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§1. Introduction

This paper is an investigation of the Kéhler condition for a compact complex
manifold. The first main result is a characterization of those compact complex
manifolds which admit Kéhler metrics. The main idea of this characterization
is the following. Recall that the Ké&hler form w of any hermitian metric on a
complex manifold X has the property that it restricts to be the volume form
on every complex curve. Hence, if the metric is K#hlerian, ie., if do=0, then
no compact complex curve can be a boundary in X. More generally, it is true
that each positive current T of bidimension 1,1 has mass (or “weighted vol-
ume”) equal to T(w), and hence cannot be the (1, 1)-component of a boundary
unless T=0. (More specifically, if T=n, ,dS, then M(T)=T(w)=(r, dS)(w)
={dS)(w)=S(dw)=0, and so T=0.) The first main theorem of this paper as-
serts that this intrinsic condition actually characterizes Kéhler manifolds. That
is, if a compact manifold carries no positive (1, 1)-components of boundaries, then
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the manifold supports a Kdihler metric. 1t should be noted that the question:
“Which complex manifolds admit a Kihler metric?” is equivalent to asking:
“Which complex manifolds can be calibrated?” This is a natural question to
arise in the context of Calibrated Geometries (Harvey-Lawson [7]).

The key technical result required for the proof of this characterization theo-
rem is established in Sect.2. Here it is proved that the space of (1, 1)-com-
ponents of boundaries is a closed subspace of the space of all (1, l)-currents on
a compact manifold.

A brief description of positive currents of bidimension 1,1 is given in
Sect. 3. The Characterization Theorem is proved in Sect. 4.

The remainder of the paper is concerned with improvements on, and appli-
cations of, the Characterization Theorem. In Sect.5, we enunciate a set of
problems aimed at relaxing the condition we have given for a manifold to be
Kihler (and thereby strengthening the consequences of being non-Kéhler). Ex-
amples of solutions to these problems are given in subsequent sections of the
paper.

In Sect.6 we examine the extent to which the condition of being Kéhler
persists under twisted products. For example, we show the following. Let X be
compact and suppose [: X —Y is a holomorphic submersion with 1-dimensional
fibres onto a Kihler manifold Y. Then there exists a Kdhler metric on X if and
only if the fibre of f is not a (1, 1)-component of a boundary. Examples where
the fiber bounds are provided by the Calabi-Eckmann manifolds S'x §2"+!
—L IP"(C). The above condition on the fibre of f is equivalent to the requirement
that for any volume form w on Y, the pullback f*w is not the (1,1)-com-
ponent of an exact form on X.

When X has dimension two, the result above can be substantially
strenthened. In Sect. 7 the following is proved.

Theorem. Let X be an elliptic surface. Then the following are equivalent.
(1) X admits a Kdihler metric.
(2) The first Betti number of X is even.
(3) The general fibre of X does not bound.

By the “general fibre of X” we mean any non-singular fibre of the elliptic
fibration f: X — C. Condition (3) means that the class of the fibre in H,(X; R)
is not zero. This condition is equivalent to the condition that the map f*:
H?*(C;R)—~H?(X;R) is not zero. The equivalence of (1) and (2) in the Theo-
rem above is a result of Miyaoka [10].

It would be interesting to find a direct proof that a compact complex sur-
face with even first Betti number carries no (non-trivial) positive currents T
which are (1, 1)-components of boundaries. For two different classes of currents
we give such a direct proof. First, for currents T which are smooth such a
direct proof is given in Proposition 37 and the preceeding paragraph. Second,
for currents T which are d-closed Theorem 26 provides a direct proof. The
result just mentioned (Theorem 26) raises the following question.

Question. If T is a positive (1, 1} component of a boundary on a compact com-
plex surface, then is T necessarily d-closed?
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An affirmative answer to this question combined with Theorem 26 would
have as a consequence the theorem ({15] and [13]):

A surface with even first Betti number admits a Kihler metric,

without taking special note of K3 surfaces and relying on Kodaira’s classification.

It is quite important to note that our Characterization Theorem has a posi-
tive consequence for non-Kéhler manifolds. It asserts that any non-K#hler ma-
nifold carries an analytic object analogous to the one carried by a Kihler
manifold (the K&hler form). Namely, any non-Kdhler manifold carries a positive
bidimension (1, 1)-current which is the (1, 1)-component of a boundary.

These objects appear to be intimately related to the geometry of a non-
Kihler manifold. In fact, on any complex manifold X, there are three cones of
particular interest. Let P(X) denote the convex cone of positive (1, 1)-currents
on X. Then set

By, (X)={TeP(X): T is a (1, 1)-component of a boundary},
B4, (X)={TeP(X): T is a boundary},
})Closed(X)':_{TGP(X): dTZO}

The behavior of these cones under meromorphic transformations is an
interesting phenomenon to study.

One can begin to see the relationship of these cones to the geometry of a
surface X from the following fact {Theorem 43). Let Poay, (X) denote the set of
smooth currents (i.e.,, C* forms) in By (X). Then the intrinsically defined open
set B(X)={xeX: ¢,+0 for some peZy  (X)} carries a complex analytic fo-
liation #(X) intrinsically defined by Py, (X))

Motivated by examples, we introduce the concept of the Kdihler rank of a
surface X. If X is Kédhler then the Kdhler rank is 2. If the complement of the
foliation set B(X) is a curve in X then the Kdhler rank is 1. Otherwise the
Kahler rank is zero. In particular, the Kdhler rank of an elliptic non-Kidhler
surface is one.

In §§9 and 10 we investigate the Kdhler rank and the cones defined above
on each of the known non-Kihler surfaces. The results are quite interesting.
For example, when X is an elliptic Hopf surface the three cones coincide and
are exactly the set of positive currents for the elliptic fibration. For Hopf sur-
faces which are not elliptic there are two classes to consider denoted class 1
and class 0. For class | the elliptic fibration is replaced with the distinguished
complex analytic foliation % (X) given above, and the cones are again just the
foliation currents for #(X). In this case B(X)=X so that all of X is foliated.
For a Hopf surface of class 0 we have succeeded in showing that the only d-
closed positive current on X is a distinguished torus (and its positive mul-
tiples). Although we have shown that B4y, ,(X) contains no smooth currents its
general structure remains unknown for class 0. In particular, Hopf surfaces of
class 0 are the only known sutfaces of Kihler rank zero.

The non-elliptic Hopf surfaces provide examples of the following phenome-
non. Those of class 1 are “smoothly non-Kihler” but not “geometrically non-
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Kihler” (in the sense that there exist a smooth positive form that bounds but
no positive combination of complex curves that bounds). On the other hand,
those of class O are “geometrically non-Kéhler” but not “smoothly non-
Kihler” (in the sense that there exists a complex curve that bounds but no
smooth positive form that bounds).

Note that in describing the cone B,,..4(X)=FB,4,(X) on a Hopf surface X,
we are, in particular, describing all complex curves and all closed positive C*®
(1, -forms on X.

Similar remarks apply to our analyses of these cones on Inoue surfaces and
Inoue-Hirzebruch surfaces. We refer the reader to § 10.

We would like to remark that an important inspiration for this work was
the work of Dennis Sullivan [14].

For complex dimension 3 or more an interesting, strictly larger, class of
complex manifolds (co-Kéhler) has been characterized by M.L. Michelsohn

(%91

§2. d, , has closed range

Let 5# denote the sheaf of germs of pluriharmonic functions (i.e. locally real
parts of holomorphic functions) on a complex manifold X. Define d*=i(8—9)
the conjugate differential and recall that the exterior derivative d =0+ 0. Thus
d=34(d+id°) and d=4%(d—id°). The operators d and d° are real and hence ddu
=0 for any pluriharmonic function u. Conversely, if dd“u=0 on a simply con-
nected manifold X, then u is the real part of a holomorphic function f=u+iv

on X. First note that a 0, 1-form o vanishes if and only if the imaginary part

1 -
~2—l_(oc~o‘c) vanishes. Thus o(u+iv)=0 if and only if

O=Imo(u+iv)=Im3(d +id") (u+iv)=1(dv+du).
Consequently, a solution v to the equation
dv=—du

provides the holomorphic function f=u+iv.
More is true.
(1) Proposition.
O—»Jf—»é"mlg ‘é,1_"_)[51,2®§z,1]mi)[(0@1,3®£2,2®g3,ljm_d_,_“
is a fine resolution of the sheaf of germs of pluriharmonic functions.

