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Sard Kernel Theorems on Triangular Domains
with Application to Finite Element Error Bounds*
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Summary. Error bounds for interpolation remainders on triangles are derived by
means of extensions of the Sard Kernel Theorems. These bounds are applied to the
Galerkin method for elliptic boundary value problems. Certain kernels are shown to
be identically zero under hypotheses which are, for example, fulfilled by tensor product
interpolants on rectangles. This removes certain restrictions on how the sides of the
triangles and/or rectangles tend to zero. Explicit error bounds are computed for piece-
wise linear interpolation over a triangulation and applied to a model problem.

1, Introduction

In this paper, a Kernel Theorem of Sard (8] is extended to construct error
bounds for interpolation remainders defined on triangles. The Kernel Theorem
provides an exact representation of linear functionals which are admissible on
spaces of functions with a prescribed smoothness. The theory has application to
the finite element analysis of elliptic boundary value problems, since the inter-
polation remainder is an upper bound on the finite element remainder in the
energy norm (see Section 2).

The theory of Sard is well suited to the calculation of interpolation remainders
defined on rectangles. Birkhoff, Schultz, and Varga [6] use the theory to derive
bounds for tensor product Hermite interpolation. We show that the theory can
be extended to treat triangular and other domains (see Section 3). This theory
provides a constructive method of computing the constants in the error bounds,
which the Bramble-Hilbert Lemma approach does not yield.

In Section 4, we prove a Zero Kernel Theorem which states sufficient conditions
for certain of the Sard kernels to be identically zero. This theorem implies that
finite element remainder functionals do not involve all possible derivatives of a
certain order, and this permits avoidance of mesh restrictions. In particular,
tensor product interpolants satisfy the hypotheses of the Zero Kernel Theorem
(see Section 5) and thus the mesh restrictions in Birkhoff, Schultz, and Varga are
not necessary. Lagrange interpolants for triangles also are covered by the Zero
Kernel Theorem, in Section 6.

* The research of R. E. Barnhill was supported by The National Science Foundation
with Grant GP 20293 to the University of Utah, the Science Research Council with
Grants B/SR/9652 at Brunel University and B/RG/61876 at Dundee University, a
N.A.T.O. Senior Fellowship in Science, and The University of Utah Research Com-
mittee.
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We conclude with a computed example of the constants in the error bounds
for piecewise linear interpolation in Section 6 and their application to a model
elliptic problem in Section 7.

2. Interpolation Remainders and the Galerkin Method

In Sections 5 and 6 we consider bounds for interpolation remainders of a
bivariate function F(x, y) defined on the Sobolev space W,*(Q), where Q is a
rectangle or a triangle. More generally, let © be a simply connected bounded
region that satisfies a restricted cone condition in the xy-plane. The Sobolev
space W*(Q), 1 =7 =< oo, integer # =0, is the space of functions such that all
generalized derivatives of order <# are in L, (22). A norm for W*(Q) is

Ir
IF @ = { e NDeF ||L,(m} , 1Sr=o (21)

olel

where a = (x;, o), || =a; +«,, and D* = Gxm oy

Let P be an interpolation projector defined on Fe W,”(Q). The remainders of
interest in the Sobolev space are

o+
Ry 4[F (x, )] = as;.a,k R[F(x,5)] OZh+k<mn, (2.2)
where
R{F(x,y)]==F (s, t)—P[F (s, t)]. (2.3)
For fixed (s, £) (2.2) and (2.3) define linear functionals on F (x, y)€ W*(Q).

