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1. Introduction

A Banach algebra A is called amenable if any bounded derivation ¢ of 4 into
a dual Banach A-bimodule X* is of the form d(a)=ax—xa for some xeX*
([13, p.60]). A few years ago Connes proved that amenable C*-algebras are
necessarily nuclear ([6]). In the present paper we will prove the converse impli-
cation; All nuclear C*-algebras are amenable. A partial result was obtained
recently by Bunce and Paschke [2]. They proved, that any bounded derivation
0 of a nuclear C*-algebra A into a dual Banach A-bimodule X* is of the form
olay=ax—xa for some xeX¥*, provided that X** is weakly sequentially com-
plete. Their proof as well as ours relies heavily on the fact that the second dual
of a nuclear C*-algebra A4 is an approximately finite dimensional von Neu-
mann algebra. (cf. [3, 6, 9]). Our main new tool is the generalization of
Grothendieck’s inequality to bilinear forms on C*-algebras proved by Pisier
[16] for C*-algebras, having the bounded approximation property, and by the
author [11] for general C*-algebras. This inequality is in Sect.2 used to prove,
that for any approximately finite dimensional von Neumann algebra M, there
exists a mean m on the semigroup of isometries I(M) in M (considered as a
discrete semigroup), such that

| Viau*,wydm(u)= [ V(u*,ua)dmu),

(M) I(M)

for all separately o-weakly continuous bilinear forms ¥ on M and all aeM. It is
essential to consider I1(M) and not only the unitary group U(M). The mean can
be concentrated on U(M) if and only if M is finite (cf. Prop.2.4(2)). Applying
the above result to M = A4**, the second dual of a nuclear C*-algebra, one gets
quite easily, that A has a virtual diagonal in the sense of [14], which implies
that 4 is amenable (cf. Theorem 3.1). In [18], Rosenberg proved that the C*-
algebras O,, n=2,3,...,0 constructed by Cuntz ([7]) are amenable but not
strongly amenable in the sense of [13, p.70]. He also proved that the tensor
product 0,® K of O, with the compact operators K on an infinite dimensional
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Hilbert space is strongly amenable. In Theorem3.3 we show that A®K is
strongly amenable for any amenable C*-algebra A. The problem whether
amenable C*-algebras are stable isomorphic to strongly amenable C*-algebras
was brought to our attention by L.G. Brown.

In the last section (Sect.4) we use the generalized Grothendieck inequality
to prove that any derivation ¢ from a C*-algebra A into its dual is of the form
dx)=x¢@—¢@x for a peA*. This is the affirmative answer to a problem raised
in [2].

2. Bilinear forms on injective von Neumann algebras

We shall make repeatedly use of the following generalization of Grothendieck’s
inequality to C*-algebras (cf. [11, Theorem 1.13): Let V be a bounded bilinear
form on a C*-algebra 4. Then there exist four states ¢, ®,,¥,,¥, on A such
that

W V(@1 0% X)+ @, o x* VW (v* ¥+, (v

for all x, ye A. Moreover, if 4 is a von Neumann algebra, and V is separately o-
weakly continuous, then ¢,,@,,¥,,y, can be chosen normal (cf. [11,
Prop.2.3]). In {16, cor.2.2] Pisier proved a similar inequality for C*-algebras
having the bounded approximation property. Using that nuclear C*-algebras
have the metric approximation property (cf. [4]), Pisier’s resuit is in fact suf-
ficient to prove Theorem2.1 below for M =A** where A is a nuclear C*-
algebra, and hence also sufficient to prove our main result (Theorem 3.1). How-
ever, in Sect.4 we will need the inequality for general C*-algebras.

For any unital C*-algebra, we let U(A) (resp. I1(A)) be the group of unitary
operators in A4 (resp. the semigroup of isometries in A4). Following [10], a mean
on a semigroup G is a state m on the algebra [°(G) of all bounded functions on
G (no topology will be taken into account). For fel*(G), we will often write
m(f) in the form

§f(g)dm(g).
G

We let B(4, A) denote the set of bounded bilinear forms on a C*-algebra A4,
and we let B_(M, M) denote the set of separately g-weakly continuous bilinear
forms on a von Neumann algebra M.

Theorem 2.1. Let M be an injective von Neumann algebra. There exists a mean m
on the semigroup 1{M) of isometries on M, such that

{ Viau*,wydm@w)= | V(u*,ua)dm(u)

(M) M)

Jor all VeB,(M,M) and all ae M.

