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Summary. The stability, accuracy, and convergence of the basic fractional
step algorithms are analyzed when these algorithms are used to compute
discontinuous solutions of scalar conservation laws. In particular, it is
proved that both first order splitting and Strang splitting algorithms always
converge to the unique weak solution satisfying the entropy condition.
Examples of discontinuous solutions are presented where both Strang-type
splitting algorithms are only first order accurate but one of the standard
first order algorithms is infinite order accurate. Various aspects of the
accuracy, convergence, and correct entropy production are also studied
when each split step is discretized via monotone schemes, Lax-Wendroff
schemes, and the Glimm scheme.

Subject Classifications: AMS(MOS): 65 M10; 65 MO5, 35L65.

Introduction

Most of the popular algorithms for the numerical computation of discon-
tinuous solutions of the conservation laws,

u,+ (fl (u))x + (fz (u))y =0

u(x, y,0)=u, O

involve the method of fractional steps either as introduced into gas dynamics
by Godunov [10] or as modified by Strang [23]. These methods can be
summarized as follows: Let u(x, y, t)=S(t)u, denote the unique weak solution
to (0.1) which satisfies the entropy conditions (see Sect. 2 for precise statements
when u is a scalar function and [15] generally) and let v(x,y, t)=S*(t)v,,
wix,y,t)=5"(t)w, denote the analogous weak solutions satisfying the one-
dimensional conservation laws,

v+ (f1(0),=0, w,+(f,(w),=0

0.2)
U('xa y90):U0(x’y) W(X, y,()):wo(x,y)
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(where y is viewed as a parameter in S*(t)v,, etc.) Godunov’s fractional step
method is based on either of the approximations,

S(Tug=(S*(4)S*(4t)'uy, ndt=T
or (0.3)
S(TYug=(S¥(4) S*(4t)'u,, ndt=T

while Strang’s method instead uses the approximation
(A0 o, A4t
swz( ()5 (5)5 (5] ()
At At
=|S S*¥ (At , At=T
( (2> (41)$” (2))“0 " (0.4)

S(T)uo_(Sx (Az’) S (A1) S* (Azt)) g, nAt=T

In practical computer calculations, next, one introduces one-dimensional
nonlinear difference approximations,

or

G*(A1)=S*(41)

0.5)
G'(A0)=S* (A1)

into either of the splitting algorithms in (0.3), (0.4) to define a fully discrete
splitting method. When Godunov introduced the algorithm in (0.3), he used
the (monotone) Godunov scheme for G* and G’ (see [22]). Recently, Chorin
{3, 4] has implemented (0.3) in gas dynamics and combustion calculations by
using the Glimm scheme for G* and G*; this algorithm has also been applied
{see [6]) to the flow of immiscible fluids in porous media (the Buckley-Leavritt
equation) with u in (0.1) a scalar function, f,(u)=af,(u), and f,(u) a nonconvex
flux function. The method of Strang defined in (0.4) has been implemented
extensively in gas dynamics with Lax-Wendroff difference methods (see [17],
for example) and other schemes.

Here we rigorously study the accuracy, stability, and convergence of the
basic fractional step algorithms in (0.3) and {(0.4) when discontinuous solutions
are computed. We also study various aspects of the accuracy, stability, and
entropy production of the fully discrete splitting schemes when G*, G’ are
given by monotone schemes, the Glimm scheme, and the Lax-Wendroff
scheme. All of our rigorous results are necessarily restricted to the model
problems where the function u in (0.1) is a scalar and f|(u), f,(u) are smooth
scalar functions. In a single space variable, the strictly convex or strictly
concave conservation laws with |f}'(u)|= 48>0 have solutions with a discon-
tinuous wave structure which yields a simplified model for the shock structure
in one dimensional gas dynamics — f,(u)=2u’ corresponds to the inviscid
Burger’s equation. On the other hand, in a single space variable, when f; (u)
has inflection points, the wave structure of the solutions of (0.1) (with f,(u)=0)
is radically different from that of the convex case [17]. The equations of gas
dynamics are rotationally invariant and the structure of shock solutions is
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essentially independent of direction. Thus, the multidimensional scalar equa-
tions which provide a simplified model for the shock structure occurring in
polytropic gas dynamics are those so that given any unit direction i=(n,, n,),
the function, n, f,(u)+n, f,(u) is strictly convex, strictly concave, or constant.
One verifies easily that this ‘isotropic’ condition is satisfied only when (with
constants a, b, ¢ and 6 >0)

i'wlzo,  f(w=af (w)+bu+tc. (0.6)

The analogous models in two space variables of solutions of the one-dimen-
sional inviscid Burger’s equation are given by

du datu?r 8iu?

— 2 2° =0, a>0

ot 0x Cy (0.7)
u('x9 ¥, 0)=u0()€, Y)

Obviously, there are two sources of error in the fully discrete fractional step
algorithms - the intrinsic error involved in using (0.3) or (0.4) and the spatial
discretization errors involved in the particular difference methods used in (0.5).
In general these two sources of error interact in a complex fashion. Strang

introduced the method in (0.4) because, even for systems, it is second-order
accurate in time, i.¢.,

when S(t)u, is a sufficiently smooth function
At At\\"
S(Tyug— (S" (‘2—> S$¥ (A1) §* (?)) Uy

whereas the method in (0.3) is only first order accurate, when S(t)u, is smooth

< C(A1)? (0.8)

[S(T)uo—(S7(40) S*(A0)"uo | = C(41) (0.9)

with similar estimates when the roles of x and y are reversed. In Sect. 1, in
contrast to the results valid when S(f)u, is smooth, we construct a family of
simple examples of discontinuous solutions of the model equations in {0.7) with
2>az1 so that both Strang-type splitting algorithms are at most first order
accurate when computing these solutions but

(S* (A1) S* (A ug=S(T)uy, ndt=T (0.10)

i.e., one of the algorithms in (0.3) is infinite order accurate. In a single space
dimension, the Glimm scheme keeps simple shock fronts perfectly sharp {see
[2,11]). A basic question is the following one. When the Glimm scheme is
used in multi-dimensions in conjunction with splitting algorithms, are shock
fronts smeared substantially? The example mentioned in (0.10) provides a good
analytic test case and in Sect. 1 we explicitly compute the effect of the Glimm
scheme on this solution.

In Sect. 2 we summarize some known properties of weak solutions of (0.1)
satisfying the entropy conditions (see {13]) and list some simple estimates and

notations useful in the subsequent sections. In Sect. 3, we prove the following
result.
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Theorem 1. Assume uye L' (R}~ L°(R?) and let S(t)u, denote the unique weak
solution of (0.1) satisfying the entropy conditions, then both of the fractional
step algorithms in (0.3) and (0.4) always converge to S(t)u,. More precisely, if
nAt="T, then as n— 0,

max [|S(T)uy—(S* (A1) S (A1) o)l 11 g2y =0

0<T<To
At n
max ||S(T)u,— (S" (_,) S* (A1) S (ﬂ)) " 0.
0STETo 2 2 LU(R2)

Similar results are valid with the roles of x and y reversed.

The results in Theorem 1 are also interesting from another point of view
since they provide proofs in a singular case for the Trotter-Kato product
formulas of functional analysis. The nonlinear semigroups studied here act on
non-reflexive Banach spaces with a priori set-valued generators [7]; none of
the abstract theorems in the current literature handle this generality (see [1, 5]).

Section4 contains some brief remarks where we use the main result in [8]
to prove that discrete splitting algorithms always converge to S{t)u, provided
that G* and G’ are monotone with conservation form. In particular, these
results apply to the splitting algorithms using the Lax-Friedrichs, Godunov,
and upwind schemes in any combination.