If the interpolation function is piecewise defined over a subdivision of a poly-
gonal region Q2 into a union of disjoint triangular elements Q,, then each element
can be considered separately since

Flwro = {Z1FFra) 1575w @4

Interpolation remainder theory has application to finite element remainder
theory. Following Varga [9], we consider linear elliptic operators in divergence
form:

Lu(z,y)= % (—1)"D*[p,(x, y) D*u(x, y)] (2:5)

la|=n
where the p, are in L_(Q). The nonhomogeneous boundary value problem
corresponding to L is to find ue W3*(Q) such that:

Lu(x, y) =g(%, y), (2.6)
DPu(x, y) =fs(%,5), (% y)€dQ for0<|f|=n—1. (2.7)

The homogeneous problem is that all the f; are identically zero, the relevant
Sobolev space then being called I?V;”(Q). A norm in I?Vz" (Q) is

“v [[é’y,f = {laé . “D“v "i. (n)}* .

aw,v)= 2 [f py(% ) D*u(x, y) D*v(x,y) dx dy. (2.8)

ld]Sn Q2

Let
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Then the weak problem corresponding to (2.6) and (2.7) is to find « satisfying (2.7)
and such that

a(u,v)=(g,v) forallvin ﬁ’;" (Q). (2.9)

We consider interpolants % to u, where the interpolation conditions are the
following:

L,(@) =L, (u), 1=14,..., 1,
M(@)=M;wn), j=1,...,],

and the L; and M; are interpolation functionals such that the L;(#) are unknown
and the M (u) are known a priori from (2.7).

Let V* be an (I 4 J)-dimensional subspace of W3* () such that the L; and M i
are linearly independent over V*. Then V* has a basis of functions {B; (¥, ¥)}I_,
and {C;(x, ¥)}{-1 that are biorthonormal with respect to the L; and M; [2]. Let
S* be the subset of W;* () which consists of functions U of the form

I J
Ux, )= .ZlaiBi(x: ¥+ ZIM,' () C,-(x, y)
= =
where the a; are numbers. Let Sh be the m-dimensional subspace generated by
the B,. The Galerkin method is to find U in S* such that

a(U,v)=(g,v) forallvinSh. (2.10)

Under the assumption that
So<HE" (9),
the following lemma applies:

Lemma 2.1, The Galerkin approximation U is the best approximation from S*
to u in the energy norm induced by the inner product a(#, v). That is,

a(u—U,u—U)<a(w—a,u—dw) foralldin S (2.11)
In fact,
alu—U,u—U) +a(—U,id—U) =a(u—4a, u—i). (2.12)

3. Sard Kernel Theorems and Interpolation Remainder Theory

The Kernel Theorems of Sard [8] involve Taylor series expansions of a function
F(x,y) about a point (a, b). These expansions have a rectangular domain of
influence and Sard restricts the theory to function spaces defined on rectangles.
However, the theory can be extended to bounded regions © which satisfy the
following property:

Property 3.1. There is a rectangular coordinate system and a point (a, b)€Q
such that for all (x, y)€Q the rectangle with opposite corners at (a, ) and (, y) is
contained in @, where the sides of the rectangle are parallel to the axes x =0 and
y =0 of the rectangular coordinate system.

If Q is a rectangle, then (a, b) can be an arbitrary point in the rectangle. If Q
is a triangle, then (4, b) can be the point on the longest side which is at the foot
of the perpendicular to this side from the opposite vertex. Alternatively, for a
right-angled triangle the vertex at the right angle can be taken as (a, b).

17*
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Sard Taylor expansion. Sard defines a function space ‘‘boldface B, ,(2)” of
functions for which a certain type of Taylor expansion exists, where p and ¢ are
positive integers and p +¢ =#. The Taylor series expansion involves the triangular
scheme of all derivatives of order less than or equal to # executed in a certain
manner, see Fig. 3.1. The Taylor expansion is presented in the following theorem
for FeC"(Q) and the space boldface B, , is then developed in Corollary 3.1.

