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Summary. Collocation at Gaussian points for a scalar m-th order ordinary differ-
ential equation has been studied by C. de Boor and B. Swartz. J. Douglas, Jr. and
T. Dupont, using collocation at Gaussian points, and a combination of ‘“energy
estimates’ and approximation theory have given a comprehensive theory for parabolic
problems in a single space variable. While the results of this report parallel those of
Douglas and Dupont, the approach is basically different. The Laplace transform is
used to “lift” the results of de Boor and Swartz to linear parabolic problems. This
indicates a general procedure that may be used to “lift”’ schemes for elliptic problems
to schemes for parabolic problems. Additionally there is a section on longtime inte-
gration and A-stability.

1. Introduction

Let 7> 0 be given and let
Rr={(r8; 0<x<1, 0<t=T}, (1.1)

and let IR, denote its closure. Consider the mixed initial value-boundary value
problem for a function u (¥, £) €C (Ry) N C?(Ry) which satisfies

()2 = T b ()oY g utfixt), 120
(x,t) eRyp .
(%, 0)=1uy(x), 0sx=1, (1.2b)
u(0,)=u{1,8)=0, O=¢=T. (1.2¢)
We assume that equation (1.2a) is parabolic and that
0< m =Zc(x)=M, 0=xs1
|b(x) =B (1.2d)

lg(#)| =0
for appropriate positive constants m, M, B and Q.

Several authors, Douglas and Dupont [5-7], and Archer [1] in particular, have
been concerned with numerical methods for this problem based on collocation in
the space of piecewise polynomials of order 2+ 2 in the x variable.
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Douglas and Dupont consider collocation at Gaussian points and using a
combination of “Energy Estimates’”” and approximation theory arrive at a rather
comprehensive study for non-linear problems.

At about the same time, de Boor and Swartz [2] developed an extensive theory
for collocation at Gaussian points in general boundary value problems for a
scalar, m-th order, ordinary differential equation. These results have been extended
by Wittenbrink [13] to include nonlinear boundary conditions and by Russell [10]
and Cerutti [4] for systems of equations.

In this report we consider collocation at the Gaussian points for the problem
(1.2a)—(1.2d). While our results parallel the results of Dupont and Douglas, our
approach is basically different. Our purpose is to *'lift” the results of de Boor and
Swartz [2] to this parabolic problem via the Laplace transform. This discussion
indicates a general procedure for “lifting” results for elliptic problems to results
for parabolic problems. While the Laplace transform has been used by Strang and
Fix [11] in connection with Galerkin’s method for parabolic problems, the exten-
sion to collocation methods is not completely straightforward. For one thing, the
location of the spectrum of the discrete operators is not immediately apparent as
it is in many Ritz-Galerkin methods. Moreover the results of de Boor and Swartz
[2] and Dupont and Douglas are so strikingly similar we felt it particularly in-
triguing to ‘‘tie’” them together in complete detail.

Finally, it should be mentioned that many of our results are of intrinsic
interest, e.g. the results on A-stability of Section 6.

In Section 2 we develop some fundamental concepts. Section 3 is concerned
with some basic estimates including the aforementioned results on the spectrum
of the discrete operators. In Section 4 we obtain global error estimates and in
Section 5 we obtain the ‘‘superconvergence’” results at the knots. Section 6 is
concerned with longtime integration, the approach to the “steady state” and
A-stability.

2, Fundamental Concepts

In this section we describe the space S, of piecewise polynomials and the
numerical method used to find the approximate solution V(x,¢; A)eS,. Our
notation will be consistent with the notation of [2] and [6] wherever possible.

As in the discussion in [2], let A={x,}) be a strict partition of the interval
[01 1]1

O=xy< Xy < o <xpy=1
and set
Ii=[%;_4, %;],
Cy=C{IXC(I) X+ XC(ly).

An element feC, consists of N pieces fy, fy, -.., fy, With f,€C(I}), 1=1,2,...,N
and has two values at the interior breakpoints {x,} .

C 4 is a Banach space with respect to the norm

I7le = max max|f;()| = max |f;]..

Let &, &, ..., & be the Gaussian points on the interval {0, 1] with associated
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quadrature weights wy, w,, ..., w,. That is
A

Pk=£ (x—&)) (2.1)
satisfies
1
J?Aﬂﬂ@dx:O Vg(x)€lP,[0, 1] (2.2)
and
1 k
0fq(x) dx=Zw;iq(E) Vq(x)€Py,[0,1] (23)
=1

where IP, [0, 1] denotes the set of polynomials of order % (degree less than %) on
fo, 1].
With 4,=x;,—x,_,,7=1,2,..., N let

Egi—x; 1+A E;»

wii=A4;w;, 1=1,2,...,N, j=1,2,... 4 (24)
thus
X k
f IYI(x—Eii)q(x)=0 Vq(x)eP,[x,_y, %], i=1,2,...,N. (2.5)
X =
Let
S,={feCt[0,1]; f];,ePkH,y':Lz,,,.,N; f{0)=f{1)=0} (2.6)
Lemma 2.1. Given real numbers Y,; 1==1, 2, . ., N, j=1,2, ..., k there exists

a unique f€S, such that f(§;;)=7Y,

i

Proof. This result follows from well known results on interpolation by piecewise
polynomials. Seee.g. [3]. [

We seek a function U (x, ¢, A) which is an element of S, for each /=0 and
satisfies the collocation equations

€)= S (it D)+ D) S (Ep )

+q&) UGt A)+1Et)
0<t<T, i=1,..,N, j=1,...k
U(x, 0; A)=Ugy(x; A)€S,,

(2.7)

where the initial data Uy(x; 4) are suitably chosen. There are several ways to
choose U, (x; 4) to obtain optimum error estimates and we discuss this question in
Sections 4 and 5.

Collocation is a spatial operator and hence commutes with the Laplace trans-
form (with respect to ¢) of equation (1.2). However, for the sake of completeness
we give a detailed discussion of this fact.

Let {¢, )Y}, be a real basis for S,. If we let

U%tm=2%®%M (2.8)

nol

16*
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then the collocation equations (2.7) become the following ordinary differential
equations for the functions «,, {£),

11) Z dt (X,, ¢n( 17)

= 2 o, () (@ (§:) +(85)) duléi)) +0(E;)) 6a(6:))]

n=1 (2.9)
+f( i ); 1::112;-“1N; j:1,2,...,k;
Zlan =U,(x; 4).

