Numer. Math. 53, 237-254 (1988) pﬂ%%%ﬁg{l]ke

© Springer-Verlag 1988

Analysis of Some Low-Order Finite Element Schemes
for Mindlin-Reissner and Kirchhoff Plates

Juhani Pitkdranta
Institute of Mathematics, Helsinki University of Technology, SF-02150 Espoo, Finland

Dedicated to Professor Ivo Babuska on the occasion of his 60th birthday

Summary. We set up a framework for analyzing mixed finite element methods
for the plate problem using a mesh dependent energy norm which applies
both to the Kirchhoff and to the Mindlin-Reissner formulation of the prob-
lem. The analysis techniques are applied to some low order finite element
schemes where three degrees of freedom are associated to each vertex of
a triangulation of the domain. The schemes proceed from the Mindlin-
Reissner formulation with modified shear energy.
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1. Introduction

In the Mindlin-Reissner formulation, the total energy of the plate is expressed
by the functional

F(u, 6)=a(0, 0)+(1/t) [ |0—Vul?dx—2 [ fudx, (1.1)

where ¢ is the thickness of the plate, u and 0=(0,, 0,) stand for the transverse
deflection and rotations, respectively, [ is proportional to the external load
(with the constant of proportionality depending on t), and

at, €0)=f{/1d1v0d1v<p+,u 5 (202 2o Tl s,

o L\0x; 0xJ\0x;  Ox;

where A and u are positive constants. Physically, the first and the second term
in functional (1.1) correspond to the bending energy and the shear energy, respec-
tively.

It is well-known that straightforward finite element methods of minimizing
the energy (1.1) often give poor results if ¢ is small. The origin of the failure
is in the shear energy term, which forces the Kirchhoff constraint #=Vu in
the limit £ — 0. In low-order finite element spaces such a constraint may cause
“locking”. For example if both u and 6 are interpolated by continuous piccewise
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linear functions on a triangulation of Q, then in the limit t —0 the transverse
deflection in the finite element model is “locked” to be globally a polynomial
of degree one.

In this paper we consider some low-order finite element methods where
locking is avoided and convergence preserved even in the limit t — 0. The main
principle in the methods to be considered is the following: Given a triangulation
of @, interpolate the transverse deflection u by using reduced cubic Hermitean
(or Zienkiewicz) triangles with continuity of u and Vu imposed at the vertices
of the triangulation, and let the rotations be continuous and piecewise linear
on the same triangulation. Then impose the Kirchhoff constraint ="Vu at all
vertices of the triangulation (thus leaving three degrees of freedom per vertex)
and minimize, over the resulting finite element space, a functional which agrees
with (1.1} except for the shear energy term, which is modified in various ways
so as to prevent locking. A scheme of this type was proposed first by Fried
et al. [14]. Somewhat similar schemes may also be derived from the Kirchhoff
formulation of the plate problem by relaxing the Kirchhoff constraint §="Vu
so that it is imposed only at discrete points. In such schemes the shear energy
term in (1.1) is neglected altogether, cf. [21, 6, 16, 17].

The aim of this paper is to present a convergence analysis of schemes based
on the above philosophy where the shear energy is not neglected, i.¢., the Min-
dlin-Reissner formulation is used, but with modified shear energy. For previous
error analyses of finite element methods proceeding from the Mindlin-Reissner
formulation of the plate problem, or from the corresponding mixed formulation,
the reader is referred to [5, 9, 12, 13, 15, 17]; cf. also [1, 16] for closely related
work. Our analysis is parallel with the previous ones in that we make use
of a mixed variational formulation of the plate problem where shear stresses
occur explicitly. The main new feature in our analysis is the use of a mesh
dependent (energy) norm. The norm is chosen so as to make passing from
the Mindlin-Reissner model to the Kirchhoff model (corresponding to the limit
t—0) “soft” in the sense that no abrupt change of norm occurs at r=0. It
turns out that once the norm is properly chosen, the analysis fits easily into
the framework of BabusSka [2, 3] and Brezzi [8].

The analysis is carried out in two steps as follows. We denote by (i, 0')
the exact solution of the plate problem for given ¢ >0 and let (1°, 0°)=1lim (', 6.

t—0

We then compare the finite element solution first to the Kirchhoff solution
(u®, 0°), and then estimate separately the difference between (u°, 0°) and (', 0).
This approach is natural here since discrete Kirchhoff constraints are imposed
in the finite element scheme, and thus it is not clear whether the “exact” solution
is (u, 6%) or (u°, 6°). However, our approach is actually not based on the assumed
Kirchhoff constraints but rather on the assumption that the thickness of the
plate is not substantially larger than the smallest mesh spacing in the finite
element model. It turns out that for such “numerically thin” plates the natural
(mesh dependent) energy norm for finite element analysis is independent of ¢
and thus in particular remains the same in the limit t - 0.

