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Introduction

The remarkable success of the homological study of modules with finite free
resolutions has over a number of years largely determined the focus of attention
in commutative algebra. It is the purpose of this paper to show that some
fundamental results on modules of finite projective dimension over a noetherian
local ring R are in fact special cases of relations which are valid much more
generally. The new invariants brought into consideration are derived from the
asymptotic behaviour of the ranks of the free modules in minimal free resolu-
tions.

Specifically, imitating Alperin and Evans [AE], we say the finitely generated
R-module M has complexity, cxz M, equal to d, if d—1 is the smallest degree
of a polynomial in n bounding the sequence of Betti numbers bR(M). Further-
more, we say M has virtual projective dimension, vpdg M, equal to v, if v is
the smallest projective dimension which occurs when M is viewed as a Q-module
and Q ranges over all deformations of R over regular bases (cf. (3.3) for the
precise definition). The following statement provides a good illustration both
of the way structural properties of modules are reflected in their homological
invariants, and of the form well known relations may acquire when the assump-
tion of finite projective dimension is relaxed.

(3.5) Theorem. When M =0 is a finitely generated R-module of finite virtual projec-
tive dimension, there is equality: vpdg M =depth R—depth M +cxz M.

In particular, this applies to all non-trivial M when R is a local complete
intersection. In an earlier version of this paper, it was conjectured that the
equality holds for all M %0 over any ring, or in other words, that finite complex-
ity implies finite virtual projective dimension. This is proved in [Av,] for rings
of small embedding codepth, but fails in general, as recently demonstrated in
[AGP].

The technique used in this paper is of interest in its own right. Based on
a construction of Gulliksen [Gu] and Eisenbud [Ei], reworked in the first two
sections, we proceed to associate in Sect. 3 an algebraic variety V(Q, x, M),
depending on a given presentation R =0Q/(x), with x a Q-regular sequence. This



72 L.L. Avramov

provides an extremely convenient cohomological portrait of those R-modules
which have finite projective dimension over Q: the relations between various
invariants of M, obtained in Sects. 3 and 4, often are numerical expressions
of the structure of V(Q, x, M). In Sect. 4 we also extend Eisenbud’s result [Ei]
on the periodicity of modules with bounded Betti numbers over complete inter-
sections to modules with bounded Betti numbers and finite virtual projective
dimension over arbitrary rings. A similar approach can be used to study invar-
iants of injective resolutions: this is done in Sect. 5.

The idea to study a finite dimensional k-linear representation, M, of a finite
group, G, by means of an associated cohomologically defined variety V;(M),
was pioneered in the fundamental work of Quillen [Qu]. Various authors have
contributed a number of deep results and perfected the technique. If one tries
to mimic it for local rings, a serious obstacle arises: the k-algebra Ext¥(k, k),
which is the “obvious” substitute for H*(G, k), is in general neither commutative
nor noetherian. A way out is provided by the point of view of [Av,], which
centers on the homotopy Lie algebra n*(R) canonically associated to R. The
universal enveloping algebra of its 2-dimensional central elements provides a
polynomial k-subalgebra # of Ext}(k, k). One now takes V(M) to be the variety
defined by the annihilator of Ext}(M, k) in 4, for the action by Yoneda products.
When also V(Q, x, M) is defined, there is a morphism VF(M)- V(Q, x, M),
which is finite onto if pdy M < co. These structures are explored in Sect. 6.

The next — and last — section deals with group cohomology: group algebras
of finite abelian p-groups over a field k of characteristic p>>0 are artinian com-
plete intersections of a very special kind, which occupy a privileged place in
the theory due to the existence of Quillen stratifications [Qu], [AS]. By specializ-
ing some of the preceding propositions, we are able to obtain independent proofs
and sometimes sharper formulations of several key properties. Thus, the results
of this paper extend to relative complete intersections of arbitrary dimension
theorems whose earlier proofs made use of the full panoply of special techniques,
available to group cohomology.

The efficiency of methods from (homological) local algebra in the study of
group cohomology was initially demonstrated by Eisenbud in the important
paper [Ei]. Along with the two papers [Ca,], [Ca;] of Carlson and that of
Avrunin and Scott [AS], it has been a major source of insight and problems.
Finally, I should like to thank David Eisenbud for some useful conversations.

1. Eisenbud’s operators and their analogues for injective complexes

(1.1) Notation. In this paper a graded R-module, A, is identified with the disjoint
union of its homogeneous components, 4, (and not, as is often done, with
their direct sum). We write A={A,|neZ} and note that every non-zero element
of A is unambiguously assigned a degree: |a|=n<>acA,. The same module
is sometimes written with an upper grading: A ={A4"|neZ}, which always means
A"=A_,; when we need to emphasize the kind of grading used, we write A,
or A* instead of A. A degree n homomorphism of graded modules f: A —1B
is a collection {f,eHomg(4;, B;,,)|ieZ}. The set of all such homomorphisms
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is denoted Homg(A, B),: this is an R-module, and MHomg(A, B),
={Homg(A, B),|neZ} is a graded R-module.

A complex (or differential graded module) is an A, as above equipped with
an endomorphism 0=27, of degree — 1, such that §>=0; note that when we
write A in the form A* 0 acquires degree +1. When A and B are DG R-
modules, so is Homg(A, B), for the differential 8f =d,f—(—1)/f8,. Then the
cycles Z,Homg (A, B) consist of the degree n maps of complexes A — B, and
two degree n homomorphisms f, g are homotopic, ie. f —g=0s+(—1)'sd, for
some selHomg(A, B),. ,, if and only if they differ by a boundary. Thus, the
elements of H,Homg(A, B) can (and will} be identified with the homotopy
classes of degree n maps of complexes A — B.

In this section we consider a ring R of the form Q/(x), where x=x,, ..., X,
is a Q-regular sequence, and work with the exact sequence

(1.1.1) Q°SOBR-0,  a(Pre s YI=Xy Yy + e+ Xe Ve

The fact that R is local and noetherian plays no role.

(1.2), [Ei, Sect. 1]. Let IF, be a complex of free R-modules. Choose a free graded
Q-module F, such that F=R®,IF. Applying —®,IF to the exact sequence
(1.1.1) one obtains an exact sequence of graded Q-modules

FCLFLF—»O.

Because of the projectivity of IF there exists a degree —1 endomorphism &
of IF, such that d7=#3. Since R® J*=(R® J)>=0%=0, the projectivity of I
provides a factorization 92 =&t, for some degree —2 homomorphism 7: IF — .
Now set £,=1;(Q, x, IF) to denote the composition (j’th projection: T —F)of,
and write t;=t,(Q, x, IF) for R®'t'j: these are degree —2 endomorphisms of
the graded R-module IF.

If ¥ also is a lifting of 3%, then Im(f—7) is contained in Ker & By the
exactness of the Koszul complex and the Q-freeness of IF, this module coincides
with the Q-submodule of IF, generated by all elements of the form
©,...,0,x5,0,...,0, —x;»,0, ..., 0), where yelF, the first non-zero coordinate~
is in jth place, and the second one — in th place. Thus Im(R®!¢
—R®)cR®,Im(i—7)=0, so that ¢; does not depend on the choice of the
lifting ¢.

(1.2)* Denote by Ey(—) the injective envelope of (—) over Q. If I is R-injective,
then applying Homy(R, —) to the inclusion I — E(I), one obtains an isomorph-

ism IiHomQ(R, Ey(I)). Indeed, the right-hand side is identified with I’

={zeEy(I)[(x)z=0}, hence contains I as a submodule. Being injective, I splits
off: '=1@®J (over R, hence over Q as well). However, this occurs inside the
injective hull of I, which forces J to be zero, as claimed.
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Let II*~be a complex of injective R-modules. Consider the graded Q-module
T* with I"=E4(I"). Applying Homgy(—, I) to the exact sequence (1.1.1) we
obtain, in view of the preceding remarks, the exact sequence of graded modules:

0-ISTEE,  B)=(x,2 ..., x.2)

Because of the injectivity of T there exists a degree +1 endomorphism & of
I* (upper degrees!), such that i@=01. Since 02i=10%=0, there is a natural
homomorphism Coker 7 — I, which by the injectivity of T extends to a homo-
morphism d=(Q, x, I): I - I, such that 3*=a . Now set u;=u;(Q, x, )=,
these are degree + 2 endomorphisms of the graded R-module I*.

If i’ also is an extension of &2, then 4 and &' agree on Im . By the exactness
of the Koszul complex and the injectivity of I, this module consists of those
(zy, ..., z)elF, for which x;z;=Xx;z; for all 1<i,j<c. On the other hand, the
image of i(I) under the j-th injection of I in I consists of those
0,...,0,20,...,0) with x;z=0 for 1 Si<c, so is contained in Im§p. Thus u;
does not depend on the choice of the extension i.