The Laplace transform of (2.9) with respect to ¢is
Nk
selfis) 2 &n(s) i) —eléi) Uléss)

‘Zan ) (G lEi) +D(E:)) Pulbif) +9(E:)) (ki) (2-10)

f==l

FFEns); =12, N;  j=1,2,..,k;
where

uls)= J ", ()

1]
and

Pl o= e 1Eep
The Laplace transform of (1.2) is ’
s c(x) d(x, s)—c(x) o () =1, (%, s)+b(x) 4,(x, 5)
+q(x) 4(x, )+ (x,9).

The collocation equations for this ordinary differential equation (depending on the
parameter s) are

(2.11)

S 0(5¢j) U(fij» S)“‘C(Eij) Uy (é;))
=U, (£ 5)+b(&;;) U (&jn 9) (2.12)
+q(fn‘1‘) 0( s7' )+f (5;11 )
By (2.8)

NK
Uz, 55 d)= 2 &,(s) ¢a(#).

n==1

Thus (2.12) is the same as (2.9), hence collocation commutes with the Laplace
transform.

3. Basic Estimates

We begin this section with two fundamental lemmas which are the basis of the
“energy estimates’ of Douglas and Dupont [5-7]. These estimates give relations
between the discrete inner product described below and the usual L2 inner product.
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Let (-,-) be the usual L2 inner product;
1
(u, v)=of“(x) v(x)dx,  |ult=(x, ), (3.1)

and let <-,-> be the quadratic form

N &
=2 leijf(gii)g(éii)' "flf:= A2 (3.2)

i=1j=
Lemma 3.1. For all f, g€S,
N
1, &">=—(F,8)—Ps g.lf?“E.”l (4, (3-3)

where f}*1 is the constant (k1) s ¢ derivative of f, on I; and P, is a positive
constant depending only on .

Proof. First consider {-,-> on an interval I, i.e.

&
,g= leii f(fii) g’ (51';')-
j=
Sinceon I, f, gelP, . , we have

k+1 k+1
f{zf II‘= Zoar x’r gi=glll= zobl x"
r= r=

The error term in the Gaussian quadrature formula
k
[t=2 w;; fi(€ij)+Ex(f)
I =1
is given by (see, e.g., Isaacson and Keller [9], pp. 330)

(3 & k 2
E,(f)= —"(—ﬁ‘? f [H <x—s.~,~>] .

Hence

=1

- *¢ k 2
<f;g”>i: ffgu_ (2k)!k(k(;';;!ak+lbk+l f [H (x—-f,,)} ax.
Iy

X1
With the change of variable x=1x,_,+¢4, we see that
R

ok 2 ! 2 ‘re 2
f [H (x_fif)] dx = f [ (t—fj)Ail A,-dt:df"“f [H (i—E,»)] dat.
X o 0

=1 f=1 =1
. k(k+1) ol 2
0

and integrating once by parts we obtain
<, g">,~=—1f FE+IE 2, — [+ 1)1 Py ayyy Byyy AP
[
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Since f, g€C1[0, 1], and satisfy zero boundary conditions, the terms /g’ |5 can-
cel upon summation and we have

N N
=3 < & 3=’ €)= [R+1) 1 Py 3 ayya By A4

Since @, 4, b, , depend on the interval I, (3.3) follows. [

Corollary 3.1. ForallfeS,

N
A= I ==l )= Py 3|45 42 (3.4)
and
Ve VI= W VotV Vo> 3.5)
where

Vixt;4)= Za ) bi(2), {$ 3"

is a basis for S, and «,{¢}€C*[0, T].
Proof. (3.4) follows immediately from Lemma 3.1 with g=f. Moreover

t <Vxx' V> <Vxx’ Vt>+ <V» l txx>
and by Lemma 3.1

=<Vtz' Vt> (Vtz: P Z (V (h+1) V(’H-l)

< xxr Vt>+<Vtr xx)
and we have (3.5). []

Lemma 3.2. There exists a constant / depending only on 442 such that for
1P, g s={f|f|,€Pss5, 7=1,2,..., N}

Il =417} (3.6)

Proof. On IP, ., ,, a finite dimensional linear space, |- | is a norm. Since |-|;is a
semi-norm on this space it follows that such a constant A exists, and by homo-
geneity in A is independent of the partition 4. [J

Since P, 4,4 =S, the relation (3.6) holds for f€S,. Moreover derivatives of
functions in IP,_,, , are in this same space so for f€IP;_,, 4

I =417} (3.7)

Actually the inequality (3.7) holds for some constant smaller than A (depending on
k+1), but we do not make use of this fact.

We now consider the discrete eigenvalue problem associated with

w4 Ac(x) u=0, %(0)=u(1)=0, (3.8)
where 0 <m < ¢(x) < M. Let {¢;}{"* be a real basis for S, and let
Na
= Z @, §,.

r=1
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The collocation version of (3.8) is

'Iiay ¢, (&) +4 ”(5')2“' ¢,(6)=0, I=1,2,...Nk (3.9)
where
Eimyrei=&u; 1=1,2,..,N; j=1,2,.. k (3.10)
Let
B,‘r=¢:l(§,'). Ai1:¢1(61‘)l
C;,=diag(c(§;), W, =diag(w,)
where w(,_1y,4;=w;,;, and a=(x;, oy, ..., ane)’
With this notation we rewrite equation (3.9) in matrix form as
Ba+1CAa=0. (3.9))
Thus
ATW Ba+1ATWCAa=0. (3.11)

Applying Lemma 2.1 we see that the matrix 4 is non-singular. Obviously W and
C are positive definite and commute, hence ATW C 4 is positive definite. We
observe that

(ATW Bua), Z AL (W B ),

1==1

—Z¢a Z“wd’:’@)
'—Z Z¢u w ¢:’( ')x

r=1 j=1
hence

(ATWB)ur”"<¢w 7 (312)
Thus by Lemma 3.1

N
(ATW B),,=—~(¢0, &) — P, 214’9“) I (A4, (3.13)
Since the {¢;}}"* form a real basis

(¢w ¢r) (d’n ¢o ¢+1=$:+1; and ¢:+1=$:+1'

