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Summary. Two families of mixed finite elements, one based on simplices
and the other on cubes, are introduced as alternatives to the usual Raviart-
Thomas-Nedelec spaces. These spaces are analogues of those introduced by
Brezzi, Douglas, and Marini in two space variables. Error estimates in 12
and H~* are derived.
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1. Introduction

We introduce two families of spaces of mixed finite elements to approximate
the solutions of second order elliptic equations in three space variables. These
families are the reasonable analogues of the spaces recently described by Brezzi
et al. [3, 4] for two-dimensional problems. For the simplicial elements our
space of index j lies between the spaces of index j—1 and j of Nedelec [15]
and provides approximation of the vector variable of the same order of
accuracy as does Nedelec’s space of index j. Our cubic elements of index j are
based on polynomials of total degree j for the vector variable and total degree
Jj—1 for the scalar variable; hence, the local dimension of this space is about
half that of the Raviart-Thomas [18] space over cubes (i.e., rectangular par-
allelepipeds) of equivalent accuracy for the vector variable. Nedelec [16] has
recently considered the same tetrahedral spaces.

In Sect.2 we describe the simplicial elements and locally defined pro-
Jections that enable us to use the theory of Douglas and Roberts [10] to
obtain error estimates for the Dirichlet problem in I? and H~*, which will be
derived in Sect. 4. In Sect. 3 we discuss the cubic elements and the correspond-
ing projections. In Sect.5 a hybridization of our mixed method is introduced,
and its properties with respect to linear algebra and seperconvergence for the
scalar variable are studied. In Sect. 6 an Arrow-Hurwitz-type alternating-direc-
tion iterative technique is described briefly.
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2. Simplicial Elements

Denote by P(K) the set of restrictions of polynomials of total degree not
greater than j to the set K; B(K) is the vector analogue of F(K) consisting of
three copies of P(K). Vector functions will be indicated by bold face.

Let j be a positive integer and let K be a simplex. Set

(2.1a) V(j, K)=B(K),
(2.1b) W(j, K)=P_,(K),
2.10) M(j, K)=V(j, K) x W(j, K);

M(j, K) is the simplicial element of index j. Note that the local degree of the
scalar space W(j, K) is one less than that of the vector space V(j, K). If N(j, K)
denotes the simplicial element of Nedelec [15] of index j, then

N(-1,K)eM(j, K)=N(j, K), j>0.

In fact, it is easy to see that

(2.2) dim{M{, K} =[3(+)G+2G+D+G+2) G+ Il)j]/6
=4j+9)(+2)(+1)/6,

while

2.3) dim{N{j, K)} =[3(G+4)(+2)(+D+{G+3)G+2)(G+1)]/6
=(4j+15)(j+2)(j+ 1)/6,

so that the dimension of N(j, K) exceeds that of M(j, K) by (j+2)(j+1).

Denote by (-, -)x the inner product in I?(K) or in I*(K) and by {-,-), that
in I2(e), where e is a face of K. We wish to define a projection from H*(K) to
V{j,K) that can be extended to a projection from H'(G) to the subspace of
H(div, G) of vector functions having restrictions to each element of a simplicial
decomposition {K} of G. A vector function that is a piecewise-polynomial
function over {K} lies in H(div, G) if and only if its component normal to an
interior face is continuous across each such face; consequently, the degrees of
freedom for the projection on K must determine these normal components.
The remaining degrees of freedom will be chosen to ensure a convenient
commuting diagram property.

Let K have flat faces and let II'=J1(j, K): H'(K)— V(j, K) be defined by the
following relations:

(24a) {(q—1q)-n,,p>,=0, pePfe), for each face e of K,
(2.4b) (q— I’ q,grad w), =0, weP_,(K),
(24c¢) (q—II'q,v)x=0, ve{ueP(K): u-n=0on oK

and (u, grad w)=0, weF,_(K)}.

