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Introduction

The n-invariant of a self-adjoint elliptic differential operator on a compact mani-
fold X was introduced by Atiyah, Patodi and Singer [A-P-S], in connection
with the index theorem for manifolds with boundary. It is a spectral invariant
which measures the asymmetry of the spectrum Spec(A) of such an operator
A. To define it, one starts by setting, for Re(s)> 0,

] sl
B0  Tr4uy) 7).

0.1) n(s, A)= Y TF

AeSpec(A4) — {0}

This 1s a holomorphic function which can be meromorphically continued to
C. Indeed, from the identity

5

0.2) n(s, A)= £T Tr(de— ) de

f

s+1
r
3]
and the asymptotic behaviour of the heat operator at t =0, it follows that 5 (s, A)
admits a meromorphic extension to the whole s-plane, with at most simple
dim X —k
ord A

remarkable, and considerably more difficult to establish, fact is that s=0 is
not a pole, and this makes it possible to define the #-invariant of 4 by setting

poles at s= , (k=0,1,2,...) and locally computable residues. The

(0.3) n(4)=n(0, 4).

In particular one can attach an n-invariant to any operator of Dirac type
on a compact Riemannian manifold of odd dimension. (On even dimensional
manifolds, Dirac operators have symmetric spectrum and, therefore, trivial 5-
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invariants.} An important case of such an operator is the (even part of the)
tangential signature operator, B, acting on the even forms of M its #-invariant

(0.4) nx=n(B)

is called the y-invariant of X.

Besides the essential role played in the index theorem for manifolds with
boundary, where they contribute the non-local boundary correction terms, #-
invariants of Dirac operators are closely related to several important invariants
from differential topology (see [A-P-S], [D2], [K-S]). They have also been
related to global anomalies in gauge theories (see [Wi], [ B-F]).

For X a compact oriented (4n- 1)-dimensional Riemannian manifold of
constant negative curvature, Millson [M] has proved a remarkable formula
relating ny to the closed geodesics on X. Specifically, Millson defines a Selberg
type zeta function by the formula

Trz; —Trr, e™5'®

(0.5) log Z(s)= ), |det(I— B,(y)|"* m(y)°

[v1#1

where [y] runs over the nontrivial conjugacy classes in I'=n,(X), I{y) is the
length of the (unique) closed geodesic c, in the free homotopy class corresponding
to [y], m(y) is the multiplicity of c,, P,(y) is the restriction of the linear Poincaré
map P(y)=d®, at (c,,¢,)eTX to the directions normal to the geodesic flow
&, and t; is the parallel translation around c, on A = +i eigenspace of a4(¢,),
with o5 denoting the principal symbol of B. He then proves that

(0.6) Z(s) admits a meromorphic continuation to the entire complex plane;
0.7) log Z(0)=miny;

and

(0.8) Z(s) satisfies the functional equation Z(s) Z(—s)=e>"'"x.

The appropriate class of Riemannian manifolds for which a result of this
type can be expected is that of non-positively curved locally symmetric mani-
folds, while the class of self-adjoint operators whose eta invariants are interesting
to compute is that of Dirac-type operators, eventually with additional coefficients
in locally flat bundles. It is the purpose of this paper to formulate and prove
such an extension of Millson’s formula.

We shall now present our main results. Let X denote a compact oriented
odd-dimensional locally symmetric manifold, whose simply connected cover X
is a symmetric space of noncompact type. Let D denote a generalized Dirac
operator associated to a locally homogeneous Clifford bundle over X. The fixed
point set of the geodesic flow, acting on the unit sphere bundle T'X, is a
disjoint union of submanifolds X,, parametrized by the nontrivial conjugacy
classes [y]+1 in I'=x,(X). Bach X, is itself a (possibly flat) locally symmetric
manifold of nonpositive sectional curvature. We denote by &,(I') the set of
those conjugacy classes [y] for which X, has the property that the Euclidean
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de Rham factor of X is 1-dimensional. Thus, for [y]e&, (1), X, leX; and
the lines R x {x'}, x eX ,» are the axes of y. Projected down to X , they become
closed geodesics, ¢,, which foliate X,. The space of leaves X turns out to
be an orbifold. The eigenvalues of dbsolute value 1 of the lmear Poincare
map P(y) determine a bundle CX, over X, (the “center” bundle), and the parallel
translation around the leaves ¢, gives rise to an orthogonal transformation
t, of CX,. CX, contains the tangent bundle TX, and we let NX, denote the
orthogonal complement of TX in C X Since TX corresponds to the eigenvalue
1ofz, ,NX. , decomposes as

NX,=NX,(-1)® Y NZX,(0),

0<f<n

according to the other eigenvalues — 1, e¥%(0 <0 <n).

The restriction to X, of the vector bundle IE, can be pushed down to a
vector bundle ]E over X , which splits into subbundles IEYi corresponding to
the eigenvalue +1 of the symbol of D. One thus obtains a £, -equlvarxant complex
62 E; > E; over TX, and, therefore, a class [6‘D]€KO (TX,), the £,-equivariant
K theory group (with compact supports) of TX As in [A-S;§3], we can then
form the cohomology class ché? (¢, )EH“’(TX (E) By analogy with the Lef-
schetz formula of Atiyah-Singer [A- S Thm. (3. 9)] and using the stable charac-
teristic classes #, ¥ and 7 defined therein, we set:

ché®#)R(NX,(—1) [] S*(NX,0)7T(X,)

— 0<f<n ~
09) Lo.p={ (e Lerg )

For [y]+1, the closed geodesics ¢, in the free homotopy class associated
to [y]=1 have the same length [,. If [y]e(o (I'), then g=%dim NX is integer
and independent of y. Also, for ['))]6(501 (N, L¥=IL,nC,, where C, 1s the con-
nected center of G,, is infinite cyclic; we let myz[l"y’*: Z,], where Z, is the
group generated by y in I'. Again for [y]e &, (I'), we denote by P,(y) the hyperbol-
ic part of the linear Poincaré map P(y), i.e., the restriction of P(y) to the subbun-
dle of TT' X |TX, determined by the eigenvalues of absolute value <1 (stable)
and > 1 (unstable); this notation is consistent with that employed in (0.5).