Thus (3.12) shows that A7 W B is real and symmetric. Therefore the eigenvalues
of the problem (3.11) (and hence of (3.9)) are real, the associated eigenvectors are
complete, and may be chosen orthonormal with respect to <-, ¢->.
Let y be a discrete eigenfunction associated with the discrete eigenvalue 2,
that is
vE)FAcE)pE)=0 j=1,2,...,Nk (3.14)

Multiplying (3.14) by w, % (&,) and the conjugate of (3.14) by w; v (£;), summing on
7, and recalling that 2 is real, we see that

2 z w; o) [y E) [ (3.15)
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Thus by Corollary 3.1

1 N
f I'pllﬂ_*'Pk Z |'psl+l)'l(Ai)!k+1
}.— [ =1
- Nk !

2 cl&) w,'l'l’(f,') 2
fe==1

and
Iy It
22Tl
Moreover by Lemma 3.2
[V
We combine (3.9'), (3.15), and (3.16) to verify that
«f (—B a) Iy’ |?
of CAa = mA*|p[F’ (3-17)

where
Nk
Y= .Zl @; ¢
§ =<
We summarize the above as

Lemma 3.3. The eigenvalues of the discrete problem (3.9) are real and positive;
the eigenfunctions {1/;,}’1V * are complete and may be chosen orthonormal with
respect to the norm (-, ¢-). If A, is the #-th eigenvalue of the discrete problem then

A”ZTnlA—’-nanz n=1, 2,...,Nk. D (3'18)

Remark. (3.17) actually shows 4,= —fhi/fi AE where A% is the Rayleigh-Ritz-
Galerkin approximate to the #-th eigenvalue of problem (3.8) when ¢{x) =1.
Lemma 3.4. Let V=V (x, s; 4) €S be the solution of

V' @E)—sclE)VEN)=HE) 7=12.. Nk (3.19)
where s€2 ={a+b:|[b|=1—a}. Then
VS T2 1l 3.20)
and
Vo= 5572 W 3.21)

where K, depends only on the bounds on ¢(x), and K, depends on the partition 4.

Proof. s€2 implies (by Lemma 3.3) that —s is not an eigenvalue of (3.8),
hence (3.19) has a unique solution. Let {y,}* be a basis of eigenvectors ortho-
normal with respect to {-, ¢-) asin Lemma 3.3. Let

Nk
V= Z,la, v, (3.22)
Using (3.22) we rewrite (3.19) as

Nk Nk
{:1[“7"0:'(61')_8 0(51') a’r'l)f(fi)]= glfr C(S;‘) wr(fi)» 7= 1’ 2., N k: (323)

where f,=f, p,).



Collocation Methods for Parabolic Differential Equations 235

Remark. Observe that Z f,v,(x) is the S, interpolant of f(x)/c(x). Hence the
right hand side of (3.23) is f( ;). Thus

zll e, €(&;) (A, —3)w, (£)]= Zflf, céw (&) 1=12..N, (3.24)

where A, is the (negative) eigenvalue associated with y,.
Leta+b1=s€2. Toobtain a bound on
Ioc,lzlf,'/lﬂ.,—a—bi,
we consider two cases. When 4 <0, we have |4 >1—a>|a|. Hence 20*=
a®+b%=]s|? or 1/|8| < }/2/|s|. Thus
|a, | SI7 B S2Ilils| for a<o.

When 2 =0, |4,—a—bi|>|—a—bi|=|s| and

|a, ] Z2]1,|/|s| for az=o.
Thus

IVE=<V, V>

-
]
it
-.
I

I
8-
DMz
£

-
I
-

A
3=
"ME

4111%s|?
mlslz <f:?f>
< o e M

and (3.20) follows with K, = %

Since S, is a finite dimensional space all norms on S, are equivalent. In partic-
ular there exists| a constant K, such that |V |, <K, |V|, for all V€S,. Hence
(3.21) follows from (3.20). [J

Lemma 3.5. If V€ S, is the solution of (3.19) with se @ ={a+bi||b| 21—a}
then

V= |s|} Ik (3.25)
Proof. Multiplying (3.19) by ¥ (¢,) w; and summing on j shows
KV, V"=V, [>+<V,sc V).
Multiplying the conjugate of (3.19) by V (;) »; and summing on j shows
V" VY=L, Vy+(scV, V).
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Adding these equations and applying Lemma 3.2 gives

N
V', V)+ P, 3 |V 2(4,)2* = —Re(V, fp)—Re(V,sc V).
i=1

Hence
VBV lfl+|s) MV
and by Lemma (3.4)

Vs TsT L+ S llflla
Thus (3.25) follows with K,= [—;— + 43?] .0

Lemma 3.6. Let
Dy={a+bi||b| =1—a} n {s]|s|t22[BA+Q A]) K,}.
IfseZ,and V=V (x,s; 4) €S, is a solution of
V(&) +0(8) V' (E)+q(&) V()

s el6) VE)=—1(En ) —cE) Uole) =1, NE OO
then
Vs d]= |s|, 1 8)+e() Ua(-) s (327)
and
Proof. We rewrite (3.26) as
V' (&) —sc(&) VIE)=—bl&) V' (€)—q(&) V()
(3.29)

—f(&; s)—c(&) Ugl§;) 71=1,2,..., Nk
Thus, applying Lemma 3.5,

IV < o 1o V' ltla VIl +e Unlid
< B ((BALQ )|V |1+ Ul

where se{a+bi||b| =1—a}.
If we choose s€2, then [K,(BA+QA)]/|s|} <} and (3.27) follows with
Kg=2 K,. Since

Vi@ sid)| =1} ] sen(x~y) V'(.5:4)dy|
<V (s )]
(3.28) follows from (3.27). [

Corollary 3.1. The transformed discrete Equations (2.12) have a unique
solution for . s€2,.

Proof. The Equations (2.12) form a finite dimensional linear system, hence the
corollary follows immediately from the a priori estimate (3.28). [
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Lemma 3.7. Let
Dy=D, " {s|s|22K,Q} 0 {s|s|t =4 Ky}.
If se@yand V=V (x, s; A)€S, is the solution of (2.12) or (3.29) then

IV 9= 1510 5) e () U (330

Proof. Apply Lemma 3.4 to (3.29).
Thus

[Vl < S0V bt T Vet b+ Ul
and by (3.27), since |V’ ]Id =4|v'),

1V = 1o {4+ Vot IV L+ e Uol}-

Since s€2; (3.30) follows with K,=4 K,. []

Since we are concerned with problem (1.2) for finite time, 0 S¢ < T < 00, we
can modify f(x, ) smoothly so that f(x,£)=0 for ¢=2 T. This modification
leaves the solution #({x,£) unchanged on [0, T] and shows that the Laplace

transform of f(x, t)
2T

fme‘“f (%,8) dt= fe“‘/ (x,8) dt
o

is, for each fixed x, an entire function of s.