(0, n)
(0, 9) |
—
A \
— YJ’)
(0,0) —- » (n,0)

Fig. 3.1. Index triangle of partial derivatives

(X)) g = = mm e e e e e e - -
|
i
I
9 R e (@)
(%, 3)
% (a, y)
(x, b) - (a, b)
(%, b)

Fig. 3.2. Function arguments in Taylor expansion

Theorem 3.1, Let FeC"(Q) where Q is a region which satisfies Property 3.1.
Then F has the following Taylor expansion at (¥, y) about (4, b):
F(z,y)= X (—a)(y—b)?F, ;(a, 1)
iti<n
+ 2 (=8P [ (x—2)*VE,_, (%,b) d%
a

i<g

(3-1)
¥y x
+ =9 (x—B*VE, (%, 5) a7 dy

4 .
+ 2 =) [ (y=9)" "V E,,_i(a, 9) 47,

i<p
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where p and g are positive integers such that p 4+¢ =#» and (x —a)® = (x—a)’/4!
ete.

Proof. For FeC"(Q) the following single variable expansions can be obtained
by integration by parts (cf. Figs. 3.1 and 3.2)

Z(y b E, (%, 0) +f (y—9)VE (x5 d7F, (3.2)
p—1 z

Byl 9) = £ =0V F, (0,9) + | (=D, (5, 5) d, 3.3)
n—j—1 X

(b= 3 (1i—a)"F, (@b + [ (v—2rVE_ (58 d5  (.4)
i=0 a
#n—4i—1 3 ¥ .

F 9= 3 G-I F (e, b)+bf(9—y')‘ﬂ~’~‘>ﬁ,n_i<a,y'> dy. (3.5)
1=q

The Taylor expansion (3.1) is derived by combining Egs. (3.2)-(3.5), where, by
integration by parts,

y .

Jy=5 f F—y)P—VE, (s, 5) dy'dF
y

—f(y=5"VE,,_ (0, 5)d5. QED.

Corollary 3.1. Let F satisfy the following properties on Q:

(i) F(x, y) is ¢—1 times continuously differentiable with respect to y and
F,, ,—1(x, v) is absolutely continuous with respect to y.

(ii) F, ,(», #) is p—1 times continuously differentiable with respect to x and
E,_, (%, 7} is absolutely continuous with respect to x, almost everywhere .

(iil) F ;{», b) is n—j—1 times continuously differentiable with respect to
xand E,_;_, ;(«, b) is absolutely continuous with respect to x, 0 =j =g¢—1

(iv) F, ,(a, 7) is n—i—1 times continuously differentiable with respect to ¥
and F, ,_; ;(a, §) is absolutely continuous with respect to j.
Then the Taylor expansion (3.1) exists.

Proof. The properties (i}-(iv) are required for the existence of expansions
(3.2)—(3.5). The property (ii) need exist only a.e. § since it is required under the
Lebesgue integral in (3.2). Q.E.D.

Remark. In Corollary 3.1 the differentiations are performed according to a
particular ordering rule consistent with the expansion (3.2)-(3.5), namely

E ; =Di~hDi DI F,
where D, =0[9x, D,=08[0y and j, =min(j, ¢).

Properties (i)-(iv) are an equivalent definition of the function space boldface
B, ,(Q) to that in Sard [8, p. 172], when Q is a rectangle.
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Corollary 3.2. Let FeW*(Q), 1 =r= oo. Then the Taylor expansion (3.1)
exists a.e. (a, b) where the derivatives are now generalized derivatives.
The Taylor expansion (3.1) can be amended to an expansion involving definite
integrals by the following device: Let
max (¥)=g,  min_(x)=

(x, b)e2 (%, b)eR

_ X (3.6)
max min =
(a, y)e2 ) =4, (a, )0 ) é

and let the function g be defined by

1 ifasi<y,
pia, % 1) =7—1 if x=<%<aq, (3.7)
0 otherwise.