Our main result establishes that a zeta function can be defined, initially
for Re(s?)» 0, by the formula

L(y, D) e sh

|det(I— RGN m,

(0.10) log Z(s, D)=(—1)* Y,

[vleé& ()
and furthermore that:

(0.11)  Z(s, D) has a meromorphic extension to the entire complex plane;

1
(0.12) n(D)=-log Z(0, D);
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and,
(0.13)  Z(s, D) satisfies the functional equation, Z(s, D) Z(—s, D)= e>™"®),

Besides the intricate way the geometric dependence of #(D) is encoded in
the Lefschetz-type coefficients, the new and surprising feature of formula (0.12)
is the appearance of only rank one geodesics. An immediate consequence is
the vanishing of all the eta invariants when G has no factors locally isomorphic
to SO(p, q), pq odd, or SL(3, R). As mentioned before, the result can be extended
to n-invariants with coefficients in flat bundles. In particular, we obtain zeta
function formulae for the difftfomorphism (as opposed to metric) invariants
defined by taking the signature with coefficients in a locally flat bundle of virtual
dimension zero.

A few comments on the proof are now in order. Like Millson’s, it is based
on the use of the Selberg trace formula. We shall, therefore, highlight only
the way in which the difficulties, not merely technical, posed by the handling
of the arbitrary split-rank case are overcome. One starts by expanding
Tr(De *?*) as a series of orbital integrals associated to the conjugacy classes
[¥] in I'. Each such integral, over a necessarily semisimple orbit, can be in
turn expressed in terms of the “noncommutative” Fourier transform of the
odd heat kernel, along the tempered unitary dual of G, the group of isometries
of the symmetric space X. One of the key results in this paper is the explicit
calculation of Trn(D) for n=np,, a principal series representation induced
off a parabolic P=MAN, which implies, in particular, that Tr n(D)=0, unless
A is the split part of a fundamental Cartan subgroup and dim 4 = 1. This explains
the occurence of only one type of conjugacy classes, namely &,(I), in (0.10).
More importantly, it makes it possible to bring the expression for Tr(De "%
to a manageable, albeit still group-theoretical, form. The transition to the geo-
metric form, specifically the expression (0.9) of the “Lefschetz numbers™ L(y, D)
requires some additional work, analogous to computations in [H-P] and [Sc].
Finally, the meromorphic continuation as well as the functional equation for
the zeta function Z (s, D) are proved by identifying Z(s, D) as an infinite determi-
nant (defined by the “high temperature” regularization) of the Cayley transform
D—is

D+is’
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§ 1. Dirac bundles

To establish our notation, we recall in this section some standard material
on Dirac bundles; for details we refer the reader to [L-M].
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Let X denote a compact Riemannian manifold and let T(X) denote the
tangent bundle of X and CI(X) the complexified Clifford bundle. Let E be
a complex vector bundle over X and suppose that there is a bundle map from

CIl(X) to EndIE that is an algebra homomorphism on each fiber and covers
the identity

C!(X)———End E
1.1)

Given such a structure there always exists an inner product on each fiber IE,
for which unit vectors in T(X),=CHX), act by unitary transformations. A
bundle E together with such a €i(X) action and smoothly varying inner product
will be called a Clifford module bundle.

Since X is Riemannian, there is a canonical connection on T(X) and hence
on CI(X). We denote that connection by ¥*. A Clifford module bundle is called
a Dirac bundle if it has a connection V satisfying the compatibility condition

(1.2) Vy(v-5)=(VRv)-s+v-(Vys)

where s is a local section of IE, v is a local section of CI(X), Z a vector field
and - denotes the module multiplication. On a Dirac bundle one then has a
Dirac operator defined by

DS:ZeE'(Veis)

where {¢;} is any local orthonormal frame for X.

Our concern, starting in §3, will be with bundles that satisfy one further
condition, namely local homogeneity. To define this we let X be the simply
connected cover of X and for any vector bundle [E over X let |E denote the
pull-back to X. Let G be a group that acts on X by isometries.

Definition. A vector bundle IE over X is G-locally homogeneous if there is
a smooth action of G on IE which is linear on the fibers and covers the action
of Gon X.

Notice that for any such G, T(X) is G-locally homogeneous in a natural
way via the differential. Hence so is any bundle obtained from T(X) by tensor
products. Since G acts by isometries on X, it follows that there is a smooth
action of G on CI(X); thus CI(X) is G-locally homogeneous. Likewise, other
standard constructions from linear algebra applied to any G-locally homoge-
neous IE will give in a natural way corresponding G-locally homogeneous vector
bundles. In particular, End E~E*Q®IE is G-locally homogeneous whenever IE
is.

When we work with G-locally homogeneous bundles we shall require all
constructions to be G-equivariant. For example, if E is a Clifford module bundle
which is also G-locally homogeneous, then we shall require the natural action
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on CI(X) and End(E) to be equivariant with the module action, that is, for
each g in G we have the commutative diagram

Cl(X)——EndE

(1.3) ¢ ¢

Cl(X)——EndE

Similarly, if E is a Dirac bundle which is G-locally homogeneous we shall require
G-equivariance for ¥ the lift of ¥ to IE. Thus the corresponding Dirac operator
D is then G-equivariant, i.e., D is G-locally homogeneous.

When G is I, (X), the full connected group of orientation preserving isome-
tries of X, we shall refer to G-locally homogeneous bundles as locally homoge-
neous. This agrees with the usual terminology when X is a homogeneous space
G/K with G=1, (X).

Returning to the general situation, one knows that a Dirac operator is elliptic
and is essentially self-adjoint. We denote its closure acting in the Hilbert space
of square integrable sections of [E also by D.

§2. The Cayley transform determinant

To motivate our infinite determinant construction we consider first a self-adjoint
operator on a finite dimensional Hilbert space. The Cayley transform of such
an operator D is the unitary operator

_D—i
T D+i’

More generally, for se @, consider the family of operators
_D—is
" D+is’

C(s)
This family is meromorphic, with poles at sei Spec’(D)(Spec(D)—{0}), all of
which are simple, and having residue
res_;; C(s)=2iiP,

where P, is projection onto the iA eigenspace. For AeSpec(D) let m(4) denote
the multiplicity. One has

det C(s)=(— D)™ det’ C(s)
where

det' C(s)= ] ()“ —is)mm.

