
z. Physik 265, 87-- 104 (1973) 
�9 by Springer-Verlag 1973 

The (~H--d)-Reactions below 200 keV 

D. Fick and Ursula Weiss 

Max-Planck-Institut ftir Kernphysik, Heidelberg 

Received July 2, 1972 

The 2H(d,n)- and 2H(d,p)-reactions are studied for deuteron energies below 
200 keV. It is shown that the R-matrix approach of Konopinski and Teller, which is 
very sensitive to the channel radius used, can be approximated in a way that the 
dependence on the channel radius does not appear explicitly. This approach appears 
to be formally equivalent to a kind of "direct approach" of Boersma. This equi- 
valence answers the question why a direct approach to these reactions works at all 
at low energies. Each reaction is described by three parameters which are determined 
in a fit to the up to now available data. 

1. Introduction 

The reactions 2H (d, n) and 2H (d, p) have been investigated since the 
early days of accelerators in nuclear physics [1, 2]. The first anisotropic 
angular distribution in nuclear reactions was observed in the 2H(d, p)- 
reaction [3], leading to the prediction of LS-coupling [4]. It was just this 
observation which lead to the prediction of polarization phenomena in 
nuclear reactions [5]. Naturally these two reactions have been the objects 
for theoretical studies of nuclear reaction phenomena from the very 
beginning [4, 6, 7]. A long series of experimental and theoretical papers 
demonstrates the continuous interest in them [8, 9]. 

Nowadays the experimental research is concentrated on the study of 
polarization phenomena [10], using mainly polarized ion sources. Within 
the course of such experiments the importance of the quintet contributions 
in the 2 H - d  channel was established [11, 12]. In other experiments an 
anomaly was observed in the excitation function, especially of the tensor 
analysing power Az [12, 13, 14]. 

A great part of the new theoretical work concentrates on the under- 
standing of these reactions within a microscopic nuclear reaction theory 
[15]. One of the unsolved problems is the explanation of the large differ- 
ence of the anisotropy of the angular distributions of the 2H (d, n)- and 
2H(d,p)-reactions. The latest attempt attributes this difference to, up 
to now, unknown levels in 4He which have no pure isospin [16] because 
of Coulomb mixing. 

This short review demonstrates the complexity of these two reactions 
even at the lowest energies. In spite of a very large number of experiments 
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[8], there is not too much which can be compared directly. Because of 
the very low energies more or less thick targets have been used in the 
experiments, ranging from a few keV to a target thickness larger than the 
range of the bombarding deuterons used. As a consequence the observed 
quantities are averaged over different energy intervalls in the various 
experiments. 

In order to compare the data of the different experiments a reevalua- 
tion was started, taking into account the various target thickness and 
target materials used in the different experiments. These calculations and 
the data themselve are presented in Chap. 2. In Chap. 3 a low energy 
R-matrix approach is presented. The results are compared with those of 
an approach starting with a more direct interpretation [17]. Chap. 4 is 
devoted to a comparison of the low energy approach to the experimental 
data. The appendix contains some formulas which are necessary to 
obtain the results of Chap. 3. 

2. Collection of the Available Data 

2.1. Determination of an Averaged Energy 
To compare data, obtained with a thick target with those achieved 

with thin targets an averaged energy was calculated. After travelling a 
certain distance x within a target, a particle with primary energy E0 has 
the energy 

x 

(dE/dx) is the energy loss of the particle [18] which, because of its energy 
dependence, depends on the travelled distance x. In order to get the 
averaged energy E,v for a certain type of reaction ~, e.g. 2H (d, p), one 
has to calculate 