Then the Taylor expansion (3.1) can be written as
F(xy) = 2 (5—a(y—bPF, ;(a,b)
i+i<n

+ 2 [ =" Ve, & 2) (y—b)DE,_; (% b) dF
i<ga (3-8)
+!f)f (x—2)*Vyp(a, 2, 2) (y—HCVy(®, 5, 9) F, (% §) dZ dF

B . .
+.Zp éf (x—a)?(y—9)"""Dy(b, 9, 9) F, i (a, 9) d7.
<<

Sard Kernel Theorem. The Sard Kernel Theorem applies to a class of ad-
missible functionals defined on the space boldface B, , as follows:

Definition 3.1. The admissible functionals R on boldface B, ,(f2), where Q
is a region satisfying Property 3.1, are of the following form:

R[F (x, yl—Z ff i (% y) duti (%, y)

7<4I

+ 2 fF (%, b) du' () (3.9)
i+i<n
i=p

+ 3 (R @abio),
e

where the y* are functions of bounded variation and «, &, §, and § are defined by
(3.6)-

Example. Let R[F] =F, ;(c, d), (¢, )€Q.

Then R[F] = ‘{f E (%, y) du(x, y)

where
1 ¢c=x, d=y
px 5)= {0 otherwise.
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Theorem 3.2 (Kernel Theorem). Let Q satisfy Property 3.1 and let R be an
admissible functional on boldface B, ,(2). If F (», y)€boldface B, ,(Q), then

R[F]= Y &'F, (a,b)

ti<n g
+2 fK”°f'f(9?) E,_;;(%b)dx
j<q¢ &
+ffK'“ %,9) B, (%, 9)dzdy (3-10)
+2 pr"""‘ F,,_i(a, 9 dj,
i<p B
where - _ .
=Ry, ) [(x—a)? (y—b)], itj<n, (3.11)
K" (%) =R,y [(x— 0" Vy(a, £, 2) (y—0), j<g, %], (3.12)
K" (§) =R, ) [(x— ) (y—9)*Vy(d, 7, )],  i<p, 74Ty, (3-13)
K? (%, §) =R,y [(x— )V y(a, £ 2) (y— 9 V9, 7.5, %¢]x 5¢]y.

(3.14)

The notation R, ,, means that R is applied to functions in the variables x and y.
J % is the jump set consisting of the points of discontinuity of the functions of
total variation |4"~"~%7|(x), 1 <g, and Jy is dual. J x is the jump set consisting
of the points of discontinuity of |u?~"7|(x, y) evaluated at y(x)= max {y}
7' < g, and J y is dual.

Remark. The jump sets are the points at which the kernels (3.12)—(3.14) are
undefined, but these sets are of measure zero with respect to the Lebesgue-
Stieltjes integrals in (3.10). '

Proof of Theorem 3.2. The application of the functional R defined by (3.9) to
the Taylor expansions (3.8}, and the use of Fubini’s Theorem to change the order
of integration, give the desired result. Q.E.D.

Remark. If the functional is not admissible, then it can be applied to the
Taylor expansion (3.1) directly.

Corollary 3.3. Let Fe W*(Q), 1 <7 = oc. Then the Kernel Theorem 3.2 is true
a.e. (a, b) where the derivatives are now generalised derivatives.

Remark. For the interpolation remainder functionals (2.2) the corresponding
kernels (3.12)-(3.14) depend on s and ¢ and will be written:

K”_i’i(s, t; %), K"'"_"(s, ¢ 9), KP:?(S, ¢ %, 9). (3.15)

Also, if #=p ¢ is chosen such that #_, ={x'y//0 <i +j <n—1} is contained
in the precision set of the interpolation operator P, then the ¢; ; in (3.11) are zero
for the remainder functionals R, ,.