(1.3) Proposition. With the previous notation one has, for | <j<c:

(1) t; and u; are homomorphisms of complexes, i.e. dt;=1;0, and du;=u;0;

(2) if G, (resp. J*) is a complex of free (resp. injective) Q-modules, and f: IF,,
— G, (resp. f: I* —» T*) is a homomorphism of complexes, then ft,(Q, x, F) and
t4Q, x, G)f (resp. fulQ,x, ) and ul(Q, x, B)f) are homotopic; in particular, t;
and u; are uniquely determined up to homotopy;

(3) for any i(1<i<c), t;t; is homotopic to t;t;, and w;u; is homotopic to u;u;;

(4) consider a commutative diagram of homomorphisms of commutative rings:

0—r -0

! ¢ !
R—LR=R'®,0
in which R'=Q’/(x’) for some Q'-regular sequence X' =x, ..., X.; write

[
d(x)=> a;x;, 15isc and a;eQ,
ji=1

and let IF' (resp. ') be a complex of free (resp. injective) R'-modules; then the
homomorphisms of complexes

10, X, R®g, F) and 3} a;(R®t(Q,x,F))

i=1
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(resp.

u;(Q, x, Homg,(R, Iy and Y a;;Homg, (R, u,(Q’, X, ]I’)))

i=1
are homotopic.
The assertions concerning the ¢;s are copied from [Ei, Sect. 1]. The proofs

essentially boil down to direct computations, and these “dualize” without prob-
lem to produce the corresponding properties of the u;s. [

(1.4) Proposition. Let &: IF, — M be a free resolution of the R-module M, and
let y: N - II* be an injective resolution of the R-module N. The following diagram
is then commutative:

H*Homg(F, N)—"— H* Hom(F, )" H* Hom (M, T

H*Hom(t,(Q,x,IF),N) H*ui(Q,x,Homg (IF, ) H*Hom(M,u;(Q,x, )

H*Homg (F, N) H* Hom g (F, I) —— H* Homg (M, I)

Tx

The proof proceeds along the lines of [Ei, Proposition 1.6]: one constructs
(FF, 9) and (I, 9) as above, then chooses 7; and ii; for them, and finally checks
that Hom({;, )+ Hom(fF, @;) can be used as ii;(Q, x, Homg(IF, 1)) for the com-
plex of injective modules Hom(F, ). [J

(1.5) Conclusion. Let IF, > M be an R-free resolution of M and identify
Ext{(M, N) with H*Homg(IF, N). Then by (1.3.1) y;= H*Hom(t;, N) is an endo-
morphism of Ext{(M, N) of upper degree 2, which by (1.3.2) is independent
of the choice of IF. If one chooses to identify Ext¥(M, N) with H* Homg(M, II)
for some injective resolution N — I*, for the same reasons one obtains an endo-
morphism y;= H*IHom(M, u;), which does not depend on the choice of I That
both constructions of x; agree is the claim of (1.4). Furthermore, x;x;= x;x:
for 1<i,j<c by (1.3.3).

Thus, Ext}¥(M, N) has a well defined structure of graded module over the
polynomial ring R[y,, ..., x.J, whose grading is determined by the requirement
lx;1=2 (upper degree) for 1 <j<c.

The functoriality of this structure results from (1.3.2) and (1.3.4) and may
be described as follows. Let a commutative square of ring homomorphisms,
satisfying the conditions of (1.3.4), be given. Let u: M'—> M and v: N> N’ be
homomorphisms of R-modules, and consider the canonical homomorphism

¥ =Ext}(u, v): Ext{(M, N) - Ext}, (M', N').

It is well known to be R-linear for the structures, induced from scalar multiplica-
tion on either of the module arguments. Furthermore, it has the property that
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Y(ge)=P(q) ¥(e), for ecExt}(M, N), qeR[x,, ..., %}, and @ denoting the R-
algebra homomorphism R[yxy, ..., x.J=>R[x}, ..., xo.], defined by &(x))

= 2 ain;(l sjZo).
i=1

i=

2. Gulliksen’s finiteness theorem

The title refers to the following statement, proved as the main result of [Gu].
We use pdy (resp. idg) to denote projective (resp. injective) dimension over R.

(2.1) Theorem. Let x=x,, ..., x, be a regular sequence in the commutative noether-
ian ring Q, and set R=Q/(x). Let M and N be finitely generated R-modules.

If either pdgM < oo or idgN < oo, then Extg(M, N) is a finitely generated
module over the graded ring R[y,, ..., x.] defined in (1.5).

(2.2) Remarks. Strictly speaking, Gulliksen uses in [Gu] a different set of opera-
tors, defined in a somewhat indirect way, and less suitable for our purposes
later in this paper. It is reported by Eisenbud [Ei, p. 42] that Mehta has proved
in his thesis (Berkeley, 1976) the coincidence of Gulliksen’s operators with the
z;. Furthermore, Eisenbud remarks [Ei, p.44] that the finiteness over
Ry, ..., 2.] can be proved by means of a specific construction of resolutions,
due to Shamash [Sh] and Eisenbud. Such an argument is given below, because
its ingredients are used in the sequel.

The Theorem is easily deduced from the following proposition, whose proof
requires some preparation.

(2.3) Proposition. Let x=x,, ..., x. be a regular sequence in the commutative ring
Q, and let ¢ denote the canonical map R :=Q/(x, ..., X.-1) = Q/(x, ..., x)=:R.
Let M and N be arbitrary R-modules.

Then there exists an exact triangle of graded R[y,, ..., x.J-modules:

Ext%(M, N)—=—Ext%(M, N)

v

Extk, (M, N)

where the horizontal map is multiplication by y., ¥ =Ext§(M, N), and & is a
homomorphism of upper degree — 1.

Proof of Theorem (2.1). Since each Exti{M, N) is finitely generated over R, there
is nothing to prove when ¢=0. Assume by induction that ¢ =1 and the statement
holds for E’=Ext}.(M, N), considered as a module over R[x), ..., x;-,]. By
(1.5) the homomorphism ¥ is compatible with the R-algebra map
DRy, -5 xd = R[X1, -+, %e— 1] which sends y; to y; for 1<i<c—1 and g,
to zero, hence Im ¥ is a submodule of the noetherian graded module E'. Take
ey, ..., e, in E=Ext¥(M, N), such that ¥Y(e,), ..., ¥(e,) generate Im ¥ over
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RIxy, -5 xi— 1) Thus, if G denotes the R[y,, ..., x.]-submodule of E generated

by the ¢;’s, we have E=G+ x E. Iterating, one obtains equalities E= ) (x.)"G
i=0
+(x)"* ' E for every n=0, which implies E=(R[x])G, since () (x)"E=0 due
nz0

to degree reasons. [}

The proposition is proved by using a construction of Shamash [Sh, Sect. 37,
which has subsequently been generalized to sequences with more than one ele-
ment by Eisenbud [Ei, Sect. 7]. A streamlining of the remarkably straightforward
original approach is presented below.

(2.4) Construction [Sh]. Let x' be a non zero divisor in the commutative ring
R, and set R=R'/(x)). Let (IF, d) be an R’-free resolution of the R-module
M. Then there exists a family of endomorphisms {s,},5 o of the graded R’-module
IF such that:

(i) Is,l=2n—1;

(ii) so=7";

(i) Sgs,+8;5o=X;

(iv) Y s;5,-;=0 for n=2.
i=0

Indeed, (ii) fixes s,. Since FSF is a map of resolutions over the zero map

M -{;M, it is homotopic to zero; taking s, to be one such homotopy, (iii} holds

by definition. Assume by inductions s;’s have been defined for i <n(n=2), such
i—1

that (i) through (iv) hold. Setting b, =x', b;=— ) s;s,_; for i>2, the last condi-

i=1
tion reads sys,=b;—s;5,, which yields equalities 5¢58;S,_;=b;Sy-;—8;bn_;
+58;8,_;8¢ for i=1, ..., n—1. Summing up one sees that s,b,=b,s,, which in

view of (ii) means b, is a degree 2n—2 cycle in the complex Homy, (IF, IF),..
By the comparison theorem for resolutions, the augmentation ¢: IF' - M induces
an isomorphism of its homology with that of Homg,(IF, M),, and the latter
complex is trivial in all positive degrees. Thus, b, is a boundary, i.e. there exists
a s, which satisfies (i) and also the equality sqs,+s,50=">b, (cf. (1.1)); this is
nothing but (iv).

Define now IF to be the graded R'-module Homyg, (R [x'], IF'),., where the
polynomial ring R'[y] is graded by assigning to y' lower degree —2; thus,
by our conventions (1.1), IF;=0 for i<0. It has an endomorphism ¢ of degree
—1 given by the formula

@)= % s:f' o),

iz0

which makes sense since f'(y''y)=0 for every homogeneous yeR'[%'], as soon
as 2i>| 'l +|yl.
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(2.5) Proposition [Sh], [Ei]. Setting F=R®zF and d=R®, J, one obtains
an R-free re;s‘oliition of M. For it the map t=t(R’, X', IF) defined in (1.2), is induced
by the map t=1t(R’, X', IF), given by multiplication by y': (f Y () =f" (¥ ¥).

Proof. Applying Homg,(—,F) to the exact sequence OHR’[x’]LR’[X/]

—R'—0, one obtains an exact sequence of graded Q-modules 0—F—F-

F'—0. After tensorization with R it yields the exact sequence of complexes
(since 2 =0 in view of conditions (2.4.ii) to (2.4.iv)):

0—R® g F—F->F—0. (2.5.1)

Note that H (R®gF)=TorX (R, M)=M for ¢=0, 1, and that this group is
trivial otherwise. Taking homology one obtains a long exact sequence

oo H(RQpF)-»H (Fy->H, ,(F)>H, ((R®gF)— ..

which immediately shows that Hy(IF)=M, and H (IF)=0 for ¢+0. J

Proof of Proposition (2.3). Apply Homg(—, N) to the exact sequence (2.5.1),
take homology, and note that by (1.5) multiplication by y' and by y, yield
the same operator. [}

In order to deduce numerical information from Theorem (2.1), it should
be noted that Ext}(M, N) is annihilated by the ideal Ann(M, N)=AnnM
+AnnN <R, hence it is in fact a module over (R/Ann(M, N)[ x4, ---, xc]- Sup-
pose now the ring R/Ann(M, N) is artinian. Then each Ext}(M, N) has finite
length over R, hence — by a classical result on finitely-generated modules over
graded polynomial rings [Na], [Se] — the theorem yields:

(2.6) Corollary [Gu]. With R,M, and N as in (2.1), assume furthermore
R/Ann(M, N) is artinian. Then (1—¢?)- ) lengthg Extx(M, N)t" is a polynomial
in t with integer coefficients. [ nz0

(2.7) Notation. Let R be local with residue field k. The integer bX(M)
=dim, Ext(M, k) is called the n-th Betti number of M: it is equal to the rank
of F, in a minimal free resolution F of M. The generating function Pf(t)
= Y bY(M)t"is called the Poincaré series of M (over R).

nz0

The integer uk(M)=dim, Ext}(k, M) is called the n-th Bass number of M:
it is equal to the number of copies of the injective envelope Eg(k) in a minimal
injective resolution T of M. The generating function I¥ ()= Y uk(M)t"
is called the Bass series of M (over R). nz0

These formal power series can be used effectively to explore the action of
¥ on Ext* under specific assumptions. We illustrate this in a case which will
find applications later on:
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(2.8) Proposition. Let M be a finitely generated module over the ring R=R'/(X'),
where R’ is local noetherian and x' is a non zero divisor, contained in its maximal
ideal m'. In the notation of (2.3), we then have:

(1) If x'¢(m')?, then y'. Ext%(M, k)=0.
(2) If x'ent’. Anng, (M), then y' is a non zero divisor on Ext}(M, k).

Proof. The preceding statements are essentially reformulations — via the exact
sequence (2.3) — of results due respectively to Nagata and Shamash.
For (1), [Na (27.3)] readily yields the equality

(2.8.1) PR (t)=(1+1) PE(1)

(cf. also [Sh, Sect. 2, Corollary 1]). In view of (2.3), this is possible if and only
if multiplication by y' annihilates Extg(M, k).
For (2), [Sh, Sect. 3, Corollary 1] asserts the equality of Poincaré series

(2.8.2) PR (t)=(1—t2) PR(t):

this is a consequence of the more precise result, that in (2.4) one can take
s; with Im s, (m’)'IF’ [1dem, Lemma 3], which shows the resolution constructed
in (2.5) is minimal. Once again, the claim follows by interpreting this equality
as a statement on the kernel of the multiplication by y’, using the exact triangle
(23). O

3. Complexity and virtual projective dimension

From now on we write (R, m, k) in order to denote a noectherian local ring
R with maximal ideal m and residue field k=R/m. The local ring (Q, n, k) is
a (codimension ¢) deformation of R, if a surjective homomorphism p: Q- R is
given, with Ker p generated by a Q-regular sequence (of length ¢). [It should
be noted, that when Q is a k-algebra, this notion coincides with that of “deforma-
tion with regular basis”™ in the deformation theory of commutative algebras.
However, we shall use this terminology for arbitrary rings, and never will consid-
er any other kind of deformation.] The deformation is called embedded if
Ker p=n? Given a deformation of R, we view every R-module as a @-module
via p, and (usually) suppress the homomorphism from the notation.

(3.1) Definition. Let d be a non-negative integer. We say the finitely generated
module M over (R, m, k) has complexity d, and write cxg M =d, if there exists
a positive real number 7y, such that the inequality (cf. (2.7))

bi(M)syn'™!
holds for all sufficiently large n, and d is the smallest non-negative integer with

this property. If no such d exists, we say M has infinite complexity, and write
CXgM =o0.
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(3.2) Remarks. (1) The notion of complexity was introduced in somewhat differ-
ent terms by Alperin and Evans [AE], with M a finite-dimensional k-representa-
tion of the finite group G, and R=k[G]. Both cases are covered by a general
definition, which makes sense for any module over an arbitrary ring, and has
some satisfactory formal properties: cf. [Av,].

(2} cxx M =0 with equality if and only if pdg M < 0.
(3) If Q is a codimension ¢ deformation of R, then

XM =cxg M ZcxoM +c.

Indeed, it suffices to consider the case when ¢=1: the left-hand side inequality
is given by the exact sequence (2.3), while the right-hand side one follows from
the specific form of the resolution constructed in (2.5).

For any local ring (R, m, k) we denote by R its m-adic completion. If k
is infinite, we set R=R; if k is finite, we set R=(R [X]mR[X]) where X is an
indeterminate over R. Thus, Risa faithfully flat extension of R, which is complete
and has infinite residue field. We write M for the R-module M ® RR and note
that depth and Krull dimension do not change when passing from R or M
to R or M respectively, and that bR( )=bR(M) for all n. In particular, one
has pdg M =pdi M, and cxg M =cxz M.

(3.3) Definition. For an R-module M the virtual projective dimension vpdg M
is (the non-negative integer or o)

vpdg M =min {pdq M|Q’ is a deformation of R}.

(3.4) Lemma. For a finitely generated R-module M, one has:

(1) vpdg M =0 if and only if M is R-free.

(2) If pdg M < 0, then vpdgM =pdz M.

(3) If vpdp(M)=pdy (M), then edim Q'=edim R; in particular: vpdg(M)
=min{pd, M|Q' is an embedded deformation of R).

(4) The following are equivalent: (i) R is a local complete intersection; (ii)
vpdg (M) < oo for all R-modules M ; (iii) vpdg (k) < co.

Proof. (1) If deM 0 for a deformation Q of R, then M is Q-free, in particular
AanM 0, hence Q =R, hence M is R-free.

(2) I Q/(x,, ..., x.)=R, then pdg M < oo implies pdy M =pdg M +c2pdg M

(3) Let p be the deformation Q' — R. If Ker p & n?, there is a non-zero divisor
z¢n?, zeKer p, hence by (2.8.1) de,/(z)]Vlzzde, M — 1, contradicting the assump-
tion on Q.

(4) Recall R is called a complete intersection if for some (hence for any)
Cohen presentation of R as a homomorphic image of a complete regular local
ring Q, Ker(Q — R) is generated by a Q-regular sequence. Thus, (4) is just a
restatement of the Auslander-Buchsbaum [AB] and Serre [Se] characterization
of regular local rings. [

Complexity and virtual projective dimension are linked by:
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(3.5) Theorem. When M =0 is a finitely generated R-module of finite virtual projec-
tive dimension, there is equality

vpdg M =depthR —depth M +cxx M.

When M =0 is finitely generated and pdy, M < oo, one has the Auslander-
Buchsbaum equality, cf. [AB, Theorem 3.7]

pdg M =depth R —depth M.

In view of (3.2.1) and (3.4.2), the Theorem represents an extension of this funda-
mental formula. The proof of the Theorem uses the Auslander-Buchsbaum
equality, and yields in fact the more precise result stated below. Recall that
edim R stands for the embedding dimension, dim, nmt/m?, of R.

(3.6) Theorem. Let M be a finitely generated module of finite virtual projective
dimension. If Q - R is any deformation, such that de]\7I< o0, then it can be
factored as Q — P— R in such a way, that Q is a deformation of P, and P is
a deformation of R for which pdg M =vpd,M, depth P=depth R+cxx M, and
edim P=edim R.

We can now show that vpdy, like pdg, may not take arbitrary finite values.

(3.7) Corollary. When vpdg M < 0, one has the inequality:
vpdg M <edim R
Assume in addition R is not a complete intersection. The stronger inequality
vpdg M <edim R—2,
then holds, and it can further be improved to

vpdg M <edim R—3
when R is Gorenstein.

It will be proved in (6.6) that over a complete intersection any possible
value of vpdg M occurs. The proofs of (3.5), (3.6), and (3.7) are given at the
end of this section.

(3.8) Notation. We consider the following situation: (Q, n, k) is a noetherian
local ring; x=x,, ..., X, is a Q-regular sequence; R=Q/(x); m=n/(x); M is a
finitely-generated R-module.

Let L, denote the c-dimensional k-vector space (x)/n(x). For an element
y contained in the ideal (x) we write j to denote its image in L. f y=y,, ...,
is a sequence of elements of (x), the vector subspace of L, spanned by 7,, ..., ¥m
is denoted L.

The polynomials from #,=k[x;, ..., x.] are viewed as functions on L, by
means of the condition y;(x;) = d;; (Kronecker delta). If x" is another Q-regular
sequence with (x') =(x), then (1.3.4) with ¢'=id, and ¢ =id shows this condition
is independent of the choice of the generating system x,, ..., x. of (x) (note
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the “variables” ¥4, ..., . are determined by this choice). Thus, #, can be
described in invariant terms as being the symmetric algebra on the k-linear
dual of L.

Since Extg (M, k) is a graded module, its annihilator is a homogeneous ideal
of R,. Fixing an algebraic closure K of k, we denote by V(Q, x, M) the cone
in K®, L, defined by this ideal.

(3.9) Theorem. With the notation of (3.8), let y=y, ... y,. be a set of elements
in (x), and let 1, ..., ny be a basis for the linear space {ye #%|x(L,)=0}.
The following are equivalent :

(@) y is a Q-regular sequence, and pd gy, M < 0;
(ii) y can be extended to a minimal system of generators of (x), and pdy,,, M
< 0;
(iii) dim,L,=m, (K® L,)nV(Q, x, M)= {0}, and pdy M < o0;
(iv) d=c—m, and the k[n,, ..., n4]-module Extg(M, k) is finitely generated.

Two special cases deserve special mention:

(3.10) Corollary. When R=Q/(x), pdg M < o0 is equivalent to the finite generation
of Extg (M, k) over R,.

Indeed, this is the equivalence of (i) and (iv) for y the empty set, i.e. (y)=0.
Thus, the Theorem contains both a generalization of, and a converse to Gullik-
sen’s Theorem (2.1). []

(3.11) Corollary. Assume pdyM < o, and let z be a non-zero divisor in (x). Then
zeV(Q, x, M) if and only if pdgy,, M = 0.

This is the equivalence of (ii) and (iii) for y consisting of a single element. [

Proof of Theorem (3.9). (i)<>(ii) Assume (i) holds, but there exists a ze(y) N n(x),
such that z¢n(y). Note that pdy,,,Q/(y)< oo and pdy,y, M < oo imply pdg., M
< oo. This, however, is impossible in view of (2.8.2), hence (ii) follows from
(1) as claimed. The converse is clear, since any minimal system of generators
of a complete intersection ideal forms a regular sequence.

Next we make some adjustments in order to facilitate the exposition. Observe,
that the first requirement in each of conditions (ii), (iii), and (iv) is that y form
part of a minimal system of generators for the ideal (x). By the remarks made
in (3.8), we can then assume y;=x; for 1<i<m, and n;=y;,, for 1<jSc—m.
Thus, in order to finish the proof, we have to show the following conditions
are equivalent:

(1) pdgxy, ..., xmM <

(iii) K(Xy, ..., %) " V(Q, x, M)={0} and pdy M < c0.

(iv) The k[ym+1s -.-» xcJ-module Extg(M, k) is finitely generated.

That (ii)’ implies (iv)' is seen directly from Gulliksen’s Theorem (2.1). Next

we set the stage for proving the converse, which is the core of the whole argu-
ment.
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With Q'=R'=Q/(x,, ..., X,), consider the commutative diagram of ring
homomorphisms:

00t

1T

R——R—R
¢ id

where ¢ and ¢’ are the canonical projections. Applying (1.5) to it one obtains
the commutative diagram

@ ® Exty (M, k) ®

Z ® Extt (M, k) R @ Exti(M, ky——2 g @ Exti(M, k)

| | |

Exth (M, k) ————— Exti(M,k) ————— Ext}(M,k)

Exts(M, k)

where the vertical maps are given by the respective module structures, and
the following notation has been used:

R=k[yq, ..., x.] with y; induced by t;(Q, x, IF) for some R-free resolution
IFof M;

R =k[ym+1>---> xe] with y}; induced by t,(R’, X', IF), where X" =x,,, , ..., X,
with x; denoting the image of x;in R';

R=k[11, ..., ¥m] With %, induced by 1,(Q, y, M) for some R'-free resolution
IF of M;

' R - A is the k-algebra homomorphism defined by &' ()= y; for m+1
Sjisc

&: #— R is the k-algebra homomorphism defined by &(x)=0 for m+1=i
Se, )=y for1<sism.

We are now ready to prove that (iv) implies (ii). Let IF be as above, and
choose an injective resolution I of k over R'. The standard filtration F?
={felHomg(F, Homg.(R, I))| f (F)=0 for i< p} yields the change-of-rings spec-
tral sequence with second term:

L,EP9=Ext}(M, Ext% (R, k))=>Ext}' (M, k).

Equipping IF, with the operators t;=t,(Q, x, IF) we see they satisfy t,(FF)c F?*2,
hence they induce an action of R[y,, ..., x.] on the spectral sequence, with
1 GEP %)<, EP* 24 for r22. Note that for this action the term ,E is simply
Extg(M, k) ®, Extg.(R, k) viewed as an #-module via the left-hand factor. By
our assumption, Extg(M, k) is finitely generated as a ¢'(#')-module. Since
Extg.(R, k) is the exterior algebra over the d-dimensional vector space
Extk.(R, k), it follows that ,E is a finitely generated @'(#')-module as well. But
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now, because of the #-linearity of the differentials ,d of the spectral sequence,
this property is seen to be inherited by the consecutive subquotients
3B, 4E, ..., c_mi 1 E.

It is time to note that since ,E»?=0 when g<0 or ¢g>c—m, one has
c-m+1E= oE. Thus, the limit term Extg. (M, k) has a finite filtration by finitely
generated @' (#')-modules. It follows that Extg. (M, k) is itself finitely generated
as a module over the subring ¢'(#') of #. However, the left-hand square of
the commutative diagram shows the variables y;=@'(x}) annihilate Extg.(M, k)
when m+1<j< ¢, hence for this module finite generation is equivalent to finite
dimension as a k-vector space, which in turn obtains if and only if pdg. M < c0.

Next we prove that (iv) <>(iii). We have just shown (iv)’ implies pdy M < co,
and since pdyQ' is finite, pdygM < oo follows. Furthermore, the fact that
Extg(M, k) is finitely generated as an #-module, follows both from (iv) (obvious)
or from (iii) (by (2.1)). Thus, in order to show the equivalence of (iii)) and
(iv), we assume Extg(M, k) is finitely generated over %, and have to establish
that K(Xy, ..., %) 0 V(Q, x, M)={0} if and only if Extg(M, k) is finitely generat-
ed over k{Ym+ 1> ---» X.J- HOWever, since the points in the intersection correspond
bijectively to the maximal ideals in the support of K®& [Extg(M, k)/
Cm+ 15 ---» Xo) Extg(M, k)], this is just Nakayama’s lemma. []

In terms of growth invariants, the theorem has the following interpretation:

(3.12) Co~rollary. Let M+0 be a finitely-generated R-module with vpdgM < o0,
say pdo M < o for R=Q/(x). The following integers are then (defined and) equal :

(i) the complexity cxzg(M);

(i1) the order of the pole of B¥(t) at t=1;
(tii) the Krull dimension of the # ,-module Extg(M, k).
(iv) the dimension of the algebraic set V(Q, x, M).

When the field k is infinite, they are moreover, equal to:

(v) min{codim H|H is a k-rational subspace of K® L,, such that Hn
V(Q, x, M)={0}},

(vi) c—max{m| there exist elements y,, ..., y,,, which form part of a minimal
system of generators of (x) and satisfy pdgy,, ..., M <©};

(vil) min{d|Q’ is a codimension d deformation of R such that de.]VI <00}

Proof. By the remarks preceding (3.3), the first three conditions do not change
when R and M are replaced by R and M; we make this substitution.

Let d; denote the integer defined by the j-th condition: the finiteness of
d, (resp. d,) follows from (3.2.3) (resp. (2.6)). Since, according to Gulliksen’s Theo-
rem (2.1), Extz(M, k) is a finitely generated %,-module, the equality of d, through
d follows by elementary commutative aigebra and algebraic geometry. Remark-
ing that every subspace H as in (v) has the form L,® K for some sequence
y<(x), whose elements extend to a minimal system of generators of (x), we
conclude directly from the theorem that ds=d,. Finally, the definitions yield
the inequality d, <d, while d, <d, follows from (3.2.3); with the equality d, =d,
already in hand, this completes the proof. []
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Proof of Theorems (3.5) and (3.6). In the notation of (3.6), assume R

=Q/(xy, ..., X.), choose y,, ..., ¥, to satisfy (3.12. vi), and set P=0Q/(y,, -.., Vm)-
We then have:

vpdr M =pdy,,,M  (by (3.3))
=depth Q/(y)—depth M
=depth R+(c—m)—depth M
=depth R+cxzgM —depth M (by (3.12))
On the other hand, choosing a deformation Q" with pdy. M minimal, we can
write:
vpdrM=pdo-M (by (3.3)
=depth Q' —depth M
=depth R+ (depth Q' —depth R)—depth M
=depth R+cxz M —depth M (by (3.12))

It follows all the quantities considered in both chains are equal to each other.
In particular, (3.5) holds. Furthermore, we also have by the choice of P that

cxg M =c—m=(depth Q —depth R)—(depth Q —depth P)=depth P—depth R,

and we see from the first chain of equalities that vpdz M =pd, M. By (3.4.3)
this implies edim P =edim R, which was the last thing left to prove. []

Proof of Corollary (3.7). Choose P, by (3.6), to satisfy cxg M =depth P —depth R,
and edim P=edim R. Applying (3.5) one obtains:

vpdg M =depth P—depth M
=edim P—depth M —(edim P —depth P)
<edim R —(edim P —depth P).

The first inequality in Cor. 3.7 follows because edim P =depth P for any local
ring P. The remaining two are immediate consequences of the fact, that if edim
P —depth P<1 (resp.: P is Gorenstein and edim P —depth P £2), then P, hence
also R, is a complete intersection. []

4. Periodicity

Before turning to FEisenbud’s conjecture on modules with bounded Betti
numbers, cf. (4.6), we show that the condition vpdyM < o allows for a very
precise determination of the asymptotic behaviour of the Betti sequence of M.
In the formulation of the next result, we use the notation O(u(n)) to indicate
a function v(n) such that |v(n)| <y|u(n)| for some yeR and all n>0.

(4.1) Theorem. Let M be a finitely generated R-module of finite virtual projective
dimension. The following then holds:
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—~ ¢cxg M =0 if and only if the sequence {bX(M)} is eventually zero;

— cxgM =1 if and only if the sequence {bX(M)} is eventually constant and non-
zero;

— CXgM =d =2 if and only if there exists a positive integer A such that

4
ba (M) = T4 0(n' ),

2971(d—-1)

Proof. By (2.6) the Poincaré series P (t)= > b, (M)¢" can be written in irreduc-
nz0

ible form f(¢)/(1—t)*(1 + )¢ with f(t) a polynomial with integer coefficients. Fur-

thermore, by (3.12) u equals d, the complexity of M. Decomposing this rational

fraction into prime fractions, we have:

a a b b
4.1.1 PRO)=—"t... : .. ! t
@.1.1) mO=q gty Y ary T T ey PO
for a polynomial p(t) and some rational numbers ay, ..., a4, by, ..., b, such that

a;=a=+0,b,=b+0. The case d=e=0 occurs precisely when pdzM is finite,
so in the sequel we suppose one of d or e is positive. Denoting by ny—1 the
degree of p(t), and writing out the binomial expansions, one obtains polynomials

a

= @ X4~ lower order terms,

g(X)

h(X) X~ ' +lower order terms,

" (e—1)!
such that for all n=n, one has:

4.12) b (M) = {g(n)-i—h(n) when n %s even;
g(n)—h(n) when nisodd.

If d<e, one of the series of the even or odd Betti numbers is eventually
given by a polynomial with negative leading term, hence takes on negative
values for n> 0, which is absurd.

Assume d=e=+0. For the same reason as just stated, one sees that a+5=0
and a—b =0, hence a=0; together with our assumption that a0 this means
a>0. Choose now an integer j such that a<(2j-+1)|b|, and let n be an even
integer such that n—(j+1)=n,. Localizing at a minimal prime, p, of R, and
using the exactness of the sequence

0 G —(F,_ )y (B (B )y G0
derived from a minimal free resolution IF={F,} of M, one can write down

the equality:

j
Y. (—1)lengthg (F,-,), =(—1)/(length G’ +length G").

q=—j
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Dividing both sides by length R,, and setting y; ,= Y (—1)b,_ (M), one

obtains for even j the inequalities: q=-i
4.1.3) x.n20; and
4.1.4) Xj+1.2S0.

However, (4.1.2) shows y; , is given by a polynomia] in n, whose leading term
is

(a+@2j+1D)byn? for i=j; and

(—a+@2j+3)b)n? for i=j+1.

Now if b <0 this implies y; , is negative for all j when n> 0, and this contradicts
(4.1.3). If b>0, it implies y;. , is positive for all j+1 when n»0, and this
is ruled out by (4.1.4). Consequently, b is equal to zero.

Thus, we have shown d>e. However d (resp. e) is the order of the pole
of BF(t) at t=1 (resp. t= — 1), so that when pdgx M = o0 one can write the Poin-
care series in the form

S
(1—t¥ (141

It remains to see the inequality for f(1). Multiplying both sides by (1 —¢)%, invok-
ing (4.1.1), and passing to the limit as t— 1, one obtains the expression
O<a=f(1)/2~

The theorem follows by setting A=f(1)-247¢"1, [J

(4.2) Remark. Returning to the formulas (4.1.2) one sees — taking (4.1.5) into
account — that each one of the polynomials, expressing (for big enough n) the
even or the odd Betti numbers of M, has the same leading term. Thus, we
obtain yet another interpretation for the complexity of M: it is equal to the
Krull dimension of either Ext§"(M, k) or Ext¥¢(M, k), when viewed in the
natural way as a module over #,.

In [Av,,p.34] the question was raised whether the inequality bX(M)
<bR, (M) holds for all n>0 for any finitely generated module M over a local
ring R. The answer is known (and is positive) in only two cases, both due
to Lescot: when m®*=0, or when R is a Golod ring. For modules virtually
of finite projective dimension, the question can now be reduced to a very concrete
problem:

(4.1.5) PR(t)= with d>e, f()eZ[t], f(1)>0.

(4.3) Proposition. Let M be a module of finite virtual projective dimension, and
let its Poincaré series be written in irreducible form f()/(1—t)'(1+t)° with
S()eZ[t]. When d=<1 the Betti numbers of M are eventually constant. When
d>e+1, the Betti numbers of M are eventually increasing. When d—1=e, they
are eventually increasing if f (1) > + f(—1).

Proof. We use the notation introduced in the proof of (4.1). The case d<1
being clear from (4.1), we assume in the sequel that d=2. Using (4.1.1), the
difference bR, , (M)— bR (M) can be expressed in the form:

ntd—1 w1y [(ntey [nte—1 el
a( d—2 )+(—1) b((e—1)+< o1 ))+r(n)+(—1) s(n),
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where r(n) (resp. s(n)) is a polynomial of degree <d—2 (resp. <e—2). By (4.1.5)
we know that d=e— 1 and that a=f(1)/2¢ is positive, hence for n> 0 this differ-
ence is positive either when d>e— 1, or when d=e—1 and a>2|b|. It remains
to note that multiplying both sides of (4.1.5) by (1+¢)¢, passing to the limit
as t — — 1, and looking at (4.1.1), one obtains the equality b=f(—1)/2%, so that
the inequality involving a and b can be rewritten as f(1)>|f(—1)l. O

A weaker question than the one addressed in (4.3) is due to Ramras: is
it true that either lim bX(M)= oo, or else the Betti numbers are eventually con-
stant? Theorem (4.1) answers it affirmatively for modules virtually of finite pro-
jective dimension.

To close this section, we inspect these modules for periodic behaviour.

Recall that a complex of R-modules IF, is called periodic of period g, if
there exist an integer r and an endomorphism of complexes ¢: IF —IF of degree
—q, such that F;=0 for i<r, and t maps F,,, isomorphically onto F; for i=r.
A resolution F is said to become periodic after r steps, if the truncated complex
F,/IF., is periodic. A module is said to be eventually periodic (after r steps)
if its minimal free resolution becomes periodic (after r steps). When one can
take r=0, the module is called periodic.

An interesting class of exact periodic complexes of period 2 has been con-
structed by Eisenbud [Ei, Sect. 5] on the basis of his notion of matrix factoriza-
tion, which refers to an ordered pair of maps of free P-modules ¢': F'— G’
and ¥': G'— F' such that ¢’ =x"idg. and Y’ ¢’'= x"id. for some element x'e P.
Denoting reduction modulo (x') by forgetting the “prime” symbol, consider
the periodic complex

F(@, ¥): ... > F565F 56500 ...

in which the first O appears in degree — 1. It its easily verified [Ei, Proposition
5.1], that when x’ is a non zero divisor on P, this is a resolution of the P/(x)-
module Coker ¢ =Coker ¢'.

(4.4) Theorem. Let M be a finitely generated R-module of finite virtual projective
dimension.

(1) The following conditions are equivalent :

(i) M has bounded Betti numbers;

(ii) bR(M)=bR, (M) for all n=depth R—depth M +1;

(ili) M is eventually periodic of period 2 after at most depth R—depth M
+ 1 steps.

(2) If R= P/(x') for some non zero divisor x', and pdp M < o0, there is a matrix
factorization (¢, ) of x', such that (¢, y') is the minimal resolution of the
(depth R—depth M + 1)’st syzygy N of M.

When k is infinite, R is complete, pdg M = o0, and condition (1.i) holds, such
a P always exists.
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(4.5) Corollary. When vpdy M < o0 and M %0, the following conditions are equiva-
lent:

(i) M is periodic
(i) vpdg M =1, and M has no non-trivial free direct summand;
(iii) M has a minimal R-free resolution of the form FF(¢', y/').

(4.6) Remarks. A well known conjecture of Eisenbud [Ei, p. 37] asserts, that
if M has bounded Betti numbers, it is eventually periodic of period 2 (cf. Note
added in proof). In view of the theorem, if vpd M is finite, then the even stronger
statement holds, that the minimal resolution of such a module is eventually
given by a matrix factorization.

As noted in (3.4.4), this will be the case when R is a complete intersection;
indeed, then (4.4) and (4.5) specialize to some key results of [Ei], namely Theo-
rems (4.1), (5.2), (6.1), and Proposition (5.3). Thus, they may be viewed as “rela-
tive” versions of some assertions of [Ei], in which a hypothesis on the ring
—i.e., one which is being imposed on all R-modules — is replaced by a hypothesis
on the individual module under consideration. It should be noted that several
proofs in [Ei] proceed by reduction to dimension zero and subsequent use
of the self-injectivity of artinian complete intersections. This technique being
no longer available in the present context, it is Theorem (3.9) which — in a
rather discreet way — plays a pivotal role in our arguments.

Proof of Theorem (4.4). Consider first the case of pdx M < 0. By the Auslander-
Buchsbaum formula then b®(M)=rank F,=0 for n=depth R—depth M + 1, so
that conditions (i), (i), and (iii) of (1) all hold, in particular they are equivalent.
The conclusion of (2) holds for the same reason. Thus, for the rest of the proof
we shall assume pdg M = 0.

It has been noted before (3.3) that conditions (1.i) and (1.ii) are invariant
under the passage from R and M to R and N. Denoting by N’ the (depth R
—depth M +3)rd syzygy of M, condition (iii) means that N and N’ are
isomorphic as R-modules. However, by faithful flatness, this is equivalent to
the isomorphism N=~N' as R-modules. Since N is the (depthR
—depth M +1yst syzygy of M, and N’ is its (depth R—depth M +3yrd
syzygy, one sees that condition (iii) also is invariant under the switch from
R to R. Thus — exactly as in [Ei] — we have reduced the proof of (1) to the
case when R is complete with infinite residue field. We shall assume this to
be the case.

If (1i1) holds, the Betti numbers with indices =depth R —depth M +1 take
on at most two values, both of which are non-zero, since pdg M =oo0. Thus
cxg M =1, and we see from (4.1) that these two values coincide, which is precisely
the claim of (ii). Since the implication (ii)=>(i) is trivial, and (iii) represents a
weakening of the statement in (2), both parts of the Theorem will be proved
once we establish (2).

Since (1.i) implies that M has complexity 1, (3.5) and (3.6) provide a presenta-
tion R=P/(x') with pdp M =depth R—depth M + 1. Working our way up the
resolution from M to N, we find pdpN=1. To show the minimal resolution
of N has the desired form, we use an argument due to Eisenbud [Ei, p. 53].
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Let 0— F'2, G'—+ N —0 be P-free resolution of N. Since x' N =0, multiplication

of this resolution by x’ is homotopic to zero, hence there exists a map y': G’ — F’
such that ¢’ y'=x"idg and ¥’ ¢'=x"idp.. Let m’ denote the maximal ideal of
P, and assume IF(¢’, ') is not minimal, i.e. Imy'¢mF’. This implies Imy’
contains a non-trivial R'-free summand, hence Imy contains a non-trivial R-free
summand. However, the exactness of the complex IF(¢',y') shows
Imy = Coker ¢ =N, which is not possible due to the following:

(4.7) Lemma. If (IF, 0) is a minimal free resolution of a finitely generated module
M over an arbitrary local ring R, then the modules Im0; contain no non-trivial
free direct summand when i>q=max(depth R —depth M, 0).

Proof. The statement is a slightly more precise version of [Ei, Lemma (0.1.i)],
and the proof given there can easily be adapted to fit the present formulation.
For diversity (and completeness) we offer an alternate argument.

Let a be a maximal R-regular sequence, chosen in such a way that its initial
segment of min(depth R, depth M) elements forms an M-regular sequence. If
E is the Koszul complex on a, consider the homomorphisms of complexes

F=R®;F«E®;F-E®;M

defined by the augmentation maps R = R/(a) < [E and IF - M. Both homomorph-
isms induce isomorphisms in homology. By the depth-sensitivity of the Koszul
complex, H,(E®z M)=0 when i>q. Since depth R=0, for each i there exists
a non-zero element r;e R which annihilates Im(R ® 8,), so that Im(R® 0,) cannot
contain a non-trivial R-free direct summand. But then Imd, contains no non-
trivial R-free direct summand, as claimed. [

Proof of Corollary (4.5) (i)=>(ii). By assumption, M is isomorphic to its own
syzygy which can be made to sit as far back in the resolution as one wishes
it to. On the one hand, by the preceding lemma, this implies M has no free
summands 0. On the other hand, it forces the equality depth M =depth R,
and since nontrivial periodic modules obviously have complexity one, vpd, M
=1 follows from (3.5).

(ii)=(iii). Let R = P/(x) be given by (3.6), with pdp M =vpdz M =1, and with
(x) generated by a regular sequence of length cxzM =d. Since M is a torsion
P-module of projective dimension 1, its annihilator in P has grade 1; since
(x) M =0, it also has grade =d, hence 1=d=cxz M. To see that the resolution
of M has the desired form, one can now apply the first part of the argument
used to prove (4.4.2).

The remaining implication (iii)=>(i) being trivial, the proof of the corollary
is complete. [

5. Plexity and virtual injective dimension

There is no reason not to subject to growth of the Bass numbers (cf. (2.7))
to the same kind of analysis we have used on the Betti numbers. Since the
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results can sometimes be reduced to the ones for free resolutions, and can usually
be proved in a similar way, this short section mostly focuses on the specific
features of the minimal injective resolutions.

(5.1) Definition. The plexity of M, denoted pxy M is the smallest integer d such
that p(M)=yn’"! for some real y>0, and for all sufficiently large n; if no
such 4 exists, we set pxg M = 0.

The virtual injective dimension, vidg M, is defined to be equal to min {idQM |Q
is a deformation of R}.

As before, pxx M =0 if and only if M is injective. If Q is a codimension
c deformation of R, then pxy M S pxg M <pxoM +c. When M is finitely generat-
ed and idgM < oo, then vidgM =idgM. In this case, a well known result of
Bass [Ba] states that idz M =depth R. Now the analogue of Theorem (3.5),
which extends Bass’s equality to infinite injective dimension, is

(5.2) Theorem. Assume M is a finitely generated R-module of finite virtual injective
dimension. There is then equality

vidg M =depth R+pxgM. [

It should be noted, that in view of the “Bass conjecture”, proved by Peskine
and Szpiro, Hochster, and P. Roberts, if vidg M < oo for some M +0, then R
is Cohen-Macaulay.

Let W(Q, x, M) denote the algebraic variety defined by the annihilator of
Ext(k, M) in #,. The precise analogue of Theorem (3.9) obtains — with a similar
proof — by exchanging projective with injective dimension. In particular (cf.
Corollary (3.11)), a non zero divisor ze(x) has the property that ze W(Q, x, M)
if and only if idy,,, M = cc. Since over a Gorenstein ring the conditions pd M < co
and id M < o are equivalent, one has:

(5.3} Proposition. Let R be a Gorenstein local ring, and let M be a finitely generat-
ed module with pd,(M)< co. Then the varieties V(Q, x, M) and W(Q, x, M) coin-
cide. [

It seems relevant to ask here the question whether the finiteness of both
vpdgx M and vidg M for the same module M imply that R is Gorenstein: this
is indeed known to be the case when the finiteness condition is placed on the
actual — rather than the virtual — dimensions, ¢f. [Fo].

6. The cohomological variety of a module

In the preceding sections, the main tool has been the module structure of
Extgx (M, k) over the graded polynomial algebra #Z,=k[y, ..., x.J- The construc-
tion in (1.5) of the x,’s from Eisenbud’s operators and their duals has the advan-
tage of easy definition and useful interpretation at the cochain level. However,
it has the major drawback of presupposing that R has been given to us along



92 L.L. Avramov

with its deformation Q. This section shows how to remedy such a situation.
We only discuss projective invariants, since statements and arguments dualize
without problem to yield results on injective resolutions.

(6.1) The homotopy Lie algebra. Recall that Ext}(k, k) is in a natural way the
universal enveloping algebra of a graded k-Lie algebra n*(R), called the homo-
topy Lie algebra of R (for details cf. [Av,]). Furthermore, every homomorphism
R’— R of local rings, which induces the identity on their (common) residue
field k, defines a map n*(R)— n*(R’) of graded Lie algebras. When p: Q - R
is a deformation, n*(p) is an isomorphism in degrees =3, and defines the five-
term exact sequence

a(p n2(p)

(6.1.1) 0—n! (R)——2 71 (Q) - Hom,(Ly, H)—2 72(R) »n2(Q) -0

where L, =(x)/n(x) as in (3.8); furthermore, Ker 72 (p) is a subspace in the center
{*(R) of n*(R), cf. [Ja] or [Av,]. Thus, there are two natural actions of %,
=k[x;, .-, x.] on Extg(M, k) (or Extg(k, M)): the one defined in Sect. 1, and
the one coming from the k-algebra homomorphism XZ(p): %, — Extg(k, k),
Z(p)(x)=0(p)(x;), with subsequent application of the Yoneda pairing. It can
be shown both actions yield the same product.

Summing up, we obtain the following result, whose last statement is due
to the Poincaré-Birkhoff-Witt theorem:

(6.1.2) Lemma. The action on Extg(M, k) or Extg(k, M) of the k-algebra %,
obtained from a deformation Q — Q/(x) of R, factors canonically through an action
of the subalgebra # of Extg(k, k), generated by the subspace (*(R) of central
elements of degree 2 of n*(R). Furthermore, & is a polynomial algebra. [

(6.1.3) Remark. The groups n*(R) which are of interest to us in this paper are
n! and n% One always has n!(R)=Hom,(m/m?, k). When R=0Q/I for a regular
local ring (Q, n) and I =n?, then n?(R)=Hom,(I/nl, k).

In particular, when R is a complete intersection, then n?(R)=Hom,(L,, k)
in the notation of (3.8). Furthermore, in this case n'(R)=0 for i=3, and this
is known to characterize complete intersections.

(6.2) The cohomological variety of a module. In the sequel we consider finitely-
generated R-modules M only. Let K be a fixed algebraic closure of k. Writing
{,(R) for Hom,({%(R), k), and viewing the elements of # as functions on the
affine space K ®,{,(R), we set

VE(M)={ze K® {,(R)| f(2)=0 for all fe Anng Extg(M, k)}

and call this the cohomological variety of the R-module M.

In the notation of (3.3), Extgx(M, k)= k ®,Extg(M, k) by an isomorphism
compatible with the identification {2(R)=k ®,{2(R). Thus, V(M) = V(M) can-
onically, hence in studying the variety one often can assume R is complete
with residue field infinite (or — for that matter — equal to K).

Some illustrations are immediately at hand:
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(6.2.0) V#(0)= 0.
(6.2.1) If pdg M < o0, and M 0 then V(M) ={0}.

(6.2.2) V§E(k)=K®,{,(R), since Extg(k, k) is a free Z-module by Poincaré-Birk-
hoff-Witt.

In order to relate VF(M) to the variety V(Q, x, M) associated to a deforma-
tion p: @ — R with kernel (x), consider the natural linear map o(p)

Hom(a(p), K)

K ®:{,(R)=Hom,({*(R), K)—————— Hom, (Hom, (L,, k), K)=K @, L,

defined by the homomorphism o(p) from (6.1.1).

(6.2.3) Proposition. A deformation Q — Q/(x)=R induces a morphism of varieties

a(p): VEM)->V(Q, x, M), which is finite if pdgM <oo. When Q is of minimal

codimension with this property, then 6(p) is a Noether normalization of V#(M).
In particular, when vpdg M < oo, one has dim Vg (M)=cxz M.

Proof. The k-algebra homomorphism X (p) defines the morphism o(p) . Assuming
pdgo M < co, we know from (2.1) that Extg(M, k) is finitely generated over #,,
hence also over Z. It follows that #/Anng,Extgz(M, k) is finitely generated over
R,/Anng Extg(M, k), so that o(p) is surjective. Let Q be of minimal codimension
cxx M, witlvl de]\7I< oo. By the preceding and (3.12), we see V(Q, x, M)=L,,

hence o(p) is a Noether normalization. Finally, since minimal deformations
exist by (3.6) for any M with vpdz M < o0, we obtain the last claim. []

The next statement contains the only non-trivial general result [ am aware
of, concerning the form cohomological varieties of modules can take. The con-
struction is adapted from one due to J. Carlson for representations [Ca;, Lemma
(2.3)]. The proof is — necessarily — completely different, since none of the standard
tools of group cohomology is available to us.

(6.3) Theorem. Let f be an arbitrary homogeneous element of the algebra R, defined
in (6.1.2). Then there exists an R-module M(f) such that VF(M(f)) is the hypersur-
face in K® {,(R), defined by the equation f=0.

Proof. Choose a minimal R-free resolution (IF,d) of k. Then Extgz(k, k)
=Homg(IF, k)=MHom,(IF/mIF, k): under these identifications, the polynomial
feR?* < Ext3(k, k) defines a k-linear homomorphism «: F,,/mF,, — k. Writing
N for Iméd,,=Kerd,,.,, and noting that because of the minimality of
IF,k®0,,: k®F,,—»k® N is an isomorphism, we set ¢ to be the composition
of R-linear homomorphisms:

(k@ 024) "1 a
—_— S E,/mF,,————k

N—N/mN

Now M (f) is defined from the exact sequence:

(6.3.1) 0-M(f)= N-2k 0.
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Consider the long exact sequence
O-N->FE, »F, ,—>..oF->k-0

Breaking it down into short exact sequences and applying Ext%(, k) repeatedly,
one ends up with a degree zero isomorphism of Ext}(k, k)}-modules
Ext%(N, k)= s~ 2ExtZ2%(k, k), where s’E is the graded module with (s"E),
=E, ;. This explains the bottom row of the diagram

0—— Extk(k, k) —— s~ 29Exti (k, k)—— C 0

(6.3.2) Ext{(,k) [ id l
0——— Ext¥(N, k)—— 5~ 29Ext¥(k, k)— 5~ 2Extj 2%(k, k)———0

whose top row is multiplication by feExt*(k, k), followed by the projection
onto C=Coker f. The exactness of the bottom row has already been noted;
that of the top row reflects the fact that f is a non-zero divisor in Extg(k, k)
(by Poincaré-Birkhoff-Witt). The diagram is commutative: for the left-hand
square this is due to the naturality of Yoneda pairings, and for the other one
it holds by construction. Finally, all maps are degree zero homomorphisms
of Extg(k, k)-modules, because of the centrality of f.

As a first input from (6.3.2), note the injectivity of Ext}(¢, k); applying this
to the exact triangle of Ext¥(k, k)-modules

Extg(k, k)—22% gyt (N, k)
Extz(M(f), k

derived from the exact sequence (6.3.1), one sees that Coker Ext¥(¢, k) is natural-
ly isomorphic with Ext}(M(f), k). Returning to (6.3.2), we now obtain from
the snake lemma the exact sequence of Extg(k, k)-modules:

_ Ext}(k, k) _
2a R 2a <2a )
0— Exts(M(f), k) — s ([m i k))—>s Ext<24(k, k) >0

Since Ext¥(k, k) is free over # (Poincaré-Birkhoff-Witt again), the module in
the brackets is free over #/(f), on a homogeneous basis of the vector space
k ® zExtg(k, k). It follows that

Anng Extg(M(f), k)=(f)

= Anng, (Ext¥(k, k)/f ExtE(k, k)) > (Anng Ext} (M (f), k))**,
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hence VF(M(f)) is the hypersurface f=0. [

For further reference, we save the argument between (6.3.1) and (6.3.2) in
the form of the following statement:

(6.4) Lemma. Assume there exists a long exact sequence
O-M->F_|—»...»F,>M'-0

with F, free R-modules for 1 <i<n. There is then equality V(M) =VF(M"). O

Even for complete intersections, we do not know whether every k-rational
variety in K® 7,(R) has the form V(M) (cf, however, (7.6) below). That the
simplest ones are of this form, is shown by the following argument, suggested
to me by D. Eisenbud.

(6.5) Proposition. Assume R is a complete intersection. If HCc K®;n,(R) is a
k-rational linear subspace, then there is an R-module M of finite length, such
that V§(M)=H.

Proof. Since the R-modules of finite length have finite length as modules over
R as well, we may assume R is complete, and take it in the form R=0Q/(x,, ..., x,),
with (Q, n, k) regular local, and x;en” Let d=dim, H 20. Changing coordinates
if necessary, we may assume H is spanned by X, ..., X, (cf. (3.8) for notation).
Denote by Q' the complete intersection Q/(x,, ..., x,), and let M’ be the n’th
syzygy in the minimal resolution IF of k over Q', with n chosen large enough.
Then x4,4,..., X, is a regular sequence both on M’ and on @', so that
F,,./(xs41, ..., x)IF;, is a minimal R-free resolution of M =M"/(x;, ¢, ..., x,) M".
In particular, Ext%(M, k) and Ext}.(M’, k) are related by an isomorphism com-
patible with the homomorphism of k-algebras Extg(k, k) - Extg. (k, k), and with
the module structures over these algebras, i.e. with the map

¢:‘%:k[X1a'-',Xc]—»k[Xh---aXd]:%/s qj(X!):O for i>d.

Since Anng, Ext, (M’, k)=0 by (6.4) and (6.2.2), Ann,Extp(M, k)= (X441, -5 Xo)»
ie. VE(M)=H, as claimed. (]

(6.6) Corollary. If R is a complete intersection, then all possible values of cxg M,
namely

0<cxzxM Zedim R —depth R,
and all possible values of vpdg M, namely
0=<vpdg M £edim R,
are obtained for suitable finitely generated R-modules M.

Proof. In the proposition we have constructed modules of finite length, with
complexity between 0 and edim R —depth R. By Theorem (3.5), they have virtual
projective dimensions between depth R and edim R. Taking modules with finite
projective dimensions varying between 0 and depth R, we get the same range
of vpdg M by (3.4.2). Finally, (3.2.3) and (3.7) assert that we have now obtained
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all possible values for the complexity and for the virtual projective dimen-
sion. []

We finish this section by using (6.3) in order to answer a question of Eisenbud.
Namely, in [Ei, Theorem 3.1] he proves that for Q regular, R=Q/(x) for some
regular sequence X, and infinite residue field k, there exists a linear combination
of the form t=t,(Q, x, M)+ ) a;t;,(Q, x, M) with a,€Q, such that t: F,, > F

iz2
is surjective for sufficiently large i (IF denotes the R-minimal resolution of M).
Furthermore, he raises the problem [Ei, p. 44] of whether the restriction to
the case of infinite k is necessary. That it is, is shown by the next

(6.7) Proposition. Let (Q, n, k) be a regular local ring, such that k contains g
elements. Let I <n? be an ideal generated by a Q-regular sequence of length c.

When ¢ =2, there exists an R-module M, such that for any regular sequence
x generating I, no Q-linear combination, t, of the operators {t;(Q,x, M)|
j=1, ..., ¢}, is eventually surjective.

Proof. Let x4, ..., x. be a k-basis of %2, and set

X1 X2 - X
q q q

f=det| *1 %2 XN Mom(h).
Xt{c*l X%c-—l . ch—l

It is a known and easily verified fact that f is equal to the product of all
forms y=1,x,+...+x;-1x;-1+ x>, where 15j<c, and x;ek. By (6.3) V(M)
is the set of points in K¢, for which f=0, i.e. the union of all hyperplanes
in K¢, which are defined over k. Thus, for each ye#2, the multiplication

Exth (M, k)—Exti*2(M, k) has a non-trivial kernel for infinitely many values
of i.

Let now t be an arbitrary Q-linear combination of the t;(Q, x, M). Then
Hom(t, k): Hom(FF, k) - Hom(IF, k) induces, according to (6.2.3), maps
Exth (M, k) —» Exti 2(M, k) given by multiplication with some ye#*. We already
know it is not injective for infinitely many i’s, hence (by Nakayama) ¢: F;,, — F;
is not surjective for infinitely many i’s. [

7. Applications to modular representations

In this section k denotes an algebraically closed field of characteristic p>0,
G is a finite group and M stands for a finite-dimensional representation of
G over k. The case in which the preceding results are directly applicable is
easily described: k[G] is a commutative local ring if and only if G is an abelian
p-group A.

The seeming isolation of these specific groups is misleading: due to results
of Quillen, Alperin-Evans, and Avrunin-Scott, many problems for general G
are reduced to studying precisely this situation. What is important to us is



Virtual projective dimension 97

that k[ A] is a complete intersection of a very special sort. Recall that in [AE]
the complexity ¢ M is defined to be the smallest integer 4, such that there
exist a k[G]-projective resolution P of M and a y>0, with dim, B,<yn’" "' for
all n=z1. For G=A as above, and R=k[A4], this clearly agrees with cxg M
as defined in (3.1).

(7.1) Theorem. Let M =+0 be a finite-dimensional representation of the abelian
p-group A. Then ¢ (M) is equal to the least integer d', such that the group of
normed units of k[ A] contains a direct product B x C of subgroups with the follow-
ing properties:

(1) B is minimally generated by d' elements;
(2) M is afree k[ C]-module.
(3) k[A]=k[Bx C].

Proof. For B and C as above, the canonical isomorphisms
Tork™(M, k)= Tory®(M ®(;k, k), n20, show that ¢,(M)=cz(M ®,;k)<d".
Thus, in order to prove the theorem, we have to show there exist B and C
as above, with B minimally generated by d = c (M) elements.

Decompose A into a direct product {a;) x... x<{a.> with a; of order p*
and 0<e,<e,=<...<e,. The map X;—a;—1(1<j=c) extends to a surjective
ring homomorphism Q=k[X,, ..., X ] > k[A4] with kernel generated by x,
=X%' ..., x,=XP* By (3.12), there exist m=c—d linearly independent over
k elements

Zau x;,  ajek,

such that pdy M < o, for @'=Q/(, ..., Vi)

Next we modify the basis of the k-vector space V spanned by the yi’s as
follows. Let ji, ..., j, be the integers for which e; <e; ,; thus, setting f,=¢;
for 1 =r=c, the monomials which generate (x) are written as:

XL, XD X, X

j1e J2s e

Xfs, ..., XFo

Denote by i; the k-rank of the matrix (aj;); <;<. . Pick i; linearly independent
L=jsh

rows of this matrix, and call y,, ..., y; the y’s which have produced them.

Subtract suitable linear combinations of y,, ..., y;, from the rest of the yi’s,

in order to obtain a k-basis y,, ..., yi,, ¥ +1, ---, Yo of ¥, in which y} are k-linear

combinations of X7z, ,,..., X/4, for i+1=<i<c. Repeating the procedure on

the submatrix (g ,J),] <izm and iterating, we end up with a basis of V of the form
J1<jZe

Z bijx;, 1Zism,

where the m x ¢ matrix (b};) is block upper-trlangular with diagonal block B,
having size (i,—i,_ )X (j,—j,-1), and rank Bg=i,—i, ,<j,—js_, for 1<s<q
(we set ig=j,=0).
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Since k is algebraically closed, there exist b;ek such that bj;=(b;)"" for
1fi€mand 1 £j<c. Now, forisuch that i, , <iZi, set

c
pUi—fs)
Y=} by X7
i=1

this is well defined for 1 £i<m, since b;;=0when j<j _,,andf;= f, whenj>j,_,.
The polynomials Y, ..., Y,€k[X,, ..., X ] have no constant term, and their
linear parts are linearly independent over k. Consequently, one can find c—m
among the X/s, call them Y, 4, ..., Y, such that k[ Y,, ..., Y.]=k[X, ..., X.].
For 1<i<m, set g;=f,, when i;,_, <i=<i; for m+1=ZiZc, set g;=e¢,, when Y,
=X,. Finally, set R'=k[Y,, ..., ¥, J/(Y%", ..., YE™), In this notation we have

QI:Q/(yI’ e ym):Rl[[Ym+1’ e Yc]

The fact that M has finite projective dimension over Q' implies it has the
same property over R'. Being finitely generated over the local artinian ring
R’, it is necessarily free over it. Next note that the projection Q — R factors
through

R[Yry, oo XJAYETT, oo, YE)=R @R,

where R"=k[Y,,q, ..., YI(YETL', ..., YP*). Since dim (R'®R")=]] p*
¢ i=1
=[] p**=dim, R, we have R’ ®, R” =R as k-algebras. Denote now by C(resp. B)

i=1

the image in R of the multiplicative group H'(resp. H”) generated in R'(resp. R”)
by the classes of 1+Y; for 1<i<m (resp. m+1=Zi=Zc). Since R'=k[H"] and
R"=k{H'"], the theorem is proved. []

For an abelian p-group A, and for a non-negative integer d, write w?(4)=e,
+...4+e_,if A=Cp, x...xCp,, where C, is a cyclic group of order h, and
O<e,Se,<...<e. If G is an arbitrary finite group, set w?(G)=max {w’(4)}
when A ranges over all abelian p-subgroups of G. Finally, recall that the p-rank
of G is the maximum n, for which G contains a subgroup E isomorphic to
(C,)". With this notation, we have:

(7.2) Corollary. Let M be a representation of G with c;(M)=d. Then p“#'® divides
dim, M, and 0%(G)Z(p-rank G)—d =0.

Proof. Let A be a subgroup with w5(G)=e, +...+e,_,. Since d' =c (M) £ cs(M)
(straightforward from the definitions), then (7.1.3) provides a direct product
decomposition 4=~ B x C, with C minimally generated by ¢—d’' elements by
(7.1.1). The minimal order of such a C being p®* - *¢%-d Zpett-*e-a (71.2)
shows that p®#‘® divides dim, M. The first inequality of the corollary is obvious.
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For the second one choose — by the Quillen-Alperin-Evans dimension theorem
[AE] - an elementary abelian subgroup E of rank n=p-rank G, and such that
cg(M)=cg(M)=d, and finish by invoking e.g. (3.2.3). O

(7.3) Remarks. (1) In the special case when c;(M)=1, Theorem (7.1) gives the
central result — Theorem 5.1 — of Carlson [Ca,]; the proof given there is different,
and involves the analysis of a number of special cases. With the same assumption
on M, Corollary (7.2) coincides with [Ca,, Corollary 5.6] and with [Ei, Theo-
rem 9.1].

(2) Assume A=E is an elementary abelian group of rank ¢ and M is arbi-
trary. In this case one recovers all the main results of Kroll’s paper [Kr] as
follows: Theorems 1.2 and 1.3 from (7.1), Theorem 1.5 from (7.2), and Proposi-
tion 1.7 from the equality of (i) and (iii) in (3.12). The last Proposition has been
sharpened in (4.2).

(3) The result of (7.2) is “best possible”, since M =k[A4]/fa,_4.,—1,...,a
—1) has dimension w*(4) and complexity d.

(s

(7.4) The cohomological varieties associated to a representation. Recall that
H*(G, M), the cohomology of the group G with coefficients in M, is a graded
module over the graded ring H*(G, k) in such a way, that the isomorphisms
H*(G, —)= Ext}(k, —) transform these structures into Yoneda products. In
compliance with the notation of [Qu], [AS], etc., we write H*(G) to denote
the commutative ring H*(G, k) when p =2, and H®"**(G, k) when p is odd.

The cohomological variety Vg(M) of a p-group G is defined to be the maximal
ideal spectrum of H*(G)/Anng, g H*(G, M) with the Zariski topology: cf. [Qu],
[Ca,].

Next we fix an elementary abelian p-group E, minimally generated by
dy, ..., a, and denote by J the k-subspace of k[ E] spanned by a, —1, ..., a,— 1.

The rank variety V(M) of a representation M 30 of E consists of 0 and
of these feJ, for which M is not a free k[ f]-module [Ca,]; one also sets V;(0)=0.

It is not obvious from the description that VE(M) is an algebraic variety:
this is proved by Carlson [Ca,, Theorem (4.3)]. That these two varieties coincide
was conjectured by him on the basis of evidence obtained in [Ca,], and was
proved by Avrunin and Scott [AS, Theorem (1.1)]. We shall now show this
fact is contained in the results of Sect. 3.

To fix notation, we identify k[E] with k[ X, ..., X_JAXY, ..., XE), by sending
X; to a;,— 1. The ring H*(E, k)=Extg(k, k) has a wellknown structure, described
in terms of the c-dimensional vector spaces T=Hom,(J, k), and U =Hom,(L,, k)
(cf. (3.8)), situated in degrees 1 and 2 respectively. Namely:

— when pisodd, H*(E, k)= A* T®,S* U (A* =exterior algebra, $* =symmetric
algebra);

— when p=2, H*(E, k)=S*T, and the natural injection of U in H*(E, k), cf.
(6.1.3), identifies it with {¢?|teT}.

In either case, the polynomial algebra # of (6.1.2) can be described as the
subalgebra k[ U] of H*(E). Since both algebras act on Ext}(M, k) via the embed-
ding H*(E)< H*(E, k)=Extg(k, k), the inclusion # — H*(E) defines a homo-
morphism of rings a: #/Ann Extg(M, k) > H*(E)/Ann Extgy(M, k).
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On the other hand, consider the map f:J—L,, given by f— g”, where g
is an element of n=(X,, ..., X)) mapping to f, and the bar refers to the image
in (x)/n(x), x=X4, ..., X2.

(7.5) Theorem. The homomorphism o and the map f induce isomorphisms

Ve (M)— Vi (M) L V(M)

of algebraic varieties.

Proof. To see that «* is an isomorphism it suffices to show that « induces
an isomorphism of rings, %/|/Ann Extg(M, k)— H*(E)/|/ Ann Extg(M, k).
When p is odd, this is obvious from the fact that H*(E)= % @ (nilpotent elements).
When p=2, an inverse homomorphism is induced by the Frobenius endomorph-
ism.
By Corollary (3.11), g?¢ Vi(M) if and only if the projective dimension of
M over R'=k[X,, ..., X.]/(g") is finite. We shall show this condition is equiva-
lent to the freeness of M over k[ f], i.e. to f¢ VE(M): this will finish the proof,
since f is bijective because of the algebraic closedness of k.

ILet IFF be a minimal free resolution of M over R’. Since
R =k[f]1®.k[X, ..., X._], this is also a free resolution of M over k[f].
Thus pdg- M < oo implies pd, ;M < oo, which is only possible if M is free over
k[ /1. Conversely, if M is k[ f]-free, then the exact sequence ...»F - Fg—>M
—0 splits over k[ f], hence IF' @,k is a k[X7, ..., X,_,]-free resolution of
M/f M, which is necessarily minimal. By the regularity of k[ X", ..., X._,] this
implies F,/fF,=0 for n=c. Thus one obtains for n=c the equalities F,=fF,
=f?F=...=fPF =0, thatis, pdg MSc—1. [J

(7.6) Remarks. Using the description of VE(M), it is easily seen that Vi(M ®,N)
=VE(M) VE(N) [Ca,, Theorem 3.5]. Combining this with [Ca,;, Lemma 2.3]
(cf. also (6.3) above), Carlson observes that every subvariety of Vj(k)=k® occurs
in the form Vj(M) for some finite — dimensional representation M. Finally,
standard reduction techniques are used to show that for any finite G, every
variety defined by a homogeneous ideal of H*(G) is of the form V (M) for
some finite-dimensional representation M.

Thus, in view of (7.5), we can conclude that over rings of the form R
=k[X, ..., X X", ..., X&), any subvariety of k° is of the form Vi(M) for
some finitely generated R-module M.
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Note added in proof

Examples are now known of rings which have periodic modules of arbitrary periods g=>1, and
also of rings which have non-periodic modules with constant Betti numbers, c.f.: Gasharov, V.N.,
Peeva, IN.: Boundedness versus periodicity over commutative local rings. Trans. Am. Math. Soc.
(to appear)