Assume for the moment that the conditions (2.4a) and (2.4b) are inde-
pendent. Then, to show existence of II’ it is sufficient to prove that a vector in
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V(j, K) having vanishing degrees of freedom must itself vanish, since the
number of degrees of freedom equals the dimension of V(j, K). So, let veV(j, K)
have vanishing degrees of freedom. Since v-n e F(e), (2.4a) implies that v-n,=0.
Then, (2.4b) and (2.4¢) imply that v=0.

To prove independence of (2.4a) and (2.4b), it suffices to treat the case of
the reference simplex S having vertices (0,0, 0), (1,0,0), (0,1,0), and (0,0, 1).
Let ¢,=Sn{x,=0},i=1,2,3, and ¢,=Sn{x+y+z=1}. The independence is a
consequence of the next two lemmas.

Lemma 2.1. Let p,ePfe), i=1,2,3,4. Then, there exists qeP(S) such that q-n,
=p; on e;, where n, is the normal to e;.

Proof. Fix a face, say z=0, and take a polynomial p(x, y)eB. It is enough to
prove that there exists at least one qeP, such that g-n=p on z=0 and q-n=0
elsewhere on ¢S. To do this, first find a constant ¢ and two polynomials
pi(x,y) and p,(x, y) in P_, such that

—p(x, y)=c(l —x—p)+xp(x, y)+yp,(x, y)

Then the vector polynomial q=(xp,(x,y),yp,(x,y), p(x,y)+cz) satisfies the
prescribed requirements.

Lemma 2.2. Let {w,: a=1,..., N}=Basis{weF,_(S): fwdxdydz=0}, and let
a,eR™. Then, there exists q€P(S) such that q-n=0 on 0S and

(q.gradw )=a, a=1,...,N.

Proof. Let peP,_,(S) be such that (p,1)¢=0 and (p,w,)= —a,. It suffices to
show that there exists qeP;(S) with q-n;=0 and divq=p. To do this, first take
[14] weH(S) such that divu=p. Then let q be the unique polynomial in
P (S)+xF_,(S) [15] for which

j—1

<(q—u).ni9t>e:07 tEI:;‘_l(e)’ ee{elae29e39e4}v
(q—u,v)s=0, veP_,(S).

The first set of these relations implies that q-n vanishes on 0S, and the second
that

(div(g—u), w)s= —(q—u, grad w)s=0, wePB_,(S);

thus, divq=p, as was to be shown.

Since II’ reproduces P(K), it follows from the Bramble-Hilbert lemma [11]
that

(2.5) la—ITqllo x < Clql, x(diam(K)y, 1=<r<j+1,

with the constant C depending only on the minimum vertex angle of K; in the
above, | ||, ¢ indicates the standard norm in H"(K). Note also that, for
weW(j, K)=F_,(K),

(26) (diviq—II'q), w)y= —(q—IT'q, grad w) + (@ —II" q) - 0, w), =0.



240 F. Brezzi et al.

Boundary simplices are allowed to have one curved face, that face lying in
the boundary of G. Consequently, it is necessary to modify the definition of I/
on such simplices. Let K have flat faces ¢, e¢,, and e;, with e, possibly being
curved. Then, let II¥: HY(K)—V(j, K) be determined by the requirements that

(2.7a) ((q—1Fg)'n,,p>.=0, peBle), ecfe, e, e},

(2.7b) (div(q -1 q), w)x =0, weB_,(K),

(2.7¢) (@—1Pq,v)x=0, ve{ueP(K): u-n,=0 on e, ue,Ue;
and diva=0}.

Again, it is easy to see that IV is uniquely determined by (2.7) and that (2.5)
and (2.6) hold for boundary simplices. The constant C of (2.5) now depends
solely on the ratio of the diameter of K and that of the inscribed ball, a
condition that generalizes the vertex angle constraint.