4, Zero Kernels

Theorem 4.1 (Zero Kernel Theorem). Let R be a linear operator which maps
F (x, y)eboldface B, ,(€) to functions of (s, #) such that R is an admissible linear
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functional for fixed s and ¢ Also let
oh+h
R, +[F (%, 3)] = a5 RIF (5, 9], h k>0, (4.41)

be an admissible functional for fixed s and £. Let $,(x) be a polynomial in x of
degree <7 and ¢;(y) be a polynomial in y of degree <j. Then the Sard kernels for
R, ;, have the property that

K"*=(s,t; ) =0, 0=<i<min{k,p}, (4.2)
if
Rp:(x)g ()] =7(s,7) (43)
is such that 7(s, t} considered as a function of s alone is a polynomial of degree
< h. Dually N
K* (s, t; %) =0, 0=j<min{k, g}, {(4.4)
R[f(x) g;(»)]=7(s, %) (4.5)

is such that 7 (s, #) considered as a function of ¢ alone is a polynomial of degree <.

if

Proof. It is sufficient to prove (4.2) as (4.4) is a dual result. Let ¢ be an integer
such that 0 <7 <min (%, p). Then the kernel K%"*(s, ¢; #) corresponding to R is

K", t; 9) = Rpyy [(x—a)? (y =) "Ny (0, 7, )], 54 J,.-
which, considered as a function of s, is a polynomial of degree <%, by the hypo-
thesis (4.3). Thus the kernel K*"~*(s, ¢; §/) corresponding to R, , is
okt
“oshotk
Schematically, the possibilities for the domain of influence of a functional

R, ;, which satisfies the hypotheses of the Zero Kernel Theorem in the Sard
space boldface B, ,, are shown in Fig. 4.1.

X)) \

K n—i(s, t; 9) = T K ﬁ—i(s . 9) =0 0=i<min{h, p}. Q.E.D.

(p, 9)

(h k)
(k) (h, k) ]

Fig. 4.1. Non-zero kernels in the Zero Kernel Theorem

Remark. Although not stated in the Theorem, the ¢*/, (3.11), are zero for
0<i<min(h, $),0=<j <min(k, g).

5. Error Bounds for Tensor Product Interpolation

We next show that the kernels (4.2) and (4.4) are always zero for tensor
product schemes with sufficient polynomial precision.
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Theorem 5.1. Tensor product interpolants of polynomial precision of at least
h—1 in the variable x and at least £#—1 in the variable y satisfy the hypotheses
(4.3) and (4.5) of the Zero Kernel Theorem.

Proof. P a tensor product interpolation operator implies that P is of the form
P=PE=RBE (5.1)

where F, is an operator in the variable x and E, is dual in y. Therefore, if F (x, y) =
P:(x) g(y) where $,(x) is a polynomial in x of degree ¢ < &, then

Plp,(x) g(»)]=EE,[p:(x) g(y)]=E[p:(x) g(»)]
=p,(x) Eg(y)]=7(x y).

r(x, y) satisfies (4.3), so that (4.2) follows. The argument for (4.5) is dual. Q.E.D.

Birkhoff, Schultz, and Varga derive error bounds for tensor product Hermite
interpolation using the Sard Kernel Theorem. Here, P, is defined by

]—Z¢ ) 190 +Zw ) 19(1), (5.2)

where the ¢,(x) and vy, (x) =(—1)"¢;(1—%) are the cardinal basis functions for
Hermite two point Taylor interpolation on [0, 1]. E, is dual and the resulting
tensor product interpolant is on S =[0, 1] X [0, 1]. An important observation is
that the point (a, b) of the Taylor expansion can be chosen as the point (s, ¢) of the
remainder functionals R, , (cf. Property 3.1) where R, , is defined by (2.2). The
remainder functional R, , is then admissible in boldface B,, ,,(S) where m =N +-1
and 0=h+k=2N 41. (R, , is precise for the set % y,,.) An analysis similar
to that in Birkhoff, Schultz, and Varga using the Sard Kernel Theorem, but with
the application also of the Zero Kernel Theorem then gives that