Lemma22. Let M be a von Neumann algebra, and let p be the largest finite
projection in the center of M. Let m be a mean on I(M), such that for all posi-
tive, normal functionals ¢ on M,

| ouu*ydmu)=q(p).
M)
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Then for any VeB, (M, M), the maps

a- | Viau*,u)dm(u)

I(M)
and

a—- | Vu* ua)dm(u)
(M)

are g-weakly continuous functionals on M.

Proof. Let VeB,(M,M). By the generalized Grothendieck inequality [11,
Prop.2.3], there exist four normal states ¢,,¢,,¥,,¥, on M such that

VISV (@ (* %)+ @, (xx*) P, (v )+ ¥, (v )

for all x, yeM.

For i=1,2, put
pix)= | o uxu*)dm(u), xeM
M)
)= [ yuxu*)dm(u), xeM.
(M)

Since for any positive, normal functional ¢ on a finite von Neumann algebra
N, the convex hull of the set {u* pulueU(N)} is relatively o(N,, N)-compact
{cf. [19, Chap.V, proof of Theorem2.4]) it follows that the restrictions of ¢!
and ¥ to pM are normal functionals. But by the assumption on m,

ei(1—p)= | @ u(l—p)yu*)dm(u)

M)
=I({4)((1—p)<pi)(u u*)dm(u)
=((1-p) @)
=0

and in the same way y;(1 —p)=0. This shows that ¢; and ¥ vanish on the
properly infinite part of M. Hence ¢; and ¥; are normal. Put now

(@)= [ V(au*,u)dm(u), aeM,

(M)

w (@)= | V(u*ua)ydm(u), aeM.
I(M)
Then

o, (@) =1V (au*,u)|
SV (@, (ua* au*)+@,(@a* )W (w* u) -+, )t
SY2|V (@, (ua* au¥)+ g, (aa*)t.

Hence using the Holder inequality, we get

o, @I =V2 1V i{(fpl(ua*au*)+<ﬂ2(aa*))“’dm(u)
I(M)

=12V |(¢\(a* a)+ @ (aa*)t, aeM.
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In the same way one gets

0,@| SY2 VI (@ )+ aa®),  aeM.
This proves that w, and w, are o-strong* continuous, which implies that
W, 0,EM,.

Lemma2.3. Let M, be an increasing set of von Neumann algebras, such that
each 1(M,) has a mean m_ satisfying the condition in Theorem2.1. Let M be the
o-weak closure of | | M,. Then I(M) also has a mean satisfying the conditions in

Theorem2.1.

Proof. Let VeB_ (M, M). Since the restriction of V to M,xM, belongs to
B, (M,, M), we have

{ Viau*,uydm,w)= | V(u*,ua)dm,(u)

(M) I(M¢)

for all aeM,. Each m, can be extended to a mean #, on I(M) by putting

m,(f)=m,(f),  fel™(I(M)),

where f, is the restriction of f to I(M,).
For VeB, (M,M), acM, and Sz a we get

| Viau*,uydmy,= | V(u*,ua)dmy,.

I(M) I(M)

Let m be a weak* clustering point for the net (m,),, then

§ Viau*,wydm= | V(u*,uaydm (%)

(M) M)
for all VeB, (M, M) and all ae( J M,

If M is a finite von Neumann algebra, the mean m satisfies automatically the
condition in Lemma 2.2, and hence the equality (+) is valid for all ae M.

Assume now that M is not finite, and let p be the largest finite projection in
the center of M. Since (1 —p) M is properly infinite, it contains an infinite type I
factor. Hence we can choose a sequence of isometries (w,),. in (1—p) M, such
that w* -0 o-strongly. Put v,=p+w,. Then v,el(M), and v, v} converges o-
weakly to p. Put

m,(f)= }fuf(v,.u)dM(u), fel™(I(M)).
100

and let m’ be a weak* clustering point for this sequence. Let VeB, (M, M), and
put
V"(X,y)=V(XUf,U"y), x,yeM.

For ae| J/M,, we have
a

| Viaw*,wydm@)= | V,(u* ua)dm(u)

I(M) (M)
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which is equivalent to,

{ V@au*,uydm, ()= | Vu* ua)dm,(u).