Let RF-'=R(j—1, K): I*(K)— W(j, K) be I*-projection:

2.8) (w—R"'w,p)y=0, peP_,(K).
Since div V(j, K)=W(j, K),
(2.9) (divg, w—R/"'w), =0, qeV(j, K).

We have now the local properties of our space of index j. In order to
construct the space globally, let 7, ={K} be a decomposition of the domain G
into nonoverlapping simplices such that

(2.10a) the intersection of two distinct K’s in J, is either a face, an edge, a
vertex, or void;

(2.10b) if K< G, K has flat faces;

(2.10c if K is a boundary simplex, the boundary face can be curved;

(2.10d) if diam(K)=hg, hy<h;

(2.10e) if ry is the radius of the ball inscribed in K, hy/ry < constant.

Set
@11a)  V,=Vi=V(, %)= {veH(div,G): v|yeV(i, K), KeZ,),
@11b)  W,=Wj=W(j, %) ={wel*(G): wlxeW(j,K), KeZ;},
2.11¢) M, =Mj=Vjx W,

Extend the projections II(j, K) and R(j—1, K) to H'(G) and L*(G) respec-
tively, as follows:

(2.12a) ,=1I1j: H(G)-Vj  satisfies I, |y, =T1(j, K);
(2.12b) R,=Rj: [}(G)» W satisfies R,=R(j—1, K) on L*(K).

The following properties of IT, and R, resuit immediately from their local
properties:
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(2.13a) (diviq—1I1,q), w)=0, weW,, qeH'(G),
{(2.13b) (divg, w—R,w)=0, wel’(G), qeV,;
ie.,

(2.13¢) div I1,=R, div: HY(G)> W,.

The relations (2.13) can be expressed succinctly by stating that the following
diagram commutes:

HY(G) - 12(G)
; Ry,

div

\{

The approximation properties of I1, and R, also can be read out of their local
properties:

(2.14a) la— gl Claql, b, qeH'(G), 1<r<j+1,

(2.14b)  |w—Rjw|_,<Clwl, k"%,  weH'(G), 0=r5<).

3. Cubic Elements

As in the case of the two-dimensional elements of Brezzi et al. [3], our
elements over rectangular parallelepipeds differ significantly from those of
Raviart and Thomas [18], in that our elements are based on augmenting the
space of vector polynomials of rotal degree j by 3j+3 additional vectors in
place of augmenting the space of vector tensor products of polynomials of
degree j by 3j+3 polynomials of higher degree. We also use a space of total
degree j— 1 for the scalar variable instead of a tensor product of polynomials
of degree j. We shall again obtain approximation of vector functions of the
same order of accuracy as do Raviart and Thomas.
Let K be a rectangular parallelepiped and j a positive integer. Let

(3.1a) V(j, K)=P(K)+Span[curl (0,0, x' " y), curl (0, x 2/ **,0),
eurl(y**12z 0,0); curl(0, 0, x yy ¥ 1 227,
curl(0, x' 13/~ 7z 0), ewrl(>/ Ty *1,0,0), i=1,...,j],
(B.1b)  W(,K)=P_,(K).
Lemma 3.1. The dimension of V(j, K) is that of P(K) plus 3j+3; 1.e,
(3.2) dimV(, K)=(+3)({+2)(+1)2+3(+1)
=(3+6j2+17j+12)/2.

Proof. 1t suffices to prove that the 3(j+1) polynomial vectors of degree j+1
added to P(K) are independent. Suppose that
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J
la i+ 1)xy 277, =y L0+ b, (= x50, (i+ 1) Xy~ 2)
i1

+¢,(0,(i+ )X/ "iyZ, —ximiZth]

+d(x*, —(j+ Dxly, 0)+e(—(+ ) x2, 0,2/t

+00,7*, = (j+1)y'2)=0.