2m—~min(h, m)
1Ry (Flleps) = ) Z(k ) CilBam—i,il,sy OSh+k<2om, p=<r (5.3)
j=min(k, m

where the C; are constants (see Gregory [7] for further details). The choice of

(a, b) = (s £) enables the derivation of the above bound in W?”(S) which is not

possible in application of the Sard Kernel Theorem on a triangle (cf. (6.2)).
The summation over the range min(k, m) <7 <2m-—min(k, m) in (5.3) is a

consequence of the Zero Kernel Theorem. A change of variable leads to the bound

~ ~ 2m—min(h, m) . . ~
1Ry, 2 [F L, 3 = . n C; HEm—i—brlp=Ur -kl Fr e

j=min(k, ) (5.4
Oshtk<2m, psr.

for the Hermite interpolation remainder ﬁh,k for the function F defined on § =
[0, H] x [0, K]. Now, when &, » <m(h +k<=2m) the summation in (5.4) is over
k =<{<2m—h and the exponents of H and K are then greater than or equal to
zero and not simultaneously zero. Thus negative exponents of  and K are not
possible in this case, which removes the need of a “‘regular’ mesh restriction.
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6. Error Bounds for Interpolation on Triangles

Let P be an interpolation operator on the standard triangle T with vertices at
{1, 0), (0, 1), and (0, 0), which is precise for the set #_, but not all of #. Consider
the remainder functional

R[F (x, y)]=F(s,)—P[F (s, £)).

A point (a, b} which satisfies Property 3.1 on the standard triangle T is (a, b) ==
(0, 0). Consider the Sard space boldface B,_,, ,,(T), where m = [1/2]. Suppose R
is an admissible functional on boldface B,_,, ,,(T). Then application of the Sard
Kernel Theorem and the precision of the interpolation operator P give that

R[F]=2 j}K""""(s,t;ﬁ)F - (%,0)dz

n—151
j<m 0

+fo K™ ™(s, 8, %, 9) By, m(%, §) dX AT (6-1)

1 .
+ 2[R, 6 §) F (0, 9) d.

i<n—m 0

From (6.1) it follows by the triangle inequality and Hélder’s inequality that

IR F]e, 0 ékz HE*%7(s, 5 %) | @)l 01 B 1,7 (5 O) ey

F[E* ™™, b5 %, D@ 5 I 0 |1 B (B D59 (62)
+ 2 B (s 8 D)l 6y ey is, 0l Frn—i(0, e, 95

i<n—m

where L,(s, t) denotes the L, norm over the triangle T with respect to (s,?),
L, (%) denotes the L, norm over [0, 1] with respect to #, etc., and 1/r, +1/r; =1,
1/ry-+1/ra=1. The norms of the kernels in (6.2) are constants which can be
estimated. However, (6.2) is not a bound in the Sobolev space W,*(T) because of
the presence of the univariate norm terms. The device of taking (a, b) = (s, {) to
obtain Sobolev space results is not possible here, as it is for the rectangle,since
the rectangular domain of influence of the Sard Taylor expansion would then go
outside the triangle.

Remark. For %, XeT, (a, b) = (0, 0), (3.7) becomes

. 1, ¥<=x
v(0. £ %) = 0 otherwise.

Thus the functions which occur in the kernels can be expressed in terms of the -+
function as follows:

(x— 2V p(0, 7, 2) = (x—HY (6.3)

(x—%P if <z,
{O otherwise,
etc.
The treatment of the functional
oh+h

Ry 4 [F) = s

R[F]
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is best considered in relation to the particular interpolation operator P. Firstly,
one must consider whether the functional is admissible, and secondly whether or
not the Zero Kernel Theorem, is applicable. In the particular example of linear
interpolation considered below, the R, 4 and R, ; functionals are not admissible;
however, results are derived by direct application of the functional to the Sard
Taylor expansion. One example of an interpolant for which the hypotheses of the
Zero Kernel Theorem holds is given in the following theorem:

Theorem 6.1. Let P be the interpolation operator defined by the Lagrange

polynomial of degree N which interpolates F (x, y) at the nodes (x;, y;) = (—;7 ,
Lhositih e,
PIF(x, 3= 2% ;%) F(x, ) (6.4)

0si+iSN
where

J
i

i &1

pi (% 3) = L,Q nx—) —17 (ny——v)g—n (nz—v) (6.5)

v=0 v=0

It

and 7-f-j-+A=N. Then P satisfies the hypotheses (4.2) and (4.5) of the Zero
Kernel Theorem, where the ¢ and § of that theorem satisfy <A <N;j<k<N.

Proof. We show that P[x*g(y)] is a polynomial in x of degree <i for the
nontrivial case 0 <7 <N, from which the conclusion follows. Now,

N N-—-§

Plig(y)i=2 2 piylx v xbglyy)

7_0 =0

(6.0)
= Zoa, %, ¥) (),
iz
where
N—j )
a;'(xl y):‘gopi’,j’(x' y) x:" (67)

The cardinal function ;. ;. (%, ¥} is a polynomial of degree N —j’ in x. Thus for

7' =N—1i, a;y(x, ¥) is a polynomial in x of degree <¢. Now for 0=j < N-—7i—1,
N=i

(6.6) with g(y) =g;(y) = II (y—2,) gives

=

vdg
R N
Pl¥gi(0]= Z &) 2 (% 5)
I ==

N
=g;'(3’;’) a;(x, ¥+ 2 gi{yy) ay(x, y)

f=N_it1
=x'g;(v), by the precision of P.

The last two steps of the above equation can be considered as an equation in
a;(x, ), from which it follows that a,(x, y) is a polynomial in x of degree <7,
0=j<N—i—1. The proof for P[f(x )y’] is dual. Q.E.D.

Example of linear interpolation on the triangle T. The following results are
generalizations of those given in Barnhill and Whiteman [5]. Further details
including calculations for quadratic interpolation on T can be found in Barnhill
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and Gregory [2]. Consider the linear interpolation remainder functionals:
R[F]=F(s,t)—[F(1,0) s +F(0,1)t+F(0,0) (1 —s—¢)]
Ry o[F]1=1F (s, t) +F(0,0)—F(1, 0) (6.8)
Ry, 1 [F]1=F, (s, t) +F(0,0)—F(0, 1)

defined on the Sard space boldface B, ;(7). The functional R is admissible on
boldface B, ,(T) and thus from (6.2) it follows that

IR[FIle, 5,0 < Cill B0 (%, O) |, +Cal B 1 (£, ) |er,5.5) (6.9)

+Ci| K, 2 (0, 9) e, 5
where

Co=[1E>*(s, t; 2) | @) leps,
=] 1K"2(s, ; 9) | 9 b 1> (6.10)
Co=[1KE"* (s, 8; % DLy, 5 lep s,
1/ry +1[ry =1, 1/r, +1/rs =1, and
K2%Gs,t; %) =K%%(t,s; #) =R[(x— %), ] =(s— %), —s(1— %),

. . N . . (6.11)
KY(s, ¢ %, 9) =R[(x— %)% (y—9)%]1 =(— D% (—9)5%
Careful evaluation of (6.10) yields
17} ,
()" o+ s+, A=, p<w,
C, = ) L (6.12)
’Z (m) > 71 é o0, P = 00,
{Bplra+1, plra+2)}'7, 75 p< oo,
1 \L/rs ,
Cy = )7 A< e (6.13)
1\Up P
(_2—) ’ 72 = 00, P é o0,

where B is the Beta function.