The plan of the paper is as follows. In Sect. 2 we introduce the basic notation
and establish some estimates relating the Mindlin-Reissner and Kirchhoff solu-
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tions of the plate problem. In Sect. 3 we introduce the mesh dependent norms
and set up a basic framework for the analysis of mixed finite element methods
for Mindlin-Reissner equations. Section 4 is denoted to the analysis of four
variants of the finite element scheme described above.

Throughout the paper, we assume for simplicity that the domain Q is a
convex polygon and that the plate is clamped, i.e., u=60=0 on 0Q. The treatment
of more general domains and boundary conditions is possible, though not
straightforward, see [19].

2. Preliminaries and Some Basic Estimates

For TcR? and 520 we let H(T) and H%(T) denote the usual Sobolev spaces
of index s. The seminorm and the norm of [H*(T)}", n=1, 2, are denoted by
|-,.7 and |- ||5. 7, respectively. The subscript indicating domain is omitted if
T=Q. By H™*(T) we mean the dual of Hy(T) and by (-, *) the inner product
of either L,(€Q) or [L,(£3)]°.

Let V=H})(Q) and W=[H}(2)]*. Then the plate problem to be considered
is formulated for >0 as: Find (', 0"Ye V x W which minimizes the energy (1.1}
in V x W. We note that, because of the well-known Korn inequality

a(p, p)=clloli, @eW, c=const.>0, (2.1

(u', 0" is uniquely determined for any (>0 so far as fe H™ '(Q). Moreover, one
has the following cquivalent mixed variational formulation of the problem: Find
the triple (', 0%, y)e V x W x @, where Q =[L,(£)]°, such that

alt, @)+ (", 9)=0, peW
— (", Vo)=(f, v}, veV (2.2)
(O —vu, =200, (0.
Here v =(1/t)*(6"— Vu') has the physical meaning of a shear stress.
We consider in parallel with (2.2) the corresponding Kirchhoff formulation

of the plate problem: Find the triple (u° 0°, 7°)e H(2)x W x [H™'(2)]* such
that

a(0°, @) +(°, @) =0, peW,
—(%, Po)=(f ). veH3(Q), (23)
(0°—Vu®, {)=0, Le[H ()77
or equivalently
a(Vu®, Vo)y=(f, v), ve H3(9),
0°=Vu°,

4% @)= —all’, ¢), @eW.
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This system is obviously uniquely solvable if fe H™?(Q2) and one has the basic
energy estimate

lu® 2+ 100+ 101 -  SCHf -2 fEHT2(Q). (2.4)

We note that in general (1°, 0°, %) is not a solution to (2.2) for t=0. However,
if feH ™ Y(Q) and if one knows additionally that y°e(Q, then H3(Q) can be re-
placed by V in (2.3) by continuity, and so in that case (u°, 8°, y°) satisfies (2.2)
for t=0. The assumption that y°eQ will be needed in the analysis below. For
feH ™ '(Q), this is assured by our assumption that Q is a convex polygon, for
one has then the regularity estimate (cf. [7])

[l +10%N 2+ 1Mo = CI SN -1 feH H(Q). (2.5)
Let us write the above two plate problems more compactly as follows: Given
t20,set V=V, Q'=Q if t>0 or V'=H3(Q), O'=[H (2)}? if t=0, and then
find the triple (/, &, y)e V' x W x Q' such that
B, 0,750, 0,0=(fv), @ JeV xWxQ, (2.6)
where 4, is a bilinear form defined on [V x W x 0']? by

‘%t(u’ 9’ 7.0, @, C):a(g’ (p)_(g_ Vu’ €)+((P_ VI), V)‘f‘tz(% C)a

2.7
(u,0,y), (0 eV xWxQ"
Then if the space V' x W x Q' is supplied with the norm
(lollf +(1/0)* o= Vol 3+ 2152, if >0,
s @, = 1 . 2.8
e . ¢l {(uv||§+n<pn%+ucn%1) 2, ire—o, *Y

it is easy to see that for all (i, 6, y), (v, @, eV x Wx Q',

|%:(u, 0, y; v, 0, Q1= Clllu, 6, ]Il v, @, L]l

and for all (u, 6, y)e V x Wx @',

Sup '@t(u’ 0’ ))5 U’ (p’ C)gCH]u, 9’ sz,
(v, 9, )eVixX W x Qt
o, @.2lle=1

where C and ¢ are positive constants independent of ¢t. Thus the variational
problem (2.6) is well posed in the usual sense [3]. In finite element analysis,
however, difficulties arise in this formulation, first of all because the norm |jj{jlo
is ruled out in finite element subspaces where only C°-continuity is imposed,
and secondly because the use of |||]]], for small positive values of ¢ leads to
locking, i.e. no convergence rates are obtained for simple schemes. For these
reasons we choose to work below with a mesh dependent norm which may
be considered a compromise between the two norms in (2.8). For other
approaches, cf. [9, 13, 17].
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We complete this section by stating and proving some estimates relating
the solution of (2.6) for t>0 to that corresponding to =0 for given fe H™'(Q).
For related estimates, cf. [12].