Summing on the first component shows that e=0, a,=...=a;=0,b;=...=b, ,
=0, and d=>b;. Then summing on the third component implies that d=f=0
and ¢, =...=¢;=0, so that all coefficients above vanish. Thus, the lemma has

been proved.
The space V(1, K) has dimension 18 and consists of B(K) plus the span of
the six vectors

(x2, —2xy,0), 2xy, —¥%0),(—2xz,0, z%),

33
(3:3) (—x2,0,2x2),(0,y%, —2y2),(0,2yz, —z%),

while V(2, K) has dimension 39 and consists of P,(K) and the span of the nine
vectors
(x3, _3x2ya 0): (2xJ’Z, _)’22, 0)’ (3Xy2, _)’3,0),

(3.4 (x3,0, —3x22), (—yx?,0,2xy2), (3xz%0, — 27,
(07y3, _3y22), (0’3.}]22, —23)7 (Oszxyz> _xZZ).

The projection IT7: H'(K)— V{j, K) can be defined in the following way:

(3.5a) {q-1q)-n,,py,=0, pePe), for each face of K,
(3.5b) (q—IIq,v)x=0, veP_,(K).

The number of degrees of freedom is easily seen to be equal to the
dimension of V(j, K); thus, it suffices to establish unisolvence to show existence
of IT’. Moreover, it is sufficient to treat the unit cube. The first component of g
has the form

J
q, = Z(a,.(H-l)xy“zj‘“"~bi)<"“y"“')—kdxf+1 —e(j+1)xzi+r,
=1

i=

j i j i j { i . .
dr= Y (—ay I i+ )X 2 =G+ DI+ Y e,
i=1

1=

J
qs= Y (b(i+ )Xy "'z —e X2 ke T [+ 1)z,

i=1
where 7,€P(K). Assume that the degrees of freedom of q vanish. Then, (3.5a)
applied to the face x=0 implies that r,=xs,. Next, (3.5a) applied on x=1
gives a;=e=0. Similarly, b,=c,=d=f=0. Thus, qeP(K). Since then ¢, =0 on
x=0 or 1, ¢, =x(1—x)t,, t,eF,_,(K). Hence, (3.5b) implies that ¢, vanishes,
and the existence of I/ has been determined for cubic elements with flat faces.

Boundary elements are allowed to have at most one curved face; this

introduces a geometric constraint on a cubic decomposition of G. The pro-
jection ITY can be defined in a manner analogous to (2.7):
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(3.6a) {q—1Tq)-n,,p>,=0, pePfe), for cach flat face e of K,

(3.6b) (div(q—II" q), w), =0, weP_,(K),

(3.60) (q—1T7q,v)=0, ve{ueP(K): divu=0and u-n=0on
all flat faces of K}.

That II’ is well defined on boundary elements is easy to see.

Let {K} be a decomposition Z, of G into simplices and cubes satisfying
(2.10). Construct a global projection I1,: H'(G)— V}, where the restriction of an
element v of Vj to KeZ, is a simplicial or cubic element as appropriate, by
piecing together the appropriate JI'=T1(j, K)’s. The commuting diagram prop-
erties (2.13) and the approximation properties (2.14) follow clearly from the
corresponding local ones.

4. The Dirichlet Problem

Consider the Dirichlet problem

4.1a) Lu= —div(a(x)gradu)=f, xeG,
(4.1b) u=—g, xe0G,

where G is a domain in R?® having a smooth boundary dG and a(x) is a
smooth, positive function on the closure of G. Let

4.2) g=—agradu, c(x)=a(x)”},
and factor {4.14a) into the first order system

(4.3a) cq+gradu=0,

(4.3b) divq=/f,

for xeG. The weak form of (4.3)-(4.1b) appropriate for mixed finite element
methods is given by seeking {q, u}e H(div, G) x L*(G) such that

(4.4a) (cq,v)—(divv,u)={g,v-ny, veH(div,G),

(4.4b) (divq, w)y=(f, w), wel?(G).