10 01

Hence
{ Viau*,wydm'w)= [ V* ,ua)dm'(u). (%)
00 (M)

Let ¢ be a normal state on M. Since uu*=p for any uel(M), we have

| owu*)dm'(u)ze(p).

(M)

On the other hand

| owu*)dm' (uy<limsup | @(v,uu*v¥)dm(u)
(M) n I(M)

shimsup (v, v7)

=o(p).

This shows that m' satisfies the condition in Lemma 2.2, and we can conclude
that (xx) is valid for all ae M.

Proof of Theorem 2.1. Assume first that M is finite dimensional, and let m, be
the normalized Haar measure on the continuous functions on U(M). Let m be
a Hahn-Banach extension of m, to I*(U(M)) satisfying |m||=1. Since m(1)
=my(1)=1, m is a mean on U(M) (considered as a discrete group). Using that
m is right invariant on the continuous functions, we get

§ Vu*,uydm@)= [ V(u*,uv)dmu)
UM) U(M)

for VeB (M,M)=B(M,M) and veU(M). Since M=spanU(M) and I(M)
= U(M) it follows that Theorem2.1 holds for all finite dimensional von Neu-
mann algebras. Using [5] and Lemma?2.3 one gets that it holds for any in-
jective von Neumann algebra with separable predual. The result can be extend-
ed to countable generated injective von Neumann algebras, because such an
algebra is a direct sum of injective von Neumann algebras with separable pre-
dual. Finally by [9, Theorem4] we get that Theorem2.1 is valid for any in-
jective von Neumann algebra.

Remark. In [12] de la Harpe proved that a von Neumann algebra M with
separable predual is injective if and only if the unitary group U(M) is amen-
able in the sense that the space C?(U(M)) of right uniformly continuous func-
tions on U(M) admits a left invariant mean (or equivalently, the space
Ct(U(M)) of left uniformly continuous functions on U(M) admits a right in-
variant mean). Here U(M) is considered as a topological group in the strong
operator topology. The separability condition on M, is not essential (use [9,
Theorem 4]). Unfortunately de la Harpe’s result cannot be used to give a more
direct proof of Theorem 2.1. The reason is that when V is a separately o-weakly
continuous bilinear form on a von Neumann algebra M, the function

fwy=V(w*,u), ucU(M)
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is not in general left uniformly continuous: Take f. inst. M = B(H), where H is
a Hilbert space with basis (¢,),_q.;,,...., and let (u,),. be the unitary operators
defined in [12, p.226]. Then (u,),. is @ Cauchy sequence in the left uniform
structure on U(M), and u¥e,=e, for all neIN. Let acB(H) be given by

ae,=(—1Ye, k=0,1,2,...
and put
V(x,y)=(yaxe0,eo), x:yeB(H)’

Since the sequence V(u},u,)=(—1)" is not convergent, the function f(u)
= V(u*,u) cannot be left uniformly continuous on U(M).

For the sake of completeness, we will show that the conditions (1) and (2)
in Theorem2.1 actually characterize the class of injective von Neumann al-

gebras.

Proposition 2.4. Let M be a von Neumann algebra.

(1) There exists a mean m on I(M), such that
W | V@eu*,wydmw= | Vu*,ua)dm(u)

I(M) (M)
for all VeB_ (M, M) and all aeM if and only if M is injective.

(2) There exists a mean m on U(M), such that
(i) | V(aw*wydm@= [ V(u* ,ua)dm(u)

uiM) u(M)

Jor all VeB_ (M, M) and all acM if and only if M is injective and finite.

Proof. 1) The “if part” is already proved. Assume now that M is a von Neu-
mann algebra on a Hilbert space H, and m is a mean on I(M) which satisfies
(i). We can define a linear map E of B(H) into itself by

w(E(x))=I(£l)¢(u* xu)dm(u),  peB(H),.

Clearly |E|| £1. Using (i) on the bilinear form

Vol@b)=plaxb), abeM,
we get for xeB(H), aeM and ¢eB(H),:

P@E(x)= | @(au*xu)dm(u)

(M)

= | o(u*xua)dm(u)=qe(E(x)a).
1(M)
Hence E(x)eM’ for ali xe B(H). Using that u*u=1 for ueI(M), one easily gets
that E(x')=x' for all x’eM’. Thus E is a projection of norm 1 of B(H) onto M'".
This implies that M is injective (cf. [8, Theorem 5.1 and Theorem 5.3]).