In Sect. 5 we study the discrete fractional step algorithms when G* and G*
are given by the Lax-Wendroff scheme. As in [19], assuming this algorithm
converges, we study when the limit function obeys the entropy condition. The
same examples as constructed in a single space dimension (see {12, 20]) provide
rigorous proof that the standard split Lax-Wendroff scheme can converge to
weak solutions which violate the entropy condition even when f, =/, and
L f{"(w)} >0. Nevertheless, when the Lax-Wendroff scheme is modified with a
systematic nonlinear artificial viscosity as used by Osher and Majda in [18,
197, we prove that this limit function satisfies a discrete entropy inequality
provided that | f{" ()], | f, ()= 6>0. This entropy inequality is strong enough
to prove that the limit solution is the unique physical solution provided that
(0.6) is satisfied - in particular, this theorem applies to the models in (0.7).
Perhaps surprisingly, we conjecture that this conclusion is false when (0.6) is
violated even though f, (u), f,(u) are both convex and give examples to support
this reasoning. In the appendix, we give the proof of a convergence theorem for
generadimensional splitting algorithms. Similar results hold ‘mutatis mu-
tandi’ for general additive fractional step methods.

Section 1. The Accuracy of Splitting Algorithms
when Discontinuous Solutions are Computed
A. Strang Splitting and First Order Splitting

We consider the solution, u, of the model equation

ul+(a%u2)x+(%u2 y:Oa
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with initial data
I, y>x

u(x, y,0)=u05§_ (1.1)

1, y=x
for a fixed constant ¢, 1 £a =2. One computes directly either by using the well-
known entropy condition for the inviscid Burger’s equation or by using the
conditions in Sect. 2 that

u(x, y, )=Stu,=u,. (1.2)

For 1<a, the exact solution is an oblique steady planar shock, while for a=1
the exact solution is an oblique steady contact discontinuity. We observe that
S*(t)uy=u, is a shock wave but §¥(t)u, is a rarefaction wave. Using these facts
we calculate explicitly that for t >a 4t,

1, x=Z—t+adt+y

S¥(A4)S7(t) u, = f;y)t, adt—t+y<x<t—adt+y (1.3)
-1, x=t—adt+y
for t<adr,

§¥At) S (Hug=u,.

By applying the semigroup property and (1.3) we compute that

() sans (2]

=S (%) (S*(4r)S*(4n)"—1 (S"(A 1§’ (%)) ug
=8’ (%) uy, forany 1<a. (1.4)

In the same fashion, we consider the other Strang-type iterate and deduce that

(4 s ()
=5* (%) S*(At)(S* (A1) S* (A=t S (%) g

=S (%) S* (A1) uy. (1.5)

If we restrict a to 1 £a<2 and compute the L! error over the ball of radius one
centered at the origin, it follows from (1.3), (1.4), and (1.5) that both of the
iterates from Strang-type splitting have the explicit first order errors,

lIS(T)uO— (Sy (ﬁ'z—t) SX(41) S (42—‘))"% >C 4t (1.6)

L1(By)
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for any a=1 and

S(T)uy— (sx (%) S*(41)§* (%))”uc

for 1ga<2, with C>0, ndt=T.

>CAt
L1(By)

On the other hand, we use (1.3) and compute that the splitting algorithm from
(0.3) satisfies

S*A) S U4))' ug=uy=S(TYu,, ndt=T (L.7)

for a=1, thus this algorithm is infinite order accurate for the above discon-
tinuous solution as asserted in the introduction! We remark that the other
algorithm using (0.3) with the roles of x and y reversed has a first order error
since by (1.3)

(S* (A1) S*(AD) ug =S (A1) (S* (A1) S* (A1)~ 1y =S (A1) ug. (1.8)

The examples in (1.6) and (1.7) indicate that under appropriate circum-
stances the second-order accurate Strang-type splittings can generate more
dispersion near discontinuities than the first-order accurate algorithms from
(0.3). How typical are the above examples in gas dynamics? The crucial facts
needed to generate dispersion in splitting algorithms in the above examples
were the following: (1) The exact solution to be computed contains an oblique
sharp discontinuity (shock or contact); (2) S*(t)u, contains sharp discon-
tinuities; (3) $7(t)u, contains only (dispersive) rarefaction fronts. One com-
putational situation in gas dynamics where conditions (1)-(3) are satisfied in-
volves the numerical computation of an oblique shear flow. Such shear flows can
be produced when shock waves collide. To fix our ideas we consider a solution
of the equations of isentropic gas dynamics

d(pu) a0 _ =0
ER + S (pu)+ (puv)~ 75 Pl
o{pv) 0
r +6x( v)+ (pv )= y(p(p)),
LN )+a—( 0)=0
ot P pU=
with initial data,
[ /a
al, yzx
u Uo Po
v = vy |= 1 (1.9)
Pll=0 Po b
b}, y<x,a>b.
Po

We claim that the same conditions as (1)-(3) above are satisfied for the y-
component, v, of velocity. The exact solution is the steady oblique contact
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discontinuity, ‘(ugy, vy, po); under the x-sweep in splitting, v, is transported as a
sharp contact discontinuity; under the y sweep applied to the initial data, since
a>b, v(x, y, t) has two dispersive rarefaction fronts. Of course, this is only a
plausibility argument since in this case exact closed-form solutions are essen-
tially impossimble to compute for the splitting algorithms.

Next, we compute a family of discontinuous solutions where all the
fractional step algorithms in (0.3) and (0.4) are infinite order accurate. These
examples provide other good test problems to compute the amount of numeri-
cal dissipation and dispersion at discontinuities due to the choice of the
difference operators G* and G’. We consider the equations in (0.7) with a>0
and initial data

uy, q=0
ug(x, y)=d(x+y) where id(g)={ug, ¢>0 (1.10)
Uy >ug

The exact solution of (0.7) with a>0 is an oblique shock wave,

S(TYuy=i (x+y~(1+a) (WT“R) T). (1.10)(a)

Furthermore, because of the special choice of initial data, both the x and y
sweeps are also shock waves,

S*(dtuy=i (x”‘“ (}%‘%> At) N )
(1.1

Uy +ug

SHAtyuy, =i (x+y— (—2—) At).

It follows easily from the above computations that

(S*(41) S* (A1) uy= (sx (%) S*(41)§* (%))nuOES(T)uO (1.11)

with n4t=T and similarly with the roles of x and y reversed so that all
splitting algorithms in (0.3) and (0.4) are infinite order accurate.

The above examples of solutions of (0.1) with planar discontinuities belie
the complicated singular structure that can be present in solutions of (0.1). See
[23] where examples with initial data given by three constant states forming a
vertex are constructed.

B. Does Splitting With Glimm’s Method Smear Discontinuities?

Here we present some closed form examples which (hopefully) give some
insight into the above question. For simplicity in exposition, we only study
initial data u, with |u,| < 1. First, we recall the definition of the deterministic

Glimm scheme ([1]) in a single space variable when used to compute solutions
of



292 M. Crandall and A.Majda

0x

u(x, O)=uy, |ugl=1.

Given a grid function, u}=u(jdx,nAt), piecewise constant for (j—3)4x
Sx<(j+3)4x, the Glimm scheme, G}, is a staggered-grid method which

computes the values of the grid function, uj] é, plecewise constant on

(jax)sx={(j+1)4x, by finding the exact solution of the Riemann problem,
ou, 0
a1 +—a( u?)=0
" <0
u,(x, 0)={uf,’ x=<
fe1s x>0

and defining u}7} =(G} (u}));,, via the recipe

uiti=uja, 4x, 41)=(G} (u}) (1.12)

it

where «, is a number with o, €[ —4, 37]. Since |uo| <1, this scheme is expected
to be con51stent provided that nearby Riemann problems do not interact during

. a 1 . .
the time At, i.e. aA—gi. Liu has remarked that the above algorithm
x

can be expected to converge only if the sequence, {a;}, is equidistributed in
[—1,4], ie, if I is any subinterval in [ —%, 3],

lim #{oel, 1 ]<N}
N-o0 N

m(I) (1.13)

where m(I) is the length of I.