Let J, be a decomposition of G into simplices and rectangular parallel-
epipeds, and assume that J, satisfies (2.10). The mixed finite element approx-
imation {q,,u,}eV,x W,=V{(j, 7)) x W{(j, 7,) is defined as the solution of the
equations
(4.5a) (cq,v)—(divv,u)={g,v-ny, veY,,

(4.5b) diva, w=(fw),  weW,
The existence and uniqueness of {q,,u,} follow immediately from the gener-

al argument of Douglas and Roberts [10] in exactly the same manner as in the
paper of Brezzi et al. [3]. Moreover, the error analysis of [3] applies without
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modification to the spaces Mj of (2.11), whether formed from simplicial or
cubic elements or a combination of the two kinds, since the derivation of the
estimates of [3] depended solely on the properties of the projections ITj and
Ri.

Let || ||_, denote the norm in the space H*(G) or [H*(G)*]. Then, the
errors in the scalar approximation u,, the vector approximation q,, and its
divergence satisfy the inequalities

(4.62) fu—wll_ KU S, _2+18h_y )P, 25rs), 0Ss5),
(4.6b) la—aull_ KU fll,—q +1gl 41 B*, 1Sr<j+1, 0Ss5j-1,
(4.6¢) Idiviq—g,)l _ K |divql, k" =K|f|,h"*, 0=r<j, 0Ss<),

where | |, is the norm in H'(6G). In particular,

4.7 lu—u,l -t lq—q,l —j+1t [div(g—g,)| -jéK(“f”j"' |glj+ 3/2)h2j-
It also is a consequence of the argument of [3] that

4.8) liy— Ry ulo K1+ 1854 3/2) pminG+2.2)

5. Hybridization of the Mixed Method

The solution of the algebraic equations generated by (4.5) can possibly be
simplified by the introduction of a Lagrange multiplier to enforce the con-
tinuity of the normal component of g, across interelement boundaries [1-3, 12,
13]. We shall see also that this multiplier can be used in a postprocessing
procedure to give a higher-order correct approximation of the scalar variable
u.

Let {e} denote the set of all faces of the elements of Z,, and set

5.1) F=FLi={m: m|,eP(e) if ecG and m|,=0 if ec0G}.
Let
(52) Vo=t ={v: viceV(i. K), Ke T},

where each K can be either a simplex or a cube. Note that ve¥, belongs to V,
if and only if

(5.3) Y (vong, myu =0, me,.
K

The Fraeijs de Veubeke [12, 13] hybridization of (4.5) consists of finding
the triple {qy, u,, m,} €7, x W, x &, satisfying

(54a) (cqyv)— Y (divv,u)e+ Y {vong, mD=<v-n,8>, VEY,,
P4 3

(5.4b) 2 (divg,, we=(f,w), weW,,
K
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(5.4¢) Z(qh'nxsp>aK:0, pe .
K

The function q, given by (5.4) coincides with that of (4.5) as a result of (5.3),
although the parameters defining it are different, since the dimension of ¥, is
greater than that of V,; u, is also the same as before.

The original object of the hybridization was to produce a system of equa-
tions in which it is easy to eliminate the parameters defining first g, and then
u,. The matrix 2 for the remaining equations for m, is positive-definite and
has a sparsity structure essentially equivalent to that of the matrix of the
nonconforming finite element method using piecewise polynomials of degree j
+1 for the scalar function u. As is the case with any three-dimensional
problem, the equations associated with & are not solved inexpensively by
Gaussian elimination techniques; however, it is much easier to find effective
preconditioners for a conjugate gradient iteration for these equations than it is
for those coming from (4.5).

Arnold and Brezzi [1] found in studying the hybridization of the Raviart-
Thomas mixed method in two space variables that u, and m, can be postpro-
cessed element-by-element to produce a new approximation u; to u that is more
rapidly convergent than u,; their ideas were extended and completed in Brezzi
et al. [3], both for the Raviart-Thomas spaces and for the spaces introduced
there in two-space. The development of [3] can be carried over to the mixed
elements of this paper with little difficulty and most of the details of the proofs
can be omitted.