2) The “if part” follows from Theorem2.1, because U(M)=I1(M), when M
is finite. Assume next that M is a von Neumann algebra, and m is a mean on
U(M) satisfying (ii). The proof of the “only if part” in (1) can also be applied in
this case to show that M is injective. If M is not finite, there exists a non zero
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central projection p in M, such that pM is properly infinite. Let ¢ be a normal
state on p M. Put
o'(x)= [ euxu*)dm@), xepM.
UM)

Then ¢’ is a state on p M. Using (ii) on the bilinear form V, ,(a,b)=¢(bx a), we
get for all ae M

p'ax)= [ ouaxu*)dmu)= | @uxau*)dm(u)=q¢'(xa).
U(M) U(M)

Hence ¢’ is a tracial state on pM. This contradicts that pM is properly in-
finite. Thus M is finite.

3. The Main Results

Let 4 be a Banach algebra, and let A(X)A denote the completion of the alge-

braic tensor product A(® 4 in the projective tensor norm (cf. [19, p.1897). The
Banach space A(X)A is a Banach A-bimodule, when left and right multipli-

cation are deﬁnedﬂ by db®c)=ab®c

b®c)a=b®ca.
Let p: A(X)A— A be the bounded linear map for which

pla®b)=ab, a,beA.

Following Johnson [14] a virtual diagonal for A is an element we(A®A)**
for which

1) aw=wa YacA
2) p**(w)a=a VacA.

Here (AX) A)** and A** are considered as dual Banach A-bimodules in the

usual way. Note that when A is a C*-algebra, Condition?2) is equivalent to
p**(w)=1 (unit in A**). By [14, Theorem 1.3] a Banach algebra is amenable if
and only if it admits a virtual diagonal.

When E is a subset of a dual Banach space, we let w*co(E) denote the
weak* closed convex hull of E.

Theorem 3.1. Any nuclear C*-algebra A has a virtual diagonal o in the weak*
closed convex hull of {a*®alacA, |a| £1}. In particular all nuclear C*-al-
gebras are amenable.

Proof. Let A be a nuclear C*-algebra. Then A** is an injective von Neumann
algebra. We can identify B(A4, A) with ( A®A)* by putting {V,a®b)=V(a,b)
for VeB(A, A) and q,beA.

It follows from [15, Lemma2.1] that any bilinear form on 4 has a unique
extension to a separately g-weakly continuous bilinear form ¥ on A**. Let m
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be a mean on I(4**), which satisfies the conditions in Theorem2.1. For
VeB(4, 4) put ;
oV)= | Vu* u)dm(u).

I(A*%)
Clearly weB(A4, A)* =(A) A)**. We will show that o is a virtual diagonal for

A. For acA, we let L, and R, denote left and right multiplication with a on
AR A, ie.

n Lb®c)=ab®c,
R, (b®c)=b®ca.

By definition w is a virtual diagonal for A4 if and only if

{1 I*o=R}*w, acA

2 p**(@w)=1 (unit in A*¥),

where p(a®b)=ab. For VeB(4, A)=(AX) A)*, we have

(LEV)(x, y)=V(ax,y),
(RIV)(x,)=V(x,ya).
Hence for all aeA:
(L 0)(V)=a(L; V)
= [ Viau*,u)ydm(u)

I(A*¥)

= [ V(*ua)dm(u)

I(A**)
=w(R} V)=(R}* 0)(V).
This proves (1).
For peA*, put V,(x,y)=¢(xy), x,ye A. Since

P*o,x®@yy=0(x y)=V,(x,y),

we have p* @ =V,. Let ¢ be the unique extension of ¢ to a normal functional
on A**,
Clearly

Vo, 9)=0(xy), x,yeA**.
Hence for all peA*

P** o,9>=C{w,V,>
= [ ¢ wdmw=¢().

I(A**)

This shows that p** w is the unit in A**. Hence w is a virtual diagonal. If
wéw* co{a*®alacA, |ja| <1}, there exist a WeB(A, A) and acelR, such that

Re W(a*,a)<c<Rew(W)



All nuclear C*-algebras are amenable 313

for all a in the unitball of A. Let uel(A**). By Kaplansky’s density theorem
there exists a net (a,) in the unitball of A, such that a, > u g-strong*. By [11,
Cor. 2.4], the extension W of W to A** is jointly o-strong* continuous. Hence

Re W(u*,u) < v<Re w(W)
for all uel(A**). This contradicts that

o(W)= | Wu* uydm(u).