We use the above preliminary information to define the discrete Glimm
splitting algorithm for solutions of the two dimensional inviscid Burger’s
equation in (0.7) with 1 Sa<2 by

n

u;+%,k+% H (G;rGir)(uOvjrk)’ n odd
=1 (1.14)

uj = H (G3,Gy ) ug,j4), 1 even

E]

where (for simplicity)
At=Axy=Adyy with y fixed, O<ay<i. (1.15)

Here {a;}, {B,} are two equidistributed sequences.
Next, we compute an iterate of the split Glimm scheme for the special

initial data
1, k>j
“o,j,kz{_l k<j (1.16)
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which is a discretization of the initial data in (1.1). As we caiculated in (1.7),
the splitting algorithm in (0.3) is infinite order accurate on this data even
though y sweeps are dispersive — thus, all smearing of shocks is caused by
the method of discretizing S*(A4t) and S”(4t). A tedious calculation yields that

I, k>j+1
-1, k=j+1, ;< —y, ;>0

, Y %y
,  k=j+1, —yZa,Zy, B>ax (1+—)
) j yEo 5y, Bi>ag .

1, k=j+1, otherwise

Gx Gy sy L= .
( ' al(uo))]+7,k+2 1’ k:J’ ’)’éal, ﬁ1<0

(1.17)

—, k=j, —yZa, =7, ﬁléa%( 1+9;-1)

—1, k=j, otherwise
,  k<j.

From (1.17) it follows that for fixed y the probability is 2y(1 —ay) that the
shock is smeared over one band around k=j after a single iteration. This
smearing is a new source of error due solely to the discretization via the split
Glimm method with a structure different than that encountered in one-
dimensional shock calculations with Glimm’s method. For the remaining
choices of a, f,, as in a single space dimension, the shock front is kept
perfectly sharp and only errors in location occur. One can observe that after N
iterations there is a non-zero probability (quite small) that the shock is
smeared over N bands around K=j and a fairly large probability that it is
smeared over at least one band. In fact, for simplicity set a=1 and let P,
denote the probability that the shock front is smeared over at least one band
around K=J after N iterations (ignoring errors due solely to location). It
follows from an explicit argument (which we omit) and the fact, P,=2y(1—7y),
that
Py 1Z27(1=)(1=Py)+27Py+(1-2))(1—7)Py
thus,
1=2y+(1=4pA=)"

Py=2y(1—y <3
R e P TR

In particular, when y=1%, Py=1-(3)" so that for 4t-0, NAt=T, fixed,
numerical smearing over at least one band almost surely occurs. (Sharper
quantitative estimates are interesting here but we have not attempted to derive
any.)

In the above, general strategies with {f,}, {«;} chosen independently were
analyzed and with probability always greater than 2y(1 —a?y), some numerical
dispersion occurs. Next, we verify that for a=1 numerical smearing is com-

pletely eliminated by using the special strategy, o;= ;. From (1.17) we calcu-
late in this case that

(G}, G2 ) (o))js g k3 =tho(((+3) 4%, (k+3) Ay) (1.18)
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so that

N
n (G5, G2 ) () = uo=S(T) 1y (1.19)

and the split Glimm algorithm for this special strategy and initial data (with
probability one) is infinite order accurate. Of course, there will be errors using
this special strategy when the roles of x and y are reversed and the result in
(1.19) is an accident.

The above examples in (1.17) and (1.19) indicate different behavior for the
accuracy of the split Glimm scheme near discontinuities than that encountered
for the Glimm scheme in a single space variable. When both the x and y
sweeps are shock waves, the accuracy of the Glimm scheme near discon-
tinuities is less sensitive to special strategies relating {a;}, {§;} and the struc-
ture of the error behaves as in a single space dimension [4, 15]. To illustrate
this point, we compute the effect of the split Glimm scheme with the initial
data in (1.10) and O0<a<1, |d|£1 so that the condition in (1.15) on the time
steps, 4t is satisfied - as computed in (1.11) all errors are due to discretization.
For N even, it follows that

N
(H (G;,Gir)(“o)) =id(jAx+kAy—JY¥ Ay—JY Ax) (1.20)
ik

r=1

where

2
J§=#{ﬂ,n§r§z\rlﬁ,<w (ﬂ)}

Thus, the front is kept perfectly sharp and all errors are due to location. As
Lax [157 has observed in a single space dimension, the error in location can be
made quite small by choosing special sequences {a;}, {8,} which are particu-
larly well-distributed, i.e.,"such that

= #{arl 1<r<Nig, <y M}
(1.21)

# {a, 61;<r<N} m(D)+ og]éN))
#1{B,el, ISISN} _ (N) (122
€ r og
N (I)+0(] N )

With sequences of this type, it follows from (1.20)-(1.22) that, with NAr=T,
N e ~{. uptug og
il (Gl,rGﬁr)(uo)> —i (ij+kAy—T 1+a (T)) +70 (£ ))(1 23)
r=1 ik

Thus, not only is the front kept sharp but there is an L' error of only
O(log((4t)~')At) when compared with the exact solution in (1.10)(a).
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Section 2. Preliminaries and Background

We begin by summarizing some of the well-known properties of solutions of
scalar conservation laws in several variables (see {13, 24, 8] for example). First,
a bounded measurable function, u, is a weak solution of (0.1) if for all
$eCH(RT xR?),

[ii@u+d. fi)+¢, fw)dxdyde+ Houo¢dxdy=0- 2.1)

Weak solutions are not uniquely determined by their initial data and
additional principles, entropy conditions, are needed to select the appropriate

physical solution. Set sgn(s)= s+0 and sgn(0)=0. For the equation in

s
Isl”
(0.1), these entropy conditions take the following form: Choose k to be any
constant and consider the 3-component vector,

(ju—kl, sgn(u—k)(fy (@)—fi (k). sgn(u—k)(f;(u)—f(k).

A weak solution, u, of (0.1) is any entropy solution if for all $ € CL(R* x R?)
with ¢ 20 and any k,

REHRZ ¢ lu—k|+ ¢, sgn(u—k)(f ()— fi (k)
+¢y sgn (u—k)(f2(w)— f>(k)20. (2.2)

Kruzkov has proved that the weak solution obeying the inequalities in (2.2) is
the limit with vanishing viscosity of corresponding solutions of the viscous
equation. For piecewise smooth solutions, the inequalities in (2.2) imply that
Oleinik’s Condition E is satisfied across discontinuities (see [14]).

Next, we list some function spaces, useful in our proof. The space BV (R?),
denotes the locally integrable functions with distribution derivatives that are
finite Borel measures under the semi-norm,

lu(x+h7y)—u(x7y)l

luIBV(RZ)z():?:ID:OO lhl dXdy
+ max 53"“(X’y+"2!_“(x’y)| dydx. (2.3)
O<|h|< oo

Below, we use functions in BVnIL*n L' with the natural norm, |ulp, . «
=|ulg, +|ul+|u|,» and denote by C([0,T],B), the space of continuous
functions on [0, T] with values in the Banach space, B. The following pro-
position summarizes several important properties of entropy solutions.

Proposition 2.1. Suppose u,e L' (R*)n L*(R?), then there exists a unique weak
solution, u(x, y,t)=S(t)u,, belonging to C([0, T], [1(R?))nL[=([0,T] x R?) and
satisfying the entropy conditions in (2.2). The function S(t)u, has the following
properties:

(1) SO uo=fu,.

(2) ugSvgae. = S(HHuy=S(t)v, ac.
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(3) esssupS(t)u,=esssupu,, essinfu, <essinfS(t)u,

(4) [8(®)uo—S ) voll L1 = 1o —voll -

(5) IS uolpy luolpy,

(6) for uye BV L™, ||S(t1)uO—S(t21uo||Ll§§Itl—tzl 140l 8y A Loo-

(7) Consider c¢*= max ((%) + (%) ), the values of S(t)u, on

lul < lluoll Lo \\ Ot ou
[(x—xo, y—YoJISR are uniquely determined by the values of u, on |(x—x,,
y=YollSR+ct.