Ear=at Spa:(E(x))E(x)dx pat(E(x dx. 
o 

In this equation d means the target thickness and p~ (E(x)) the probability, 
that a certain reaction ~ will take place at a certain energy E(x). Obviously 
this ansatz assumes that p~ depends on x only because of its energy de- 
pendence. An additional possibility would be e.g. an angular dependence 
of p~. In order to avoid complicated calculations this possible angular 
dependence was neglected. Then it is reasonable to assume that p~(E(x)) 
is proportional to the total cross section for the reaction c~: 

d d 

ax.  
0 / 0  
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E(x) is calculated with Eq. (2.1). This requires the knowledge of the total 
cross section argot of the reaction c~ as a function of energy and the stopping 
power (dE]dx) for the target material used in the experiment as a function 
of energy. For  a~'ot(E ) the values of Ruby and Crawford [19] had been 
used. The values of (dE/dx) were obtained from energy loss experiments 
fo r  protons assuming, that only the proton within the deuteron is 
responsible for the energy loss [18] 

dE dE 
(--d-~(Ed)=--d~(Ep/2)) �9 

For the various target materials the data were taken for the energy loss 
in D20  from Wenzel and Whaling [20], in D2 from Allison and Warshaw 
[21] and in Aluminium from Warshaw [22]. The values for the stopping 
power in Titanium were interpolated with respect to Z from the known 
stopping power for Cu [22] and Ag [22]. 

2.2. Summary of  Available Data 

2.2.1. Total Cross Section Data 

Fig. 1 displays the data available for the total cross section for the 
ZH (d, n)-reaction. They are taken from the thin gas target measurements 
of Arnold et al. [23], Booth et al. [24], McNeill and Keyser [25] and 
Preston et al. [26]. Therefore, the averaging procedure described in 
Chap. 2.1 was unnecessary. The cross section data of Manley et al. [27] 
are, by a factor up to five, too low and are therefore omitted. 

100 i , , i i , , , , i , , l ~ [  , , , ,  

1o 

1.0 

b ~ 

01 

2H (d,n) 3He 

/ 

50 100 150 200 
Ed keV 

Fig. 1. Total cross section for the 2H(d, n)-reaction as function of energy. The solid 
line displays the fit with 1=0 and 1 contributions, the dashed line with l=0 

contributions only. For references see Chap. 2.2.1. 
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Fig. 2. Total cross section for the 2H(d,p)-reaction as function of energy. The solid 
line displays the fit with l=0 and 1 contributions, the dashed line with l=0 

contributions only. For references see Chap. 2.2.1. 

Fig. 2 contains the available data for the total cross section of the 
2H(d,p)-reaction, taken from Arnold et aL [23], Sanders et aL [28], 
Davenport et al. [29], Wenzel and Whaling [30], Booth etaL [24], 
McNeill and Keyser [25], Preston et al. [26] and Cook and Smith [31]. 
The data of Wenzel and Whaling [30] were obtained with a thick heavy 
ice target, for which averaged energies had been assigned by the authors 
themselve. The cross section data of Cook and Smith [31] were obtained 
with a thick Zr-D target. Averaged energies had been calculated along 
the outlines of Chap. 2.1. Taking into account these averaged energies, 
the data fit very well the general trend of the other data. The cross 
section data of Bretcher et al. [32], obtained with a heavy ice target, are 
in general much too large. They are far outside the general trend and are 
not taken into account for the following. 

All data points of Figs. 1 and 2 seem to be consistent with each other, 
except the two values at Ed = 14 keV obtained by Arnold et aL [23] which 
are definitely too high in both reactions. They are therefore omitted in the 
further considerations. 

2.2.2. The Anisotropy Coefficient 

Both reactions, the 2H(d, n) and 2H(d,p), show an anisotropy in 
their angular distributions down to the lowest energies. For the energies 
under consideration, it is sufficient to take into account only the terra 
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Fig. 3. Excitation function of the anisotropy coefficient B1/B 0 for the 2H (d, n)-reaction. 
The solid line is obtained with the fit parameters of Chap. 4.3, the dashed lines 

correspond to the maximal errors. For references see Chap. 2.2.2. 

with L 2 (COS O) in a Legendre-polynomial expansion [33]: 

0(0, E) = - ~  (Bo (E) + Bj (E) L2 (cos ,9)). (2.2) 

The ratio (B1/Bo) is called anisotropy coefficient. In some papers the 
angular distributions are expanded in terms of (cos 0)2": 

a(O, E)ocl + A  cos 2 ~9. 
Then the relation 

B1/B o = 2A/(3 + A) 

holds between the anisotropy coefficient (B1/Bo) and A. 