Here &7¢ denotes the sheaf of germs of smooth forms of bidegree p, g and
the subscript R denotes germs of real valued forms.
The proof is standard and omitted. Exactness at & was noted above.

Remark. It is of some interest that the adjoint sequence is not locally exact,
even for dimension 2.
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(2) Corollary.
a) HY(X, #)={ye&" (X)g: dy=0}/dd E(X)g
b) H*(X, #)={ye[£"*(X)®E> (X)]g: dy=0}/dé" (X)g.

These cohomology groups are finite dimensional vector spaces if X is com-
pact.

(3) Proposition. If X is a compact complex manifold, then H?(X, #’) is finite
dimensional for p=0,1, ....

Proof. The exact sequence of sheaves: 0>R 05 #—0 gives rise to a long

exact sequence of cohomology groups. The result is thus a direct consequence
of the well established finite dimensionality of H*(X; R) and H*(X; ).

In particular, combining Corollary 2b) with Proposition 3 this proves that
the image of

d: 61 (X~ Z(X)={ye[6" (X))@ (X)]g: dy =0}

has finite codimension. Therefore, by a standard consequence of the open map-
ping theorem the image of d in Z(X) is closed. This proves the next resuit.

(49) Lemma.
d: EV 1 X)g— [V HX)@E> (X)]g has closed range.

This Lemma can be dualized as follows. Let &, ,(X) denote the dual space
of the Frechet space £74(X). An element Te&, (X) has compact support and
dimension p+gq; it is called a current of bidimension p,q. As before the sub-
script R indicates that only real currents are included. Now we compute the
adjoint of the operator d in Lemma 4. The domain &'*(X)y has dual space
& (X)gp, and the target [V} (X)@E>'(X)]g has dual space
[£1.,(X)®D&; ((X)]g. Let n denote the natural projection

&5 (X)r— 61,1 (X
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sending a current T of dimension 2 to the component T, ; of bidimension 1, 1
(in general T=T, +T, (+T,,). If ye&"(X)g and Se[&] ,(X)DE) (X)Ig

then
(S, dy)=(dS, )= ((mod) (S), ).
Thus 7od is the adjoint of the operator d in Lemma 4.

(5) Definition. The differential operator
dy1 [61,,(X)@E; (X)]g— &1, 1(X)r
is defined by d, , =mnod restricted to [£] ,{(X)DE, ((X)]g-

(6) Lemma. The operator
dy 1t [61,,(X)®E; (X)g— & (X
has closed range.

Proof. As noted above d,  is the adjoint operator to the operator
d: §4M (X p— [ (X)DE¥ 1 (X)]r

from a Fréchet space to a Fréchet space. Hence the closed range theorem is
applicable (see Schaefer [12], Sect. 7 of Chap.IV). This theorem says that the
adjoint of a map with closed range has closed range, so that Lemma6 is a
consequence of Lemma 4.

§ 3. Positive currents of bidimension 1,1

Suppose X is a complex manifold. The space of compactly supported currents
1.1(X) of bidimension 1,1 consists of those currents T which can be locally
expressed as

T=Y T* L 3/3z A 0/07",
Jk 2

where each T’* is a distribution. Such a current T is said to be positive if
Y T w;W, is a non-negative measure for each weC". This definition is inde-
pendent of the choice of coordinates. One can show (e.g. Harvey [4] Lemma
1.20) that if T is positive then each T’* is a Radon measure. Let .#{7{(X)
denote the subspace of & ;(X) consisting of those currents T whose coefficients
T’* are Radon measures. Let F, ;(X) denote the cone of positive currents in
MPH(X). The structure of currents with measure coefficients is very pretty.
First, consider an (auxiliary) hermitian metric on X. Then Gg(1, T, X), the
grassmannian of complex 1-dimensional subspaces of the tangent space to X,
can be considered as the compact submanifold of A*T, X consisting of unit
simple 2 vectors of bidegree 1,1. Similarly the grassmannian G(2, T, X) of
oriented real two-dimensional subspaces of T, X is contained in A>T, X.

Now if T has measure coefficients there exists a non-negative Radon mea-
sure | T| called the total variation measure of T and a 2-vector field T, which is
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| T||-measurable, such that T=|T| T (That is, T(¢)=[d(T.)d|T| (x) for any
exterior 2-form ¢ on X.) Furthermore, for || T| a.e. x the 2-vector T(x) belongs
to the boundary of the convex hull of G(2, T, X). The mass of T, denoted M(T),
is defined to be the total variation measure | T} (X). The reader is referred to
Federer [2] for more details. One can show without difficulty that

(7) A 2-dimensional current T is positive if and only if T(x) belongs to the
convex hull of Gg(1, T, X) for | T} —ae. x.

That is, T is positive iff T(x) is a positive 1, 1 vector |T|| - almost everywhere.

An important class of positive currents is the set of finite sums T=) n V]
where each V; is a compact 1-dimensional complex subvariety of X and each n;
is a positive integer. Such currents are called (positive) holomorphic chains.

§ 4. Kéhler manifolds

Suppose X is a Kiéhler manifold with Kéhier form w.

(8) Theorem (Wirtinger's Inequality). The inequality w(£)<1 holds for all ¢ in
the convex hull of the real grassmannian G(2, T, X), and equality is attained if
and only if ¢ lies in the convex hull of the complex grassmannian Gg(1, T, X).
For the proof see Federer [2] or Harvey [4]. In particular, because of (7), if
TePF, ((X) is positive of bidimension 1, 1, then

T(w)= [ o(T)IT| = [ IT|=M(T).

X X

A Kihler form w is characterized by the following three properties:

) wed (X,
(10) do=0,
(11) T(w)=M(T) for each TeR_,(X).

These properties can be dualized as follows. Consider
dy 1 [61,,(X)®8; ((X)g— &1 1 (X)g

as in Sect.2. Let B, (X) denote the range of d, ,. That is TeB, (X) if and
only if T is the bidimension 1,1 component of a boundary dS with Seé&(X).
Now condition (10) that dw=0 can be reformulated as

(10y w vanishes on B, ,(X),

since w vanishes on d&3(X) if and only if w vanishes on B, ,(X). Note that
dé&y(Xpn 6y, (X)g is a proper subspace of B, |(X). The property (11) contains
information independent of the hermitian metric on X

(1ty T(w)>0 for each TeFl, ((X) with T+0.
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(12) Proposition. Suppose X admits a Kahler metric. Then:
(13) B (X)nB, ,(X)={0}.

That is, there are no positive currents with compact support which are bidimen-
sion 1,1 components of boundaries.

Proof. Let @ denote a Kdhler form on X. Conditions (10) and (11) say that w
is zero on B, ,(X) and strictly positive on B ,(X)—{0}.

If the manifold is compact then (13) characterizes Kdhler manifolds.

{14) Theorem. Suppose X is a compact complex manifold. If there are no (non-
trivial ) positive currents which are bidimension 1,1 components of boundaries,
then there exists a Kahler metric for X.

Proof. The hypothesis is that B ;(X)nB, ;(X)={0}. Choose any hermitian
metric h on X and let y = —Imh. Then ye&' ' (X)g and

(15) K={TeR ,(X): T)=1}

is a compact base for the cone F, ;(X). More precisely, K is weakly compact in
the space of bidimension 1, 1 currents with measure coefficients, and hence K is
weakly compact in & ((X)g. Lemma 6 says that the image of d, ,, namely
B, ((X), is a weakly closed subspace of & ;(X)g. Thus the Hahn-Banach sepa-
ration Theorem is applicable (see Schaefer [12], p. 65). This Theorem implies
that there exists a form we&'!'(X)y which is zero on the subspace

B, ((X)= & (X)g and strictly positive on K. Hence (10) and (11)' are valid.
Now (B, ;)=0 implies dw=0. Furthermore, choose TeGe(l,m)c AV T, X
and set T=J, T Then TeK and hence w(d, T)>0. Consequently, the 1, 1 form
o has rank n at each point x, and is positive. This completes the proof that o
is a Kdhler form.