Theorem 2.1. There is a constant C independent of t and f such that if fe H™ }(Q),
the following estimates hold

10" = 0Ny + ey —y%lo+ 1y 2%l - S Cellf -,
' —u®lly + 10" = o= CEY [ -,

Proof. For feH™ '(Q), (2.2) holds also at t=0 (by our assumption that Q is
convex). Therefore if t >0,

B —u, 00 =0°%y' =750, 0, )= —120% ), (1,0, 0)eVxWxQ. (29)
Setting here v=u'—u®, =6 —0° and { =" —7°, we have
a(0' —0°, 0'—0°) + 2 |3 —°1I3
= —20% Y =y (/2 15+ /2y =I5

and so by (2.1) and (2.5),

16" —8°1; + 1y =7 o= Ctll fll -1
On the other hand since by (2.9)

a(@—6°% @)+ (' 1% ¢)=0, peW,

and since |a(f, 9)|<C 0] l¢l, for 0, peW, it follows that [y'—3°|_ <
C||6'—0°| ;. Hence, the first part of the assertion follows.

To prove the second part of the assertion we use a duality argument. For
ge H ™ (Q) and deQ given, let (p, ¥, n)e H3(Q) x W x [H ™ 1(£2)]* be such that

Bow, 0,8 p. 0, 1)
=0, g)+(p,d), (0,0, OeHGQ)x W x[H ()] (2.10

Then Yy =Vp and
a(Vp, Vv)=(g, v)+(d, Vv), veH{(Q),

so by the regularity estimate (2.5)

lols+ Il =CUgl - +ldlo)-
Moreover

(7’], (P): _a(l//a ([))+(d, (P), pe VV,
SO

Inllo= sup [—a(y, @)+(d, @)]
peW
flollo=1
SClyl,+ldllo (2.11)
<Cy(lgh-1+1dlo)
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Choose now v=u'—u® ¢=6—0° {=7"—7° in (2.10) and apply (2.9) to obtain
(' —u®, g)+(0'—0° dy= —t(y°, n).

By (2.11) and since |y'lo=117°lo+CIfI - =ClIfl -1 by (2.5) and by the first
part of the theorem proved above, this implies that

(U —u, g+ —0°, H=Ce? | [l - (liglh- 1 +ldllo),

where C is independent of ¢, f, g and d. Since this inequality holds for arbitrary
ge H™ Y(Q) and deQ, the second part of the assertion follows. [

Remark. 1f || f|| -, is replace by |u°||; in the first estimate of Theorem 2.1, then
the assumption that u®e H*(Q) is sufficient for the validity of the estimate even
on a non-convex polygonal domain. This is clear since we needed in fact
ounly the assumption that the solution to (2.3) satisfies (2.2) at r=0. It is
also clear that the second estimate of the theorem cannot be extended in this
way. [}

3. FEM Approximation: The Basic Stability Conditions

In this section we consider general finite element approximation of system (2.2).
Let {€"}o<n<n, e a family of subdivisions of Q into triangles T such that

h=maxhy, hy=diam(T). We assume the family {¥"} to be locally regular in
TeCh

the sense that if o is any angle of any Te %", then o> «,, where o, is an absolute,
positive constant. We make also the usual assumption that if T}, T,e%" and
if 0T, n 0T, is non-empty, then 0T, n 0T, is either a common side or a common
vertex of Ty and T,. Finally, we assume that the parameter f, indicating the
thickness of the plate, is related to & in such a way that

t<Chy, Te%" (3.1)

where C is a constant. This means that the plates to be considered are “numeri-
cally thin”, see Remark 3.2 below. Below we let C, ¢, C; and ¢; stand for positive
constants independent of t and A.

Assume now that to each %" there are associated some finite element spaces
V,cV,W,cW,0,=0,and S,< V, x W,in such a way that for all Te%" 0<h<h,,
and for some given k independent of h, Vjr= %, Wy @2, and Q) r= %2,
where #, stands for the space of polynomials of degree <k. In analogy with
(2.6) we may then define the finite element approximation of the solution to
(2.2) as the triple (u,, 6,, y.)€S, x Q, which satisfies

gt(uh’ 0h> Vns U, @, C):(f; U), (U’ @, C)ES}: X Qh’ (32)

where 4, is defined by (2.7).
Equation (3.2) defines a mixed finite element scheme for solving the plate
problem. Let us analyze this scheme following the lines of Babugka [2, 3] and
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Brezzi [8]. To this end, we supply first the space V' x W x Q with a norm. We
propose here a mesh dependent norm defined as