In Fig. 3 the excitation function of the anisotropy coefficient is 
displayed. The values are taken from Theus et al. [34], Eliot et al. [35] 
and Booth et al. [24]. In Fig. 4 the same quantity is shown for the 
2H(d, p)-reaction, containing the data of Davenport et al. [29], Theus 
et al. [34], Booth et al. [24] and Tai et al. [36], who all used thin gas tar- 
gets in their experiments. Fig. 4 also contains the values of Bretcher et aL 
[32], which were obtained with a thick heavy ice target. For these data 
points averaged energies have been calculated. The data points of Eliot 
et al. [35], Manning et al. [37] and Timm et al. [38] have been omitted, 
either because of their large error bars or because they are too far away 
from the general trend of the other data points. 

There exist two measurements which are concerned with the anomaly 
around 100 keV [12, 39]. They are not included in Fig. 4 and the further 
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Fig. 4. Excitation function of the anisotropy coefficient B1/B o for the ZH (d, p)-reaction. 
The solid line is obtained with the fit parameters of Chap. 4.3, the dashed lines 

correspond to the maximal errors. For references see Chap. 2.2.2. 

considerations because the following interpretation is devoted only to 
the smooth behaviour of the two reactions. These two measurements 
will be discussed in another paper [40], together with the corresponding 
polarization measurements. For  this reason also the other existing 
polarization measurements are not considered in the following. 

2.2.3. Ratio of the Total Cross Section 

The data for the ratio of the total cross sections of the neutron and 
n p proton channel atot/ato t are not measured directly by the various authors 

but calculated from the anisotropy factors determined in their experi- 
ment. Therefore, the data obtained in the various experiments are very 
difficult to compare because they exhibit very large deviation from each 
other. Therefore, Fig. 5 contains only the data from Theus et al. [34]. 
The values of McNeill and Keyser [25], Eliot et al. [35] and Booth 
et al. [24] and the data reevaluated by McNeill [41] were not taken into 
account for the above reasons. 

2.2.4. Ratio of the Cross Sections at 90 ~ 

This ratio can be determined directly from the experiment. Fig. 6 
displays the data available for a,(90~ ~ taken from Theus et aL 
[34], Eliot et al. [35], and the values of Arnold et aL [23], corrected by 
McNeill [41]. The data of Booth et aL [24] and McNeill and Keyser [25] 
were omitted because of their large error bars. 
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Fig. 5. Ratio of total cross sections of the neutron and proton channel as function of 
energy. The solid line is obtained with the fit parameters of Chap. 4.2, the dashed lines 

correspond to the maximal errors. For references see Chap. 2.2.3. 
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Fig. 6. Ratio of cross section of the neutron and proton channel at 90 ~ as function of 
energy. The solid line is obtained with the fit parameters of Chap. 4.2, the dashed lines 

correspond to the maximal errors. For references see Chap. 2.2.4. 

3. The Low Energy Limit (Theory) 

The classical approach concerning the 2H(d, n)- and 2H(d, p)-reac- 
tions had been given by Konopinski and Teller [4] and by Beiduk et al. 
[7]. The basic idea of these papers is the assumption that the only energy 
dependence of the observables is given by the appropriate barrier pene- 
tration factors Pt in the 2 H - d  channel. (This approach is later called a 
R-matrix approach for obvious reasons.) This assumption is plausible for 
low deuteron energies, considering the high Q-value of the reactions 
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(3.3 and 4.1 MeV respectively) and the smooth behaviour of the n - a H e  
and p -  aH scattering at the relevant energies [8]. Within this approach, 
one is left with the "intrinsic reaction probabilities" which should be 
independent of energy. 

One of the severe objections [17] to the approach of Beiduk et al. [7] 
is the fact, that the calculated values of the penetration factors depend 
strongly on the boundary conditions (hard sphere, black nucleus) and the 
interaction radius R used. Konopinski and Teller [4] found an interaction 
radius of R =  7 fm to be appropriate for a description of the data. In 
order to avoid these ambiguities Boersma [17] proposed another low 
energy approach, based on some kind of DWBA treatment of the two 
reactions. An analogous idea was also tried by Duder et al. [42] and 
Yu [43]. In any case, i t  is difficult to understand, why a DWBA-ansatz 
can work at these low energies where the angular momentum are restricted 
to the lowest ones. 