Remark. Suppose X is a compact complex manifold. Sullivan [14] noted that
there are no (non-trivial) positive 2-currents which bound if and only if there
exists a closed smooth 2-form whose (1, 1)-component is positive definite.

§ 5. Some general problems

It is very useful, whenever possible, to relax the condition that we have given
for a manifold to be Kéhler. This, of course, strengthens the consequences of
being non-Kéihler. There are several natural ways to relax our condition. They
lead to the formulation of some interesting problems in complex geometry. We
state these problems here, and in subsequent sections we shall solve them for
certain interesting classes of manifolds.

Recall (cf. [4]) that a positive holomorphic 1-chain on a complex manifold X
is a finite sum an[Cj] where each n; is a positive integer and each C; is a
complex curve in X. The positive holomorphic 1-chains are examples of d-
closed, positive (1, 1)-currents.
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We shall say that a complex manifold X has Property NK if there exists a
non-trivial positive current which is the bidimension-(1,1) component of a
boundary. Of course, our main theorem asserts that for compact manifolds,
Property NK is equivalent to being non-Ké&hler.

Problem 1. Describe general classes of complex manifolds for which Property
NK implies the existence of a holomorphic t-chain

(a) which bounds, or, at least,

(b) which is the (1, 1)-component of a boundary.

Manifolds in such a class will be Kéhler if and only if they carry no holo-
morphic 1-chains which bound (in case (a)) or are the (1, 1)-components of
boundaries (in case (b)).

It is also natural to reduce our criterion to the class of smooth differential
forms.

Problem 2. Describe general classes of complex manifolds for which Property
NK implies the existence of a {non-trivial) smooth positive bidimension-(1, 1)
current

(a) which bounds or, at least,

{b) which is the (1, 1)-component of a boundary.

To test whether a given manifold in such a class is Kéhler it suffices to
check the pointwise non-negative, smooth (n— 1, n— [)-forms, to see if one is a
boundary.

In general, the set of positive (1, 1)-currents which are boundaries (or nearly
boundaries) constitute an important analytic-geometric object on a complex
manifold. The essential relationship with the geometry of the manifold will be
clear when we discuss non-Kéhler surfaces in detail below. We pose the follow-
ing general problem.

Problem 3. On a given complex manifold, describe all of the positive bidimen-
sion-(1, 1) currents which

(a) bound

(b) are the (1, 1)-components of boundaries

(c) are d-closed.

Part (c) is, of course, a generalization of the problem of describing all the
complex curves in a given complex manifold.

Later we will use the notations

(16) Roay(X), By, (X) and B, eq(X)

dys, 1

for the set of currents in (a), (b), and (c), respectively.

§ 6. Non-singular families of curves

In this section we shall treat a class of manifolds where Problems 1, 2 and 3
above can be handled. This is the class of manifolds which fibre over a ma-
nifolds of one-lower dimension. The first main result allows one to build Kihler
manifolds inductively by a sequence of holomorphic submersions.

We assume that X is a compact connected complex manifold.
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(17) Theorem. Suppose f: X —Y is a holomorphic submersion with 1-dimen-
sional fibres onto a Kdhler manifold Y. Then there exists a Kihler metric on X if
and only if the fibre of f is not a (1, 1)-component of a boundary.

Note A. Any two fibres of f are homologous. Hence, if one fibre is a (1, 1)-
component of a boundary, then they all are. That is, if F,=f ‘1(p)=n1,1dS,
then for any ge¥Y, F,=F,+dS,=mn, ,dS+dS,=n, ;d(S+5,).

Note B. This condition on the fibres of the submersion is a necessary assump-
tion. The Hopf surface X =(C*—{0})/2Z~S* x §* admits a holomorphic sub-
mersion onto PY{C) with Kihler fibres (tori), however, X is certainly not a
Kihler surface. Of course, in this case the fibres are actually boundaries.

Note C. The argument of Note A above actually proves that in Theorem 17 the
condition on the fibre can be replaced by the corresponding condition on any
(1, 1)-cycle homologous to the fibre. Let wed” 1'"~1(Y) be a smooth volume
form on Y of total integral 1. Then the pull-back f*w, considered as a (1, 1)-
current on X, is homologous to the fibre (which is essentially the pull-back of
the 6-function). Consequently, Theorem 17 can be restated as follows.

(17)*  Theorem. Suppose f: X —Y is as in Theorem 17. Then there exists a
Kahler metric on X if and only if the pull-back of a volume form on Y is not the
(1, 1)-component of a boundary.

Note D. The question remains whether X (as in Thm. 17) is K&hler if and only
if the fibre does not bound. When dimg(X)=2, this is true, as we shall see in

§7.

Proof. Suppose X is not Kahler. Then by Theorem 14 there exists a positive
current T of bidimension 1,1 on X which is the 1,1 component of a boundary,
say S. That is T=(dS), ,.

The push forward f, maps currents of bidimension p, ¢ to currents of bi-
dimension p, g, and maps positive currents to positive currents. Therefore f,(T)
18 a positive current of bidimension 1,1 which is the 1,1 component of the
boundary d(f,(S)). Since Y is assumed to be Kéhler, Theorem 14 implies that
£.(T) must vanish.

The next lemma is needed to complete the proof of the Theorem.

(18) Lemma. Suppose f: X —Y is a holomorphic submersion with one-dimen-
sional fibres, and suppose T is a positive current of bidimension 1,1 on X. Then
the push-forward f (T) of T to Y is zero if and only if T=||T| F where F is the
field of unit 2-vectors tangent to the fibres. If, in addition, T satisfies the equa-
tion 80T =0, then

T=f*(n)

for some non-negative density u on Y.

Proof. Suppose T=|T|| F. Then for any 2-form ¢ on Y, we have (f*¢)(F)=0.
Hence, (f, T)(¢)=T(f*¢)=0 and we conclude that f, T=0.

Conversely, suppose f, T=0 and write T=|T|| T where T is the associated
field of positive (1, 1)-vectors. Then for any positive (1, 1)-form w on Y we have
that
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(fe DY @)= [ (f*0)(T)d|T|=0.
X

From positivity we know that (f *w)(T)20. Consequently, we conclude that
(f*owlT)=0|T|-almost everywhere. Since this holds for all positive (1, 1)-
forms on Y, it is easy to see that T=F, IIT}-a.e., as claimed. This argument is as
follows. Fix a point xeX and choose an isomorphism T.X —»C" so that the

differential f, becomes the linear projection f, (z,,...,z,)=(z,, ..., z,). Then Tx
. N -1 (0 0 FU .. ..
can be written as Tx:Z Tk — (—-/\ 4_) where T7% is a hermitian positive
2i \dz; 0%,

semi-definite matrix. Choose any covector a=a,dz,+...4+a,dz, and set o
1 . -
=—2—.a/\d. (Note that w is of the form f*w, for w,eT,; Y) Then w(T)

; .
=Y a;T%a,=0 for all such a. We conclude, since 7/* is semi-definite, that T7*

. i % »
=0 for j=2 or k=2, that is, szi( A ¢ )zFx as claimed.

2V9z, 0z,

Recall now that any positive (1, 1)-current can be thought of as an exterior
(n—1, n—1)-form with measure coefficients. Under this correspondence, a cur-
rent of type T=|T| F is written as

T=|T]| f*(Q)

where Q is a smooth volume form on Y. The equation ¢6T=0 in this case
becomes the equation

(@3N T) A f*(2)=0.

This implies that, in the fiber directions, the measure || T} is harmonic. Since
the fibres are compact, we conclude that |T| is independent of fibre coor-
dinates, te., |T|| is the pull-back of a measure y, on Y. Thus T=f*(u,Q)
= f*(u), and the lemma is proved.