The functional R, , and its dual R, , are not admissible on boldface B, (7).
However direct application of R, , to the Sard Taylor expansion in boldface

B, 1(T) gives
+R1o{[fpi1x dxdy}

[ 3=9)E,0, y)dy}

0

10[F] Rlof(x %) 20(x0)dx

+ Ry

(6.14)
—fK“s,t,x)F“(x 0) dx—}—fK”st $) F, (0, ) d5

+asffF1(a?37dydx
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where the first and last terms can be evaluated in Sard kernel form with

K>(s,8; %) =Ry o[(x— %), 1 =(s— %)% —1+% %,

6.1
KO%(s, &5 5) = Ry o [(y— )11 =0, (645)

Also
asffFu’W dydz= fF11Sy)dy (6.16)

Remark. For the first kernel in (6.15) £ =s is a jump set. The second kernel is
an example of the Zero Kernel Theorem to which Theorem 6.1 is applicable.

The L, norm of (6.14) and the triangle inequality give
“Rl,o (F] uLp(s, n=Cs qu,o(’z» 0) ||Lr1(:?)+

JE.6.9) 43 (6.47)

Lp (s, ?)
where

Co=[|K> (s, t; %) hew; Iy is, 0 (6.18)
of. (6.2).

Now, for p < oo, Holder’s inequality gives that

11-¢

¢ b 1
ofFl,l(& )y ofof Mo | Bl DI, 5 ds dt

||/\

(s, 1)

A

of 17y ol B (s Do o0 8 (649)

IA

6!- (1—4) g pirs q¢ uFl 1S y) Lry (s, 7)»

where L, (§) is over [0, £], L,(s) is over [0, 1—¢], g =7,/p and hence p <7, < oo
g’ =7,/(r;—p). Thus

1R1,6[Flle, 6,0 = Cal B0 (% O) e, 3+ Cal i (s, 9) vy, 59 (6.20)
where

Co={B(plrs+1,2—p—plr)}'", (6:21)
and C, is defined by (6.18) and (6.15). Calculation of the constant C, for the case
p =2 gives o

V712)30, n=1, ri=oo,
Cs =11/21/3, Yy=r, =2, (6.22)
V}/VZ} Hr=o0, 7 =1.
The bound | Ry ; [F|z,s,4 is the dual of (6.20).

Bounds for linear interpolation over an arbitrary triangle can be obtained by
affine transformation. For example, the transformation of (6.20) to the triangle I’
say with sides [0, H] and [0, K] gives

1Byo (Yo, 7y = Cy HYW=10 KY| B, o5, 0) |1, 5y 623
FC HYp N I E .
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where L, (s) is on 0 =5 < H. Such a result (which allows the degenerate case of
one angle of the triangle not being bounded away from zero) is also shown by
Babuska [1].

Remark. The derivation of error bounds for more general interpolants on a
general triangle by consideration of an affine transformation from the standard
triangle is only applicable when the interpolant is invariant under such a trans-
formation.

Application of the Sard Kernel Theorem to calculate the constants in the error
bounds for smooth interpolation on triangles is considered in Barnhill and Mans-
field [4].

7. Application to Differential Equations

We consider the model problem
Au=0 on Q=[0, n]X [0, 7], (7.1)
#| =0 except that u(x, 0) =sinx, O0<x=m,

discussed in Barnhill, Gregory, and Whiteman [3]. For linear interpolation on a
triangle T,, we obtain the following bounds:

ATy (7.2)
e tulomo = 5 (73)
IV =) leacan = Y252, (7.4)
IV (u—py) 2, =Ry, i, + [ Ro,1 [z,
= (%: IRy, 0 %2 m +1Ro 1 #li ) (7.5)

where the summation is over all 7, and 7;*, 7,* being the upper right triangle
analogous to the lower left right triangle 7. Inequalities (7.2), (7.4) and (7.5)
lead to the following bounds:

lo6— b1l @) = - 70 12, (7.6)
IV (u—p9) |, 0 é%h- (7.7)

The actual errors at the midpoints of the sides of one subtriangle are 0.0043,

—0.0107, and 0.0127, which compare with (7.3) which is 0.078 if 4 = %
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