Let Q,=0i be the I*(e)-projection into By(e) for a face e=G. If the proof of
Lemma 4.1 of [3] is modified by using the degrees of freedom given by (2.4),
(2.7), (3.5), or (3.6), as appropriate for K, to define the vector v arising in that
proof, then it follows that

(3.5) lm,~Q, uno,e§ C{hgz Hq_qhHo,K'*'hE”z “”h“Rhuno,K}-

We would like to show that (5.5) enables us to construct a new approxima-
tion uf of u that converges to u with a better order as, for instance, in [1] or
[3]. We present here a general strategy for constructing uf. In each particular
case one can then find different convenient choices. Without going into the
details, let us, for each element K, denote by .#(0K) the set of functions in
[*(0K) that are polynomials of degree <j on each face e. We assume now that
we are given, for each element K, a space of polynomials #(K) such that: 1)
P, (K)=2(K) and that: 2) for every {+0 in .#(0K) there exists a v+0 in
2(K) such that

(5.6) {, U>@K§Ch}%(,5|o,ax{h1?1|U|0‘K+|U|1,K}~

Note that (5.6} is a kind of local inf-sup condition related to the mesh
dependent norms h?(ICIO,bK and {hg'lvly x+Ivl; }. Therefore (5.6) will be
easily satisfied if we take 2 (K) rich enough (how rich will depend on the
particular case). We consider now the following auxiliary problem:

find u}e?(K) and {} .4 (K) such that
(5.7) (a grad u}, grad v) — ¥, V) =(f V), vEP(K)

<Ca u}?>BK :<C’ mh>6K’ cEﬂ(aK)
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It is clear that uf will be an approximation of u and that {}f will be an
approximation of ad,u, the co-normal derivative of u with respect to 0K.
Standard arguments in the approximation of saddle points now yield

(5.8) e — w3l + a0, u—CEIN
Scf inf flu—oll+ inf flad,u—{li+ sup (KL my,—upda)/MICH}
ve P(K) {e M(OK) leM(OK)

where the triple bars indicate the mesh dependent norms (in K and on 0K,
respectively) appearing in (5.6). Using now (5.8), (5.5) and standard approxima-
tion results we obtain:

(5.9) lu—wFlloSc{llf;+1glj, 523 2
for j>1 and
(5.10) lu—ullo=clllfll; +1gls 2} h?

for j=1. It is worth noting that in particular cases one can often find a set of
degrees of freedom in #(K) which includes explicitly the moments {{, v),,
{e#(0K). In this case one can set, for every yelI?(0K),

(5.11) 2 (K)={veP(K),{{,v—y>:x=0 V(e (0K)}
and solve (5.7) in the more convenient form
(5.12) ure?, (K) and (agraduf, gradv)y=(f,v)y, veZ(K).

We have seen that, though nominally the mixed method using the elements
of this paper produces approximation of u only to order O(k/) the computed
solution {q,, u,, m,} contains information sufficient to allow determining u with
an accuracy O(h'*?) when j>1. Since the algebraic problem associated with
the matrix 9 is of the same complexity as that of the nonconforming Galerkin
method that would produce the same order of accuracy, this is not altogether
surprising,.

6. Alternating-Direction Iteration

Recently there have been several alternating-direction iterative methods in-
troduced to treat the solution of the algebraic equations arising from mixed
methods [5, 7-9]. Brown [5] discussed a method for the Raviart-Thomas
space [18] over rectangular elements in the plane; his method is an implicit,
locally one-dimensional version of the Uzawa iterative technique for saddle-
point problems. He extended essentially all of the known theoretical results for
alternating-direction methods for finite difference or Galerking methods to the
Raviart-Thomas mixed method in two variables; however, he did not cover the
three-dimensional case. He also carried a reasonably extensive set of com-
putational experiments that confirmed the observations that have been made
over the past thirty years that the direct use of alternating-direction iteration
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on problems with variable coefficients on general domains leads to efficient
convergence.

Douglas and Pietra [9] introduced a different alternating-direction method
based on an implicit, locally one-dimensional Arrow-Hurwitz procedure; there
is no finite difference or Galerkin analogue of this technique. There were two
motivations for this procedure, the first being that it allows the taking advan-
tage of initial information about the vector variable and the second being that
the Uzawa iteration is not obviously applicable to the planar mixed elements
of Brezzi et al. [3, 4] in an effective manner, while the Arrow-Hurwitz one is.
When a better initial guess was known for the vector variable (as is quite often
the case when the mixed method is applied to an elliptic equation arising in a
transient problem described by a system of equations, usually nonlinear, con-
taining one or more equations that would be elliptic if arising separately; most
petroleum reservoir simulation models are of this character) than for the scalar
variable, the Arrow-Hurwitz procedure significantly outperformed the Uzawa
one when Raviart-Thomas elements were used. For the same set of test
problems, the Arrow-Hurwitz scheme required almost exactly the same num-
ber of iterations to achieve a prescribed error reduction for the index one space
of Brezzi, Douglas, and Marini as it did for the zero index Raviart-Thomas
space, so that a second order correct approximation of the vector variable
could be obtained, in place of a first order one, in less than twice as many
arithmetic operations for the same grid.

Douglas et al. [7] formulated both Uzawa and Arrow-Hurwitz alternating-
direction iterative methods for the three space variable Raviart-Thomas spaces.
These procedures relate to an alternating-direction method of Douglas [6] for
three space variable finite difference schemes. Again it was found that the
Arrow-Hurwitz version outperformed the Uzawa one on problems for which
good initial guesses were available for the vector variable. The same authors
[8] have also considered an Arrow-Hurwitz iterative method for the spaces of
this paper. We shall limit ourselves here to outlining a special case of this
iterative technique applied to the space M;.

Let
(6.1a) —Au=f, xeG=[0,17,
(6.1b) u=0, xedG,

and take 7, to be the collection of cubes
(6.2) Kijp=X;x Y, xZ, =[x;, X; . ] 1% Ly ¥y 11 X Lz, 241,

where x;=ih and h=N"'. We work with the space V,, not the hybrid space
¥,- A basis can be constructed as follows. Let K=[—1,1]x [0, 1] x [0, 1], and
let

1—1x] 2(1=1xD(y—0.5)
(6.3) X'=| 0 |, X®=| y(y—1Dsgnx |,
0 0
2(1—1x)(z—0.5)
X3= 0

z(z—1)sgnx
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The basis function X' represents the value of ¢,(0, 0.5, 0.5), while X2 represents
0q,/0y(0,0.5,0.5) and X? represents dq,/0z(0, 0.5, 0.5). Similarly, let Y', Y2, and
Y? represent q,(0.5,0,0.5), 0q,/0x(0.5,0,0.5), and 8q,/02(0.5,0,0.5) on [0, 1] x
[—1,1]1x[0,1] and Z', Z? and Z* represent g,(0.5,0.5,0), dq,/0x(0.5,0.5, 0),
and 0q,/3y(0.5,0.5,0) on [0,1]x [0, 1] x[ -1, 1].

The vector q,, can be written in the form

(64) z {auk X11k+ﬁuk lek+yl]kx

ijk

+ Uk Yibk + Vi Yii‘k + ik Yi:;k

+ 0k Ziljk+ Wi i Zizjk + eijk Zisjk},
with X7, obtained from X™ by the usual affine transformations. Note that the
indices {i, j,k} can be considered to range over all of the integers by consider-
ing a periodic extension of the problem (6.1). The scalar u, is constant on K;;,
and takes the value u,, there; for convenience, let v;;, =6k~ "u;;,. Now set