I(4*%)
Hence wew* co{a* ®alacA, |a| <1}

Corollary 3.2. Let A be a nuclear C*-algebra and let 6 be a derivation of A into
a dual Banach A-bimodule X*. Then there exists an x in the weak* closed con-
vex hull of {a*d(a)|lacA, |all £1} such that 6(a)=ax—xa for all acA.

Proof. There is a unique bounded linear map @: A) 4 — X*, such that

Pa®b)=adb), a,beA.

Let @, be the restriction of &* to X< X** and put (ﬁ=(d§*)*. Then @ is a
o((A® A*, (A® AY)—o(X*, X) continuous extension of & to (A® A)**. It
follows from the proof of [14, Theorem 1.3] that for any virtual diagonal we
(A® A)**: N N

da)=ad(w)—P(w)a, acA.

By Theorem 3.1 w can be chosen in w*co{a*®alacA, |a| £1}, which implies
that &(w)ew* co {a* §(a)|acA, |a| <1}.

Recall that a unital C*-algebra is strongly amenable, if and only if for any
derivation 6 of A into a unital dual Banach A-bimodule X*, there exists
xew* co{u* d(u)jueU(A)} such that é(a)=ax—xa for all acA. Moreover, a
non unital C*-algebra A is strongly amenable if and only if A=A4+C1 is
strongly amenable (cf. [13, p. 70-72]).

Theorem 3.3. Let A be a nuclear C*-algebra and let K(H) be the compact oper-
ators on an infinite dimensional Hilbert space H, then A® K(H) is strongly
amenable.

For the proof we need a few lemmas:

Lemma34d4. Let A be a unital C*-algebra. If A has a virtual diagonal
wew* co{u* @ u|ucU(A)}, then A is strongly amenable.

Proof. The statement follows from the proof of Corollary 3.2.

Remark. The converse of Lemma3.4 is also true. This can be proved by the
same arguments as in the proof of the “only if” part of [14, Theorem 1.3].

Lemma3.5. Let A be a C*-algebra. If there exists a mean m on U(A**), such
that for all VeB_ (A**,A**) and all ac A

[ Viau*,wydm@w)= [ V(u* ua)dm(u)

U(A**) U(A**)
then A is strongly amenable.
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Proof. Assume first that A is unital. For VeB(4, 4) we let ¥ denote its unique
extension to a separately o-weakly continuous bilinear form on A**. We can
define weB(A4, A)*=(AX) A)** by

oV)= [ V* u)dmu).
U(4*)

Then w is a virtual diagonal for A4 (cf proof of Theorem 3.1). If w¢
w*co{u*®@ulueU(A)} there exist WeB(A4, A) and ceR, such that

Rea(W)<c<Re W{u* u), VYueclU(A4).

By [19, Theorem4.11] U(A) is o-strong*-dense in U(A4**). Moreover, the ex-
tension W of W to A** x A** is jointly g-strong* continuous ([11, Cor.2.4]).

Hence N
Rew(W)y<csReW(u* u) VueU(4**).

This contradicts the definition of w(W). Hence wew*co{u* @ulucU(4)},
which implies that A is strongly amenable by Lemma 3.4.

Assume next that A is not unital, and put B=4+C1. There exists a central
projection p in B** such that A**=pB** and (1 —p) B** is one dimensional.
We can identify U(4**) with the partial isometries in B**, which have support
and range projections equal to p. Let m be a mean on U(A4**) that satisfies the
condition in the lemma, and define we(B() B)** = B(B, B)* by

oV)= | V(*uydmu)+V(1—-p,1-p)
U(A*)

where ¥ is the usual extension of VeB(B,B) to B**x B**. Since a(l—p)=
(1—p)a=0 for all aeA, it is easily verified that

L¥*w=R**w, Vaed

(cf. proof of Theorem3.1). Since I** and R¥* are the identity on (BX)B)** it
follows that "
IX*o=Rf*w, Vbed+Cl=B.

If w¢w*co{u*@ulucU(B)}, we can as in the first part of the proof find
WeB(B, B) and ceR, such that

Rew(W)<c<Re W(r*,v), VuveU(B**).

If ueU(A**), then u, =u+(1—p) and u,=u—(1 —p) are unitary operators in
B** Moreover,

W(u*,u)+ W(l—p,1 —p)=2(W(uy,uy)+ W(u,,u,)).