It is the purpose of the following considerations to show 

(i) that only the boundary condition of a black nucleus is able to 
reproduce the data. 

(ii) that there is really no specific interaction radius R, e.g. R = 7 fm 
which describes the data better than another interaction radius. 

(iii) that the DWBA approach is formally identical at low energies 
with the approach of Beiduk et al. [7], using the boundary condition of a 
black nucleus. 

(iv) that, as a consequence of (iii) the approach of Beiduk et al. [7] 
yields at the low energies a R-independent analysis of the data. 

3.1. The R-Matrix Approach 

According to the approach of Beiduk et al. [7] and the angular 
momentum decomposition of Rook and Goldfarb [33] the coefficients 
Bo and B1 of Eq. (2.2) can be expanded as: 

4~ 
a t o t = ~ B o = c o P , = o ( k ,  R ) + c l  Pl= l(k, R), (3.1) 

1 
B1 = ~ B l = c i  Pl= l (k, R). (3.2) 

In this expansion the l=  2 matrix elements have been neglected because 
of the low energies involved. 

The penetration factors P, are determined by the regular and irregular 
Coulomb functions Fl and G z [44]. With the boundary condition of a 
black nucleus, which is usual in the R-matrix theory [45], one gets 

Pz = P/( F2 (k, R) + G~ (k, R)) (3.3) 
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Fig. 7. X 2 and the ratio cJc o as function of the channel radius R for a R-matrix fit of 
the 2H(d,p)-reaction. For details see Chap. 3.1. 

and for the boundary condition of a hard sphere [46] 

Pt = ~2 (k, R) / (F 2 (k, R ) +  G 2 (k, R)). (3.4) 

In the first instance the excitation function of the total cross section 
(Figs. 1 and 2) were fitted with the ansatz of Eq. (3.1) and energy inde- 
pendent coefficients Co and c~. Using the common boundary condition 
of a black nucleus (Eq. (3.3)) one gets excellent fits to the total cross 
section (solid lines in Figs. 1 and 2). It  is impossible to get the correct 
trend if one assumes only l--= 0 contributions to the total cross section 
(dashed lines in Figs. 1 and 2). This again proves the importance of the 
I=  1 contributions in these two reactions. A variation of the channel 
radius between 4 and 10 fm does not change the X 2 of the fit at all. But 
the ratio of c~/Co, which corresponds to the ratio of l=  1 to l=  0 contri- 
butions, is changed very drastically. As an example Fig. 7 displays for the 
2H(d, p)-reaetion the obtained X z and ratio cl/c o as a function of the 
channel radius R. Fig. 7 demonstrates, that the fit is really independent 
of the channel radius R, as it is expected in a R-matrix approach. This 
means that the channel radius of 7 fm, which has been used since the 
early paper of Konopinski and Teller [4] as the appropriate radius is 
rather meaningless. On the other hand, such a fit shows that the ratio 
cl/c o depends strongly on the channel radius and is therefore not accessible 
to a direct and naive interpretation. 

Next a fit with the boundary condition of a hard sphere (Eq. (3.4)) was 
tried. Negative values of c~ were always obtained, independent of the 
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channel radius R used. On the other hand it is obvious, that cl must be 
positive, because a total cross section is always a sum of absolute values 
of matrix elements, with positive numbers in front [33]. In this way one 
can rule out this boundary condition as physical meaningless. 

3.2. Low Energy Limit of  Penetration Factors 
and of  the R-matrix Approach 

It is the purpose of the following considerations to get a parametri- 
sation of the cross section data within the framework of a R-matrix 
approach, which does not depend explicitly on the channel radius R. 
This has the advantage that the parameters extracted from the experi- 
mental data are, in this sense, model independent. They can be deter- 
mined in a unique way and are accessible to a naive and direct inter- 
pretation. 