AeSpec’ (D) i +1is
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Set 4= min |A| and let log be the principal branch of the logarithm. If
AeSpec’ (D)

s is in the plane cut from +il, to +ioo, one has

logdet C(s)= Y m(d) 1og()“_’:§)

AeSpec'(D) Ati
and
vi-logdet’C(s)z— ¥ m(/l)(~i~+»i ):~2i Y mA)5—— 4
ds 2eSpee'D) l+is  A—is seSpee D) A2 452
or
(2.1) ilogdet’C(s):~2iTr——-
ds D*+s?

Thus we obtain the following characterization:

(2.2) det’' C(s)is the unique meromorphic function whose logarithmic derivative
satisfies (2.1) and normalized by det’ C(0)=1.

Let now D be a Dirac operator as in §1. As in the finite dimensional case,
the family of operators
D—is
C i
(9= D+is

is meromorphic with simple poles at sei Spec’(D). We shall show that there
is a unique determinant function; det’ C(s), as in (2.2). Since D(D*+s%)7"' is
not a trace class operator, first we shall describe the high temperature regulariza-
tion of the trace.

Theorem 2.1

D D 2hg
(a) Tr® (D2 —),__lling Tr(ﬁi—ie—tw +s ))

is a meromorphic function with simple poles { +ii|AeSpec'(D)} and residues
D 1 \
I'CS,-;V TI‘O <m) = 51“ (Fn ()\.) — m( —_ A)).

(b) For Res?> — A3 one has

D o 2
T e Tr(De P dt.
' (D s ) | (be™)

{(c) For any ¢>0 one has

£ D 2 2
Tr® ( ) fe S Tr(D “’D)dt+Tr(D-2 ——e P ”’).
0
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Proof. We need estimates on Tr(De '?*) for ¢t small and ¢ large. The first is

obtained from [B—F]: Tr(De *?*)=0(t'/?), t| 0. The other estimate is elementa-
ry. Fix t,>0. Then for t = ¢,

|Tr(De P S Tr(IDle™ )= Y  m@)ve™ ™

veSpec’(|D])

—122 —t(v2—22
—e tAg Z m(v) ve t(v:—A4%)
veSpec’'(| D))

_ - 2_
<e ™™ Y mve ¥ TH
veSpec’(| D|)
—(t— 2 a2
=e ¢ N m(v)ve oY
veSpec’(| D)
—tAZ

=cCe

These two estimates allow us to conclude that the function
(2.3) Y(s)= | e Tr(De ***)dt
0

is analytic for Res?> —A2. Actually, from the estimates we can conclude more.
Fix £¢>0 and write

(2.4) P(s)= [ e’ Tr((De P dt+ [ e " Tr(De ™) dL.
0

&

It is obvious that the first integral is entire, and (using [B-F]) that it has limit
zero as &0, uniformly on compact subsets. For the second integral, if Res*>
— A2 we may use Fubini to get

< 2. b 2 D 2 2
j‘ et Tr(De—-tD ydt="Tr J‘ De ts*tD )dt:Tr(D2+s2 e 8D ts ))

€

Now (D?+5%) 7! is a meromorphic operator-valued function and for each ¢>0,

D . . .
Tr( L e““”z”z’) is a meromorphic function with poles at
{+ii|1eSpec’'(D)} and

D
D? +5?

res;; Tr( e‘s(m“z))-——%[m(/l)——m(-—l)].

Hence, for each >0, the right hand side of (2.4) defines a meromorphic continua-

. D .
tion of ¥(s), which must be unique. Denote it by Tr° (W) Then this mero-

morphic function has all the properties stated in the theorem. [
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We are now in the position to make the definition:
is\. . . . o .
) is the unique meromorphic function whose logarithmic deriv-

D—
2.5) det’
@23) de (D-Hs

2 D
ative is — Tr (DZ ) and whose value at s=0is 1.

Recall now the definition of the p-invariant, (0.1}40.3). From (0.2) and the
estimate in [B-F], Tr(De *P*)=0(t'/?), it follows that the integral converges

and defines #(s) on Res> —2; in particular

n(D)=L t~ 2 Tr(De %) dt.

O“-=8

A

D—i .
Proposition 2.2. lim det’ LT pmrino)
D+ix

x—=++w

Proof. Since

dt e"’z]Tr(De"Dz)Ids=—l/i £ 12| Tr(De %) | dt < o
2
o o 0

one can use Fubini’s theorem to obtain

[ Y(s)ds= [ ds [ e ™ Tr(De ")) dt
0 0

e " Tr(De ") ds

If
Oe——;g

IS

o~
Oc——,g

t~ 12 Tr(De™ %) dt

i
ol
Ov..—,g

n
=E’T(D)-

Thus

lim log det

X a0

—ix_ j'I’(s yds=—nin(D).
0

e ~eP? ”2)) is invariant under s — — s, our determi-

D
We note that since Tr
( DZ + 52
nant satisfies the functional identity

D+is —is
=1.
(2.6) det’ D is de t DTis
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Remark. Set ¢=1/x. If one replaces the metric g by g, =g/e* then Proposition 2.2
says that the adiabatic limit of the determinant of the Cayley transform of
D,is e ™D,

§3. Dirac operators on locally symmetric spaces

For the remainder of the paper we shall require X to be locally symmetric.
We will then use harmonic analysis to study the kernel of the odd heat operator
directly, rather than through its spectral decomposition as in § 2. More precisely
we follow the familiar Selberg approach and evaluate the trace of the odd heat
operator, De '?’, by means of orbital integrals. The success, in this instance,
of this approach ultimately rests on the computation of the Fourier transform
of the Dirac operator in Proposition 3.6.

Let X be a globally symmetric space of noncompact type and dimension
2n+1, and let G denote the connected component of the group of orientation-
preserving isometries of X. Then G is a connected semisimple Lie group, and
if K is a fixed maximal compact subgroup, then X is naturally isometric to
G/K.