Of course, the same facts apply to S*(¢t) and S*(¢). The important unique-
ness theorem and many of the facts in the above proposition are due to
Kruzkov [13]; the properties in (1)-(7) are all explicitly and constructively
proved, for example - via finite difference techniques in [8] or by the viscosity
method [13, 241

We also define one-dimensional averaging operators which are useful for
various discrete approximations.

Definition. Given fel!(R?), the averages I4*f, I?’f are well defined a.e. with
respect to y and x respectively by

7= Y [0ne, = Y A0R0)

k= —o00
where
(+4)4x (k+4)4y
=z 1 feds fl=r | f(5)ds
X (j-3)ax (k—$)4y

and x;, . are the characteristic functions of (—DAxsx<(j+%)4x,
(k—H Ay y<(k+3) Ay, respectively.

In the following three sections, we study and use various discret-splitting
algorithms when S*(41), $¥(41t) are approximated by conservation form differ-
ence schemes. Given a spatial lattice, {(j4x,kA4y)}, the capital letter, U, will
denote a function defined on this lattice with U, ,, the values at respective
lattice points (V, W denote corresponding one-dimensional functions defined
on x and y lattices). Given a lattice function, U, we associate a function defined

in all of R? via the piecewise constant interpolation formula,

JU)= 3 Uz, 10)

Jik=—00

where y;(x), x(y) are the characteristic functions defined previously. Discrete
analogues of the norms in (2.3) are defined by using | U= J@)ll .., |Ulgy
=|J(U)|py, etc. — these norms yield the same discrete function spaces used
in [8]. We frequently abuse notation below by omitting J. Given grid-

N
points {(ij,kA DY At’)}, we use the standard notations, U7,
I=1
. n—1 Atl
>y (]Ax,kAy, ;At’),lfzﬂ

=

y— xym __JJn __IJn
, M=—, AFUL,=U | — U]y, et

At
4y
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We will consider various conservation-form, one dimensional difference
operators, V**1=G*(V"), W™+l =G?(W") defined at grid points by

V”+1—Gx(Vn FIRE ?V:,'il—q%—l) _le.: gl( p> Tt I/Jﬂ-q) (24)
Wit =G (W _gs - WK+S+1)_ W~ An A gZ(ng—R’ e Wiis)
and consistent with the respective operators in (0.2), i.e.
g1, .., 0)=f1(v), g (W, ..., W)= fr(w). (2.5)

The functions g, and g, are called the numerical flux functions. The discrete
splitting algorithm associated with the first approximation in (0.3) and the
discretizations, G* §¥(A41t), G* = §7(At) is defined by

Uit =0 =08, g2 (Ul - Uy (2.6)
UJ",:” UJ";’ i"A’;gl(U +;k,.. Uj":qlk)

It is an clementary general remark of Lax [2] that when the component
schemes have the structure in (2.4), the scheme defined in (2.6) has con-
servation form and is consistent with (0.1). Similar formulae and remarks apply
to the other discrete splitting algorithms defined when the schemes in (2.4) are
used in conjunction with the approximations in (0.3) and (0.4).

Section 3. Proof of Theorem 1

Here we give a simple proof of Theorem 1. In the appendix, as a by-product of
this method of proof, we obtain convergence results for general dimensional
splitting algorithms.

We begin by recording two facts needed in the proof. First (see Pro-
position 2.2 of [8]), it is well-known that if {f,} is a sequence of functions in
R" with

W filiimarongy =C, f, vanishing for |x|>R, 3.1)

then there is a function fye! "[*° BV and a subsequence (still denoted by
f,) so that

£, converges boundedly a.e. to f, as n—co. (3.2)

Next, assume voeleLO"mBV, woe ! nI® BV and let v(x,y, )=S*(t{vo(*, )
w(x, y, D=S*(t)(wo(x, *, 1)), denote the corresponding entropy solutions for
the one-dimensional conservation laws in (0.2). Under the above assumption,
we have the following lemma:

Lemma 3.1. If ¢e C5(R* xR?), $ 20 and t 2520, then

©) Eney

valv—kl¢,+sgn(v—k)(f1 W) =f1 (k) ¢, dxdydt

gj [U_kl¢(X,y,t)dXdy_£_£IU_k‘(b(X,y,S)dx‘iy (1)

R2
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U ey =

Ifnlw—kl¢¢+Sgn(w—k)(fz(W)—fz(k))¢ydxdydt
élfzsz—kl¢(x,y,t)dxdy—§§2lW-ki¢(x,y,S)dde- )

We remark that ‘mutatis mutandi’ the analogous result is valid in RY. We
use that fact in the appendix. Next, using the above two facts we complete the
proof of Theorem 1. We postpone the proof of Lemma 3.1 until the end of this
section.

We begin with our proof of convergence for the first splitting algorithm in
(0.2). By the I! contraction estimates for S(t), S*(t), $*(t) from (4) in Pro-
position 2.1, it is sufficient to prove the convergence for initial data, u,(x, y), of
the form uge L' nL* n BV with the support of u, contained in |x]<R,. With
such initial data, define u?'=S4'(t)u, by the formula,

ut'=S5%"(t)u,

_(SQ—ndA))(SH(4) S (At) uy, ndt<t<(n+3) 4t (33)
TSR —n A1) SY(AD(ST (A1) S* (4 uy, (m+DHAtZt<(n+1)4t. '
From the properties in (3), (4), and (5) of Proposition 2.1, it follows that
IS4 () uolipy nr: nr==Nollpy Arsnre (3.4)
and for any fixed T, by (7) of Proposition 2.1,
A4t < T
supp S (D us S {x}|x|ERy+cT} (3.5)
forany0<t<T
Furthermore, from (6) of Proposition 2.1, we deduce that
|84 (2, ) g — S (t,) gl S C ey — 15| {ug gy - (3.6)

Thus, by the compactness property in (3.1), (3.2) and the estimates in (3.4),
(3.5), and (3.6), we repeat the proof of the Arzela-Aseoli theorem (see Sect. 4 of
[8] for similar details) to conclude the following: for every sequence {4t}
tending to zero, there is a subsequence (still denoted by 4t,) and a function
ﬁE C([O’ (X)), Ll (RZ)) Wlth Iu‘L"D é ‘“0 |L°°7 ﬁ(x, Y 0)=MO(X, y)’ and

S4(t)u, converging boundedly a.e. to fi(x, y,t) as |- 0. 3.7

Once we deduce that @(x, y)=S(t) u,, the proof of the convergence of the first
splitting algorithm in (0.3) is complete. (We apply the elementary fact that if
every subsequence has a sub-subsequence converging to a unique limit - the
original sequence must converge to the same limit.)

We claim that i(x, y, t) satisfies

1@, li—k|+ @, sgn(ii—k)(f, @ —f, (k)
+¢,sgn(i—k)(f,(H) —f,(k)dxdydt =0
for all ¢peCH(R* x R?) with ¢ =0. (3.8)
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Assuming this for the moment, we choose k=+ 2 |luyll,. and use u{x,y,0)
=uy(x,y) to deduce that u, is a weak solution of (0.1) and furthermore from
(3.8) we see that u satisfies all the entropy inequalities in (2.2) - since
fieC([0, 0), ) L*, by Kruzkov’s uniqueness theorem [13] mentioned in
Sect. 2, fi(x, y,t)=S(t) u,.