For the Coulomb wave function the nomenclature of Abramowitz 
and Stegum [44] is used throughout. The Coulomb wavefunction depends 
on the two variables q and p. For the d-d system one gets ~ = ]/b'-ff5/E 
and p ~ 0.55 ] /E  with the laboratory energy E in MeV. For deuteron ener- 
gies between 0 and 0.2 MeV r/ranges between ~ and 0.5 and p between 
0 and 0.25. For this range of t/and p, F~ is always much smaller than G~. 
(For the d-d system one finds that (Ft/GI)2< 2 .10 -5  for E <  0.2 MeV!!). 
Therefore the penetration factor Pt (Eq. (3.3)) can be written as 

Pt=p/G~. 

With this approximation the following expression for the penetration 
factors is obtained, as shown in Appendix A: 

pt = gi-2 (2/+ 1)2 C2 (~/) p2 t+ 1 (3.5) 

{ = 0 7  for } 
l=0  and independent of energy! 

gl =1" for l>0  

and 

Co 2 (q) = 2 n q/(exp (2 n r/) - 1). 

The penetration factors of the exit channel are now taken into account 
in the R-matrix approach in order to compare later correctly with the 
DWBA approach. Because of the large Q-values one has to consider the 
penetration factors for large p and small 7. It is wellknown [44], that for 
these limits 

and therefore 
ef t  in _.~ /9 fin" 
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Using this relation with Eqs. (2.2), (3.1) and (3.2), one obtains the differ- 
ential cross section as: 

1 (Bo+B1L2(cos~9)) G--=%'gT572-2 36 kin 

1 Pfin ~'a P ' a  _ _ 
- 3 6  t o z=o*  5- +bP> L2(cos@. 

(3.6) 

and 

(BI/Bo) = fl e/(1 + c~ 0. (3.9) 

A discussion of these results should include the following remarks: 

(i) One needs three energy independent parameters to describe the 
2H (d, n)- and ZH (d, p)-reaction at low energies if this approach is to be 
able to fit the data. This is to be expected, because it was demonstrated 

7 a Z. Physik, Bd. 265 

With the use of Eq. (3.5) one gets for the ratio of Pt= 1/Pl=o 

(P,= 1/5 = o) = g~ (1 + t/2) p~. 
and for Pl= o 

P,=o = go 

With Eq. (3.6) and remembering that pt/ is independent of the energy 
and t/2 =O.05/E one finds the following cross section: 

o ' = - = - -  Co (t/) a (1 +ee )  1+ L2(cos 0) 
/gin 

(3.7) 
1 

where e = E + 0 . 0 5  with E in MeV. 

The definition of the coefficients e and p is chosen formally in the 
same way as it was done in the DWBA approach of Boersma [17] in 
order to demonstrate the formal equivalence of the low energy R-matrix 
and DWBA approach. The coefficients a, c~ and fi now contain all the 
energy independent parts of the cross section. They include also all the 
terms which depend formally on the channel radius R. These coefficients 
are taken now as free parameters. It is obvious that a channel radius 
independent parametrisation of the R-matrix approach is achieved in 
this way. 

By way of comparison one gets for the individual parts of the cross 
section in Eq. (3.7) 

ff / [  kfin ~ CZo(rl)=47ca(1 +~e) (3.8) <. ! 
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in the beginning of this chapter that the full R-matrix approach provides 
an excellent fit of the data. 

(ii) this approach produces formally the same equations as a DWBA 
treatment of the reactions [17]. This shows why a DWBA approach 
[17, 42, 43] works even at these very low energies. 

(iii) if the bombarding energy goes to zero, the anisotropy coefficient 
approachs a nonzero value 

E-~0;  (B1/Bo)-oO.O5 fl/(l +O.O5a). 

This means that as long as fl = 0 or as long as one has at energies unequal 
to zero l=  1 contributions to the cross section, the anisotropy coefficient 
B1/B o is unequal to zero also for E=0 .  This fact already has been men- 
tioned by Konopinski and Teller [4] and by Boersma [17] in his DWBA 
approach. 

4. Comparison with the Data 

As shown in Chap. 3 each reaction can be described in the low energy 
limit by three parameters a, a and fi (Eqs. (3.8) and (3.9)). In order to 
get these parameters Eqs. (3.8) and (3.9) were fitted to the experimental 
data which has been gathered in Chap. 2. 