Lemma 3.8. Let problem (1.2) have homogeneous initial data, i.e. #y(x) =0 in
(1.2b). Let U (x, ¢, 4) be the solution of the associated collocation equations (2.7)
with Uy (x) =0. If U,(x, ¢, 4) is absolutely continuous on finite intervals of [0, oo]
and |U,,(x,¢; 4)| <K ™ a.e. on [0, o) then

a+ 100

1 5
U, t: )= 5oy f 0 (x, 5: 4) ds (3.31)
o—ioo
where U is the solution of transformed collocation equations and ¢ is sufficiently
large.

Proof. Formally, (3.31) follows from the inversion theorem for the Laplace
transform. It is sufficient to show that the integral in (3.31) converges. After
integrating

Ox,s; Ay=[e*U(x,¢; 4) dt
0
twice by parts we obtain

U(x,s;A)z——;,— U,(x,t;A)I,_o—i—g;fe“‘U,,(x,t;A)dt
0

Thus

K
10(x s: Do = 75w

for {s| Re(s) = b, > b} and (3.31) follows for 6 €2, N {o]o Zby>b}. [
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Obviously we can obtain analogs of Lemmas 3.4-3.7 for #(x, s), the Laplace
transform of the solution #(x, #) of (1.2). The proofs are essentially the same. Also
for homogeneous initial data, we have Lemma 3.8 for #(x, ¢).

Lemma 3.9. Let f(x, f) =0 in problem (1.2). For fixed 6, —Z— <6 = %1 ,and
« =1 (specified below) let
I'={s|s=a+7r¢**if Res<a; 7€[0, o0)}
U{s|Res=0, —A<Ims=4, A=(0—a) tan 8}

(see Fig. 1). If U (%, ¢; A) is the solution of the associated collocation equations (2.7)

Fig. 1.
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then piioo
Ulx, t; A)= 5 fe"U(x,s;A)ds: L f e U(xs:A)ds (3.32)
r y— 1300

where U is the solution of the transformed collocation equations and y = 0.

Proof. For each fixed x, U(x, s; A) is analytic for s€2,. If we choose « suffi-

ciently large so that I" C @, the estimate {from (3.29) and (3.21))
K, K
10¢.s: Mo = =7 1Ual 5) e

shows that the integral over I converges. It remains to show that the two integrals
in (3.32) are equal. By Cauchy’s theorem the integral over P, P, P, P, P, is zero
(see Fig. 1). Thus it suffices to show that the integrals over the lines P, P,, and
P, P, go to zero as Py # oo and P,\\ —oco. We consider P, P,, the integral over
P, P, is treated similarly. Let Im P,=$. Hence

i
0 a—?tm(e—T

[ etO0(x,s;)ds= [ + [ et U(x,s;4)ds

P, P, Y 0
However, withs=x+47 p

0

f e*U(x,s;4)4d

4

s| < [ —]-dxspt (" —1)

and
o—p tan (B— ;') 0

f e U(x,s; A)ds| < f "“1% dx

0 a—p tan (0— —:—)

in

K
P

Thus as p 7 oo the integral over the line P, P, goes to zero. [

Under the hypothesis of Lemma 3.9 we obtain a similar result for « (%, ¢). Thus
when f(x, ¢) =0 we have

U(x, b; 4)—u(x, t)=

[0 5; )~ (%, 9)) ds. (3.33)

r

27t

Deforming the contour in Lemma 3.9 depends on knowing an a priori bound
of the form —I—I%l— on the Laplace transform of U (¥, ¢; 4) (or u(x, #)). The proof given
applies when a bound of the form ;K|p (some $>0) is known. In particular if
f(x,8)=F (x) (k a positive integer), and we have a bound on F(x) (e.g.
IF (%)} =), ’then

17 ,9)] = e
This remark gives the more general

Lemma 3.10, Suppose f(x, £} is a polynomial in ¢ with bounded coefficients
that are functions of x. Then the results of Lemma 3.9 hold. In particular, Equa-
tion (3.33) is valid. [J
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4, Global Estimates

In this section we obtain global error estimates for the continuous time collo-
cation method for problem (1.2). In order to obtain optimal order error estimates
for t€]0, T] (see Theorem 4.1) we let U, (x; A4), the initial data for the collocation
equations, be the “elliptic interpolant” of #,(x). That is

(Us +b Up+q Ug) (§))=(ug +bug+que) () 7=1,2,....NE.

In general, the differential operator L defined by
P u ou
Lu=——g +b(x) 5 +q(x)u

is not invertible. However, we may shift the problem (1.2) by letting

v(%, ) =e*u(x, t).
Equation (1.2) becomes

cv,=(L—2) vte ¥f
v (%, 0) ==ty (%) 0=x=<1 (1.2s)
v(0,f)=v(1,8)=0 o=st=<T.

For suitable 4, L — 1 is invertible and the elliptic interpolant, V,(x; 4), of v (%, 0)
exists for | 4| sufficiently small. A short computation shows that the shifted
collocation equations of problem (1.2} are the same as the collocation equations
for the shifted analytic problem, i.e., let

Vix, t; A)=e*U(x,t;4), O0<t=T,

where V(x,¢; 4) is the solution of the collocation equations associated with
problem (1.2s). With Uy(x; 4) =V, (x; A) the collocation equations (2.7) have a
solution. Thus, all results obtained for V(x,¢; 4), (V(x,¢; 4)—v(x, ¢)) apply

mutatis mutandis to U (x, ¢; 4), (U{x, ¢; 4) —u(x, £)) with an appropriate factor
e™,

Thus we assume the elliptic interpolant of #, exists (for if not we apply the
above shifting procedure) and now prove

Theorem 4.1. Let u(x, £} be the solution of {1.2). Assume that the coefficients
b(x), ¢(x), c¢(x) have bounded derivatives through order 2+ 2 and

%, u, 4, ,€L® [0, T; Wrt4 ),

Let U,, the initial data for the collocation equations (2.7), be the elliptic inter-
polant of #y(x); i.e.

(Ug +bUqg+q Uy) (&)= (o + b ug+q ug) &), 71=12,...,.Nk
Then the collocation equations (2.7) have a unique solution U (x, ¢; 4) and
JU—ulimo,7; Loy SC AP {1, wose oyt [#eLato, 75 wave =)
It eleoto, 7; s =} (4-1)

where C is a constant that depends on the coefficients of the differential equation
but is independent of the partition 4.
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Proof. A solution to the collocation equations (2.7) or (2.9) exists locally in
time. This fact, coupled with the uniform bound proved below, gives global
existence and uniqueness of a solution to the collocation equations.

With the differential operator L defined above we rewrite (1.2) as

{4.2)
u(x, 0)=1uy(x).
Let ¢ (x, t)=1u(x, t)—uy(x), then (4.2) becomes
—L¢=L ) =—g(x,
co—Lop=Luy+f(x,t)=—g(x1) 43)

¢ (x, 0)=0.
We denote by @ (x, ¢; A) the solution of the collocation equations
c€i)) Du(§ij 8 A)—L Py b A)=L uy (&) + /(€5 1) P(x,0; 4) =0 (4.4)

associated with (4.3). That is, if we choose U, the initial data of the collocation
equations (2.7), so that

LUO(gt)zLuO(EQ) 1’21; 21~--;kN (4.5)
(i.e. U, is the elliptic interpolant of #,) then (2.7), and (4.2)—(4.4) show
U—u=0—¢+Uy—u,. (4.6)

We use the Laplace transform with the problem (4.3) to estimate the term
®D—¢. Let s=ay-+b ¢ and Ly=L —a, c. The Laplace transform of (4.3) is

Lé—sch=§(v5)
or

Lyp—ibcd=8(x,s).
Let W{(x, s; A) denote the solution of the collocation equations
LW (E)=Lo$(E) i=1,2,...,kN. (4.7)
At the collocation points {£,}+Y, we have
L(B—W)—s c(P—W)=§(£;, s)—LW+scW=ibc(W—g¢).
If a, is sufficiently large then Lemma 3.6 and the estimate

‘ |6—Wl.. <[(@—WY|
imply

~ Kb -~
16— Wl < o 17 =1
Thus
1o

|8— o SIB—Wot W —blux (1+ 15 ) IW—Blo (48)
Since W satisfies (4.7) the results of de Boor and Swartz [2] show that
IW =6l SCI6(, ) lwase =] 4
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and hence
16—l = (1+ 223, o] 412 49
Recall
o -~ ~ or
W-q&(x,s):fe"’md)(x,t)dt p=1,..., k+4. (4.10)

1]
We integrate (4.10) by parts twice to obtain

oo

1 L 0 o
+ [ e 'W(“‘—a . ¢(x,t)))dt
(1]

o%P “/;("'s):“s‘i?'%('aa;?‘p(s")

(4.11)

[o4]
12| o 1 )
Y (axp wix)| +7 | 5 (axr (%, t))) @,

=0 0
p=1,2,..., k+4.

Since we are concerned with finite 7 we may assume that f(x, £) decays smoothly
and rapidly to O on [T, T+1] in such a way that

|G« (e »
(see, e.g., A. Friedman [8]). For ¢t > T+1, #(x, ¢) and all its derivatives decay
exponentially. This observation, coupled with the assumption
u, ,, u,,€L® [0, T; WH42[0,1]]
and Equation (4.11), shows that

16 5) lwasa. = (4.12)

K
[s |1a {[#]r=r0, 7; wrra o) Hl#sJLoro, 7; wrre w3+ [ e[ o, 7; wrts. w1}

=K

1=
Lo [T, T+1; Wktd, =] = 0,1,2

L [0, T; Whtd, =]

=

From (4.9), since |b| =0(|s]),

~ -~ K,
(6= fl < 15 4]+

(4.13)
el o, 7 wrra, )+ 4L o, 7; wrre, =+ N%s eloro, 7; wrsa =1}
However,
@+ 400
1 g
19—¢lo=| 527 [ ¢ @—das

and by (4.13) "
D—¢|, <Kg|A*?
|94l <K, |4] wr)

{lwlzo o, s ware, =+ el o, i wrve o+ s iloto, 7 were. <.
For the elliptic interpolant, U,, the results of de Boor and Swartz [2] show
Vot = Cultolase = [4]44* @15)
Combining (4.6), {(4.14), and (4.15) we obtain the result (4.1}, [
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Theorem 4.2. Let %(x, £) be the solution of {1.2). Assume that the coefficients
b(x), ¢ (x), c(x) have bounded derivatives through order 2+ 2 and let

w, w,, u, €L°[0, T; W4 =0, 1]].

Let U, the initial data for the collocation equations (2.7), be the interpolant of u
at the collocation points, i. e.

Uo(f,')=“o(fi) 1=1,2,..., Nk

Then the collocation equations (2.7) have a unique solution U(x, ¢, 4) and for
telr, T], t>0,
U —wfiots, 11 0,13 = C | A|M?

Altlior, 7; wrra o+ |4 ioro, ; wara =) + |4 iJLmre, 7, ware, =1}

{4.16)

where C is a constant that depends on v and the coefficients of the differential
equation, but is independent of the partition 4.
Proof. We break problem (1.2) into two problems:
¢(x) 4y, —L u,=f(x,) 0
u,(x,0)=0

c(x) ug,— L uy,=0 ()

“2(x» O)=u0(x)

Thus #=1,+u,. Since the elliptic interpolant of #%,(x, 0)(=0) is simply O the
estimate (4.16) for problem (I) follows from Theorem 4.1. In fact, for problem (I),
the estimate (4.16) holds for all¢, 0=t < T.

It remains to consider problem II and the effect of using the values of #,(x) at
the collocation points as initial data.

Let W (x, s; 4) be the solution of the collocation equations
W (E)+b(E) W' (E)=d5 (&, ) +b(E) (&5, 8)  f=1,..., Nk,

where ,(x, s) is the Laplace transform of w,(x, £). The results of de Boor and
Swartz [2] show

[W ()55 8) =y () )b S Calia (s ) fwers < | A1 (417)

where C, is independent of 4.
With U, denoting the solution of the collocation equations associated with
problem (II} we have, at the collocation points,

[(Oe—W)"+b(U,—W) +¢(0—W)—s c(0,—W)] ()
=[q(i#;—W)—s c(d—W)](§)-
Hence by Lemma 3.6, for s€Z,
|00 W, = 55 [Q-+]s| MI|W — gl (448)

17 Numer, Math., Bd. 26
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Let I" be the curve described in Lemma 3.9. Then Lemma 3.9 and (3.32) show

|(a—Us) (-, O 1o,y = —21; f || | Uy — tiy | = ds. (4.19)
r
From (4.17) and (4.19)
" 02“722"ao§ " 02_ W"w + "W_ﬁznw

= {5 0+ 1s1M 141} Calda (. e« 4
Thus

dallare, = | 4|2 ds. (4.20)

" (“2"‘ U2) (" t) "uo é C2I[ l est ”s I}

However, |dy(, s) [ya+s, = grows at worst as a polynomial in |s|t of degree k42

whose coefficients depend on the coefficients of the differential equation and «,.

Thus when £ = v >0 the integral on the right side of (4.20) converges and we
obtain (4.16) for problem (II). Combining the results for problems (I) and (II)
completes the proof. []

5, Estimates at the Knots

Lemma 5.1. Let g(¢) have p—1 continuous derivatives on (0, o), let g#~" be
absolutely continuous on finite intervals of (0, o) and |g?(f)| K ¢ a.e. on
(0, o). Further suppose that

. ] — - _
Jm g (=0 j=01,...,p—1.

Then for Re(s) = p >max [0, 4], there exists a constant M =M (g) so that
~ M
lg(3)|§—|‘s‘|;- (5.1)

Proof. This lemma follows immediately from the well known (see e.g. Widder
[42]) formula

4 o
g(s)=s"g(s)— 2 7 g% 0+). 0 (5-2)
f=
Theorem 5.1. Let 4 (x, ¢) be the solution of (1.2). Assume that the coefficients
b(x), c(x), (%) €C***2[0, 1], and u, (%), f(-, £) €C***+2[0, 1]. Let

% +1 i even.

R{)=T[j[2]+1=1. . (5-3)
141 jodd

Assume #% (%, -) and its first 2 £ 42 derivatives with respect to x are in CX® [0, T]
with

2V 8\ ’e 1==0,1,...,2k42
'(7:‘) (35) wt ’)l =ML ot R

for some M >0, > 0. Let U,, the initial data of the collocation equations (2.7) be
the “super-elliptic” interpolant for the problem (1.2). That is, let the differential
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operator L be defined by
M u du
Lu=—J5 +b(x) 3, +e(x)u

and assume L is invertible.
We choose p so that

—[k]2). (5.4)
Let {¢,(x)}$ be given by

¢o(x) =ty (%)
(%) 6;(0) = L1 (%) + gy 1(x.9)

(=0 1=1,2,...,p

Let {®, (x; 4)}} be given by the system of collocation problems:
LD, E)=L¢,|(5) 7=1,2,....Nk

=p—1,9p—2,...,0; (5.6
LB =c(E)Pnin6)— o tiEn|_, "PTT? 5.0

=0 j=1,2,...,Nk-

Set
Ug(x; A)=Dy(x; A). (5.7)
Then the collocation equations have a unique solution U (x, ¢, 4), and at the

knots {,}13"
[(U—u) (x, )| SC(T)|A[* (5-8)

where C(T) is a constant that is mdependent of the partition 4 and depends only
on the coefficients of the differential equation and on the quantities

u(x, §) j=0,1,....,k; i=01,...,R(t—1).  (5.9)

" L WhH+2, =

Proof. As in the proof of Theorem 4.1 we rewrite (1.2} as
—Lu=f(x,1)

#(x, 0)=1uy(x). (-10)
Let

?
d(x) =u(x, t)— Z (5.11)

where {¢,(x)}§ is defined by (5.5). )

Thus
ChmL b1 )= 3 (o byer (=L ) 5+ L 6]

1=0 (5.12)

th

SHRERY 1
=1x.0= 250 (-37) Fs)| A prLdp=prF

where F (x, ¢) is determined by the Taylor series expansion for /(x, f) and L @,.
Moreover,

é(x, 0)=

17+
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Let @(x, t; A) satisfy the collocation equations

c(E) By, t:4)—L di(f,,t;A):—I—,tpTF(&,-, Y, j=1,2,...,Nk;

(5.13)
D(x,0;4)=0
The collocations equations (2.7) and (5.11)-(5.13) show
U, t, d)—u(x, )=D(x, 8, 4)— (¥, ¢ +Z .(x))7t.’!—. (5.14)

We use the Laplace transform of problem (5.12) and its associated collocation
equations (5.13) to estimate the term @—¢ at the knots {x;}}5". Applying the

results of de Boorand Swartz [2] directly to - ¢ at the knot #,(j=1, ..., N—1)
shows that

|(@—) ( 5)|SM|%Z|Gk—‘ J D¢ 8) fwreses, = (5-15)

where G, (s) depends on the Green’s function associated with the operator L —s c.
A direct computation shows that |G;(s)| grows as a polynomial of order j
(degree <j) in the variable | s|*. That is

|Gi(s)|=0(|s]""D") j=0,1,...,k
Choose §, 0 <7 <k, and consider the term

'Gk—-i(s) | "¢ () ”Wk+1+l, .
From (5.12) (or (5.11) and (5.5)) and our assumptions on #«(x, #) and f(x, £) we

find that
() (5 ot

Thus ¢ (x, t) and its first £+ 42 derivatives with respect to x satisfy the hypo-
thesis of Lemma 5.1 with p= R (k). Hence, for Re (s) sufficiently large,

-~ M ,
”¢('; s)"wﬁl-kﬁ,*ém; 7=011;'~°nk’

—o 1=0,1,...,2k4+2;
=0 ' [=0,1,..., R(R).

and

-~ t
(o (5) 1 ) passn = < 35

where
, [3 Jeven
"2 jodd °

Since we have chosen p asin (5.4) we have

|(¢ ¢ s)| = ISI‘}IA'% i=1, ..., N—1.
Hence
a4 100
(@@ (0| S5 [ oropld[Pdsse 4 (519

a—1i00
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From the results of Cerutti [4] the system (5.6) satisfies
| D (x;; A)— @, (%) S| A|* j=1,...,N—1, i=1,...,p. (517)

Hence, combining (5.16), (5.17) and (5.12) we have

P :
2
(U= (3, ] Ser |42+ 2 ca| 4% 57 Sea(T) ||
=
which proves (5.8). [
Theorem 5.2. Let u(x, £) be the solution of (1.2) and assume the hypothesis of

Theorem 5.1. Let U, the initial data for the collocation equation (2.7) be the
interpolant of « at the collocation points, i.e.

Uo(‘fj)zuo(f,') 1=1,2,..., Nk

Then the collocation equations have a unique solution U (x,¢; A4) and at a knot
%, 1=1,2,...,N—1,

—— N 2k‘
|[(U—u) (2, 8)]| =C| 4] (5.18)

{"“"L‘”[o. T; Wktd, ] + "”z"Lw[o, T; Wkt4, =) ”utt”L“’[o, T; Whté, w]}

for 0 <t <#<T, where C depends on v and T but is independent of the parti-
tion 4.

Pyoof. Using linearity we rewrite problem (1.2) as two problems:
c()uy—Luy=f(x1)

%, (%, 0)=0 @

and
c{x) ty,— L uy=P(x, f)

Uy (%, 0) =1, ()

(1)

where P (x, ¢) is a polynomial in ¢ with coefficients depending on x; specifically

p—1 . .
Pl =2, (5] 1w 7

and p is given by (5.4). With f, (%, §) =/ (x, t) — P (x, t) we have

w(x, ) =u, (%, ) +uy(x, f).
Furthermore

(a_a,),f 1(%,0)

It follows immediately from (5.5) and (5.6) that the super elliptic interpolant of
problem (I) is U, (x, 0; 4) = 0. Thus, as a consequence of Theorem 5.1, the estimate
(5.18) holds (in fact for all £, 0 <¢ < T) for problem (I}.

It remains to consider problem II and the effect of using the values of u,(x) at
the collocation points as initial data. As in proof of Theorem 4.2 we apply the
results of de Boor and Swartz [2] to the operator L, él,=4""+b fl,+q l—s c iy

g=o=0 7'—_—’0, 1,...,?-1.
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to obtain an estimate for | (U, —1,) (%}, 5)|. In particular we have

k
|(Op—dig) (%), 5)| < | 4™ Z |Gy (5) | [halwasssa. = (5.19)

j=0

where |G, (s) | is a polynomial of order 7 in the variable |s|!. Moreover ||d, |yess+a, =
is bounded by a polynomial of degree £-+7in | s|}. Since P(x, ¢) is a polynomial in ¢
with bounded functions of x as coefficients we apply Lemma 3.10 to obtain

(Ug—us) (%, ) = [ & (U —1) (x;, 5) ds.
r
Thus, using (5.19),
[ (Uy—us) (%, 8)] glrfe“jG(s)l I |wares, =] A |”ds|.

Since this integral converges for ¢ = >0 we combine problems (I) and (II) to
obtain (5.17). [

6. A-Stability

We consider in more detail the special case when the eigenvalues of the opera-
tor L, Lyv=v"+4b(x) v'4+q(x)v, are all strictly negative (i.e. Lv=A1cv,
v(0)=v{1)=0, v== 0 implies A < —1y,<0). This condition will be satisfied, for
example, when ¢ (x) <0. From previous estimates (e.g. Lemma 3.7) we know that
the eigenvalues, 4, of the discrete problem

LV A)y=AcE)VEs), 7=1,2,...,Nk
Ves,

lie in C/2, (see Fig. 1). Recall that this fact is independent of the partition 4. It
follows that for s on the path I'C2; or to the right of I" (see Fig. 1, p. 238 or Fig. 2,
p. 249) that the problem

LV (§)—scE)ViE)=¢€¢) 71=12,....,Nk (6.2)

has a unique solution V' (x; 4)€S,.
Such estimates also hold for v (), the solution of the continuous problem,

(6.1)

Lyv=icv, v(0)=v(1)=0. (6.3)
Hence
Ly—scuv=g (6.4)

has a unique solution for s on the path I' or to the right of I". Further if se{s|
Res > —Ay} then (6.4) also has a unique solution. In particular, for s in the
closed trapezoid 4 B C D (see Fig. 2) (6.4) has a unique solution. The results of de
Boor and Swartz [2] assure us that for each s,€4 B C D there is a d{s,) >0 so
that for all partitions with | 4| < d(s), (6.2) has a unique solution. That is L ;—s,c¢,
the discrete operator associated with problem (6.2), is invertible for | 4| < d(s)-
Since (L,—s ¢)~! depends continuously on s and the invertible operators form an
open set (in the uniform operator topology) (Ly—s¢)~! exists in some open
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—Z.:, —=a

Fig. 2.

_ P
neighborhood of s, for partitions 4 with |4| < ——(2$°)

an open cover of the compact set 4 B C D. Thus there exists a §, > 0 so that (6.2)
has a unique solution for all s with Re (s) > —a, and for all partitions with | 4| < 4.

Using linearity we break problem (1.2) into three parts
¢y =L uy+t(x1)

. In this manner we construct

I
u; (%, 0)=0 )
¢ thg,=L ty+fo(%) (IT)
4y (%, 0)=0
cug,=L ug (1)

g (%, 0)=up(%).
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In addition to the assumption on the location of the eigenvalues of L we
assume that

|hx )| SMe™ %, 0<gy<ao<iy (6.5)
uniformly in x, where M is a positive constant. Thus, /,(#, s), the Laplace trans-
form of f, (#, #), is analytic in the half plane {s| Re(s) > —o} for each fixed x.

The Laplace transform of problem I is

schy=Ld+F,(x, ), (6.6)
and similarly the discrete problem associated with problem I has Laplace transform
scU,(&,9)=L U0y, s)+F158), j=1,2,...,Nk (6.7)
Under the hypothesis of Theorem 4.1
y—ico
1ULC 8 A~y () o= 2,” e (U1(, 55 A)—diy (%, 5)) ds (6.8)
y+ioo oo

In this case, with zero initial data and f 1{#, s) analytic in the half-plane
{s|Res>—a}, 4, and U, are also analytic in {s| Res> —a,}. Since the integrals
along Q, Q, and Q3 Q, (see Fig. 2) go to zero as Q; 7y +icc and QN y —1i00, we
have, by Cauchy’s theorem,

~0g+§ 00 y+ioco
Uy —d)ds= [ (U,—4d,)ds.
—@ty—4 00 y—$00

However, as in the proof of Theorem 4.1,

—atioo matico
R N [Py e B
—ty—1 00 oo —0tg—1 00
and hence
JUL(G 6 A) =y () 8) oo S €7 A|FF2 K (0, 0, 4,,). (6.9)
Moreover, since |[#, (-, &), <t M =% < C ¢, we see that
[UL(, 85 A) | SCr e~ (6.9b)

The Laplace transforms of problem II and its discrete analog are
fo( )

sciy=L dy+ -+ (6.10)
and
solt) Ua)=L 0+ L5 j—1,2, . Nk (6.11)

In this case (6.8) also holds but fohas a simple pole at the origin. In order to
replace the path (y—¢oo, y+100) by the path (—og—3io00, —ay+10o0) it is neces-
sary to compute the residues of 4, and U, in the trapezoid 4 B C D. We observe
that U, (x, s; A) and 4, (x, s) are analytic except possibly at s=0. Hence we need
only consider the residue at s=0.
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Lemma 6.1. Forse 4 B C D (see Fig. 2) the solution of
_ L

Ly—scv= - v(0)=v(1)=0 (6.12)

satisfies
o) = 1o 9 = o Vo) (613)
Proof. Since s is not in the spectrum of L there exists a constant K (s), which
depends continuously on s so that
=) 1 (6-44)

K

Multiplying (6.12) by v and integrating by parts gives

— (@, )+ GV, v)+(gv,v)—(sco, v)=~(ﬁ,v)

s
and hence

o< Bl ol Q1o B+ s Mo+ 11 ol o]

. B . (6.15)
Sz WP+ 5 lol+Q@+1s| Mol + 15 Wolf+ ol

Since s is in the compact set A B C D, K (s) in (6.14) is uniformly bounded. Using
(6.14) in (6.15) gives the result {6.13). [

Corollary 6.1. Let ¢(x) be the solution of the two-point boundary value
problem

Lp=-fo(x)
6.16
$(0) = (1)=0. (619
Then
11_{110 sty (%, s)=¢ (%) (6.17)
and
Res {(4,, 0} =¢ (x). (6.18)

Proof. Since 1, (¥, s) is analytic in A B C D\{0} and has (at worst) a simple
pole at s=0 we compute the residue at s=0 by the formula

Res (#,, 0)= 11_13105 iy (%, 5).
Multiplying (6.12) by s we have
stcdy,=Lsd,—L¢,
and (6.17), (6.18) follow from (6.13) and the continuity of L-1. (]
Lemma 6.2. For s€ A B C D (see Fig. 2) the solution of

{LV(S,.;A)_”(;,)V(;,.;m:—-’"ﬁﬁ, =12 NE 6 1)

Ves,
satisfies

1765 D= 15 Hol o (620
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Proof. For s in the compact trapezoid 4 B C D the norm of the inverse of the
discrete operator associated with L —s ¢ is bounded (for | 4| < 8,). Since this norm
depends continuously on s it is uniformly bounded i.e.

IV 6os: D= e lo( Vo s€4 BED. [

Following the argument of the corollary to Lemma 6.1, we obtain

Corollary 6.2. Let @ (x; A4) be the solution of the collocation equations,
LOE;N)=—1() i=1,2...,Nk

D(x, A)eS,. (©.21)
Then
}1_1}103U2(x,s,A)=<D(x;A) (6.22)
and
Res (U, 0)=®(x;4). Q (6.23)
Thus
. y+ioco . —aty41i00
s [ e Oigas=5L [ ¢ (Oy—iy) dstRes (e (0y—),0)
y—ioo —~ 0y —100
. —0ty+4 00
= . e (U, —,) ds+ (D— ¢).

Under the hypothesis of Theorem 4.1 we conclude
[Ua( 8 A)— w3 (-, &) | S e AF2 K (4, 00, 14,) + | P — @ |- (6.24)
Thus, using the results of de Boor and Swartz [2] we obtain
1U (ot A)— sy (-, 8) | S ™| A |*+2K (w4, u,, 00,) + K' (fo) | A FH2 (6.24b)
Furthermore, since [|u, (-, £) — @ (%) |, ¢ Me™™ < Ce™** we see that
[Us (-, 8 4)— B (x; A) | < Cye™. (6.24¢)

To treat problem III let
W=y~ Uy
and
W=U;—U,,

where U,(x, ¢; 4) is the solution of the associated discrete problem, and U, is the
elliptic interpolant of %, Thus we are led to

cw=Lw+Lu, (6.25)
w(x,0)=0
and
)W E)=LWE)FLUE) =12 Nk o0

W (x,0;4)=0.
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With U,, the elliptic interpolant of %, (6.26) is the discrete version of (6.25) and
the discussion of problem II applies. In particular,

1 y+i00 . —0ty+1400
Wow=—o [ W —8)ds= 517 [ —d)ds —Uptuy (6.22)
y—10Q — g —% 00
Thus,
NUs(t;4)—us () | =W — w4 Up— 1| (6.28)
—&y+1 0O
1 Py

etW—w)ds| e ™|AM2K (u, u, u,,).

QO

2n1
— 0y —1 00

Moreover, since |ug(-, ) |, <t Me™® < Ce™* we see that
1Us(. 8 D SCye™™, (6.28b)
Combining (6.9), (6.24) and (6.28) gives

Theorem 6.1. Let U, be the elliptic interpolant of %, and in addition to the
hypothesis of Theorem 4.1 assume:

1° the eigenvalues A of L satisfy 1 < —1, < 0;
2° (%, t)=fo(%)+f1 (%, £) where |/ (x, )| SM ™ O<ap<o.

Then the collocation equations (2.7) have a unique solution U{x, ¢; A). Moreover,
let ¢ (x) be the solution of the two-point boundary value problem (6.16) and let
@ (x; A) be the corresponding solution of the collocation equations (6.21). Then

[UG, ¢ A)—=P(; )| =(C1+Co+Cy) e~ (6.29)
and

(UG 6 A)—u(, )| SK|A|MP e+ K (fo) [4]*2 (6.30)
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