Hence Re(W(u*,u)+ W (1 —p,1—p))=c. This implies that Re w(W) ¢, which is
a contradiction. Hence wew* co{u* @ulucU(B)}. Since pu*®@u)=1 for all
ueU(B), we have p**(w)=1. Therefore w is a virtual diagonal. Hence by
Lemma 3.5, B is strongly amenable, which implies that A is strongly amenable.
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Lemma3.6. Let M be an injective von Neumann algebra, and let p be a pro-
jection in M, such that p~1—p. Then there exists a mean m on U(M), such that
for all VeB_ (M, M) and all aep M p:

[ Viau*,wydm(u)= | V(u*,ua)dm(u).

UM) U(M)

Proof. Let F, be the algebra of complex 2 x 2-matrices, and let (e;;), ;_, , be the
matrix units in F,. The assumption p~1—p implies that M can be written in
the form

M=NQ®F,

in such a way that p=1®e,,. Thus
pMp={x®e, |xeN}.

Since N is also injective, we get by Theorem 2.1 that there exists a mean m on
I(N), such that for all VeB,(N,N) and all aeN:

§ V{au*,uydm()= | V(u*,ua)dm(u).

I(N) Ny

To each uel(N), we associate the two unitary operators u,,u, in M=N®F,
given by
u 1—uu* v —(1—uu*)
u1= 0 u* ), u2:: O __u* )
We can now define a mean m on U(M) by

m(f)=3 | (fu)+Sw)dm), fel*(UM)).

I(N)

Let WeB_ (M, M) and bep M p. The operator b has the form b=a®e,, for an
aeN. Let VeB (N, N) be defined by

Vix,=Wx®e,;,y®e;,), xyeN.
By 2 x 2-matrix computation, one gets that for all ueI(N):

* * — *
bu¥=but=au*Q®e,,

ub=u,b=ua®e,,

and
s +u)=u®e,;.
Hence
SW(but,u)+Whul,u))=Wau*Qe,,,u®e;;)=V(au*,u)
and

T(W(u*,u, by+ W%, u, b))=V(u*,ua).

Therefore
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{ Wv*vydmw)= [ Viau*,u)dm(u)

U(M) KNy

= | V(u*,ua)ydm(u)

I(N)

= [ W(* vb)dm(v).

U(M)
Hence the mean m satisfies the conditions in the lemma.

Proof of Theorem3.3. Let A be a nuclear C*-algebra and let K=K(H) be the
compact operators on an infinite dimensional Hilbert space, and put B=
A® K. We will show that B satisfies the condition in Lemma 3.5. We have

BE* — 4% ® B(H)

(von Neumann algebra tensor product), and B** is an injective von Neumann
algebra. Let (E, <) denote the set of finite dimensional projections in B(H)
with the usual ordering. Since dim H= + oo, we can for each ecE find a pro-
jection f=Ze, such that f~1—f in B(H). Using Lemma3.6 on M =B** and p
=1®f we get that there exists a mean m, on U(B**), such that for ail
VeB, (B**, B**) and all acA** ®@eB(H)e:

[ Viau*,wydm, (wy= [ V(u* ,ua)dm,(u).

U(B**) U(B**)
Let m be a weak* clustering point for the net (m,), ;. Then
[ V@u*,wydmwy= [ V(u* ua)dm(u) (%)
U(B*¥) U(B**)
for VeB,(B**, B**) and ac| ) A**®e B(H)e.
ecE
Since ] A®eB(H)e is uniformly dense in B=A® K the formula (x) holds for

ecE
all aeB. Hence by Lemma 3.5, B is strongly amenable.

4. Derivations of a C*-Algebra Into Its Dual

In [2, Sect. 3], Bunce and Paschke proved that all derivations from a semifinite
von Neumann algebra M into its predual M, are of the form é(x)=x¢p—x¢
for a peM, . Using the generalized Grothendieck inequality, we can show that
this is true for all von Neumann algebras. As a corollary one gets that any
derivation from a C*-algebra into its dual is also given by a commutator. As
in the previous sections I(M) denotes the semigroup of isometries in M.

Theoremd.1. Let M be a von Neumann algebra, and let & be a derivation from
M to M. Then there exists a peM  in the norm closure of {u* é(u)lucl(M)},
such that §(x)=x@—q@Xx that 5(x)=x¢@—q@x for all xeM.