Let p denote the tangent space to X at ¢K and denote by Spin(p) the
usual Z, cover of SO(p) contained in the Chfford algebra CI(p). Since the dimen-
sion of p is odd, Cl(p) has exactly two distinct simple modules (c,, L.); these
modules, however, when restricted to Spin(p) are equivalent. Passing to a cover-
ing group if necessary, we may suppose K maps into Spin(p). Let (a, S) denote
the representation of K obtained from either of these modules. We shall refer
to (g, S) as the spin representation of K.

Lemma 3.1, Let X be an odd dimensional homogeneous space G/K and EaG-
homogeneous Clifford module bundle over X. Then IE is associated to a representa-
tion of K of the form (c®1, S®V).

Proof. Let E be the vector space IE,x and let ¢(-) denote the action of Ti(p)
on E. Since E is homogeneous, there is a representation (p, E) of K on [Ek,
with [E associated to (p, E).

Now E is also a module for Cl(p), with p odd dimensional, and so as
Cl(p) module

ExL.QV,®L_QV_.

Here L, @V, are the +1 eigenspaces of c(w%), w®eCl(p) the complex volume
element (wC=i""'e,...e5,., n=1(2)). We shall show that each of L, ®V, are
of the form S®V as K-modules.

Restricting ¢(*) to K, one gets

(3.1 c( Y E)=(c®1Do@1, SRV, BSR®V_)
Using the G-equivariance (1.3), in particular K-equivariance, gives

(3.2) p(k)c@) pk™ ) =c(kvk™"),
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where K is viewed as a subgroup of Spin(p)<Cl(p). Since w® is central, from
(3.2) it follows that p(k) acts on each of L, ®V, and L_®V_. From (3.1)
we get ¢y (kvk™ N =0@1(k)c, (v) e@M(k 1), thus c®@1 (k') p(k) intertwines the
action of €I(p). Hence for each ke K there are 7., e End(V,) with

c®1(k™) p(R)y, gv, = 1D (K).

If suffices to show 7, is a homomorphism.

1®1 4 (ky ky)) =0 @1 (k, kz)"l plky kz)ILi®Vi
=o®@M(k; )o@ (k) pky) plkDle, ov.
=6®1(k2‘1)]1®ri(kl)p(k2)1L1®Vi
=1®1: (k) 1®71:(ky). O

We identify I'(f), the space of smooth sections of [, with [C*(G)®S® VX,
where K acts on C*(G) via the right regular representation R(G). On I'([E)
there is a natural connection V: I'(E) » N(E® T* (X)), given by

Vi=Z(R(X)®Df ®XF.

Here {X,} is a basis of p and %SX ¥} the dual basis. Clearly V commutes with
the natural action of G on I'(IE), but it also anti-commutes with the action
of the Cartan involution 8 on sections. Indeed, if X €p,

d
R(X)f"(g)=a [P(gexptX)li=o

:%f(()(g} exp—tX)l=o
= —(R(X)f)(g)-

Lemma 3.2. Let | be a homogeneous vector bundle over X. Then there is a unique
connection on I'(E) that is G-homogeneous and anti-commutes with the Cartan
involution, 6.

Proof. Let V be the natural connection and V' any other connection as in the
Lemma. Then V' —V is of order zero, ie., V"=V +2L,®X¥ where L;eEnd(E)
and such that L=XL,®X* in Hom(E, EQp*) is K-equivariant. Since ¥’ and
V anti-commute with 6, so must L. But Lis of order zero, so (Lf)(x)=L(f(x))
and hence must commute with 6. [

Corollary 3.3. Let X be an odd dimensional symmetric space and E a G-homoge-
neous Clifford module bundle over X. Then on I'(E) there exists an essentially
unique Dirac operator which is G-homogeneous and anti-commutes with the Cartan
involution.
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Proof. Let V be the unique connectiorl on I'(E) given by Lemma 3.2. Let
seNE)~[C*(G)RSQV]X and ve N(CHX) ~[C*(G)QTHp)]¥. Then

V(v-5)(g)=Z(R(X)Q@M)(v(g)-s(@)RX}
=2[R(X)v(g)] s(e)®X}
+20(g)-R(X) s(@)@ X}
=(Vv)-s(g)+(v-V5)(g).

Hence [E is a Dirac bundle and thus has a Dirac operator. It follows from
the properties of V that this Dirac operator is G-homogeneous and anti-com-
mutes with 6. On the other hand, suppose I is a Dirac bundle with a homoge-
neous Dirac operator. Since the module structure on IE is G-homogeneous as
is the Dirac operator, it follows that the connection must be. Hence (Lemma 3.2)
it is natural connection, and the Dirac operator is the one described previous-

ly. O

Henceforth, we fix [, a G-homogeneous Clifford module bundle on X. We
shall use the Dirac operator

D=F RX)®c(X) (e,

here {X;} is an oriented orthonormal basis of p and c(+) denotes Clifford multi-
plication on E. The twist with the volume element enables us to handle the
general case when both simple modules L. occur. When only one occurs, this
operator is a scalar times the usual Dirac operator. This invariant operator
D is known to be elliptic and formally self-adjoint. More generally, if (n, H,)
is any unitary representation of G with smooth vectors HY, define an operator
on [H*®S®V]X by

D=} n(X)®c(X,) c(@?.

For computations, it is convenient to identify c¢(v) with
¢, (ORI, Bc_()®I_, veCl(p), and c(x) with s(x)®I, xeSpin(p). We shall use
this identification freely in this section.

Combining the computations in [B-W] p. 68 for the non-equirank case with-
out coefficients, with those in [A-Sc] p. 54 for the equirank case but with coeffi-
cients, one gets a formula for D2 on [HZ®@S® VX,

D= —n(QRIRI - IRc(Q)®]
+IRIRT(2).

Here Q is the Casimir operator of G and Qg the Casimir operator of K, con-
structed using the Killing form of g. When (z,, V) is irreducible, the formula
simplifies to

(3.3) D= —n( @RI +(lu+pl*> = lpIMI,
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where u,p, and p are as in [B-W].

We denote by e *P* the heat operator for the non-negative operator D?,
and summarize its main properties.

(3.4) The Schwartz kernel of e P> can be identified with a section, f,, in
[C*(G)YQEnd(S®V)JX* X that acts by convolution on [C*(G)®S® V]

Let ¥7(G) denote the Harish-Chandra p-integrable Schwartz space and set
L(G)= () €7(G).

p>0
(3.5) Foreacht>0,h,isin [¥{G)QEnd(S®V)]¥*X.