We now complete the proof of Theorem 17. As before, if X is not Kihler,
then there exists a positive (1, I)-current T with T=d, S for some 3-dimen-
sional current S. Since f is holomorphic, we have that f, T=d, ,(f,S). Thus,
since Y is Kéhler, we conclude that f, T=0. Lemma 18 then implies that T
= f*(u) for some non-negative density u on Y. Let c= f w=] T}, and recall that

Y

any two densities with the same total mass are homologous on Y. Hence, for
any point yeY, the Dirac density 0, at y has the property that

cé,—u=dR
for some current R on Y. Pulling back by f we have that
cLf 7' M]-=T=df*(R).

Therefore, the fibre [f~1(y)] is the (1, 1)-component of a boundary. This com-
pletes the proof.

The next corollary to Lemma 18 is an example of a solution to
Problem 3b) above.
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(19) Theorem. Suppose f: X —Y is a holomorphic submersion, with 1-dimen-
sional fibers, of a non-Kdhler manifold X onto a Kdihler manifold Y. Then the
cone of all positive currents which are 1,1 components of boundaries is equal to
{T: T=f*(u) for some non-negative density p on Y}.

Note that on the non-Kihler manifold X, this cone recaptures the sub-
mersion Y intrinsically.

§ 7. Elliptic surfaces

In this section we shall give a complete answer to Problems 1, 2 and 3 for
elliptic surfaces. Recall that an elliptic surface is a compact complex surface X
which admits a holomorphic map f: X —Y onto a curve Y such that for al-
most all yeY, the fibre f ~1(y) is a non-singular elliptic curve. Note that f need
not be a submersion (it can have singular fibres), so the theorems of the last
section do not immediately apply. Nevertheless, dimension 2 is sufficiently spe-
cial that quite strong results can be proved. In the process we will establish
some useful general propositions on complex surfaces.
Our first main result is the following.

(20) Theorem. For a compact elliptic surface f: X — Y the following are equiva-
lent.

(1) X admits a Kdhler metric.

(2) The first Betti number of X is even.

(3) The general fibre of f does not bound in H,(X,R).

The equivalence of (1) and (2) is a Theorem of Miyaoka [10]. The argu-
ment here is quite different from that of [10] and establishes the further equiv-
alence: (1)<(3).

Note that, as seen in §6, condition (3) is equivalent to

(3Y  The pull-back f*w of a volume form w on Y is not exact on X.

Proof of Theorem 20. The proof will be given in several stages. We begin by
establishing some results for arbitrary (not necessarily elliptic) surfaces.

Suppose X is a compact complex surface. Let g=h"!'=dimcH (X ; 0) de-
note the irregularity of X, and let b, =dimzgH'(X; R) denote the first Betti
number of X. Kodaira [8] has shown that:

(21) A=2q—b,=either O or 1,
and consequently
(22) A=0<b, is even.

Of course, if X is Kéhler, then b, is even (and so 4=0). Our first step towards
proving the converse is the following.

(23) Proposition. Suppose X has even first Betti number. Then there are no
(non-trivial ) positive 1,1 currents that bound.
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Proof. As noted above, the exact sequence

0—R -0 #—0
of sheaves induces the long exact sequence:

0 HY(R)— HYO)—H' (#)— HYR) - H(0).....

Note that 0— H'(IR)— H'(0) is surjective if and only if 2q=b,. Therefore, by
(21) and (22),

(24) HY(#)— HXR) is injective <b is even.
1

Recall that HY(#)x={Te&, ,(X)g: dT=0}/ié06'(X)g. Now suppose that
Teé) ((X)g and that T=dS. Then T determines a class in H'(#) and the
image of that class in H*(R) is zero. Hence, the hypothesis that b, is even
implies that the class determined by T in H!(#) must vanish. That is, T=iéd ¢
for some ¢ped’(X). If T is positive then ¢ is plurisubharmonic and hence con-
stant by the maximum principal. Thus, T=0 and the proof is complete.

The Proposition can be strengthened by the following observation.

(25) Propesition. Suppose that T is a real (1, 1)-current on a complex surface X,
and that T=(dS), | for some real current S. If dT=0, then, in fact, T=dS.

Proof. T=0S%°+08%"' and since dT=0, 6S''° is a holomorphic 2-form. Hence
0={d(S""AaS"%) =[085 n0S"°
which proves that 0S'%=0.
Combined with Proposition 23 we have proved the following.

(26) Theorem. Suppose X has even first Betti number. If T is a positive current
on X which is the 1,1 component of a boundary and if dT=0, then T=0.

See Theorem 38 for a dual interpretation.
On an elliptic surface the positive currents which are (1, 1)-components of
boundaries can be completely described.

(27) Proposition. Suppose X215V is an elliptic fibration. Then each positive

current T which is the (1, 1)-component of a boundary is of the form
(28) T=1*w
for some non-negative measure (density) p on Y.

Note. The current f*(u) in Eq. (28) 1s defined by first restricting to the regular
points, where f is submersive. Here f*(u) is well-defined and gives a positive
current of finite mass. We then take the natural extension of this current to all
of X.

Since any current of type (28) is d-closed, Proposition 27 enables us to
apply Theorem 26. This proves that an elliptic surface with even first Betti
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number carries no positive (1, I}-components of boundaries. Applying our main
result (Theorem 14) then proves Miyaoka Theorem:

(29) Corollary. An elliptic surface is Kdhler if and only if b, is even.

A current of the form (28) is cohomologous to ¢[F] where F is any non-
singular fibre and ¢=| p. Thus we also conclude:
Y

(30) Corollary. An elliptic surface is Kahler if and only if the generic fibre
does not bound (in real homology ).

These two corollaries constitute Theorem 20 above. It remains only to es-
tablish the proposition.

Proof of Proposition (27). The proof of Lemma 18 shows that for some non-
negative density p on Y, the current T—f*(u) is positive and supported in the
singular fibres of f. This current is also dd-closed. Consequently, by a local
calculation (the next lemma), T—f*(u) is of the form

(31) T—f*(w=Y ¢;,(C;]

where each c; is a positive constant, and each C; is an irreducible component
of a singular fibre.

(32) Lemma. Suppose T is a positive bidimension (1, 1)-current on a complex
manifold, and assume that 00T=0. If T is supported in a complex curve C, then
T can be written as a sum

T=) h,[C]]
where each C; is an irreducible component of C and each h; is a non-negative

harmonic function on C; (i.e., the pull-back of hj to the normalization of Cj is
harmonic ).

Proof. At each manifold point of suppT we may choose coordinates
z=(2%, ..., 2 =(z', Z') with supp T={z'=0}. Then

0
— jk 1
= MZ)Zh )2aJ oF
with each #*(z') a measure. Now
62h11
0=00T 2 b0l ) ora
86,(2) oW (zY) i 028,(2)

jk
tRe ¥ i T L s on G

Therefore, h'*(z!) is a non-negative harmonic function, h'!(z!) is holomorphic,
and each W*=0 for j,k=2. Moreover T positive implies /! =0 for j=2. Thus

T=3d4(z) K (z") = 5 661 aa with h'!(z')=0 and harmonic. Since h'!(z) is har-
monic and 20 on C,; minus its singular points, it can be extended to a non-
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negative super-harmonic function hj on the normalization C of C;. Set
T = Z[rc . (h [C;]) where =, C —C; is the natural pI‘O_]eCthn (i.e.,
T = Zh [C ]) F1x a smgular pomt ae C and let d;e C be the point (if any) w1th

n(d)=a. On laéh-— —k;[a;] for some k; >0 because h is superharmonic.
Smce i [a] [a] laﬁT’ Z’k [a] near a Thus, near a, both T—T' and
i00(T—T Zk [a] have support in a. It follows easily that Zk, 0, and so

each k;=0 and T=T". This completes the proof of the lemma.

Equat10n (31) now follows immediately from Lemma 32 since each C. ;
compact. In particular, the current T is d-closed. T is also the (1, 1)- component
of a boundary, and thus by Proposition 25, T must be d-exact. This gives the
following equation in IR-homology:

(33) 0=[T1=0/*ul+Y ¢;[C]].

The homology class [ f*u] is exactly the class ¢[F] where F denotes a non-
singular fibre and where ¢= | u>0.