o, @, Cllla={llolI? + 0o —Vvdi ,+0L0Z, )12

where [0-[; ;. s€R, stands for a weighted L,-norm defined by

080, n=1{ Y, hr**HICI5, 1'%

Te¥h

In order to carry out successful finite element error analysis in this norm we
need in general the assumption that the following two basic conditions hold
for some positive constants C and ¢ independent of t and h [2, 3}:

|8, (u, 0, y; v, @, O}l
SClilw, 0, 7llinlllv, @, Clilns (1, 6,9), (v, 9, JeV XWX Q,  (3.3)
Sup '%I(u’ 03 ¥, (Pv C)ifmu» 03 7'“}:7 V(”? 0’ y)EShXQh' (34)

(v, @, DeSHX O
IHe, o LlHn=1

We note that if 3({eQ, then (0=l ,I¢0_,, and (0
<COy0-,.,0(0- 4 by assumption (3.1). Therefore condition (3.3) holds, and
we are thus left with condition (3.4), which is the basic stability condition for
the finite element scheme (3.2). In general, the stability condition (3.4) can be
verified only after specifiying the finite element spaces in more detail. However,
even without doing this we can split the stability condition into simpler condi-
tions in the spirit of Brezzi [8]. The following splitting result turns out to be
useful.

Theorem 3.1. Suppose that for some positive constants ¢ and C, the following
two conditions hold :

a) For each (u, 0)eS,, there is {€Q,, such that
002, ,<C10)3+00—Vuli ) and (0—Vu, )=c00—Vuli ,—Cl0]3.
b) For each yeQ,, there is (v, ¢)€S, such that

lel}+0¢—Veli ,<COY02 (. and (p—Vv,7)ZclyD2 4

Then (3.4) holds.

Proof. Let (u, 0, y)eS, x @, be given. Then by condition a), there is peQ, such
that

0p0%, ,<C(1013+00—Vul? ),  (B—Vu, p)>c00—-Vulli ,—Cl0]3.
Similarly, by conduction b), there is (w, £)€S, such that

IEI2+0E—ywhi R SCOY02 1 (E=Vw, p)>cDyl2y
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Set now (v, @, {)={u, 0, y)+ (v, £, — p) where >0 is so far unspecified. Then

B, 0,7; v, 0, )= a(®, O+ [}
+¢800—Vul? ,—Cd|0)?
+c80y0%, p+8a(b, &)
—ot2(y, p).

Upon using here the inequalities
10a(0, HI<C, 8161, 1€l S(co/2)Dy02, L+ C, 1017

and
16t%(p, pISC500p0- 1 ntlivllo

S/ IyIiE+ C4 6200 —Vuli ,+C, 62116117,
it follows that

B, 0,750, 0, )2(c; —C3—C,0—-C, %) 0]
+3(c—C,0)00—Vull? ,
+(co/2)Dy02 1 W+ (2/2) 113

and thus
gt(ua 9: Y, D, (P: C)_Z_CZI”u5 0a y”]l%’

if & is small enough. Together with the fact that |iv, ¢, {[Jl, (1 + Cd)|ju, 6, Yl
this completes the proof. [

Remark 3.1. Condition a) of Theorem 3.1 holds in general if @, is sufficiently
large compared with V. Assume for example that Q,={{eQ: {|;€Q, Te%"},
where for all Te%”, Q"> % @ {Vvr: veV,}. Then if (u, 6)€S, is given, once
can choose {€Q, so that {;r=h7*(n,0—Vu)y, Te$”, where m, stands for the
L,-projection into Q,. Then 0(0.,,=06—Vul, ,+00—=,060,, and
(0—Vu, {)=0n,6—Vuli ,=(1/2)00—Vul? ,—00—m, 007 ,. On the other hand
since Q"oP? VTe%" standard approximation theory implies that
10 —m,0llo. + < Chy|0], 7 ¥V Te€". Thus 00—m, 00, ,<C|0],, and accordingly,
condition a) holds.

Regarding condition b), this holds in general if S, is large enough compared
with Q,. This is often not the case a priori. However, in practive it is easy
to force the condition by enriching the space W, with suitable “bubble” functions,
see Sect. 4 below and cf. also [17] where similar techniques are proposed for
a higher-order scheme. There is also a way of avoiding stability condition b)
by modifying the bilinear form 4,, see Sect. 4 below. []

We close this section by characterizing the norm |||+]||, in the finite element
subspaces. We need here some additional mesh dependent (semi) norms analo-
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gous to those introduced in [4]. Let {eQ be such that {;re[H'(T)]* for all
Te%" and let ve V be such that v;;e H*(T) for all Te%". Then set

Ila= 2 B »+het | I[P ds},

Te¥%n aT\002
where [{] denotes the jump of { across 67, and let

lv|2,h:IVU|1,ha HUHZ,h:{“U”%_*'fvl%‘h}1/2-
Then we have

Lemma 3.1. There is a positive constant ¢ such that for all (v, ¢, 0)€S, % Q4,
lllv, @, Ellle=cllvll2, -

Proof. Since [, @, {llli =@l +hs* lo—Vol3, it follows that |i[v, ¢, (Il
=cllvl];. On the other hand, by simple local inverse estimates ¢ —Vvl, ,
<Clhe—Vvl; ,if (v, p)eS,, so

W nSlo—=Vol, +lol 2, Che— Vol 4 +Hieh, (v, @)eS,.