This is proved in [B-M] for even dimensional X but the argument is valid
for odd dimensions as well using (3.3).

(3.6) If (n, H,)is an irreducible unitary representation of G and (t, V) is irreduc-
ible, then on the finite dimensional space [H®®S® VX we have

()= e~ tDh = gl Aol ~lutal g
where Q acts on H, by the scalar |4+ p||*—|p| >
(Again see [ B-M]).
(3.7) For each t>0, the odd heat operator De~'>” has kernel
ke[Z(G)QEnd(S® V)]* <X,

Indeed, this follows from (3.5) and the fact that &(G) is invariant under R.

We shall need these constructs on locally symmetric spaces. So let I be
a discrete, torsion free subgroup of G with X = '\ X compact. Since IE is homoge-
neous we may form E=I\JE. Smooth sections of IE may be identified with
[C*(IM\G)B®S® V]X. We let D denote the differential operator induced on sec-
tions of IE by D. Then D is elliptic, formally self-adjoint, with finite dimensional
kernel. The corresponding heat operator e™*?* defines a trace class operator
on [I2(N\G)®S®V1¥ and has kernel 4, equal to a smooth End(S® V)-valued

function on I'\G x I'\G with Tre P = j tr b, (%, X) d u(x). The kernels h, and
ne

h, are related by

(3.8) h(p,q)=Y h(y~"vx),
r

where p=TIx and g= Fy,x yinG.

To compute Tr De™*P* it will be enough to evaluate the Fourier transform
of the odd heat kernel on the tempered unitary dual. For this we need a more
explicit formula for D,, where n is a representation induced from a parabolic
subgroup.

Consider the Cartan decomposition g={@®p, and let a be a maximal abelian
subalgebra of p. Extend a to a Cartan subalgebra he=1tcPag and let 4 be
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the roots of (g¢, be). For the normalization of root vectors and similar facts,
we refer to [Hel. Set 4,={aed]a=*a’}. For each ae4, we choose root vectors
E, with the following properties:

() E,=Y,+ X, with Y e, X, epgand E = —E
(ii) Denoting the Killing form by (, ), we have:

—a-

(B, E;)=0; (E,O0E)=1; (X,,X)=1%;

(Xo Yp)=0; (X, Xp)=0=(Y,, ¥p) a+p.

(iii) Set 4,= —[E,, 0E,]=2{Y,, X,] in ag. Then if H is in ag, (H, A,)=o(H),
and (4,, Xp)=0=(4,, Yy), for all fed,.

(iv) Define N, 5, o, B in 4, by [E,, E;1=N, 3E, ., if a+ fe A and zero other-
wise. Then N, ;=—N; ,, and if o, f, y are in A with a+f+y=0 we have N, ,
=N; ,=N, .- Moreover, from (i) we get N, 3= —N_, ;.

For U,V in p we denote by U A VeEnd(p) the map U AV(X)=(U, X)V
—(V;X)U. Also if y is in 4,, by |y| we mean the positive root proportional
to y.

Lemma 34. Let aeA] with E,=Y,+X,, Y, ini¢and X, in pe. Then

ad|pc Y, =X, A4, +3 Y Ny XpnX,ip

Be A
Negto
+3 Y N s XpnXagp)
Beag
Na.-p+o

Proof. Let {4;} be any orthonormal basis of a. Then {4;, X,, a4} is an
orthogonal basis of pe. We shall show both sides agree on this basis. We shall
use (iiv) repeatedly.

For A;, ad|pgY,(4)=—a(4)X,, while X AA4,(4)=-a(4)X, and
XA X ,(4)=0. For ye A \{o} with a +y¢4,

[Yﬂ’ X)’] =% {[Ew Ey] Ag[Ea’ Ey] - [Eau 0Ey] +0[Eaa HEy]}
=0.

On the other hand, for such y, X, A A,(X,)=0, X A X,.4(X,)=0 for otherwise
y=f and hence a+7 is a root or y=a+ f§ and then y—a is a root, and similarly
XyAX -5 (X,)=0. For X, we have [Y,, X,]1=%4,, X,A A, (X)=(X,, X,) 4,
=3A4,and XpA X, p(X)=0=X A X{,_5(X,).

Hence it suffices to examine X, where at least one of x+7 is a root. Now
[Y,, X, J=4N,, X+, +4N, -, X\, and X, A A,(X,)=0. The only terms in
the sums that might be non-zero on X, are: X, A X, .45, X, A X|,_,, when f=y;
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X,-.A X, when y=a+f; and when y=|a—f| either X, A X, or X, , A X,
accordingtoy=a—fory=f —a lfa—y>0 we get

1IN XA X gy Ny X A X, + N, oy Xy AKX,
+Na,~(a+r)Xa+y/\‘Xy]:%[Nm‘y_ch.‘(a+v)]Xy/\Xac+y
+%[Narv"Nu,—(a~v)]Xy/\Xa—y'

Using (iv) and recalling that (X,, X })=1%, we find that this evaluated on X,
gives N, , X,.,++N, _,X,_,. The remaining case y—a>0 is done similar-

ly. O

Let g be a standard cuspidal parabolic subalgebra which we may assume
can be expressed as q=m,Be,Dn, with a,Sq, and m,=m nt@m,Np. Let
Q be the normalizer of g in G; @ has Langlands decomposition Q=M A, N,.
Let (&, W,) be an irreducible unitary representation of M, and e’ 2 quasi-charac-
ier of Ag. Set né,v:Indg E®e’® 1, acting by the left regular representation on

He,={f:G > W f(gmany=e OO0 E(m)™" f(g)},

with norm squared | | f(k)[3,dk. Let us note that unitary induction corresponds
K

to v imaginary valued. For technical reasons that will become clear later we
take M to be a subgroup of M such that exp(mnp)c M S M,. Let now (¢, Wy
be an irreducible unitary representation of M, ¢’ a quasi-character of 4, and
form 7, ,=Ind$ 4 v, E®e' @I as before.