Y
To simplify the discussion we consider for the moment, the case where
there is only one singular fibre, say f ~*(y,). Then there are positive constants
V15725 --- and y so that

(34) J*@,)=27,C;~vF

(where “~"” means “homologous over R”).

We now consider the intersection pairing “-” on the set of curves {C.}. The
matrix of intersection numbers consists of integers [C;]-[C,] which are 20 for
j#k. Furthermore, since the non-singular fibres are connected, so is the sin-
gular fibre. This implies that the matrix [C;]-[C,] is connected in the sense
that each pair of distinct indices is joined by a sequence of indices for which
each successive pairing is strictly positive.

The fibre class [F]EZ)'J-[C}.] has the property that [F]-[C;J=0 for all j.
(This is evident geometrically.) It now follows from a lemma in linear algebra,
which is basic for surface theory, [1, Proposition 1.1 on p.350], that any linear
combination x = Zc [C;] with all ¢;20 and x-x=0, must be a scalar multiple
of [F]. From Eq. (33) we see that 0— [T]=c[F1+Y¢;[C,]. and so (3 ¢;[C;])
=0. Consequently there is a t20 so that ¢;=ty; for all j. Using (31) and (34)
we conclude that

T=f*(u)+t) y,C;
=f*(w+tf*@,,)
=f*)

where ' =u+1t5, is again a non-negative density.

In the case where there are several singular fibres, the intersection matrix
decomposes into a direct sum of connected matrices, each of which corre-
sponds to a single fibre. The argument then proceeds exactly as before. This
completes the proof of Proposition 27 and Theorem 20.

The discussion above enables us to give the following example of a solution
to problem 3.
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(35) Theorem. Suppose f: X — Y is a non-Kahler elliptic surface. Then the fol-
lowing convex cones coincide.
R4y, ,=All positive (1, 1)-components of boundaries on X.
R,;,=All positive (1, 1)-boundaries on X.
P ={f*(weé] (X): u is a non-negative density on Y}.

Proof. Tt is evident that R, R,  and Proposition 27 asserts that B, =F;.
However, F,c R, by Theorem 20(3).

(36) Theorem. Let f: X — Y be a non-Kdahler elliptic surface. Then the cone of
positive d-closed currents on X consists of all elements of the form

T=f*(w+).t;C;

where f*(u) belongs to P, where t;20 and where C, C,, ... denote the irreduc-
ible components of the singular fibres of f.

Proof. Let T be a d-closed positive (1, 1)-current on X, and let Q be a volume
form on Y. Then M(f, T)=(f,T)(Q)=T(f*Q2)=0 since, by Theorem 20(3'), the
form f*Q is exact on X. The theorem now follows from the arguments of
Lemmas 18 and 32.

Some remarks on non-elliptic surfaces. We would like to be able to give a direct
proof that for a compact surface X

Property NK<b,(X) is odd.

Of course, by our main theorem this is equivalent to the conjecture of Kodaira

[11, p.85]
b,(X) is even<X is Kéhler.

Perhaps it is worth remarking that there is an elementary argument that
Property (NK)*=>b,(X) is odd.

This is to say that if b,(X) is even, then there are no smooth positive (1, 1)-
currents which are (1, 1)-components of boundaries. This follows from Proposi-
tion 23 and the next result.

(37) Proposition. Suppose X is an arbitrary compact complex surface. If T is
smooth, positive and the 1,1 component of a boundary then T is a boundary, and
in addition T is simple (i.e. of rank Z1) at each point.

Proof. Suppose T=(dS)"'! for some current S. Then —0T=0[0S"°] so that
88" is smooth. Similarly, we have that 6S®! is smooth, and so dS is smooth.
Now by deRham we may assume S is smooth without changing dS. We then
see that:

0=jd(S/\dS)=deAdS

={TA T+2{(dS)*° A(dS)>°.
Therefore Ta T=0 and (dS)*°=0.
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Utilizing Kodaira’s beautiful classification of surfaces, if X is non-algebraic
and non-elliptic with first Betti number even, then X is either a torus (which is
obviously Kiéhler) or X is a K3 surface. Thus Theorem 20 settles the Question
above except for the case where X is a K3 surface with no meromorphic func-
tions. Recently, as an important application of Yau’s solution to the Calabi
conjecture, Todorov [15], Siu [13] gave an argument that each K3 surface is
Kéhler.

Perhaps it is worth remarking that the dual interpretation of Theorem 26
above says: If a compact surface X has b,(X) even, then there exists a real 2-
form w on X such that:

(i) do=0,

(ii) w!'! is positive definite,

(iil) w*%=0da!? for some (1, 0)-form a'%.

More generally, the existence of such a “weakened” Kihler form can be
characterized as follows.

(38) Theorem. Suppose X is a compact complex manifold. The manifold X ad-
mits a real 2-form we&*(X) with
(i) do=0,
(i1) ! positive definite,
(iii) w?°=0a for some 1,0 form o,
if and only if X does not support a (non-trivial) positive, d-closed current which is the
bidimension 1, 1 component of a boundary.

Only the proof of the difficult half of the theorem is sketched. As before,
P, denotes the positive currents of bidimension 1,1 and B, ; denotes the
bidimension 1,1 components of boundaries. Let Z, , denote the d-closed cur-
rents of bidimension 1,1. Let A" denote the annihilator of A. Then By,
={wedy' ' (X): dw=0} and will be denoted Z*-!. Moreover, Z7 ; = {wedp ' (X):
w=(da)!! for some aedy(X)} will be denoted B''. The hypothesis is that
B ,nB, nZ;,={0}. The Hahn-Banach Theorem implies that there exist
ey (X) with @e(B, ;nZ, ,)* and @ positive definite. Now (B, ,nZ, )
=By ,+Z7 ,=Z"'+B"! (assume for the moment that this sum is a closed
subspace). Thus, for some ¢, & —(do)*! is closed. Equivalently,

w=d—0ab0—da%?!

is closed. Since w'=@& and w? %= —da!'?, properties (ii) and (iii) follow.
It remains to verify that Z'' +B"! is a closed subspace of &'(X). First
note that

0 g ZH®H dd o1 400 et 4 02

Re Q'@ ¢&°

is an exact sequence of sheaves. This can be used to show that the image of
d"! (ie, B"!) has finite codimension in the closed space ker(dd). Since Z"" is
a closed subspace of the kernel of dd® this implies that B! +Z"! is closed.
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§ 8. The Kihler rank of a surface

Our characterization of Kihler manifolds says that on a non-Kéhler manifold
there exists a (non-trivial), 1,1 component of a boundary. In the last section we
characterized the cone of all such currents in the elliptic case. In particular,
this cone contains a geometric object [F], the current corresponding to in-
tegration over the generic fiber; and an analytic object Q, the pull back of a
volume form on the base. In this section we consider compact complex sur-
faces which admit a form such as Q.

First, we establish some notation which will be useful in the remaining
sections. Let P denote the cone of all positive currents of bidimension 1,1 on
the surface. Recall that

B4,=1{TeP: T is a boundary},
R4y, ,={TeP: T is a (1, 1)-component of a boundary},
Pisea={TeP: T is d-closed}.

Proposition 25 asserts that on a compact surface

=P

B:losed a R) bdy*

dyi,1

Now we turn our attention to the subcones of the above cones consisting of
those currents that are smooth. The subcone is denoted by using the super-
script oo. Proposition 37, which is basic to this section, says that:

0 _ px
Rjdyl,l"R)dy

and that any form @eRy, is simple at every point of X. Suppose xeX is a
point such that ¢, +0. Note that for any other yeR7 the sum ¢+ is also in
R%,, and so the 1,1 vectors ¢, i, and ¢, +y, are all simple. This implies that
W, =g, for some A>0. In particular, the complex line

ZF=ker(o,)

is defined independently of the choice of form peRy,. Since dp =0, we see that
this line field & is integrable.
This leads us to consider the following intrinsically defined set:

(39) #(X)={xeX: JpeRy,/(X) with ¢, =+0}.
The argument given above proves the following.
(40) Theorem. The open subset B(X)= X carries an intrinsically defined com-
plex analytic foliation &. This foliation has the (defining) property that ¢|z=0
for any geR%(X)

While a surface may contain no complex curves, it still may have such an
analytic foliation.