Upon combining these estimates, the assertion follows. []
Remark 3.2. Assume that the stability condition (3.4) holds and that
{4y, 0y, vi)ES, % Q,, is the solution to (3.2). Then it follows from Lemma 3.1 that

vl 2, 0+ 16, 0y 01 2 ZCHS =2, 45
where

o= sup o2

(v, @)eSy “U“ 2.k )

This may be viewed as the discrete analogue of the basic energy estimate (2.4)
corresponding to the Kirchhoff plate model. This confirms that so far as condi-
tion (3.1) holds, the plate should be considered “numerically thin”. On the other
hand if (3.1} is violated, estimate (3.3) and Theorem 3.1 still remain valid provided
that the underlying norm [J-[,_, is redefined by

0002 »= ), [max (hy, 1715, r-

Te%én

In particular in the “numerically thick” regime where h; <t V Te%,, the norm
[lI1l], then reduces to the natural energy norm (|- ||}, of the continuous problem,
as defined by (2.8). [

4. Some Low-Order Schemes

We apply now the techniques of the previous section to analyze some relatively
simple methods for solving the plate problem. The methods to be considered
are all based on a single finite element which we first introduce.
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If Te %", let
3 .. 3 . -
#7={peit 6p@)=2 Y pla)+ 3 Ppla)- (@ —a*)=0}.
i=1 i=1

where a® is the midpoint and {a', a?, a®} are the vertices of T. Then ¥ T2,
and for the degrees of freedom of ¥" one can take the set {v(d)), Vv(a); i
=1, 2, 3}. The finite element so obtained is usually referred to as the Zienkiewicz
triangle [11]. We construct now another element by setting

YT ={(p, e " x P q(a)=Vpld),i=1,2, 3}

and choosing for the degrees of freedom of # T the set o= {p(a’), q(a’);i=1, 2, 3}.
The resulting element {7, #7, 6} is similar to the Discrete Kirchhoff triangle
discussed in [6]. Below we use this element as the basis of approximation
schemes.

To define our approximation schemes we need the following subspaces:

Y,={(v, )€V x W: (v, ) €W’ ¥V TeE"},
0,={eQ: {|1e%3 Y Te?"},
Bh-—:{(pEW: @]Tcgf and QD[('?T:O’ VTG(gh}
We note that if (¢, v)e Y, and if x is a vertex of triangulation é” then Vo is

continuous at x and the “discrete Kirchhoff condition” ¢ =Vv holds at x. In
fact, we could define Y, alternatively as

Y;lz {(U, (p)EI/h X I/Vh: (p(x): VU(X)s XEEh},

where E, is the set of vertices in triangulation €%, and the subspaces V,cV
and W, W are defined as

Vi={veV:ve¥ T VTe%" and Vv is continuous at xeZ,},

W,={peW: @re P} ¥ Te%"}.

Assuming that the space Y, is constructed in terms of the finite element
{T, %7, 6}, the natural degrees of freedom of Y, are {v(x), p(x): xeZ,\0Q}.
The “bubble” space %, is needed only in the formulation of the first finite
clement scheme below. As will be seen, the “bubbles™ have the effect of forcing
the stability condition b) in Theorem 3.1.
In the above notation, our first finite element scheme is the following:

Scheme 1. Set §,=Y,®{0} x B,. Then find (u,, 8,)eS, which minimizes in S,
the functional

F(v, p)=a(p, @)+~ *(my(@—Vv), m(e — V)~ 2(f, v),

where 7,: @ — @, is the L,-projection into Q,.
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We note that if (u,, 8,) =(u,, ¥,) +(0, &) where (u,, Y,)e Y, and &,€B,, then
Scheme 1 corresponds to solving the system

a(wh’ (P)+l' z(nh(l/jh+ éh_ Vuh)s ”h((/’_ VU)):(f; U)’ (Uv (p)E Yh’ (41)
a(&y, M+t 2 (m(y+ & — V), ;ym)=0, 4B, (4.2)

Here we have taken into account the fact that for any ne B, and (€0,
an ¢ : h
| —-ldx=0, =12 Te%¥"
5 0Xx

so In particular a(g, 1)=0 whenever y€ B, and ¢ W is such that (p,Teﬁ}lz, Te%™

Let us solve (4.2) for 7, &, r on a given Te%” To this end, let ¢re W and
@2 W be defined on Q so that ¢4 (x}=0,i=1, 2, if xe @\ T and ¢k(x)=(p(x), 0)
and @3 (x)=(0, p(x)) if xeT, where pe#, is such that p,r=0 and | pdx

T
=area(T). Further let A4 be a symmetric 2 x 2 matrix defined by

Az(a((PiT» (ij))i.j= 1,2- 4.3)

Then if (m, &) (x)=(E,, &) and 7, (Y, ~ Vi) (x)=(z,, 25) on T, it follows from
(4.2) that

E’] [—I+t*(area(T) I +12 A)~ ‘A][ ] (4.4)
2 2

where I denotes the 2 x 2 identity matrix.
Upon collecting the local Eqs. (4.4) we obtained a global relationship of
the form
T &= — (Y — Vi) + 12 Ay 1 — V), (4.5)

where 4,: 0, — 0, is a linear operator. Inserting then this expression into {4.1)
we obtain a scheme for computing {uy, ¥,) directly. Now, knowing (u,, ;) we
may either compute ¢, from (4.5), or simply ignore &, and let (u,, ¥,) take
the role of the finite element solution. Noting that A, is a symmetric operator
in Q (since matrix A in (4.4) is symmetric), the latter simplified scheme is the
following:

Scheme 2. Take S, = Y,. Then find (,, 0,)€S, which minimizes in S, the functional

F(v, @)=a(p, @)+ (4, my(@— V), mu(@ —Vv) = 2(f, v),
where 4,: 0, — Q, is defined as above.

Let us now generalize Scheme 2. We note first that by (4.3) through (4.5)
and by the assumption (3.1), operator 4, in (4.5) satisfies

CILDE . 24,6, C)><QC01 w €05 4.6}
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It turns out that Scheme 2 always works if 4,: Q, — @, is a symmetric opera-
tor satisfying (4.6). The simplest choice is then such that

AhClT:CT‘h”FZC|1" Te®",

where ¢<c; ZC for some fixed constants ¢ and C. The resulting scheme then
takes the following form:

Scheme 3. Find (u,, 8,)€S,:=Y, which minimizes in S, the functional

F(v, o)=alp, @)+ Y, cphr? [ Imlo—Vv)l*dx—2(f v),

Teén

where 0 <c¢=<c; = C for some fixed constants ¢ and C.

We obtain still another scheme by simply dropping the projection =, from
the shear energy term of the functional in Scheme 3. This final “trick” in fact
brings the scheme close to the original proposal by Fried et al. [14].

Scheme 4. Find (u,, 8,)€S,:=Y, which minimizes in S, the functional

F(v,p)=alp, )+ ) crhs? | lo—Vo[*dx—2(f,v),

Te¥h

where 0 <c=< ¢, = C, for some fixed constants ¢ and C.

We carry out below the error analysis of the above four schemes. Since
we have imposed discrete Kirchhoff conditions in the finite element subspaces,
it is natural to compare the finite element solution (u,, 8,) first to the exact
Kirchhoff solution (u°, 8°). An estimate relating (u,, 0,) and («, 6) is then
obtained applying Theorem 2.1. The main result of this section is the following,

Theorem 4.1. Let (u,, 0,) be defined by any of the above four schemes. Then
we have the error bounds

1~ )l 5 4+ 10° =04l s SCRIfI -1
and
“uo_“hl|1 + {|60*Qh||o§Ch2 -y

By combining these estimates with those of Theorem 2.1 we have:

Corollary 4.1. Under the assumptions of Theorem 4.1 one has the error estimates

16 =0, <Ch+)llfl -1,
and
' —uplly + 10— 0,1 o SCH*+13) | /-1

The rest of this section is devoted to the proof of Theorem 4.1. We start from
the closely related Schemes 1 and 2. The first task here is to formulate Scheme 1
as a mixed method of the type (3.2). This is in fact easy: If (u,, 0,)=(u,, V)
+(0, &), where (u;, Y,)e Y, and &,eB, satisfy (4.1) and (4.2), and if y,=t"* m,(0,
— Vuy), then the triple (1, 0,, 7,) satisfies (3.2). The main task is now to verify
that the stability condition (3.4) holds. We apply here Theorem 3.1.
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Let us show that condition a) of Theorem 3.1 holds. To this and, let us
split the local finite element subspace #7, for a given Te%* with vertices
{a',a,a’}, as " =Y DY), where

={(p, 9)e¥": q=0 or qe#7 and p(a)=0, i=1,2,3},
Y ={(p, 9)e¥": p(a)=0,i=1,2,3, | qdx=0}.
;

Further set
WT={w=q—Vp:(p,q)e¥!}, i=12.

Then it is easy to see that W, is two-dimensional and that the mapping w
- ||mrwllo. r, Wwhere ny denotes the local averaging operator:

(mrw)(x)=(1/area(T)) [ wdx, xeT, we[L,(T)] 4.7)
T

defines a norm in W/'. Thus in particular,
Inrwllo, r=cllwlo, 7,  we W (4.8)

On the other hand since the mapping (p, q) - gl + obviously defines a norm
in %7, which is equivalent to the norm

3 ) 1/2 3 /2
ea={ T et} ={ 2 wpar}

it follows in particular that

hytllg=Ypllo, r=hz'liallo. ++hr ' [Vplo,

4.9)
<Cigly.7+» (b Q)E@JZT-

Let now (pr, gr)e®” be given and let (pr, qr) (P, a )+ (Y, gF), where
(0P, ¢edT, i=1,2, and let {;=hy%np (g} —Vpy), where ny is defined by
(4.7). Then by (4.9) and since |¢%]; =197l 7+

R3320 2 {llar —Vprlld. o + 167 —VORUS. )
§C{h;2”4T”VPT”3. 7'+IqT|%.T}’

and by (4.8) and (4.9)

f (qr—Vpr)-{rdx

T
Zhr 2||”T(q(1) 1))”o r—hr 2”‘1(1) VP1I)”0 r g% - (2)”0 T
>ChT2“q(l) m”o T_C“hll T

2¢ h;z lgr— VPT”O, r—Cy ]‘lrlx.7‘~
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Therefore assuming that (pr, q7)=(u, ¥);r, Te®", for a given (u, Y)eY,, and
defining {€Q,, so that {;;={;, Te®", we conclude summing the above inequali-
ties over T that

00021 p <@y~ Vuli 4 +I¥17)

and

(W —Vu, Hzcly—Vuli ,—CIYIT.
Now if finally 6 =y + ¢ where e B,, these inequalities imply further that

1EN2 R SC@MO—Vub? ,+ 0807, +1¥13)

écx(ue" VuD%,h_*_lHI%)a
and
(0—Vu, C)ECD‘//—VuD%,h“Cl‘//]%*Déﬂl,hDCU~ 1.k
¢y (@Y —Vuli ,+0E07,,)—C (IWiT +0E01, 0

Zc, 00— Vuli ,—C, 101

Hence, condition a) of Theorem 3.1 holds if S, = Y,® {0} x B,.

Condition b) is more easily verified: Given (€@, let {€B, be defined so
that =, élr=h%<:”, Te%". Then the choice (v, ¢)=(0, ¢) yields the desired inequa-
lities in condition b).

Having thus verified that the stability condition (3.4) holds, we can now
prove the error estimates of Theorem 4.1 for Scheme 1. First, comparing (2.2)
with t =0 and (3.2) we have

gt(uh—uoi Gh—()o’ })h_yo; v, @, C): _tz(?o, C); (07 ‘PC)ESh X Qh’
and therefore for any (i, 8, /)eS, x Q,,,

'@l(uh_a’ Bh_ga 'Yh_‘)?a v, @, C)

4.10
:‘%t(uo_lL 90*5’ 'VO’—?, v, Q, C)ﬁ'tz(‘yoa C)a (U9 ?, C)ES;,XQ;,. ( )

Now since (3.4) holds, we may choose here (v, @, {) so that {||v, ¢, {|l},=1 and

B (u,—1, Gh_gb =9 0 @, 2 cllu,—4d, Oh“g, 7n— Pllla-

To estimate the right side in (4.10), we take =0 (or j=m,7°) and let @ieV,
and Je W, be the natural interpolants of u® and 6°, respectively. Since 6°=Vu°,
this choice guarantees that (i, f)e Y,. Applying then the standard interpolation
error estimates (cf. [11, 4]):

16° —8llo +h116°—8ll, < CH* 6],

l|u°—ﬁlll+hllu°—ﬁllz,h§Ch2|u°ls,
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and recalling (3.3) and (2.5), we have

|8, (u® — a1, 0°—8, 9" =7 v, @, OIS Clllu® —at, 6°— 8, y° = Flllu v, @, Il
=Cllju®—a, 0°—8,y°—7lll

SCohlfit-y.
Finally by (3.1) and (2.5)

216°, OIS Ctiy°o00- 1y SCrhlifli-y.
Combining now these inequalities, we see that
W=, 0, =0,y —F M S ChUS Y -1,
and thus by Lemma 3.1,
Hup— 5 5+ 10, — Ol SCRIFI -

Using finally the triangle inequality and recalling the above interpolation error
estimates, we obtain the first part of Theorem 3.1.

The second part of Theorem 3.1 follows, from the same type of duality
argument as that used in the proof Theorem 2.1. We omit the rather standard
details here, and thus consider Theorem 4.1 to be proved so far as (u,,8,)
is determined by Scheme 1.

To see that Theorem 4.1 covers also Scheme 2, let (u,, 0,)€S, and (&, f)e Y,
be defined as above and let {(u,, 8,)="{(u;, ¥} +(0, &), where (u;, ¥,)eY, and
£,€B,. Then

16, — 13 =y, — B3+ &5 2 w011,
and 5
16, — 0113 = c(ls—O15+ 1 &l Z ¢ I —O115,

so the estimates obtained above remain valid if 8, is replaced by y,, and thus,
Theorem 4.1 holds also for Scheme 2.

Consider now Scheme 3. We may interpret also this scheme as a mixed
method of the type (3.2) by defining y,€Q,, as follows:

Yuir=Cr hy? (0, — Vup) 7, Te®".
The triple (u,, 65, 7,) then satisfies

gh(uh’ 0;” )’;,QU, (.0’ C):(f; U)’ (U’ <p’ C)EShXQh’ (411)
where
.%,,(u, 0, V.U, @, C):a(95 @)_(9_ Vu’ C)+(‘P_ VU, ’)))

+ Y (Yep)hi § yldx.
T

Te¥éh

{4.12)
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We now have to verify that the basic conditions (3.3) and (3.4) hold when
4, is replaced by the bilinear form (4.12). First, it is obvious from (4.12) that
sofaras ¢l z¢>0,

I‘%h(uw H: y’ v, (/7, C)[
§C“[u7 Oa y”]h “]1)5 (P; C[”h) (u’ 07 V), (l), @, g)e V'x WX Qs

so the first condition holds. To prove the second condition, we argue as follows:
Given (u, 0, y)eS, x Q,, pick first peQ, so that 0p0%, ,<C(I101;+06—Vuli )
and (0—Vu, p)=cD0—Vuli ,— C|0)3. We know the existence of such p from

the analysis of Scheme 1 above. Then taking (v, ¢, {)=(u, 6, y)— (0, 0, p), where
0>0 is so far unspecified, we have |||v, @, (], <1+ Co)lllu, 6, y||l, and

gh(u’ 03 ’))9 v, (Ps C)
2(c—C9) ”9”%‘*‘05[]9* VuD%,h"—CD'yDzl,h—“C&DyD—l,th[l*l,h
2(c—C—C, 83013 +8(c— C, )00 VulZ ,+(c/D0% 1.

= ey llu, 0, yllli,

(4.13)

if 0 is small enough. Hence the desired condition holds: there is a positive
constant ¢ such that

7 .
sup DOV VOO 0l for all (u,0,7)€8, x Q. (4.14)

(v, 9, DeSp X Qy IHU, @, Cl”h

Having established the basic conditions (4.13) and (4.14), the error analysis
of Scheme 3 is simply a copy of that of Scheme 1. We omit repeating these
details and consider instead Scheme 4. This scheme can also be written in the
form of (4.11) by simply choosing @, to be sufficiently large so that if y,4
=h7 (6, — Vu)r, Te%", then y,€0,. The triple (u,, 0,, v,) then satisfies (4.11).
One can choose for example

0,={(€Q: ;P Te¥"}.

With these preparations, the error analysis of the scheme is identical with that
of Scheme 3. The proof of Theorem 4.1 is now complete.

Remark 4.1. We point out that Scheme 1 and Scheme 3 represent two different
philosophies of stabilizing a finite element scheme: In Scheme 1 one forces
the stability condition b) of Theorem 3.1 by supplying the finite element with
“bubbles” (which have no role in the sense of approximation theory), while
in Scheme 3 the stability of y, is achieved by modifying the bilinear form. For
further applications of these techniques of stabilization, cf. [10, 20] and the
references therein. [

Remark 4.2. As is clear from the analysis of Schemes 1 through 3, the discrete
Kirchhoff conditions are required here for the stability condition a) of Theorem
3.1 to hold. This is not the case in Scheme 4, however, since for sufficiently
large Q, the condition is bound to hold for any choice of S, (see Remark 3.1
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above). Thus, Scheme 4 works also if one takes for example S,=V,x W,. In
fact, in case of Scheme 4 the error estimates of Theorem 4.1 hold for any choice
of S, such that the following approximability condition holds: Given
ue H3(Q) n H2(R), there exists (i, f)e S, such that

lu—illy 4+ IVu—8 <Ch ulls,
and
lu—ill, +Vu—0lo < Ch?lul ;.

Note that these conditions can hold only if the interpolation polynomiais for
the transverse deflection are quadratic (at least). This requirement is in fact
the basic reason for ruling out the “simplest” schemes where both u and 0
are interpolated by piecewise linear functions. []
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