To compute 5,,,“ on [H; ®S® VX, we first observe that [H, ,®S®V]*
is naturally isomorphic to [W;®S® V]¥~¥ via the map fi—f(e) (see [B-M]
p. 178 for a proof for minimal parabolics that extends easily to the case at
hand). Let {4;} (resp. {X}}) be any orthonormal basis of a, (resp. m,Np) and
X, as before, for E,en, ¢. Then {4;, X j,]ﬁX o) 18 an orthonormal basis of
pe. If A is any linear functional on a, ¢ We denote by 4;€aq, ¢ the vector with
A(HY=(4,, H).

Proposition 3.5. On [W,®S®@ V1<, D.,., is given by:

39 B,.=I®c4)c@)+ ¥ I®c(X,) (@) I®I®(Y)
ae Aing)

1Y N, I®c(X) c(Xp) (X ap) @D+ Y EX )®c(X ) ().
a,f

Proof. 5,,§_v is a sum of terms involving 4;, X,, X;; we shall compute the contri-
bution of each. For any f in H,;,®@S®V, (n..(4)®c(4)f(e)=(

+po)(A)I®c(A) f(e). Similarly (m (X )@c(X))f ()=(E(X)®c(X ) f (). And
writing X, = E,—~ Y,, for such f we have

(T (X )®c(X,) [ (€)= —(ne (YR e(X,) f(e).
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Now assuming that f is in [H, ,®S®V]* we get that

(né,v(Xa)®c(Xa)f(e)=(I®C(Xa)'I®G(Ya)®I)f(e)
+I®c(X,) [®I®T(Y)) f ()
The second term is kept; for the first term we use Lemma 3.4 and s(X; ;A X))
=}c(Xp) c(X,) (B+7) getting on f(e)
(I®c(X) I®a(YI®) = +1I®c(X,)* c(4,)
=1 Y Nopl®c(X,)c(Xg) (X, p)
Nmi*O
=1 Y Ny pI®c(X,)c(Xp) c(Xjap)-
[]

No. -g+0

Summing over ae4(n,), the first term becomes —1) I®c(4,)=—I®c(A

o

and the remaining terms may be combined pairwise to give

pQ)a

_%z Z M,pI®C(Xa)C(Xg)C(Xa+p)~
a B

Nagzo

Indeed the terms in these two sums are in bijective correspondence (o, f)—{x
+ 8, B) and (y, 1) —either (y—A4, 4) or (A—7, y) according to |y— 1), also N, .4 _4
=N_, _p=N, ; as is seen from (iv). Hence the n, contribution is

—1Q®c(A,,)—3Y Y NypI®c(X,) c(Xp) e(X,yp)
« B
Na.g+o0

For the a, contribution we get

Z(V +p0)(4)I®c(A4)=I®c(4,) +I®C(Apg)'

Combining the n,, a, and m,np contributions and taking into account o€
we get the result. [

Fix a unit vector Y in a,, and let p¥ be the orthogonal complement of
RY in p. Since p is odd dimensional, the spinor representation (s, §) when
restricted to Spin(p¥)< Spin(p) breaks up into two irreducible summands. We
label these S, according to whether they are the +i eigenspace of ¢(Y) c(w9).
This is possible because ¢(Y)? = — 1, c(w®%? =1 and Spin(p") centralizes Y within
Cl(p). We note that S, depend on Y but we shall disregard this in the notation.
The group KM, centralizes a, and is easily seen to map into Spin(p¥) by
o; thus S, are also K n M, (hence K n M) invariant.
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Proposition 3.6. Let Yea, be a unit vector and S, the irreducible spin representa-
tions of Spin(p¥). Then

(3.10) TrD,, ,=v(Y)dim[W,®(S, —S_)@ VI M.
Moreover,
(3.11) TrD,, =0 if dima,22.

Proof. S, are the +i eigenspaces of c(w®Y). Now any odd element in Cl(p)
generated by p' anti-commutes with w*Y, hence maps S, to S;. From this
it follows that all the terms in (3.9) but I®c(4,) c(w® have trace zero. We
write 4,=v(Y)Y+Z where Zea,np*. Again we have TrI®c(Z) c(w®) =0 for
parity reasons, leaving formula (3.10) for Tr 5,,“.

To prove (3.11) let Zea,np" and non-zero. Then ¢(Z)* a scalar implies
that c¢(Z) is invertible. But Zea, together with (3.2) gives that c(Z) intertwines
the K n M action; while Zep®, non-zero, implies that ¢(Z) interchanges S. .
Hence S, is equivalent to §_ as K n M module and thus (3.11) follows.

Remark. Assume that V=1V, is irreducible, then

(3.12) dm[W,®(S, —S_)QVI*"M=0  if dima,=1

and |42 —llp+ el £0.

Indeed, recall (3.3) which says (13,[;0)2 acts as a scalar on [H; ,®S®V]¥,
easily computed to be — || 42+ ||+ p,l|* where A, is the infinitesimal charac-
ter of W, and V=V, is irreducible. Hence D, , is an isomorphism:
[W:®S. ®@VIEM = [W,@S: @ V™M provided || 4]~ u+p,)*+0. Since,
from (3.9), D,, .=I®c(A,) c(w®)+D,,  weget(3.12). O

ey 0

§4. The trace of the odd heat operator

We are now in a position to compute orbital integrals of the odd heat kernel
De~tP* For this purpose we shall follow closcly the notation used in [H-CI]
and [H-CS] and, for brevity, refer the reader to these papers for notation,
normalization of measures, etc. not explained herein.

A brief summary of choices of Haar measures is in order. The Killing form,
via B,, induces a Euclidean structure on g and any subspaces. Normalize
Lebesgue measure on any subspace so that the volume of the unit cube is
one. Any Lie subgroup L of G has the Haar measure, denoted dL, implemented
by a differential form, near the identity, with pull-back via exp the chosen
Lebesgue measure. On a compact subgroup L, denote by dl=v,(L)"tdL the
Haar measure with total mass one. Any parabolic subgroup P with Langlands
decomposition MAN fixes a “standard” Haar measure dm on M. Finally, mea-
sures on quotient spaces are chosen so that the Fubini theorem holds.
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Let h=q;@ay be a standard Cartan subaigebra and 4A=A4,4; the corre-
sponding Cartan subgroup. Set m?!=centralizer of az; m'=m@®ag. For any
choice of compatible orders on 4,, and 4, define two functions on 4 by

4, (a)=|det(I —Ada™ )| . |'"?
‘Afa)= ] [1-¢_,(a)]

asAg

Let A’ denote the regular clements in 4 and let h=a;agz be in A'. Denote
the projection G — G/Ag by xr—x*, and for f in C?(G) set

(@.1) Ffh="4;(hy4,(hy | f(h")dx*

G/AR

here K =xhx~! and dx* is normalized so that dx=dx*dA.
Let G,=centralizer of h in G and GY the component of the identity in G,.
Then for the normalization of measures d x =d X dGY, define the orbital integral

O,h= | fhHdx.