Motivated by the above discussion and the structure of By, =Ry, for a
non-Kihler elliptic surface, we introduce the concept of Kéhler rank.

(41) Definition. Suppose X is a compact complex surface. If the complement
of the open subset @(X) in X is contained in a complex curve, then X is said



An intrinsic characterization of K&hler manifolds 187

to have Kdhler rank one. If X is Kidhler we say that the Kdhler rank of X is
two. Otherwise, the Kihler rank is zero.

Note that for a non-Kihler elliptic surface the Kihler rank is one. In fact
by Theorem 35, the complement of #(X) in X is contained in the union of
the singular fibers of the elliptic surface X.

Many interesting questions remain. Is the Kéhler rank of a surface a bimero-
morphic invariant? If so, it is vaguely analogous to the transcendence degree
of the meromorphic function field over € (which is 0, 1, or 2) and orthogonal
to the other basic numerical invariant k, the canonical dimension (which is
—1,0,1 or 2).

We now briefly recall some relevant facts concerning nonelliptic surfaces.
Suppose X is a compact surface with no meromorphic functions (ie, M(X)
=C). Then for any holomorphic line bundle L on X, dimH°X,L)<1, for
otherwise the ratio of two independent sections of L. would yield a non-con-
stant meromorphic function. In particular, the geometric genus p,=dim H 20
=dim H°(Q?) is either 0 or 1. If p,=1, then Kodaira has proved that X is
either a complex torus (which of course is Kihler) or a K3-surface. We shall
assume that p, =0.

In this case, it is a fact that {cf. [1]): b, =q=1, x(O)=bF =0, and b,=b;

=y(IR) (=the Euler characteristic). Furthermore,
1,0 — g5 00N — 11— g; 1O —
) h%=dim H(Q)=0 h"'=dimH'(Q')=b,.
h'=dimgH (#)=b,+1.

In particular, the sequence
0-— HY(R)— HY(O)—~ H (#)— H*(R)—0
(43) I I
R C

is exact. This has the following consequence which will be useful to us later.

(44) Lemma. Suppose M(X)=C and p,=0. Then given any two non-trivial cur-
rents, Ty, T;€R4,(X), there exist constants ay>0 and o; >0 so that

agTy—a, T, =i00¢
for some function ¢ on X.

Proof. Recall that HY(#)={Ted " (X): dT=0}/idd& °(X) from Corollary 2a.
The image of a class T in H%(R) is zero if and only if T is a boundary. Now
given a non-trivial TeR, (X), the class of T in H Z(IR) is zero, but its class in
H(#) is not. (For if T=id0y, then  is a plurisubharmonic function on X,
and therefore constant.)

By the sequence (43) we see that the kernel of the map H'(#)— H*(R) is
1-dimensional over IR. Consequently, given two non-trivial currents
Ty, Tye By, (X), there are real constants a,,o; so that [o,Ty—o;T;]=0 in
HY(#), ie, a,T,~a, T,=i0d¢ for some ¢. Both a, and «, are of the same
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sign since otherwise either ¢ or —¢ would be plurisubharmonic. This com-
pletes the proof.

Recall now that for a non-elliptic non-algebraic surface X with p,=0 we
have b,(X)=1. It is a theorem of Kodaira that if, in addition, b,(X)=0 and X
contains a curve, then X is a non-elliptic Hopf surface. (We shall study these
surfaces in detail in Sect.9.) If b,(X)=0 and X contains no curves, then Inoue
and Bogomolov have proved that X is an Inoue surface. (We shall study these
in Sect. 10.)

The remaining case to consider is the one where X is a non-elliptic non-
algebraic surface with p, =0 and b,(X)>0. Little is known in this case. There
are, however, some examples: the so-called Inoue-Hirzebruch surfaces (see
Sect. 11), and some recent examples given by Kato.

§9. Non-elliptic Hopf surfaces

In this section we shall concentrate on the Hopf surfaces of non-elliptic type.
Every such surface has a finite cover by a primary Hopf surface. This is a
surface of the form

X=(C*-{0})/Z

where Z is generated by a certain biholomorphism @ of €?—{0}. The allow-
able biholomorphisms @ fall into two classes.

Class 1. Here we have
D(zy,z,)=(2,2;,%,2,)

where o, and o, are complex constants with 0<|o,| <la,| <1. Hopf surfaces in
this class are elliptic if and only if of =of for some p, geZ.

Class 0. Here @ is of the form
D(z,,z,)=("z, +12%, az,)

for non-zero constants « and A with |o|<1 and for some positive integer m.
Hopf surfaces of this class are never elliptic.

A. Hopf surfaces of Class 1

We begin with (non-elliptic) surfaces of class 1. Let r=1 be defined by
(45) oty =1ot, |7,

and consider the plurisubharmonic function ¢ in €2 given by

(46) @=Log(z,|*+|z,/*").

Since @(®(2))=¢(z)+ Log|«,|?, the 1-form

(47) 3d°ped!(X)
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is well defined on the quotient X. Furthermore, its exterior derivative
(48) Q=lddp=idopes" ' (X)

is a positive smooth 1,1 current on X which bounds. Theorem 40 says that
there is an intrinsic complex foliation % defined on B(X) which is determined
by the simple 2-form Q on the set where Q2 is not zero. More explicitly,

(49) o= 17

,Wi(zzdzl —rz,dz) A(Z,dZ, —rZ,dZ,)

vanishes exactly on the z,-axis. Replacing the ¢ defined above by

(50) ¢=Log(z,|* +1z,1>")(z,|*" +12,/%)
and defining N ~
R=i00¢

we obtain a positive smooth 1, 1 current on X which bounds and is never zero.
Thus each (non-elliptic) Hopf surface X of class 1 is of Kéhler rank 1 with
B(X)=X.

The holomorphic vector field

é 0
V(Z)=rz, ——z, —
(51 (z)=rz, iz, 22622

is well defined and never zero on X. Moreover, V is in the kernel of . Thus
the complex foliation & is in fact a holomorphic foliation. The induced fo-
liation on €% - {0} can be described by the flow lines

{#(2): 1eC)

of the holomorphic flow ¥ determined by V:
Y(zy=(e"z,,€'2,), teC.

Alternatively, each flow line L, is the graph of the multivalued function
z,=cz,, for some ceC,

over the z,-axis which we denote L. Thus each leaf L of # on X when pulled
back to €2—{0} is of the form
(52) (J{L.: @M(L,)=L, for some NeZ}
where C is fixed.
The function
|z 1|2

lzx'2+‘22[2r

(53) n(z)

is ¢P-invariant and gives a well defined map n: X — [0, 1].
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(54) Lemma. The fibers of © are exactly the closures of the leaves of the
foliation & on X.

Proof. The fibers of = are clearly unions of leaves of &% Let L denote a leaf
pulled back to €2 —{0}. It will suffice to show that its closure I is of the form

|z, =plz,|” for some pe[0, o]

where p = o0 defines the set z,=0.
First note that:

(55) L.=L if and only if C=e*"*"¢ for some keZ,

so that L contains
zy=er*reg . kel

for some ceC.
Hence, if r is irrational, then I is of the form |z,|=plz,|" with p=]|c|. Sec-
ond, let # be defined by

o, =€, (56)
and note that:

(57) &(L)=L. where C=¢"c

If X is not elliptic then either r is irrational or 6/2=n is irrational. If 6/2n is
irrational again we have that I is of the form

lzyl=plz,I”  with p=lc|,
completing the proof.