Proof. The weak and norm closures of a convex set in M, coincide. Hence, if
M is finite, the Theorem follows [2, proof of Lemma 3.1]. Assume next that M
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is properly infinite. From the first part of the proof of [2, Theorem3.2] we get
that d is a(M, M ,)—0o(M ., M)-continuous. Hence the bilinear form on M given
by

V(x,y)=<(5(x),y>, x,yeM

is separately g-weakly continuous. By [11, Prop.2.3], there exist four normal
states @, @5, ¥,, ¥, on M, such that

1<) WIS 101 (@ (6% )+ @ (x X*N (P, (v* )+, (v vy

for x,ye M. Since M is properly infinite, we can choose a sequence of isome-
tries v, eI(M), such that v* converges o-strongly to 0. Put y,=v*(v,) and let
reM* be a o(M*, M)-clustering point for x,. For aeM we have

[a(@)=1<0(v,), avi )|

<V2118) (W ,(v,a* av,)+ i (aa*)t.
Since

limsup (v, a* av,) < al) *limsup ¥, (v, %) =0

n— o n-s 0o

we get | x(a)l§ﬁ 181l ¥, (aa*)?. This shows that y is g-strong* continuous, i.e.
xeM,. Let ue U(M). Then

U g, u+u* o(u) =u* vy (v, u+u* v v, 6(u)
=u* v} d(v,u).
Hence, for aeM
Ku* y, u+u* 5(u), ap| =|{d(v, u), au* vy )|

<215 (4 (v, ua* au* v¥) + (@ a®)?
and therefore

[u* yu+u* 3(u), ad| /2 0] ¥, (@a®).
Using [ 1, Theorem IL.3] we conclude that the convex hull of
{u* yu+u*o(u)ueU(M)}

is weakly relatively compact in M,. Let K be the norm closure (=weak
closure) of

cof{u* yu+u* d(u)|lue U(M)}
then K is weakly compact. For ue U(M), put
afp)=upu*+ud*), @eM,.

Then (), 18 @ group of affine transformations on M leaving K invariant.
Moreover,

e @) —a,Wi=lo—¥l, o, veM,.

Hence by Ryll-Nardzewski’s fixed point theorem [10, Appendix 2], there exists
xo€K such that o, ()o)=yx, for all ue U(M). One gets easily that 6(u)=uy,—xou
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for all ue U(M), and hence d(x)=xy,— xox for all xe M. Since u* yu+u*5(u) is a
weak clustering point for the sequence u*v*d(v,u) for all ueU(M), it follows
that y, is in the weak closure (=norm closure) of span{v*d(v)lvel(M)}.
This proves the theorem in the properly infinite case.

In the general case M=pM®(1 —p)M, where pM is finite and (1—p)M
is properly infinite. We may assume that p#0 and 1 —p=0.

Since

2p—1)6(p)=d(p*~p)=0
we have 6(p)=0. Hence for xeM

d(px)=pd(x) and &((1—p)x)=(1—p)o(x).
Thus é(pM)cpM, and 6((1 —p)M)<(1—p)M . By the first part of the proof,
there exist
¢, €50 {v* 5(0)|v* v=p}
and
@,€CO{w* o(w)|w*w=1—p}

(norm closures), such that

o(y)=yp,—@y, yepM
d(z)=z9,—0,z, ze(l—p)M.

Put ¢ =¢,+¢,. Then one gets easily
dx)=xp—@x, xeM.

When v*v=p and w*w=1—p, then v+w, and v—w are isometries in M.
Moreover,

v* 5(0) + w* S(w)=5((v+w)* (v + w) + (v —w)* (v —w)).

Hence @eto {u* 5(u)|ucl(M)}. This completes the proof.

Corollary4.2. Let 6 be a derivation of a C*-algebra A into its dual A*. Then
there exists peA*, such that || <3|, and

ox)=xp—q@x, xeA

Proof. By [17], 6 is norm continuous. Since o is weakly compact (cf. [1,
Theorem 11 8]) it can be extended to a a(A**, A*)—o(A*, 4¥*) continuous lin-
ear map §: A** — A*. Using that the multiplication in A** is separately o-
weakly continuous, one gets by a two step argument, that § is also a deri-
vation. Hence by Theorem4.1 there exists pe A*, such that ||| <|d|, and §(x)
=X@—@X, XEA**,
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