To establish the inequality in (3.8), we consider the new test function
deCL(R* x R?) defined by ¢(x, y,t)=¢(x,y,2t) and apply parts (1) and (2) of
Lemma 3.1 respectively to v,(t)=S{O)(S™4)S7(40) uy, w,(t)=S*(t)S’(41)
(S¥(A4t)§7(41))" u to obtain

(n+ %) 4t
£ Q(% ¢, —k|+ ¢, sgn(u® —k)(f,(u?)—f, (k)

I

S@ 420Dy v, (0~ k|
0 R2

(IE (t+2n(41)sgn(v, () —k)(f,(v,(0) —fr(k))dxd yd
2i{fom+Hanu(n+H) A —kldxdy

R2
—iffomar)u*nd)—Kldxdy (3.9)
R2
and similarly,
(n+1)4t
( {M }fzfz(%d),lu‘“—kl+¢xsgn(u‘“—k)(fl(um)_fl(k))

i fo((n+Danju*((n+ 1) At)—kldxdy
R2
—3{[o(n+DH a0 u*((n+D A0~ kldxdy. (3.10)
R2

We add the inequalities in (3.9) and (3.10) and sum over n - we observe that
the right hand side of the resulting inequality is a telescoping sum and
collapses to zero. Let y, denote the characteristic function of
{(x,y,0)|n At St <(n+1) A1}, then this resulting inequality has the form,

Ot 8

10, luA'—k|+°§ [§ 7, sgn @ — ) (f> () — £, (K)
R2 R2

+°§£ 1) b sgn (= ) f, () — 1 ()
0. (3.11)

v

It is a simple exercise (see the appendix) to check that

weakly 1
AN 5
n 2
in I2

Ioc([o’ w) X R2) ‘ (312)
weakly 1
n *2

~x
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From (3.7) it follows that as [— o0

b, sgn (i~ k)(f, (u2") —f, (k) =22, ¢ _sgn (@ — k) ([, (@) —f; (k)
(3.13)

b, sgn (A — k) (f @iy —1, (k) =" ¢ _sgn (@—k)(f, @) 1, (k)

where the strong convergence takes place in Lcomp(R+ x R?). Thus, by using
(3.12) and (3.13) in (3.11) and passing to the limit, we obtain the required
inequality in (3.8). Thus, we have proved that with ndt=T

max N(S"(A DS (At uy—S(T)uy| . —0 (3.14)
OSTST
as At—0.

It is a simple matter to deduce from (3.14) that with nAt=T

o )t ) s

as At—0. (See the appendix for a direct proof.) From the semigroup property,

(sx (ﬂ) S¥(At) ¥ (%)) 1o —(S¥ (A1) S* (A1) u,

max
0XT=To

-0

1

[S" ( - ) SU (A1) (S* (A1) S (A 1)y- 1 S* (Azt) g
_5 (%) S (A 0)(S* (A1) S (4 ) ! uo]
- [S" (%) S (A1) (SH (A1) S (4 D)1 §* (%) i,
_ s (%) SY(A1)(S* (A1) S*(A D)1 uo]
+ [S" (%) S (AN (A0S (ADP~ ug—(S*(41) S (4D)" uo] . (315
For weBV AL, it follows from (6) in Proposition 2.1 that

<CAt|wlgy. (3.16)

L1

Is (5w

By combining (3.15), (3.16), and the BV stability estimates in (5) of Pro-
position 2.1, we obtain for uye L* N BV,

(X(z)sy(m) (Azt))"uo——(S"(At)Sy(At))”uo S2CAtlugly  (3.17)

Lt

and this estimate with (3.14) implies the convergence of the Strang iterates of
(0.4). Since analogous arguments hold with the roles of x and y reversed, the
proof of Theorem 1 is complete.
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Proof of Lemma 3.1. Our proof is based on the main convergence result of [8]
on general monotone schemes - this lemma could also be proved by the
techniques of [13] by using the viscosity method and approximating |u —k| by
smooth convex functions. To fix our ideas, to prove (1) we consider the
solution of the one-dimensional Lax-Friedrich’s scheme, given by

VRt =VE At g VLY L) (3.18)
with discrete initial data given by 14*J?”p,. Here we assume that Ax=4y,
d
A* max A <1 (3.19)
~ livoll Lo Su S [[woll oo | OU

and g, is the explicit numerical flux function,

W)V 1
- 2 2AF

Under the conditions in (3.19) and (3.20), the scheme in (3.18) is monotone (see
Sect. 4 for definitions) when applied to the discrete initial data [4*[4Yy, and

since |[vgl 1 pponpy = C, it follows from the main theorem of [8] that as A t—-0
with A* fixed and Ax=4y,

g (Vv ) V= Vi v (3.20)

V" converges boundedly a.e. to

(3.21)

b(x,7,0)=5%0) 05 (-,y,0, ndt=t.

Set v v w=max (v, w) and v A w=min(v, w). Define g"(V,, V,) by
gV, V=g, (V, vk V,vk)—g, (V, Ak, V, A k).

It follows from an explicit calculation using (3.19) (3.20) (and more generally
from Proposition 4.1 of [8]) that

(@) ANV —k|+A74% (¢ VoLV LSO
(b) ' V)=sgn(V-k)(filV)=f (k).

We set ¢,=¢(jdx,14 y,nAz); mxihiply {3.22)(a) by ¢7,, and sum (3.22) over'j,
I, and n with my<n<n,—1 where ng At <t (ny+1)A4t, myAt<s<(my+1)A4¢t
to arrive at

(3.22)

ng—-1

Y AtZAxqub ANV =k + A7 4% gV, VL D) S0, (3.23)

n=mgp

We sum by parts in x and ¢ on the left hand side of the identity in (3.23) to
obtain

Zd)"‘) H V'y’,“h-kleAy—Z@.'f‘,’le’,';"—klAxAy

(no—1) A! n
< ¥ Az(z SAlibiyn kleAy)

n=mg+1 N At
(Ao~ 1) d) .
+ ¥ At(z T Tl gk( J,,V."_L,)AxAy). (3.24)

n=mqo
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By using the bounded a.e. convergence of V" to S*(t)v, from (3.21), the fact
that S*(t)vy,e C([0, 00), L' (R*)) " [*(R* x R?), the estimate in (3.24), and finally
(3.22)(b), we obtain (1) of Lemma 3.1 by applying the dominated convergence
theorem to (3.24). The proof of (2) is similar.

Section 4. Fractional Steps for Monotone Schemes

A difference scheme, U'“”1 G ..., Ul 4 41) is locally monotone on the
interval, [a,b], if G is an mcreasmg (i.e., non-decreasing) function of all
arguments as they vary over [a,b]. In this section, we assume that the
difference schemes, V"*'=G*(V"), W+ =G*(W"), defined in (2.4), not only
have conservation form and are consistent but also are monotone on [a,b]
with respective numerical flux functions, g,, g,, continuous functions of all
arguments. The upwind scheme (differenced through stagnation points),
Godunov’s scheme, and the Lax-Friedrich’s scheme are all familiar examples
of one-dimensional monotone schemes [8]. First, we make the clementary
remark:

A consistent one-dimensional conservation-form monotone scheme
with an a priori continuous numerical flux, g,(v_,, ..., v,), automati- 4.1)
cally has a Lipschitz continuous flux, g, (v_,, ..., v,).

As proved in [8], when g, is only continuous, such schemes define L'-
contractions; thus for a<v;, 5;<b j=~p,...,q+1,

q+1

g 1) =GO 0 IS Z lv,— v, 4.2)

I=—p

IG(v

so that G is a Lipschitz function of all p+ g+ 1 arguments. Therefore, 4% g, is
a Lipschitz function of all arguments, in particular, of the ¢+ 1st argument; i.e.
g, is Lipschitz in v, and a trivial induction completes the proof Next, we make
the observation that if the schemes V"*1=G*(V"), W"+*1=G*(W") are both
monotone on [a, b], then the scheme defined in (2.6) is the composition of two
increasing maps and therefore is monotone when all arguments vary over
[a,b]. From this fact, (4.1), and the remark below (2.6), we conclude that the
difference scheme in (2.6), formed from G* G’ via the discrete splitting
algorithm, has the following properties:

(1) Conservation-form and consistent with with (0.1).
(2) Lipschitz continuous numerical fluxes, g,, g,. 4.3)
(3)-Monotone on [a,b].

The basic result proved in [8] was that difference schemes with the
structure in (4.3) always converge to the unique weak solution of (0.1) satisfy-
ing the entropy inequalities in (2.2). As a corollary to this fact, we immediately
obtain the following:

Theorem 2 (Fractional steps for Monotone schemes). Given uye L' (R*) n L°(R?)
with ess supu,<-b, ess infuy>+a, we define discrete initial data, U°, by
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U%=]4v]%%y,. Compute U"*! iteratively from U° via the discrete splitting
algorithm in (2.6) where it is assumed that the component schemes, G, G* are
monotone on {a,b], have conservation-form, are consistent with the one-
dimensional operators in (0.2), and have continuous numerical fluxes. Then as
4t-—-0 with A%, A” fixed, U” converges to S(T)u,. More precisely, if n4t=T and
T, is any given number,

max [U"—=S(T)uglp:iz;y—0 as 4t-0
0ST=To

The same results are valid for the other discrete splitting algorithms in (0.3),
0.4).

Remark 1. The above theorem is false if the assumption of monotonicity is
dropped (see [12] and Section 5).

Remark 2. Weaker hypotheses than the differentiability of the numerical fluxes
are of more than purely mathematical interest - Godunov’s scheme has a non-
differentiable numerical flux (see [8]).

Remark 3. From a practical point of view, it is a moot point that Theorem 1
applies to the discrete Strang splittings in (0.4) since monotone schemes are
only first order accurate on smooth solutions (see [12]).

Finally, we conclude this section by mentioning that it is possible to give
another proof of Theorem 1 by approximating the x and y sweeps by mono-
tone difference schemes and applying Theorem 2. For this purpose we need
to introduce a monotone, conservation-form, 2m+1 point generalization of
Godunov’'s method to approximate the x and y sweeps and prove certain
uniform estimates on these approximations as m—oco which guarantee the
convergence in Theorem 1. In fact, this argument was the first proof of
Theorem 1 discovered by the authors.

Section 5. Entropy Production for Fractional Step Algorithms
Using the Lax-Wendroff Scheme

In a single space dimension, the standard Lax-Wendroff [16] difference
schemes approximating the equations in (0.2) are three-point, conservation-
form, second-order difference methods with the specific numerical flux func-
tions from (2.4) given by

v, EMJF%?QI (V+V )(f1

gl(Vj—l’ j) 3 f1(V D)

(5.1)
W)+ (W, x W+ W, _
LA AL L [FAUARIAU A
wh of; of, ) i
ere al(u)——, a,(u )——— We denote the corresponding standard Lax

Wendroff schemes by L%, L - When Strang introduced the algorithm in (0.4)
into inviscid computational dynamics, he proposed using S*(4t")=L*,.,
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§7(4t"y= I?,,. to construct the discrete Lax-Wendroff splitting algorithms via

1’11 Liye Dy Lar U° 08 T D D D U, (52)

2 2 r=1 2

We note that one needs a priori varying time steps because the linearized

r

- . At . . . .
stability conditions, i la, (U] )l <&, =1, which dictate the time step size, 41",

vary from time level to time level.

Here, we analyze the question, when are limits of the discrete Lax-
Wendroff splitting algorithm (and appropriate modifications) the unique weak
solution of (0.1) obeying the entropy inequalities in (2.2)? We begin with the
following simple remark:

Example 5.1. Entropy violating solutions can be computed by (5.2).

Let U° have discrete initial data of the form

ul: Jéo

Uy, j>0 )

(Uo)j,kz{
where the data on the right hand side define initial data for a one-dimensional
steady entropy violating shock for the standard Lax-Wendroff scheme. Such
data always exist even when f; is convex as Jong as f;(u,)= f;(u,) (see [12, 20],
for many examples).

A trivial calculation establishes that the initial datum in (5.3) is a steady
entropy violating shock computed by the split Lax-Wendroff algorithm de-
fined in (5.2). The same remarks apply for systems of conservation laws [20]
and for splitting algorithms when G is any conservation-form difference
method. Furthermore, the examples in [18] also can be generalized to prove
that the algorithms in (5.2) can be nonlinearly unstable. The Lax-Wendroff
scheme is not a monotone scheme and the above example indicates that
Theorem 2 in Sect. 4 can be false when one of the steps is not monotone.

In [19], Majda and Osher studied a modified Lax-Wendroff difference
scheme in a single space dimension with numerical flux functions from (2.6)
given by

A7 (k9 AR

j—-12 7]

RRIAETAUAD),

> Vj—V. ] +C[a1(Vj)_a1(Vj—1)i(Vj_Vj—1)
i

: W W (5.4)
& W1, W;‘)Efz( ")+2fZ( k1)
Aw (W) — £, (W, _1)?
+ 5 PO T Clay R —as 08 )1 K- W),

These schemes, denoted by L%,., L’,,. below, retain the desirable computational
features of the standard Lax-Wendroff schemes. They are three-point, con-
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servation-form, and second-order accurate - in fact, §,(V,_,, V)=g,(V,_,, j)
+O0(V,_— V|2) etc. Furthermore, it was proved in [15] that under approprl-
ate technical restrictions on C and on the C.F.L. condition, when f] is strictly
convex so that {f/"(u)]>d>0, the undesirable computational features of the
standard Lax-Wendroff scheme alluded to in Example 5.1 are eliminated for
the one dimensional modified Lax-Wendroff scheme, L7,..

Here, we study correct entropy production for the modified Lax-Wendroff
splitting algorithm analogous to (5.2) and defined by

H . LA,,L",r U°
or - (5.5)
1—[ ~ Atr At” UO

2

and use the notation, U"*¥=[%, U", U"“‘%:DM U"** when studying the first

2
algorithm in (5.5) (symmetric arguments apply to the second algorithm in
(5.5).
We assume that the space steps satisfy Ay=yAx for y a fixed constant and
also that the time steps At" and the constant, C, in (5.5) are chosen so that the
linearized C.F.L conditions, At"<A4t° and

2Ax
At
yAx

At" i
i o Vi S

max la (U7 Dl Se

max |a, (U3 )| <& (5.6)
ik

are obeyed. Here &, and C are chosen to satisfy the technical restrictions
guaranteeing stability and correct entropy production for the corresponding
one-dimensional difference operators, I¥,. , [*,. as listed in the main Theorem
of [19] provided that additionally, 2

f{'Wlz0>0, [f;'w]z4>0. (.7

We remark that such strategies for the time steps, 4", as given in (5.6) are
always possible for the modified Lax-Wendroff splitting algorithms in (5.5)
under the mild growth restrictions,

la, ()] £ C(1+|ul’), for some p>0

(5.8)
lay (W)= C(1+[ul?),

provided ¢, .14 is sufficiently small. We omit the proof since it is a simple
generalization of the argument in Proposition 4.1 of [18] but only state the
conclusion of that argument. Such a strategy meeting the conditions in (5.6) is
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always possible under the restrictions in (5.7), (5.8) with the time steps, At",
satisfying
40z 4 z——— ° 14y 2(lonllz)”(AX) Pyt (5.9
V
with C, a fixed positive constant.

The entropy inequality which we verify below for limits of (5.5) (see [14, 19]
for the motivation) has the form

op 1 , ap 6_,0 >
i1 (61.‘2 + Fl(u)+ayF2(u)>dxdydt=O

for all p20, pe C§j(R* xR?)

(5.10)

where F(u)=|[sa;(s)ds, j=1,2,
0

Given a grid function, U", computed by (5.5), we define the interpolant of
U" by

v, ZAt’<t<ZAtl+1At"
I=0
n—1 ~1

U% (@)= U3, ¥ At+idr<i< Z At +3 41 (5.11)

I=0 I=0
n—1 n

Urti At +3A<t< ) A2,
I=0 1=0

We have the following result:

Theorem 3. Assume that || U°|| > g2, < C and that U" is computed from U° via the
modified Lax-Wendroff splitting algorithm in (5.5) with a strategy satisfying the
restrictions in (5.6) and that f,, f, satisfy the nondegeneracy conditions in (5.7).
Also assume that U4*(t) converges boundedly a.e. to u(x, y,t) as Ax—0. Then,

(1) u(x, y,t)is a weak solution of (0.1) which satisfies the entropy inequality
in (5.10).