(58) Theorem. Let X be a non-elliptic Hopf surface of class 1. Let
Q=i00Log(z,|” +1z,1") (12,)*" +1z,*)

denote the positive 1,1 form defined on X above. All of the following cones

agree.
L. E’dh. '

2. R

bdy

3. Izlosed

4. The d-closed positive foliation currents for 4 on X
5. {n*(f)Q: f is a non-negative generalized function on [0, 1]}

Proof. Since H*(X,R)=0, B, =P, 4. Moreover, if TeR,,,q, then T(2)=0
since Q bounds. Thus B, =P, ..={T: T is a positive d-closed foliation current
for # on X}. If Te}f,dy .» then we also have that T(2)=0 (since dQ2=0), and
again conclude that T is a positive foliation current for % on X, but which is
only dd‘-closed. Each positive foliation current T for % on X must be of the

form
T=gQ
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where g is a non-negative generalized function on X (ie. a non-negative cur-
rent of dimension four on X).
It remains to show that: if dd°g A 2=0 then

g=n*(f) forsome f=0 on [0,1].

First, assume that g is continuous on X. Then g is harmonic on the leaves of
& and bounded. Since the leaves of % are easily seen to be of the form € or
€* we conclude by Liouville’s theorem that g is constant on the leaves and
hence constant on the leaf closures. Thus g=7n*(f) by Lemma 54.

More generally, introduce coordinates p, 6, 0,, 0, defined by

(59) 222693+i02, leper63+i9,4

Then
P(p,0,,0,,03)=(p,0,+a;,0,+a,,0;+Logla,|)
where a;= Arg(a)) j=1,2.

Moreover, ¥{p,0,,0,,03)=(p,0,+rimt, 0,+Imt 0,4+ Ret) defines the

leaves:
p = constant,

6, —rf,=constant.

It suffices to show that for each smooth function ¢(p)=0 with j}p(p)dpzl

G(6,.9,, 93)E§g(p, 6,,0,,0)0(p)dp
is a constant.
First we note that ddg A =0 becomes

(A% +B%)(g)=0.

A a al
which implies that (42+ B?)(G)=0, where Asrgg—l-%%; and Bzé%a. Choose

¥ 20, jl//(a)doz 1, Y€ CF(R). Then smoothing G by the approximate identity
based on y we define
G (0)=[y(0) G(8+¢a)do.
R

Then G, is smooth on S'x S xS', harmonic on the dense leaves which are
either € or €%, and hence each G, is constant. Thus
G=lim G, 1s constant.

e-0

B. Hopf surfaces of class O

We now consider the non-elliptic Hopf surfaces of class 0. First note that the
parameter AeC* used in the above description of those surfaces, can be chosen
arbitrarily. That is, let &;: C?— €2, j=1,2, be the biholomorphism given by

Di(z,2;)=(a"z, +4;25,02,)
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where 0 <|a| <1 and where 1,,4,eC* are arbitrary. Set
X,=(C? - {(0})<e,.
(60) Proposition. The surfaces X, and X, are holomorphically equivalent.

Proof. Define F: €2—C? by F(z,,z,)=((4,/4,)z,,2,). Since Fod, =d,oF, F
induces a biholomorphism F: X, »X,.

We now fix a Hopf surface X =(C*{0})/{®)> where &(z,,z,)=(a"z,
+2z,,az,). Here « satisfies O<|a]<1 and AeC* may be chosen to our con-
venience. The first step in our analysis will be to construct a holomorphic
vector field on X.

Choose a value a for loga. Then o =¢''*8*=¢' is defined for all teC. Note
that

(61) Re(a)<0
since |a| < 1. We now consider the complex flow on €% given by
(62) Dz, z,)=("z +tAiad" "D, o' z,)

=(e™z, +tAa"" "2y, €% z,)

forall teC. Note that @, =¢. Since @, gives a group action of € on C?, @,
commutes with ¢, =@ for all t. Hence this flow descends to a complex flow on
X.

The complex vector field corresponding to this flow is

0

0
¥ (z)=(maz, +i(x""z’;)5;~+azz—6;—.
1 2

Set V'=Re " and note that
{V(z),z)=Re{malz |*+ia""25Z, +al|z,|*}
=(Rea) (2, +1z,)%) +| Al lod =" |z,]" |z, ).
Suppose |z,] <1, and choose 4 so that

14 lef =™ < — Re(a).
Then
{V(2),z) £Re(a) (|21|2 |zl |z, + |Zzl2)
<3Re(a) (12,12 +12,%)

which implies the following.

(63) Lemma. V is transverse to all spheres of radius =<1 about the origin in
C2

(Since ®=®,, we have that @, telR, gives an S'-action on the manifold X.
Lemma 63 then proves that X is diffeomorphic to S* x §3.)
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We now return to the complex flow associated to ¥ =V+iJV. Writing
D (z,,2,)=(z,(t), z,(t)), we note from Eq. (62) that

(64) o) 2 4

" 2% o

Consider now the subset M? of the unit sphere §*={|z,|?>+|z,|*=1} given by

(65) M2={Z€SS’: z,=0 or Im (jﬂzlm)zo},
am

This surface is an immersed torus. It can be explicitly parametrized by

= _}'_ iy i s imy
Flp,¥)= (Ill cos pe'?, i sin e )

for ¢,y €[0,2n). The image of F has an m-fold self-intersection along the curve
y=8%n{z,-axis}.

(66) Lemma. Each orbit of the holomorphic flow @, teC, meets the subma-
nifold M?—7y exactly once (and transversely) with the exception of the z,-axis
which meets M? in the singular curve y.

Proof. By (64) we see that (for z,=0) the equation p=Im(Az,(t)/a"z7(t))=0
uniquely determines Im(t). Now the real flow &, is transverse to the unit
sphere, and so there is a unique Re(t) such that @,(z)e M2,

To see that @,(z) meets M transversely when z,+40, we consider the defin-
ing equations r=|z,|?+|z,|*=1 and p=0 for M2, It is easy to calculate that on
M2, (dp)(V)=0 and (dp)(J V)=]A|*/|e}?>™. Furthermore, by (63) we have (dr)(V)
is never zero on r=1. Hence, (dr ndp) (VA J V) is never zero on M?. This com-
pletes the proof.

The orbits of the flow @,, teC, give a complex analytic foliation # of the
Hopf manifold X =(C?~{0})/®. As we shall see, this foliation has only one
compact leaf, the (image of the) z,-axis. The surface M —y is a cross-section of
the remainder of the foliation.

We now consider the positive foliation currents for % These are the cur-
rents (of finite mass) of the form

T=uF
where % is the field of unit oriented tangent 2-vectors to # and where p is a
non-negative Radon measure on X. Suppose we consider a local “flow-box”,
i.e, a local complex coordinate system (w,,w,) on X in which the leaves of &
are given by the equation w,=constant. Then the foliation current T can be
expressed (dually) as a differential form

T=pidw, ndW,

(with some Radon measure u2=0 as coefficient). Note that in this represen-
tation
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o _ ou

67 T=0 _
(67) d “ow, oW,

=0 p=pw,).

A major step in our analysis of X is the following.

(68) Proposition. Let T be a positive d-closed foliation current for the complex
analytic foliation F of X. Then

for some ¥>0. T=rlz, —axis]
Proof. Let y denote the characteristic function of an open subset of M? whose
closure is disjoint from y=M?~{z, —axis}. Extend y to all of X by requiring
to be constant on the leaves of # (This extended function is the characteristic
function of an open Z-saturated subset of X.)

We now observe that y T is also a positive d-closed foliation current. To see
this, consider a small “flow box™, i.e., a local complex coordinate system
(w,,w,) on X as above. In these coordinates y = y(w,) is the characteristic func-
tion of an open subset in the w,-plane. Hence, by (67) we conclude that d(x T)
=0.

Note that the cycle M is transversal to 7 on the support of the current y T.
(See Lemma 66 and the definition of y.) This means that we can pair y T with
M. From the positivity of y T we see that this pairing (y T, M) is zero if and
only if y T=0. However, since H,(X)=0, we can write M =dS for some 3-chain
S. Hence, (yT,dS)=(d(xT),S)=0, and we conclude that supp(T)c[z,-axis].
Since T is a flat 2-current with support in the 2-torus T=[z,-axis]c X, it is a
standard result of Federer [2], that T=rT for some constant r. Since T was
positive, we must have r>0 (assuming, of course, that T is oriented canonically
as a complex curve.) This completes the proof of Proposition 68.

This brings us to our main result.

(69) Theorem. Let X ={C2{0})/{P> be a Hopf suface of class 0. Then

Bay(X) = Bpueg( X) = {rT: r 20}

losed

where T={z, —axis}/{a™). Moreover, B,  (X) contains no smooth currents; so
that each Hopf surface of class 0 has Kdihler rank zero.

Remark. The structure of Ry, (X) is not completely understood.
Hence, not only is the elliptic curve T the only complex curve on X, it is
the only d-closed positive (1, 1)-current on X.

Proof. The last part of the theorem follows from the first part by Proposition
37. To prove the first part let T be a positive d-closed (1, 1)-current on X. We
shall show that T is a positive foliation current for the orbit foliation % The
theorem will then follow from Proposition 68. (Note that since H,(X;R)=0,
we have B, (X)=F,..4(X).)

We first observe that by averaging T over the S!-action on X, we can
assume that T is @-invariant for telR. (That is we can replace T by

1
g@,)*(T) dt
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and recall that since @, =, the biholomorphisms @, for telR/Z, give an S*-
action in X.) This averaging procedure preserves the property of being (or not
being) a foliation current for the orbit foliation.

We now observe that by Lemma 44, there is a positive constant r such that

(70) T—rT+i00F,

for some generalized function F, on X. We lift T and F, to the universal
covering space €2~ {0}. Here Eq.(70) becomes

(71) T=i60F

where
F=rlog|z,|+ F,.

Since T is positive, Eq. (71) means that F is a plurisubharmonic function in C?
—{0}. Therefore, by a standard result (see [4]), F extends across 0 as a pluri-
subharmonic function. Thus, F is lower semicontinuous on €2 (with values in
R u{—00}), and in particular, we know that

(72) F is bounded from above in a neighborhood of 0 in C2.

Note that by integrating over the S'-action, we can assume that the func-
tion F, on X is & invariant. This implies that

F(®,2))=F(z)+ Re(a)t

for all telR. (Recall that a=loga and Re(a)<0.)) Furthermore, since @
=¢, 0@, , we have that

18%

t+is

(73) F(®,,,(2)=F(®,(z)+ Re(a) t

for all t,selR. The expression in (73) is a subharmonic function in the (¢, s)-
plane which may be = — 0. We consider zeC? — {z,-axis} for which the func-
tion

S (5)=F(P,(2)
is not identically —oo and such that
F'O)=0V)¢(z)

is defined. (Note that @, (0/0t)=V and @ (0/0s)=J V) Since the function f(s)
+Re(a)t is subharmonic and linear in t, it follows that f(s) is convex, that is,
f"(s) is a non-negative measure. This implies that f(s)=f(0)+f'(0)s for all s,
and therefore,

(74) F(®,,.(2)2 F(2)+bs+Re(a)t
for all s and ¢, where

(75) b='0)=(V)¢(2).
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We shall now show that if T is not a foliation current, then (64) contradicts
the boundedness of F (near 0) established in (72). Examination of (62) shows
that for a sequence of complex numbers 7, =t,+is,, k=1,2,3,..., the points
{,=®,(z2)—>0 in C* provided that Re(at,)—> —oco. By (74) we have that
F({,)zbs,+Re(a)t,. Hence, we look for a sequence of solutions to the system
of real equations
Re(a)t,—Im(a)s,= —k

(76)
Re(a) ty+bs, =k

for k=1,2,3,.... These solutions exist unless b= —Im(a). The existence of
these solutions implies F is not bounded from above near 0 in €2. Hence, we
must have that b=(JV)¢(z)= —Im(a) at all points z where this derivative is
defined. In particular, the convex function f(s) is linear. Thus the function
F(®,, ;) is linear in t and s. In particular, we conclude that T=dd°F vanishes
on the orbits of @, and so T is a foliation current as claimed. This completes
the proof.

§ 10. Surfaces of Bombieri, Hirzebruch, and Inoue

The surfaces Sy, Sy , ., and S§) . of Bombieri and Inoue (see e.g. [1]) are
all of the form
(77) X=HxC/G

where the group G acts properly and discontinuously on IH x € with no fixed
points. (Here TH denotes the upper half plane.) Moreover, the 2nd Betti num-
ber b, of X vanishes.
In this section we shall investigate these surfaces from the point of view of
this paper (see [1] and its references for the standard definitions and facts).
The only other information about such surfaces which will be needed is the
following.

(78) The action of G on H x € preserves the factors of the product.

The group H given by the induced action of G on IH is a subgroup of
Bih(H)=SL(2, R) and contains:

(79) hy(z)=oz o> 1 irrational
hi(z)=z+a acR, a=*0
h,(z)=z+oa.

Choose coordinates z=x+iyelH and weC. Then the fact that H<SL(2,R)
implies that the forms
dxndy

2

y

d
(80) 1?—:7)6 and w=dr=

are defined on the quotient manifold X.
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(81) Proposition. The Kdahler rank of each compact complex surface defined by
(77) is one. The foliation set B(X) is all of X and the canonical foliation is
holomorphic with leaves biholomorphic to € or C*.

Proof. Since w is never vanishing and positive with w=d7 on X, the Kihler
rank is one and B(X)= X, with the leaves parameterized by {z} x C under the
quotient map.

(82) Theorem. Suppose X is one of the compact complex surfaces given by (77).
The cones
Pbdyx, 1(X) = Pclosed (X) = Pbdy (X)

all agree and equal the cone P(X) of positive closed foliation currents for the
canonical foliation of X. This cone P(X) can be described explicitly by

P(X)={T: T=¢(n"> yAzdy and q&eP}

where P is the set of non-negative generalized functions on R™ invariant under
the transformation y—a y.

Remark. Note that the standard fact that X contains no curves is a special case
of this Theorem.

The Theorem follows immediately from two independent lemmas.

(83) Lemma. Suppose T is a positive current of bidimension 1,1 on X which is
either d-closed or the bidimensional 1,1 component of a boundary on X. Then T
is a positive d-closed foliation current for the canonical foliation on X.

(84) Lemma. Each positive d-closed foliation current T, for the canonical fo-
liation on X, is of the form
dx ndy

T=¢(y) 2

where $(y)=0 is a generalized function on R™ invariant under the transfor-
mation y—ay.

Proof of Lemma (83). If T is d-closed then T(w)=T(dt)=0. If T=(dS), ; then
T(w)=(dS)(w)=0 also. Since T(w)=0, and both T and w are positive, we con-
clude that the dw A dw-component of T must vanish identically. Hence, T can
be expressed in the form

T=a,idzandz+a,,idzandW+a,,idwAadZ

Positivity now implies that a,, =0 and a,,=a,, =0. Consequently, T is of the
form T=fw, where f=2a,,y* is a non-negative generalized function on H
x € which is G-invariant (since T and w are).
Note that since dd° T=0, the function f is harmonic in the variable w. Thus
for each non-negative function e CY(IH), the integral | fi w defines a non-
H
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negative harmonic function on €, which by Harnack’s Inequality must be con-
stant. Consequently, f is a generalized function of z alone, so that T=fw is d-
closed. This completes the proof of Lemma 83.

Proof of Lemma (84). Since T=fw is independent of z it is determined by a
non-negative measure u(=fw) on IH. This measure x on H is invariant under
the subgroup H of SL(2, R) determined by the action of G on IH x C.

For each ¥ (y)=0, where Yy Cy(IR™"), the push-forward of y u to the x-axis
defines a non-negative measure v=mn_( u) on R which is invariant under
translation by a and aa (x irrational) because of (79). Hence v =cdx, for some
cel0, o0) by Weyl’s Lemma. Consequently

dxndy
p=f—s—

y
with f(y)=0 depending only on y. This completes the proof.

Similar results can be obtained for the Inoue-Hirzebruch surfaces (see [1]
and its references). Such a surface X has the property that there are two con-
nected sets of curves in X, say C* and C~. Moreover, Y=X—(C*TuC~) can

d
be expressed as a quotient Y=IH x C/G. Again the forms rzﬁ and w=dr

1
are invariant under G. Moreover, they extend to X with dt=w and w positive.
In particular, each Inoue-Hirzebruch surface has Kéhler rank one.
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