G/GS,
Since h is regular, G} = A? A, and for the measures as chosen, one has

0;(m= [ fh)dx*.

G/AR

For h regular, Harish-Chandra has shown that the distribution fi»>0(h)
extends to €2(G), in particular can be evaluated on the odd heat kernel (sce
(3.5)).

Let > denote the partial order on the standard Cartan subgroups: A>B
if a certain finite group w(ag|dg)=0. If A=4,A is any Cartan subgroup let
A*, A¥, A% denote the set of irreducible unitary characters of 4, A;, Ax. In
[S] Harish-Chandra stated that 'F7(h) is supported on those A* where 4> B,
here fe%?(G). While it is unclear whether Harish-Chandra stated Theorem 15
only for equirank G, it is clear from Herb’s work [Hb] (heCZ(G)) that the
result is valid without the equirank condition. Since we need only symmetry
and support features of orbital integrals but not the very detailed inversion
formula of Herb, we shall follow the notation in {H-C]. With this caveat in
mind, as a special case of his Theorem 15, we have

Proposition 4.1. Let be B’ and fe%6*(G). Assume

f.=0 if A>B.
Then

“.2) 'FR(b)= [ [W(G/BI™" 3. er(s)<s-b*,b) fu(b*)db*.
B

seW(G/B)
Definition. For B the fundamental Cartan subgroup, the functions with f,=0,
A> B, shall be called pseudo-cusp forms.

We now take a closer look at (4.2). Let b*e(B*), b*=(a}, v) with vea}.
The regular element a¥ in A¥ gives rise to a discrete series representation of
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M in the following way. Let M° be the component of the identity in M and
let C=ker Ad|,,; set M+ =M°C. The unitary character af gives a regular inte-
gral element of af together with a compatible character on C. Let (7, H(aF))
be the discrete series representation of M ™ associated to the W(M™*, A;) orbit
of af. Set myyy=Ind¥ . 7,y and let H(£) be the Hilbert space for m;. The
representation (., H(£)) is a discrete series representation of M this construc-
tion exhausts &,(M), the set of equivalence classes of discrete series representa-
tions of M and two are equivalent if the M* parameters are in the same
W(M, A;) orbit.

Form n,,=Ind§ , y7:Qe'®1, and let @, , denote the character. Then
0., (f)=¢1(s) f(b*) where s in W(G/B) sends b* to the (¢, v) data and ¢;(s)= + 1.
The functions f; are skew relative to W(G/B), ie., fg(s-b*)=fg(s-af,s-v)
=¢,(s) fala¥, v)=¢£,(s) fy(b*). In particular if w is in W(M, 4;), w-v=v so
Fow-b*)= fa(w-af, v)=¢,(w) [5(A}, ).

The distributional character of discrete series of M and M are given on
Aj by locally summable functions @y, and O, y,. Set ‘@, (a;)="4y(a;) O,(a;)
= 2 &1(s){s-af, ary, '®glay)="4,(a;) O(a;). Here 'y = H [1—¢-.] and

W{M*, ar) aEAL
"Ap =48y Ay, With ¢ and n denoting the compact and non-compact roots.

Since M is cuspidal, mnp is even dimensional. Let o, denote the spin
representations of K M° and y,, their characters. If B is fundamental, then
B is connected and M =M?°; and thus ¢, are representations of KnM™.
It is known that (x,, —x, ) ay=Eop, . Au,ns here &, is defined on Aj, being
the highest weight of o, . Let W be any finite dimensional virtual representation
of KnM* and suppose (6, —a_) divides W, denoted We(o, —o_). In this
case ['4y.,.] ' xw is an analytic function on 4.

Let b*eAf¥ and logh* in a}. The character b* is said to be regular if

[1 (ogd* + pyy, )% 0. The discrete series, &, (M *+), are in one-to-one correspon-
aedd
dence with W(M ™, 4,) orbits of the regular characters. If b* is singular, Harish-
Chandra has also constructed an invariant distribution also denoted &.. While
this is not necessarily the character of an irreducible representation of M,
it is known from [H-S] that it is a virtual character with constituents irreducible
representations induced off parabolic subgroups of M * associated to a non-
fundamental Cartan subgroup of M*. For b* singular let W(b*)= W, (M ™, 4,)
be the isotropy subgroup. One has @, = 2 g(w) @, with @, . the character
W (b*)

of the induced representation acting on a Hilbert space H{w-b*). Let &5(M™Y)
denote the W(M™*, A,) orbits of the singular characters.

Lemma 4.2. Let B a fundamental Cartan subgroup. Let W be a finite dimensional
virtual representation of KM ™ and suppose that We(o,—a_). Thenon A,

43 e v Gim[H@@WIM'S,
wed2 (M)

+ 3 X e(a))dim[H(w~a))®W]’”‘M+GM@W.W

wed3(MT) W w)
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Proof. One knows that only finitely many terms on the right side of (4.3) have
dim[H(@)@W]X"M" +0. From the Weyl character formula and the Harish-
Chandra character formula it follows that both sides of (4.3) are finite sums
of characters of A;. Using Harish-Chandra’s orthogonality relations, it suffices
to evaluate the integrals (d¢; normalized Haar measure)

and

A
[ A fue g 0, . da;.

1
Ar AM,n

Notice that since We(o, —o_) the left side of (4.3) is skew under the action
of W(M ¥, 4)), and the right side of (4.3) involves a spanning set of skew Fourier
series on A;.

We evaluate the first integral; the second is done similarly. As the integrand
is analytic, we need integrate only over 4;. Hence

A A
§ Xw dm,c l¢a)da1=j‘ Aw dM.c 4,0, da;

At /AM.n A ’AM,n
= j XW@wl/AM,clzdal'
Ay

On the connected group M ™* the character @, and the K-character t,, agree
on (K nM*Y ([A-Sc] p. 16). Thus we get the integral is

§ aw ol dn P day=|W(M*, A))| dim[H (w): W]*~M
Ay
=|WM"*, 4;)|dim[H(w)@ W]k~ ]
Lemma 4.3. Let fe%?(G) be a pseudo-cusp form and suppose that

Jala¥, v)=¢() dim[H(w(@)@W]*"M".
Then

,AM < hI -1 =
@H EO =g WGBTS (s he) T )
M, a\1p W(G/B)

where ¢ is the ag-Fourier transform of .
Proof. From (4.2) we have

‘FP(hihg)= [ [W(G/B)]™" 3. &(s)<s-b* b) Jy(b*)db*

B* seW(G/B)

=[W(G/B)]_1j j z 51(3)<S'a7’h1>5“’(hR)J?B(a;k>V)dV

A} ok seW(G/B)
=[W(G/B)]™* ] >

AWM+, A1) W(M*, Ag)

: j z &r(s)<{sw-af, hyys-v(hg) fp(w-af, v)dv.

ar W(G/B)
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We compute first the contribution of (A}). Identify (A¥)/W(M™, A) with
&E,(M*)and use [(w-af, vi=¢,(w) f(a¥, v) to get

YY aw Y e)swarh) | s-vihg) felat, vy dv

E2(M*) WM+, Ar) W(G/B)
= Z z er(w) Z g(s){sw-ay, hy)
E20M*) W(M* Ap) W(G/B)

“¢(s™ " hy) dim[H(w(a)@ W] ™"
= 2 66" "he) X Y aWE(9) s pp - o (1)

W(G/B) Ex(M*) WM*, Ap)
{w-af,s™1-hyy dim[H(o(af)@W]M"
= Y &) o6 hy) Y, dim[H(@@)@WI M D, (57 hy).

W{(G/B) &2{M*)

The contribution from the singular characters is done similarly except that one

replaces S e w)weaf, s Ry with Y & (W) Ay(sT h) @, (s hy).
W(M*, A1) W (e2)

Then from Lemma 4.2 we obtain

FR(h 0 h)=[W(G/B)]™" Y, &) (5™ hg) & ppy— s (1)
W(G/B)

’AMC(S_lhl) = fa—1
.————' h .
1 ,,.(S_l 1) Tw(s 1)

’AM.C _ ,AM

Apgn | Apgnl?’
. M.n | M,n'
invariance of |'A, ,|* to get the expression

Write and use Lemma 27.1 from [H-C, I together with the

Ault) 1S (s~ ). O

"FB(h, he)=
7 = ) TWGIB) e,

Let us point out that Lemma 4.3 applies to the odd heat kernel, k, or rather
its local trace trk, (defined after trivializing the bundle). First we observe that
the odd heat kernel is a pseudo-cusp form. Indeed recall from (3.5) tha£ it is
in #(G). If we decompose V into irreducible K-modules, on each of them (Dr,.)?
is a scalar operator, and consequently (Prop. 3.6) Tr(Dng‘ve"‘D%r:-v)_:_O if dim a,
> 2. Thus we get the stronger statement.

Lemma 4.4. If A is any standard Cartan subgroup with R-rank A>1, then
(trk)2 =0. In particular tr k, is a pseudo-cusp form.

Remark. Taking a brief look at the classification of simple non-compact Lie
groups, one finds that the only ones with an RR-rank one fundamental Cartan
subgroup are, up to local isomorphism, SL(3, R) and SO, (p, 9), pq odd.

From Proposition 3.6 we also get that if B is R-rank 1 and (af, v)e B*

4.5) (trK)p (af, v)=ve " dim[H(@(@)®(S . —S- )@V, I "2
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with dim [H(o(@f)®(S . =S )@ V,I*"Me=0if | 4,,> — | n+ pil > +0.

In the notation of Lemma 3.10, (S, —S_)®V is W. The next result shows
that We(o, —o_).
Lemma 4.5. Let ¥, V,, V, be even dimensional complex vector spaces and sup-
pose V=V,@®V, orthogonal sum. Let S, (+) be the Spin modules for Spin(-).
Then as Spin(V}) virtual modules,

S+ (M) =S_(N=[S. (M) -S_-(MIB[S+ (V) ~S-(V)].

Proof. Cl (V)~CUV,)®CI(V,). (graded tensor product of algebras) and S(V)
~S(V)®S(V,) the graded tensor product of modules, hence we have

S+ (V=S (V)®S + (V)®S - (V)®S_ (V)

S_ (V)28 (V)RS - (V)®S - (V)®S .+ (V)
and

S (M-S (N=[S+ (V)-S-(V)IR[S+ (V)—-S_ (1] O
Returning to the odd heat kernel, let us fix B R-rank 1, A €az a u~nit vector,

and M AgN the standard cuspidal parabolic associated to B. Then set V =p©Oag,
Vi=mnpand V=V,@V,,and recall that K n M° =Spin(V,). We get from Lem-
madd,o,—o_=S,(V)-S_(V))isafactorin S, —S_=8,(V)—S_(V); hence
(o, —o.)divides W.
Corollary 4.6. Let f=trk, and B an R-rank 1 Cartan subgroup. Let h, h,
=h exp(r,A,) bein B'. Then

; 2nr 2 (h) .
/FB h —r /41 M c\f*
e A ML
where W=(S, —S_)®V.
Proof. Given the preceding results, it suffices to see that

1

TWG/B)| WZ D (5 Ty Ap) Tw (5- 1) = @ (ry Ay) T ().

(G/B)
But from [Hi] we have W(G/B)|,,=W(ag)~Z, or trivial since B has R-rank I,
and W(G/B) can be represented by elements of K. Since V is a representation
of K, xy(s-h)=yy(hy) follows.

If se W(M, Ay), then s-h,=h,. But S, are the +i eigenspaces of c(4,) c(@%)
and s is represented by conjugation by k,e K, thus from (3.2) k,: S — S, . