR" if m=3, we have

LY Ed@ SCH Y gl poon 3.3)

keZn keZn

Now, in order to estimate v— II"*(t)v, we begin by deriving a bound for
v—II"(t)v in the negative Sobolev space W~ ™?(IR").

Lemma 8. Let m>n be an integer. Assume that
a'eL*O, T, W *(R"), 1<iZn. (3.4)

Then, there exists a constant C=C(T)>0 such that we have for all function
veW™P(R"), 1Sp= + 0

o= I ()0l - p g S CH [Vl pgrs  OSEST. (3.5)
Proof. Since m > n, we have by the Sobolev’s imbedding theorem
WwmP(R")cC°(R" forall 1Zp<+w
Hence, we can associate with any function ve W™ ?(IR") the measure

(o=} wi () v(x,(t)) 6(x — X, (1)).

keZr

Consider first the case 1 <p < +o0. Let pe2(R"); we have

=", 9>= [ vodx— Y wi(t)v(x,(1) 9 (xi (1))

Rn keZn
Using the change of variable x = x (&, t), we can write
o—II"t) v, o> = [ J(& )v(x(& 1) o(x(, 1) dE
Rn
—h" Y T (& ) 0(x (&, 1) 9 (x(Ep, 1)

keZn
so that

o—I"B)v, )= ) E(g

keZn
g(& )=J(S ) v(x(& 1) p(x(&, 1))
Now, it is a simple matter to check that the hypothesis (3.5) implies that

where

t—0ix(.,)eC%(0, T, L°(R"), 1=lajsm+1
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and
t—J(., )eC°0, T; W™= (R")).

Hence, the function ¢t — g(t) belongs to the space C°(0, T: W™ (IR™). Moreover,
applying Lemma 7 (with p=1) to the function g(., t) gives
Ko—=II"(t) v, o3| ¢y ™ g (-, Db, 1. Re

éCZ hm ” U”m,p,]R" “ @ Hm,q,lR"

1 1
where ;+E: 1. Since 2(IR") is dense in W™ (IR"), 1 < g < 0, the above inequali-

ty holds for all function o W™ 4(IR") and we have

- (v,
“ U—Hh(l)li “ o p RR sup |<U ( )U (P>|

é C2 hm “ v ”m,p,]R“
peWmsq(Rn) “ @ Hm,q,]R"

In the case p=1, we take e W™ *(R") and the only additional difficulty is
to show that {v—II,(t) v, @) makes sense. This is left to the reader. [

As a corollary of the above result, we obtain

Lemma 9. Assume the hypotheses of Lemma 8. Assume in addition that the cut-off
function { belongs to the space W™ (R") for some integer s=0. Then, there
exists a constant C=C(T)>0 such that we have for all function ve W™?(R"),
lsp=oo

m

h
IU*CG_HQ(I)UL,;;,]R"éCFE”U“m,p,]R"s OétéT (36)
Proof. First, we note that
vl —IL () = —I"(e)v)*{,.

Next, we observe that, if fe W™ ™?(R") and ge W™!(IR"), we have f+geI?’(R"
with
I/ *gllemmSca S —mprnl1glim, 1, R 3.7

In fact, assuming 1=<p< + oo (for specificity), any distribution fe W ™ P(R")
may be put (in a nonunique way) in the form

f= Y &fe [feDPRY, |a|sm. (3.8)
|a]l sm
Moreover, we have
inf( Y 14 12rmn) P o 11l -, p

|a]lsm

where the infimum is taken over all the decompositions (3.8) of f. Hence, using

(3.8), we can write
frg= Y &fixg= ) fax0"g

|a|<m la|<m

so that
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If*glr@ns X 1fi*gliemn=< 2 fallLoan 078 llLi@n

lalsm la|Em

e, z ”f:z”{P]R"))l/p”g”m.l.]R"

lajsm

and (3.7) follows at once.
Now, if e W™**1(IR”) with m>n and s=0, we obtain from (3.7) and Lem-
ma 8 that the function

0*(v *{,— M} (H)v)=(—[T"(t)v) ¥ 8" {,
belongs to [F(IR") for || <s and
18* (WL~ I () V)| Lo S Callo =TT ()0 || — p, p.jn 1 " Lo llm, 1, Rm
§CS hm ” [% Hm,p,]R" “ aa Ce Hm, 1,Rn

Together with

Ce
|C5|i,1,mn=§|€|i,1,mn§?,

this implies the desired inequality (3.6).
We are now able to state the following general approximation result.

Theorem 3. Let m>n be an integer. We assume that the hypothesis (3.4) holds.
We assume in addition that the cut-off function {e C3(R") satisfies the conditions
(2.11) for some integer r =1 and belongs to the space W™*>1(R") for some other
integer s=0. Then, there exists a constant C=C(T)>0 such that we have for
all function ve W*P(R"), p=max(r+s,m), 1 Sp< + w0

hm
|U_Hg(t)vls,p,R"§C(grlvlr+s,p,R"+;ym “ U“m,p,R")’O§t§ T (39)

Proof. For all xe N" with |a|=s, we write
P~ v)=0%v— v *{,+ (v, — IT* (D) v).
Applying Lemma 6 to the function 6*v gives
[[0*v—0"v* L, llLomm =1 € |0] 45, p, A

On the other hand, we have by Lemma 9

m
“ 6a(v *Ce__H:‘(t)U “LP(R")éCZ ?nTs ” v Hm,p,]R"

and (3.10) follows.

Corollary. Assume the hypotheses of Theorem 3. Let v be a function of W* *(R"),
u=max(r+s, m), which satisfies for some y>0 and for all BeIN" with |B| <

|0 v(x)|Sc(l+|x])77, xeR” (3.10)
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Then, there exists a constant C=C(v, T)>0 such that for all xcIN" with |a|=s.

m

I6"(v~—H£‘(t)v)(x)|§C(£'+%>(l+|x|)“/, xelR", te[0, T]. (3.11)

Proof. Setting O,(x)=x +supp({,), we note that (v— IT"(t)v)(x) depends only on
the restriction of the function » to O,(x). Hence, under the hypotheses of Theo-
rem 3, we have if v belongs to W* *(0,(x))

hm
120~ OIS e (£ +555) 1] 0.0

Now, if we assume that the function ve W* ®(IR") satisfies the conditions (3.10)
we have

” [% “u.w,o,:(x)éc2(1 + Ixi)~y
and (3.1) follows.

Remark 3. Since we have always

lg*l.—g HLv(mn)éc lg “Lp(Rv-)

we may apply Theorem 3 with r=0.

4. Stability Analysis and Convergence Theorems

Before proving Theorem 2, we need to derive a stability inequality for the solu-
tion e(t)=(ex(t))kezn Of (2.19), (2.20). We begin by recalling a classical simple
result. Given real numbers a,,, k, [eZ", we want to give sufficient conditions
for the formula

(AY)= Y ay, kel 4.1)

leZn

to define a linear continuous operator Ae.Z (I*(Z").

Lemma 11. Assume that the coefficients ay; satisfy

(i) sup Z lag,|=C.

keZn jegn

(ii) sup ' layl<C (4.2)

leZr geZn

for some constant C>0. Then (4.1) defines a linear operator Ae ¥ (I>(Z") with
l4ll=C. (4.3)

In (4.3), || A|| denotes the usual norm subordinate to the norm (2.2) of [2(Z").

Proof. We give the proof for reader’s convenience. Let yel*(Z"); we set for
all keZ"

Zy= Z Ay Vi
leZn



342 S. Mas-Gallic and P.A. Raviart

Using Cauchy-Schwarz’ inequality and (4.2) (i), we have,

lze| = Z lakllllzlakl|1/2|yl‘§( z Iakl|)1/2( z |akl||yl|2)1/2

leZn leZn lednr

SCY2(Y lawllylH?

leZn

so that z, makes sense. Moreover

Z lzkl2§c Z |ak1”)’1|2§C z ( Z |akt})|)’z|2-
keZn k,leZn le@n keZn
Hence, by (4.2) (ii)
Z |Zk|2§C2 Z U’ziz
keZn leZn
and the conclusion follows.
Next, denote by (.,.) the Euclidean inner product in R?. We have

Lemma 12. Assume that the cut-off function (e CJ{R") satisfies the condition
(1.28). Then, there exists a constant C= C(T)> 0 such that for all ve/*(@Z")

. 0
> wOw OB, 5 w0 -x®)]  SClvli, O0SIST  @44)

k,leZn

Proof. 1t follows from (1.29) and the symmetry of the matrix Bi(¢) that (by
interchanging the roles of k and )

. ) L,
Z w W, (B + B)) 11, 1)) A% (xx—x)=0

k,leZn

where, for the sake of conciseness, we have dropped the explicit dependence
in the variable t. Hence, we obtain

1

. at, - a,
Y. wy wi(Bi vy, v a (xe—x) = 5 Y. wewi((Bi— B} v, v) e (g —xp)

k,leZn k,leZn

Thus, we can write

; g,
Z wy, Wy (B, vy, 1) ax (X, —x))

k,leZn

= z A1 Y1 Ve
k,leZn

where
oo | Vo
=)/ Wi W, By — ll?(xk'_xl)’ Y=}/ Wil vil

and |Bi— Bi| is the spectral norm of the matrix B;— Bi. The desired estimate
(4.4) will follow from (4.3) if we check that the coefficients gy, satisfy the hypothe-
ses of Lemma 11 with a constant C independent of 4 and & Since a;,=ay,
it suffices to check the condition (4.2) (i).
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First, given keZ", we know that the number of indices /e Z" such that x, —
belongs to supp({,) and therefore the number of non zero elements q,, are

bounded by ¢, (%) . Moreover, since

i

0B
5L (0r; 2 (R7)

it follows from (2.5) that we have if x, —x,esupp((,)
| Bi— Bil=|B'(xy, ) = B'(x;, | L¢3 | X — x; | S c3e
Next, we obtain

aCE < Cs

axi :8n+1

hn
lak [ <ce R

e\" h\r
z |akl|§cl(z) Cs(;) =Cy Cq-
leZn

Using, Lemma 11, we obtain

Wi é Ca hns

so that

Thus, we find

| z QG Ve Vil =S¢y cq ZY}%:Q C6H0“it
k,leZn keZr

which proves (4.4).
We are now able to prove the stability result.

Theorem 4. Assume that the cut-off function {€Ci(IR") belongs to the space
wmr LR for some integer m>n and the conditions (1.28) and (2.12) hold.
Assume in addition that the functions da', B' are smooth enough, i.e.,

ael®©, T, Wnth*(R"), Bel®0, T, W t=@R"), 1<ign
Then, the solution t — e(t) of (2.19), (2.20) satisfies

te@®ln SCJ @) llnsds, 0=<tsT
0

Jor some constant C=C(T)>0.

Proof. We start from (2.19). First we observe that

d 1d
. [ on0 e et =3 @ity T GEOla0r

keZn kel"
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Hence, using (1.26), we obtain

Zdt lle(t)”ht+ Z wi () wi (1)

k,leZn

o,

{z (BY(O) (0 + Bi(0) (1), e,(6) 5% (x4(0)— x,(t))}

i=1

+ Y wi (AR () e (1), ex(0) = Y. wi(0)(@x (1), & (1)),

keZn keln

where
A=A+ 1diva)l, A2(t)=A°(x. (), 1).

On the one hand, using Lemma 12 gives

Scille®lii,

LI 0
Y W) wi(o) {,Z (B () 0. et) o a0~ x(0)}

k,leZn i=1
On the other hand, we have

Y wi)(AR () e (1), e(O)| Sz eI,
keZn
and

Y wi@)(@i(0), e @@ln,c el
keZn»
It remains to estimate

T w, t)w,m{z (BI(0) (o), x(0) o5 (k1) - x,(t»}

k,leZn

- T m0{ 2 (5 mo B o) o . a0}

keZn

Using the smoothness of the functions a'(., t) and B(., t) and Theorem 3 with
r=0,s=1, p= oo (see Remark 3}, we obtain
hm
< Cjy 1 +Em—ﬁ

|2t

Lo (Rn)
and therefore

2 WO wi(®) {Z (Bi(1) e, (¢), eu(0) 7 s o ()~ xl(t))}|

k,leZn

<c3(1+ ,,,H) le®2..

By combining the above estimates, we find that, under the condition (2.12),
we have the bound
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d
gp 1e@li = calle®li + 21 @@ lln,c €@l

which implies
Cq

[l S e 00xp(5-1)+ T 1olhsexp (5 =) ds
0

Theorem 4 follows since ¢(0)=0. [J

Proof of Theorem 2. Let us derive a bound for | ¢(t)l|, . We start from (2.18).
Using the hypothesis (2.13) and the corollary of Theorem 3, we obtain

0
ox'

(u(., ) —IT2(t) u(., 1)) (x, (1)

hm
<c, (8'+gm) (14X ()7
Similarly, we have by the smoothness of the functions B':
J . . h™
‘ax.- (B'(-, )~ II(0) B (., ) (xi(0) u(xi 0 t)’ <c, (s'+87+—1)(1 +1x0)

Hence, we find pm
01 e + ) (1 +xa 00
so that

hm
el scs (8’+ o 1)( Y w1+ [ x () 7212
keZn
Now, since

X ()= &+ | alx(s), 5) ds,
we have by (1.5) 0
[Xx (D2 Exl—cat.

Therefore, we get for | £,|> R large enough

T+ x (0D 2" Ses(R(L+& )72, 0=t=T
. n .
Since y>§, we obtain

Y WO+ x (O Seote B Y, (1+1&E]) 727 <cq

keZn |&l>R
and

hm
|!¢(t)||h,,§cs<s'+yn—+l>, 0<t<T (4.6)
Next, it follows from (2.13) that ue C°(0, T; W* *(IR")?). Thus, Theorem 3 gives

hm
s =T ules Dl So (¢4 | 05 1ST @)
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Combining the stability inequality (4.5) and the estimates (4.6) and (4.7) gives
the desired error bound (2.14) of Theorem 2. [

Remark 4. One can easily generalize Theorem 2 to first order symmetrizable
systems. Instead of the hypothesis (1.1) (iii), we require that there exists a continu-
ous function P: (x, t)e @y — P(x, t)e £ (?) with the following properties:
. opP
() P, €L (Qr, ZR);

(ii) the matrix P(x,t) is symmetric and positive definite uniformly in Qr,
i.e., there exists a constant o> 0 such that

(P(X, t)'?: ’1)2““’”2 V”E]Rps (xa t)eQT;

(iii) the matrices (P A")(x, t) are symmetric, I <i<n.
Then, it is a simple matter to check that Theorem 4 and therefore Theorem 2
still hold in that case.

5. Particle Approximation of Parabolic Systems

Let us generalize the particle method to the numerical approximation of parabol-
ic systems. In particular, we want to deal with convection-diffusion problems.

In addition to the p x p matrix-valued functions 4’ 0<i<n, we are given
n? continuous mappings AY: (x, )eQ — AY(x, )e Z(RP), 1<i, j<n, with the
following properties:

(i) AVeL*(Qr; L(R?), 1<i,j<n,

(ii) there exists a constant >0 such that

X Ak, ) za Y In')? VrieRALSiZn,  (x, 0)eQr. (5.1

i,j=1 i=1

Then, we consider the parabolic system

ou & 0 0 G . Ju\ .
E-FZW(A u)+A%u— Z axi(A W)_f in Qr (5.2)

i=1 ij=1
with the initial condition
u(x, 0)=uy(x), xeR” (5.3)

Then, if ugelL2(R" and fel?(0, T; IL2(IR"), it is a standard result that Problem
(5.2), (5.3) has a unique solution ueC°(0, T; L2(R™) n IZ(0, T: W*-2(R™pP),
Let us put the system (5.2) into the form of a first-order system. Setting

and using (1.4), Eq. (5.2) becomes
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au+i (a'u+Bu+p)+A°u=

at i=1axi au u p)+ u_f;
iy a0 1sis (5.4)
14 P axj_ L] =lzn. “

Now, we look for a particle approximation u, of Problem (5.2), (5.3) based
on the formulation (5.4). Using the ideas and the notations of Sect. 1, we first
set:

u(x, )= wi () () d(x — X, (1)),

keK

phix )= Y w) P d(x—x, (1), 1=isn. (5.9

keK

Next, assuming that the data uy and f are continuous functions, a (semi-) discre-
tized form of Problem (5.2), (5.3) consists in finding functions t — u,(t) and ¢t
- pi(t), 1<i<n, keK, from [0, T] into IR? solutions of the equations

n

% (Wi (1) w (1) + wi (2) { Y wi(®) Y (Bi(O)uy (1) + Bi(t) u (£) + pi () + pi(1))

leK i=1
a,
S =0}
0 A0 0= w0 (), 59)

) o )
RO+ T APO T w00 - m ) ot (o) x@)=0, 1=isn (57
i=1 leK
and
u (0)=uo(8y), kek, (5.8)
where

A ()= AY (% (1), 1). (5.9)

Remark 5. Note that the analogue of Lemma 2 still holds: Under the condition
(1.28), the conservation property (1.27) is satisfied. Moreover, this property does
not depend on the discretization of the 2nd equations (5.4). In fact, one could
as well take instead of (5.7)

. LA 0
PO+ X AP S mlu () o ()~ (0)=0,

ji=1 leK

but the Eq. (5.7) lead to a simpler stability analysis (see the proof of Lemm 13).
In all the sequel, we shall assume that the sets K and (&, wy)yx are chosen
as in (2.1). Then, one can easily show that the exact analogue of Theorem 1
is valid.
Let us next study the convergence of the regularized particle approximation
(u*, p™%) defined by
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up(, )=u"(, =L, pri =p"(, )xL,  1SiZn (5.10)

as the two parameters h and ¢ tend to zero. Again we assume that the data
and therefore the solution u of Problem (5.2), (5.3) are smooth enough and

we set:
ex(t) =u(x, (1), t) —u, (1),
n(@®)=p'(x(t), )—pi(r), 1=Zisn. (5.11)

Argueing as in Sect. 2, we find that e(f) = (e, (t)xez» and 4 (1) = i (Oezrr 1 i< n,
satisfy the equation

d o
E(Wk e)+w, Y w Y (Bie+ Bie+ni+nj) 'ﬁ(xk_xl)zwk Dis (5.12)
leZn =1
where

" é . . .
()=~} {5; (B'u+p)(xi (1), )— Y, wiBi(t) ulx, (1), 1)

i=1 leZn
. . . 0
+ B0 Ul (0 0+ 9050 04+ 0501 ) 3 (5,0 - o)}

or equivalently

n

.0
n(t)=— 3 {Bi(t) FIAS ) —112(8) u(., D) (x (1)

i=1

+

0 . .
7 PG ) —II2(0) p'(-, )% (1))

a .
+ o= (B, )= II3(8) B'(., 1) (x, (1)) u(x, (1), )

ox'
0 .
~ 55 (O D) P50 ). .13
Similarly, (5.7) yields
S 0 .
Mot 3 AP Y wlee) w(u-x)=ch 1Sisn (514
ji=1 leZr
where
. t ou a¢,
k(0= = T AV {535 00,0~ T w0 D=0, ) 55 (500~ x(0)}
j=1 leZn
1€.,

. L 0
0=~ 3 AV 355 4l )= IO (. )50, 0
j=1

+% (T () 1) ey (0) a0, t)}. (5.15)
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We now prove a stability result.

Lemma 13. Assume the hypotheses of Theorem 4. Then, the functions t — e(t) and
t > 1'(t), 1 <i<n, satisfy the energy inequality

le@lli.c+§ X 10" ©)i  ds

0 i=1

<C| {n o)IE+ Y| of(s)nz.s}ds, 0<t<T  (516)

for some constant C=C(T)>0.

Proof. We start from (5.12). By using the same arguments as in the proof of
Theorem 4, we obtain under the conditions (1.28) and (2.12)

1d
s le Oz .+ > w (w1 Z(m

k,leZn
. i
+m(t), e, (1)) - 6C,(xk(t) x(1))

<c,lle®li  +(@(t), e(Oh,.- (5.17)

Consider next (5.14). It follows from the hypothesis (5.1) that the np x np matrix
(AY(x, 1)y <i, j<n is invertible and its inverse matrix (X"(x, t)); <; j<. satisfies the
inequalities

e Y IEPs Y (X0 O)se Y IEPP VR, 1gisn (5.18)
i=1

i j=1 i=1
Since
Y XY A=
j=1
where 6" is the Kronecker symbol and I is the p x p identity matrix, we infer
from (5.14) that

i ¢, o
szj i+ Z Wl(ez_ek)ﬁ(xk_xt)= ZX;jai
j=1

ledn i=1

where X/ = X(t)= X' (x,(t), t). Therefore, we have

0¢,
Zwk Z Xk ’1k,’1k)+ Z wkwlZ(el ek,ﬂk)a 7 (Xe—x)
keZn i,j=1 k,leZn i=1
=Y we ) (XJal,m) (5.19)

keZn iLji=1

Now, it follows from (1.28) that
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o L,
Y wew {1+, ) + (e —ey, M)} o (i —xy)
k,leZn

) 8¢,
=) w Wl{(rl;’ek)_*'(elan;c)}a’i{(xk_xl):()'

k,ledZn
Hence, combining (5.18) and (5.20) gives

1d " o .
57, €O+ 2 wi®) 2 (XE @) k@), mi()

kelZn iL,j=1

Zcyle@lli @O, e X wi(®) X (X () ol (1), mi(0))

keZn i,j=1

and the inequality (5.17) follows easily.
Let us then state the convergence result.

Theorem 5. Assume the hypotheses (i), (ii), (ili) of Theorem 2 together with the
condition (2.12). Assume in addition that the solution u of Problem (5.2), (5.3)
belongs to the space C°(0, T: W** 1 (R"?) where u=max(r+ 1, m) and satisfies

for some y>g and for all BeN" with |B|Zu+1

[Pulx, )|<c(1+|x])"7, xelR", te[0, T]. (5.20)
Then, there exists a constant C=C(u, T)> 0 such that

max (., =4, DllL2gn
Ot=sT

T n . . 1/2 hm
#(§ T 1P 0=pC Olrn de) SC(v i) 520
0 i=1 .

Proof. The proof mimics that of Theorem 2. Using (5.13), (5.20) for |8|<u and
Theorem 3 together with its corollary, we obtain

h™ h™
0l Sex ¢+ i) (X mO+x0) 202 S (7 i)
keZn ’

Next, using again (5.20) and the smoothness of the functions x — A%(x, t), we
have .
1P p'(x, Ol Scs(1+xD)77  [BISm

Hence, (5.15) gives as above
. h"
17O Sea (£ + )y 1in

By applying Lemma 13, we obtain

t n . h™ \2
eIt [ X UG dsSes (¢ + ) - (522

0 i=1
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The desired error estimate (5.21) then follows from (5.22), Theorem 3 and Lem-
ma 5.

6. Appendix

In Theorem 2, one can slightly relax the smoothness properties of the cut-off
function { in order to consider the case m<n. We begin by stating an extension
of Theorem 3.

Theorem 3 Bis. Let m=1 be an integer. We assume that the hypothesis (3.4) holds.
We assume in addition that the cut-off function { has a compact support, satisfies
the conditions (2.11) for some integer r=1 and belongs to the space W™** * (IR")
for some other integer s=0. Then, there exists a constant C=C(T)>0 such that

n
we have for all function ve W* P(R™), u=max(r+s, m), m <pS 4+

m

h\r/4
IU‘H?(t)lﬂs,p,mnéC(Srlv]r,s.p,R"+ 1+_ _m_-}-—sHU“m,p,]R“ (61)
€ &

1
where —+-—=1.
P 4
In fact, using the techniques of the proof of [19, Theorem 5.1], it is an

. . n
easy matter to check that, if ve W™ ?(R") with p>;, we have

m

h\ra h
(0= IT0)0) L, s pn S (1 +;) e 10l 62)

so that (6.1) holds.
If moreover v belongs to W* ®(R") and satisfies the conditions (3.10) for
|s] < u, we obtain for all aeIN" with |x|=s

m

|61(U-—H:'(t)u)(x)|§cz(l+g)"%(l+|x|)‘7 (6.3)

Now, argueing as in the proof of Theorem 2, we can show that the error
bound (2.14) still holds for m=1 provided that in the hypotheses of Theorem 2
we replace the assumption (i) by the following one:

(i)’ the cut-off function { belongs to W™* ! *(IR”) and has a compact support.
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