(6.5a) Oy 0=V = Vi_y e A1 Vi =Vip1, 5k Vijeo

(6.5b) mlvijk=0.5(v,.jk+vi‘l,j,k), m¥ Ui =050+ 0,150

(6.5¢) Sy aij;‘=°‘i—1,j,k+4°‘ijk+°‘i+1,j,k’

(6.5d) T Biu=4B 1 jat 2B +4Biv 1, o

with &,, ..., T; defined analogously. Then, the equations for the mixed method

for M}, take the form

(6.6a) Sie+mid,v+myd;0+38,v=0,

(6.6b) S,u+myd, f+mydy0+6,v=0,

(6.6¢) Syo+myd,y+myd,n+0650=0,

(6.6d) T,v—300,mfa—60,d, =0,

(6.6¢) Tyw—306,mfa—66,d,v=0,

(6.61) T,8—300, m¥u—66,d,0=0,

(6.6g) T,0-306,m%u—66,d, =0,

(6.6h) T,7v-300, myc—656,d,n=0,

(6.61) T,n—300,m5a—6d,d, y=0,

(6.6)) diat+d,p+dso=0, (Pijkzhvlgfdx’ 0=K,.

Equations (6.6a), (6.6f), and (6.6h) have leading parts S,«, T, 8, and T, 7,
respectively, which are locally one-dimensionally oriented in the x-direction.
Similarly, (6.6b), (6.6d), and (6.61) have leading parts locally one-dimensionally
oriented in the y-direction and (6.6c), (6.6¢), and (6.6g) in the z-direction. Each
triple can be aligned with (6.6j) to lead to the following alternating-direction
process:
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X-sweep

(6.7a) S [t —a"/E+ ot ]+ myd, V' +mydy 0"+ 6, v* =0,
(6.7b) T =B/ + B 11300, my u" —66,d,0"=0,

(6.7¢) TLO" =y +y"t 1] =308, m} 6" ~66,d,n" =0,

(6.7d) (v* =)/ +d (" o2 +d, 1" +dy 0" =;

y-sweep

(6.8a) S, [t — e+ +myd, B myd, 0"+ 8, 0% =0,
(6.8b) T,[(" = V)4 v 1] =308, mb o+ —60,d, 0" =0,

(6.8¢) T+ =n")/{+ 7"+ ] =308, my 0" —64,d,y"* =0,

(6.8d) (** —o")/T" +[d (@ o) +dy (W p)]2+ dy 0" =05
z-sweep

(693) S3[(O.n+l_Gn)/é+o.n+l]_+_m3d1,yn+1+m3d2’1n+1+530n+1=0’
(6.9b) Tyl — o)/l + 0] =308, mtam* ' —65,d, v+ =0,
(6.9¢) Ty[(07 — 0L+ 0" 1] =308, m% p"+ ' —66,d, f+1 =0,
(6.9d) @ 04 [dy (o o)+ dy (i ) (e 4 6" ]2 =g,

No complete spectral analysis has been made for this iteration; however on
the basis of experience with the two-dimensional analogue [9] of these ele-
ments, we conjecture that use of the same parameters for {r"} as for the Uzawa
alternating-direction method for the three-dimensional Raviart-Thomas ele-
ments will lead to rapid convergence when combined with constant choices for
& and ¢, which should be chosen such that £>(sin0.5zh)~! and {~10¢ The
cycle for {t"} is given [6, 7] by

(6.10a) Pn=p RTR[6,  py=pyx2, N=I1/h;
(6.10b) ' =28/p,; =By 't"Y, n=2,..,NC;
(6.10¢) NC=[log(py/p,)+log(By N1 +1;

here, f<1<7 and Y(B,0,0)=Y{(y, 7, y) and
(6.11) Y(a,b,c)=1-2(a+b+c)(l+a) ' (1+b)~(1+c) "

In the Uzawa version in three space it was found [7] that the optimal
choice for y was about 1.71 for h=0.1, and the corresponding cycle length was

four. For a more extensive treatment of the iterative procedure given above,
see [8].
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