(2) If additionally, u(x, y,t)e BV(R? x R*) and f,(u)=af,(u)+b(u)+c, then
u(x, y, t) is the unique weak solution which satisfies the entropy inequalities in
(2.2). In particular, correct entropy production is valid for the two dimensional
inviscid Burger’s equations in (0.7).

For the moment, we assume the conclusion of (1) in Theorem 3 and
indicate, via examples, that we expect this result to be sharp. Assuming (1), we
also indicate how the conclusion in (2) follows.

Our first example indicates that the modified split Lax-Wendroff scheme
can still compute entropy violating solutions when the nondegeneracy con-
ditions in (5.7) are not assumed.

Example 5.2. Consider discrete initial data, U°, with

(Uo)j,k={

where f, is any smooth function satisfying f,(u,)=f,(u,), a,(u;)=a(u,). Also

u15 Jéo
Uy, ]>O
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assume that there exists u*,u, belonging to the interval (u,,u,) with
J1W*)> fi(uy), fi(u,)< fi(u,). The function, f,(u), can be arbitrary. Then,

I1 Ly Dy Iy U°=U°

r=1 2 2

and the limit of U°® as 4x—0 is a steady weak solution which violates some of
the entropy inequalities in {2.2).

Next, we discuss the implications of (1) when the nondegeneracy conditions
in (5.7) are enforced so that the entropy inequality from (5.10) is satisfied by
the limit. Also suppose, as in (2) above, that the limit u(x, y, £), has the mild
regularity ue BV(R?xR*)nL®(R*xR™*) (we get the L® bound from the
assumed bounded a.e. convergence). Because of this regularity, it follows from
the work of Volpert ([24]) that u can be treated formally as if this solution
were piecewise smooth. Thus, as in [14], across shock surfaces, the inequalities,

S%(“i_“i)—(m(ﬂ (ug)—F{ug)) +n,(Fy(u)— F,(ug) £0,
S=n1(f1 (up)— f1 (ug) +ny(fr(ug)— f,(ug)) (5.12)

U, —ug

are implied by the entropy condition in (5.10).

For general, f,(u), f,(u) satisfying the conditions in (5.7), the inequalities in
(5.12) are not powerful enough to characterize the unique weak solution
satisfying the entropy inequalities in (2.2). We present the following example
which illustrates this fact:

Example 5.3. Consider solutions of (0.1) with f,(u)=u?*+cos(u), f,(u)=u?, then
[wyz1, f,'(u)=2 so that the conditions in (5.7} are satisfied. A steady weak
solution of (0.1) violating the entropy conditions in (2.2) is given by the data,

@p+dm, x>y
2q+dH=n, x=y

where p and q are integers with p<gq. On the other hand, the inequalities in
(5.12) are satisfied since for the above data, they are

§$=0,

S 1 1
—i(uf—ufz)—ﬁ((ﬂ ()= Fy (ug) —(F; (u;) = Fy (ug))) = —ﬁ(2q—2p)<0-

Thus, the entropy inequality in (5.10) is obeyed by this weak solution but
(some of) those in (2.2) are violated. In fact to rule out such entropy violating
solutions, one needs at least 2(p—gq) of the entropy inequalities in (2.2)
satisfied. It is unlikely that limits of the split (modified) Lax-Wendroff scheme
conserve more than a few additional functionals and, of course, (p—q) can be
arbitrarly large. This example is ‘evidence’ to support the claim that we expect
Theorem 3, although restrictive, to be sharp in general.
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Next, assuming (1) and the additional regularity that u belongs to BV(R?
x R*), we claim that the conclusion in (2) of Theorem 3 is valid. It is a special
case of results of Mock [21] that the entropy inequality in (5.12) implies the
infinite number of inequalities in (2.2) provided that, for fixed @, n, f,(u)
+n, f,(u) is either genuinely non-linear or identically linear. But as mentioned
in the introduction, these conditions are equivalent to (5.7) and f,(w)=af, ()
+bu+c. Once the inequalities in (2.2) are satisfied, it follows from Kruzkov’s
uniqueness theorem that u is the unique ‘physical” weak solution.

Proof of (1) in Theorem 3. Below, the constant K denotes a number satisfying
[U4* (1)} £ K - the existence of such a K follows from the assumed bounded a.e.
convergence of U%*,

Under the restrictions in (5.6) on the time steps, At", it follows from
Lemma 2.1 in [19] (with the switch, §=1) by utilizing the choice, p=1 and a
trivial summation over the other variable that the following inequalities are
valid: for a fixed constant >0,

[4%, U"? | 4% a, (U")]
Ax L!(R2)

Un+§|2 ]Aﬂ_ az(U’H—%)I
4y L1(R?)

|45 U312 4% 0, (U™ )
Ax L1(R2)

| U"**Ilizmzﬁﬁl SHU 2 e

2 Aﬂ- + 1
U™ 32, g+ B “' U™ 2opsy (5.13)

S U™ ¥ gy

I U"“llizmzﬁrﬂ‘

Similarly, by using p=0, pe Cj in Lemma 2.1 from [15], we obtain

Z Ax Ay [M ((U")] k)2 L;lk 1((U")j,k)]
ik

Ath 24x
2
2] A
~KY Axdy (Z A% el | g ), k|)
= el Ax
+1 A2, .
Y 4x Ay [B_%z(ww)”‘)z oj’kF((U”) )]
k (5.14)
vo Ay p A I s
_KZAXAY(Z _M]Ay (Un+# )]kl)’
j,k — U0 Ay
5, dx4 PLE OB L ety e+ B8P uned,
Y Ar" i T ax 1 ik
2

_ & IA pj+vk[ x n
Ky axay (3 Fenl g 0, )

—vg

where V, is a fixed integer. We assume that supp p<R*x [0, T,—1]; by
summing the first and third inequalities in (5.13) over A4t" with
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N
To= ) At">T,—1, we obtain
n=0

4% US| 4 a (U"*i)l
Ax

T
? ” UOHLZ(RZ) (5-15)

N
ZA"

n=0
=0,

As in [19], it follows from this estimate, the genuine nonlinearity condition in
(5.7), and Holder’s inequality (with 1 +%=1) in time that

N nl CTEHAx)*
}j A A% U3 | gy S ———— | U° | }2go) (5.15a)
12503
and similarly, that
N CTHAx)* 2
z | lAy Un+7[ I|L1(R2)—<_"_O—’_’ “ UolliZ(RZ) (5-16)

where C is a fixed constant depending only on 7.
We define y4*(¢) to be the characteristic function of the set,

At

Following a remark in Sect. 3, we observe that since (5.6) is satisfied for the
time steps,

Y At"+%At"“§t<At"+%At"“}.

r=0

weakly 1

XAx(t) -2 in Lzloc (Rz X R+)
ax weakly 4 2 2 + (517)
I—¢™()———— 3 in Li, (R*xR7")

as 4x—0. Given ¢=0, 1,2, 3, we define I, by [,=0, 1, =1, 1,=3, I;=4. Next we
sum the inequalities in (5.14) over time using the weights 4¢™9 where At™°

At" t" At" - :
== AtM:AZ , Athi= and apply the estimates in (5.15), (5.16) to
obtain 1
N ny 2l +4
4 — lq
3> A™1Y Ax Ay (%) F{LUREY N
n=0 Jik
g=0,1,2
N At" A% 0%+ A% 0 4E
+ Y T A Axay (FRETSL) (1ot By (Uf(0)
n=0 j,k
N At" A% pitt
3 3 S axay (B2E) @) FU0)
n=0 jk
—KClplaa(dx)* (5.18)

where C is a fixed constant. In the above, we have symmetrized the contri-
butions from the first and third terms of (5.14) by using
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APt (A’é Pt A3 05t
-2

O n
Ax Ax )+ (47

which results in errors of the same form as implied by (5.15), (5.16).
By assumption, U4*(t) converges boundedly a.e. to u(x, y, t); thus, by the
dominated convergence theorem, the first term in (5.18) converges to

%Hjﬂz(%uz)dxdydt as Ax—0.

By the same assumption, we obtain (using the obvious piecewise constant
interpolation for 43} p7}*) that

4% p’5+% strongl ap
54, RO —— R (5.19)

where the strong convergence takes place in L7, (R?xR*). From (5.17) and

(5.19) it follows that the third term in (5.18) which is a discrete L” inner
product of the term on the left in (5.19) and x**(¢) converges to

%f“g—in(u)dxdydt
as Ax—0.

Since a similar argument applies to the second term in (5.18), as 4x—0,
these estimates imply the required entropy inequality from (5.10). The fact that
u is a weak solution follows directly from the remark below (2.6) and a
standard resuit of Lax and Wendroff [16].

The entropy inequality in (5.10) can characterize physical weak solutions
with sufficiently weak shock strengths (in contrast to Example 5.3) under
appropriate additional assumptions but this matter is too special and unin-
teresting to discuss here.

Appendix
A General Theorem on Dimensional Splitting for Conservation Laws

Consider the initial value problem

N
(i) u+ Y, fi(w), =0 for t>0, xe RY

=1 (A.1)
(ii) u(x,0)=uy(x) for xeR"

where (f;, ..., fy): R=>IR¥ is locally Lipschitz continuous and u,e L*(R"). It
is known [13] that then there is a unique function u(x,t), called the entropy
solution of (A.1), which satisfies:

ue [*(RYx (0, ), t-u(-,t)e C([0, 0): L‘loo(]RN)),

u(-,0)=u,, and the entropy condition
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For each ¢ e CL{R* xRY), ¢=0, and ke R

T § (ulx, )=kl g,

0 RY

N
+ 3 sign(u(x, )= k) (fiulx, )= fi(k) ¢, (x, ) dx dt 2 0. (A.2)
i=1

13

Denote the entropy solution of (A.1) by SV /¥ (t)u,. That is,
SUB I (Y ug=u(x,, ..., Xy, 1)

when u is the solution of (A.1). Set 8/ (t)=8V1: 00, §/2(t)= 8§01 S0 0(p),
etc. We wish to recover S from the S7:(t). The semigroup associated with
the one space variable problem
u,+h(),=0,
u(Z, O)ZMO(Z)

will also be written S*(¢). This is consistent with the above notation in that, for
example, if we solve

0

0
a—iu(xl, ...,xz\,,t)—i»af1 (X, X5, .., Xy, 1)=0

UX X5 oo Xy, 0)=ug(xq, ..., Xy)

by regarding (x,,...,xy) as parametrizing the initial data in a one space
variable problem we obtain the entropy solution of the N space variable
problem. One just checks the entropy condition to see that this is so.

We define general dimensional splitting methods in terms of finite se-
quEences oy, ..., o, of numbers satisfying

o, >0 for i=1,....M and a,+...+ay=1 (A.3)
and functions {h:1,..., M}—>{f,,...,fx}, that is:
for each ie{l,...,M}, h{)e{f,,....[x} (A.4)

Given (41)>0, a candidate approximation S$*' to SYr-—/ is defined as
follows: Set

(1) S uy=S"V(t)u, for 05t <a, At,
(i) S4(r)uo=S"* V() S¥ (o, +... +a)At)u, for j+1<M and

(@ 0 ALSES (0, + ... 0y, 1) AL, (A.5)
(iii) S¥(mAt+Eu,=54"(6)S4(4tyu, for n=12,... and
0éL At

Together, (A.5)(i) and (A.5)(ii) define S*'(¢) for 0=t (o, +... +ap) dt=A4¢ (by
(A.3)) and then (iii) extends this definition to all t=0. The approximation §4t is
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consistent with SYUt--/~) jf
Bi= 3 « (A.6)
hi)=f,
is independent of j. In this case we have:

Theorem A. Let f=B,=f,=...=By. Then for every uyeL*(R")

t
lim S4* (_ﬁ_) uOZS(fhfz,--.,fN)(t) U,

At -0
where the convergence takes place in C([0, 0): L} 5c(R")).

By repeating the argument in (3.4)-(3.7) of Sect. 3, we establish Theorem A
as a consequence of

Proposition A. Let At,>0 and At,—0 as > 0. Let im S () uy=0v(xy, ..., Xy, t)
100

a.e. Then for every y=|u—k| and ¢pe C*(R" x (0, c0)) with ¢ =0.

0 N
[ fowe+ ._ZlﬂiFi(U) ¢, )dxdt=20 (A7)

0 RN
where B, is given by (A.8) and F,=sgn(v—k)(f,(v)—f;(k)).

One finds from (A.3) that v satisfies the entropy condition associated with
v,+ ZB fi(v),,=0 and, if f=p,=...=p,, then v(x,t/f) satisfies the entropy

cond1t1on for (A.1).
It remains to prove Proposition A.

Proof of Proposition A. Let t, ;=ndt+(x;+...+a)At for n=0,1,2,... and j
., M. By the definition of S"‘(t) ‘"-—S"‘(t)uo satisfies (using the remark
below Lemma 3.1 for S*U+Y and setting # (j)=i if h(j)=1)

tn,j+1

j‘ j()’ Aty ¢t+F”U+U(u )qﬁxx(”l))dxdt

tn,; RY

= jy(uAt(x’tn,j+1))¢(x’tn,j+1)dx
RN
= [y (xt, ) d(x,t, ) dx (A.8)
RN

where Fy ., is given by sgn(u?' —k)(f(u*)—f,(k)) provided that h(j)=f,.
Summing the relations (A.8) over j=0,...,M—1 and then n=1,2, ..., noticing
that t.,=t,,, o and using the collapsing nature of the sum on the right
together with the definition of #(j) yields

Ty [+ T @ Fw g, ) dxdezo, (A9)
0 RN i=1

where
x=1ifr, ;<t<t,;,, for some n, j with h(j+1)=f,,

(A.10)
and y7'(t)=0 otherwise.
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Now we use the elementary facts that

lim | [ y(x,tydxde=B,{ [y(x,t)dxdt (A.11)
4t-0 o RN 0 RN
for each yeL' (RN x(0,0)) (see below), [x#|<1 and F,(u’") ¢, >F,(v) ¢, in
L'(RY x (0,00)) to pass to the limit in (A.9) as At=A4t,~0 and find (A.7). A
remark about (A.11) may be in order. If y,(1)=1 for a;+...+o;St<a; +...
+a;,, and h(j+1)=f, x,(t)=0 for other ¢ in [0,1] and y; is 1-periodic, then
1 (6)= 1:(t(41)). Now

1
[r.0)ds= 3 ;=8
o

Bi{)=f;
SO
(n+1)4t
§ xf(s)ds=41B,.
ndt

If e CH((0, 00) x R") and Y (x,t)=0 for t>T we thus have

[T/dt]+1 (n+1) 4t

(f”RXNX?‘(t)lI/(x,t)dt=S ) § a0y ndedx

RN a=0 ndt

where [r] is the greatest integer in r. Now Y{x, )=y (x,n4t)+0(41) for
nAt<t=<(n+1)At so the right-hand side above is

(F/4t]+ 1 (n+ 1}4:

[ 22 OWena)+04t)dxdt

RN n=0 n4t
[T/At}+ 1 (n+1)4t
= Y BAt | Y(x,ndt)ydx+0(4r)
n=0 ndt

[ ¥(x,0)dxdt+0(4r).

N

0%8

The general result (A.15) follows from approximation by elements of C{(R"
x (0, 00)). (This result is, by the way, well known.)

We remark that the structure of the arguments in this appendix allows one
to apply them to the notion of ‘integral solution’ in nonlinear semigroup
theory.

Acknowledgement : The authors thank Bjdrn Engquist for suggesting examples of smearing for the
split Glimm scheme in a private conversation.
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