4.1. In order to compare the data for the total cross section with 
Eq. (3.8) it is more instructive to plot first 

/ ( kfin ) C2 (tl)=4 7r a(1-l-~e) (4.1) O-t~ 

as a function of the deuteron energy. Figs. 8 and 9 display this quantity 
for the 2H (d, n)- and 2H (d, p)-reactions. It is obvious that any accuracy 
of the experimental points which might be inferred from the logarithmic 
plots of the cross section in Figs. 1 and 2 has disappeared. In addition 
it is clear, that from these data the coefficient ~ in Eq. (4.1) can only 
determined with very poor accuracy. 

A least square fit of the data in Figs. 8 and 9 with Eq. (4.1) yields 

a"=1.2_+0.1 and aP=2.2+0.1 

and a"~  5, a p ~ 2 with very large error bars. 

Next the anisotropy coefficient 

(BilBo) =/~8I(1 + ~8) 

was fitted to the data of Figs. 3 and 4. Because in the proton channel the 
coefficient ~P is rather small, it is difficult to determine. This leads to a 
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rather large error bar for this parameter. From the least square fit the 
following parameters were obtained: 

fln=4.9__0.2, cr and t iP=2.2+0.1,  eP= 0.7 _+ 0.2. 

4.2. In order to get a check of these fits and to obtain a real estimate 
of the error bars, which are certainly too small, one can use the known 
ratios of o-"/o-P and o-" (90~ ~ which are displayed in the Figs. 5 and 6. 
For  an independent check the ratio o-tnot/O'tnot must be used with caution 
because it is not measured directly but computed from known anisotropy 
coefficients. Using the Eqs. (3.8) and (3.9) one gets the following ex- 
pressions for these two ratios [17]: 

O'tot/o-Pot = / s  ~ (1 "t- 0~ n ~)/(1 "~ ~P ~) 

~cy (1 + (o~" - cg)  e - (o~n --  Ce p) O~ p e z )  

d'  (90~ ' (90 ~ = ~: 7 { 1 + (e n - �89 fin) e}/{ 1 + (c~ p - �89 tiP) e} 

+ 

n p with ~ = (an/a p) and ~ = kf in /k f in .  

For  o-" (90~ p (90 ~ only the linear term in the expansion was taken 
into account because this ratio shows experimentally no significant de- 
viation from a straight line (Fig. 5). 

A least square fit to the data yields the following results: 

o-tot/O'tPot : ? = 1.026-t-0.013, (~n - -  ~P)  = 1.4__+ 0.2 

(C~n-- ~P) ~P= 1.7+_0.6 

On (90~ p (90 ~ ? = 1.028 __+ 0.006, 

(0~"-- ~P) --  �89 ( f in- -  flY) = 0.272 __ 0.033. 

The solid and dashed lines in the Figs. 5 and 6 display the result of the 
fits including the errors. It  should be pointed out  that for a"]o- v the terms 
proportional to ~ and ~z can be determined only with a large error because 
there are not enough data to determine the two parameters independently 
with a good accuracy. For  this reason, in spite of a rather perfect fit to 
the data points (solid line in Fig. 5), the errors are so large (dashed lines 
in Fig. 5). 

4.3. At the end of this procedure it was attempted to find a set of 
parameters a, ~ and fl which are consistent with the results of Chap. 4.2 
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Fig. 10. Fraction Pt=l of l=  1 contributions to the total cross section as function of 
energy for the ZH(d, n)- and 2H(d,p)-reaction, calculated with the fit parameters 

obtained in Chap. 4.3. 

and which have the appropriate errors. The following set was found: 

an=2.1__0.2 aP=2.5___0.3 

~n=3.0_+0.6 eP=0.6__+0.2 (4.2) 

f l~=4.9+0.5 f lP=2.2_0.2.  

The solid lines and the errors in the Figs. 1 to 4 which display O-tot and 
(Bt/Bo) for both reactions had been calculated using these values. I t  is 
obvious that the error bars, especially for the neutron channel, are a little 
bit too large. But these large error bars are necessary to provide agree- 

n p ment with the results of the fits for 6tot/o-to t and a"(90~ ~ also. 
These results may be compared with those of Boersma [17], who 

determined c~ and fl only. While the values for the proton channel agree 
completely, there is a slight difference in the neutron channel (Boersma: 
~"=1.9, fl"=4.2). This difference may be attributed to the fact that  
Boersma has determined his parameters essentially f rom the ratio 

n p n p 
O'tot/O'to t . AS pointed out before the fit for O'tot/O'to t is ambiguous. 

4.4. In a last point one may ask for the relative l=  1 contributions 
Pt = 1 to the cross section for the two reactions. This contribution is given 

by Pl = 1 = ~ e/(1 + ~ e) 

and plotted against the deuteron energy for both reactions in Fig. 10. 
The l =  1 contributions in the 2H (d, n)-reaction are larger by a factor of 
4 to 6 than these of the 2H (d, p)-reaction. I t  is not clear if this has anything 
to do with the structure of the 4He-compound system which, in this energy 
region, influences just the l =  1 and not the l = 0  contributions. One 
indication in this possibility may be the fact that the ratio for the l =  0 
contributions, which is given by an/a p, was found to be one within the 
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error bars. On the other hand, there is some speculation which attributes 
this difference to a isospin impurity resulting from Coulomb mixing [16]. 

The authors are indebted to Stud.-Rat H. Mendel for the computer code used in 
Chap. 3.1 and to Stud.-Rat H. J. Thiemann who helped to collect the data and to 
calculate the averaged energies. Prof. H. A. Weidenmtiller and Dr. H. M. Hofmann 
contributed with helpful discussions. 

Appendix A 
In order to get an approximation for the penetration factors Pb 

valid for large q and small p, one can start with an approximation for the 
irregular Coulomb functions Go given by Jackson and Blatt [47] valid 
for small p (p ~ 1): 

Go~Col(rl)[l+2qp(ln2qp+2~-l)+2qph(tl)+ ...] (A.1) 

with ~=0.5772 the Euler Constant and 

h(tl)=t12/(k~= k(kZ +~12))-lnq-,. 

Because t/p is independent of energy (for Z H - d  system t/p~0.12) one 
notices that in Eq. (A.1), within the rectangular bracket only 2t/ph(q) 
depends on the energy. Inserting the proper values for the d-d system one 
finds: 

Go,~CoX(q)[1-O.3+ Ztlph(rl)+...]. (A.2) 

Following Jackson and Blatt [47] and Abramowitz and Stegum [44] one 
gets for h (q) the following expansion useful for large values of t/: 

h(tl)=Regt(l+iq)-lntl~lntl+ ~ (-1)"-1B2" lnq 
n=l 2nr/2n 

where ~ ( l + i q )  is the complex 7t-function, defined by Abramowitz 
and Stegum [44] and B z,, are the wellknown Bernoulli-numbers [44]. 
In this way one finds for the function h (q): 

1 1 1 
25-3 + .... 

Inserting this equation into Eq. (A.2) and remembering that t/2 =0.05/E 
one gets for the irregular Coulombfunction 

Go ~ Co ~ 0/)(1-0.3 + 0.4 E + 0.8 E 2 + ...). 
Up to E~0.2 MeV the energy dependent parts are smaller than approxi- 
mately 10 %. If they are neglected one gets the following simple expression 

for Go: Go,~go/Co(tl) with g0=0.7. 

For the calculation of the G~ with l> 1 one uses the Wronskian relation 
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for  the  C o u l o m b  funct ions  [43]: 

Fl-1 Gt-FtGl-l=l/l/12 +q 2. 

Taking  into  account  tha t  for  Ed_--_0.2 M e V  p < 0 . 1 ,  one neglects in an 
expans ion  of F o and  F 1 te rms higher  than  the lowest  power  in p (which 
is pZ+ 1). Than  one gets for  F 1 

Fl = Cl0l) pi+ ~. 

The higher terms are always smaller than 10 -2 in the energy region under 
consideration. 

W i t h  

one gets for  G t 
c,(,7) = c,_1 (•) 1 /?~  ,2 /1( 2 l+ a) 

G, = g,/[(2 t + 1) C, pZ] 

with go = 0 . 7  and g l =  t for  l >  1. 
W i t h  the  last  re la t ion the pene t ra t ion  factors  in this a pp rox ima t ion  

are found  to be 
Pl=gT2(21+ l) 2 C~(q) p 2t+1. 
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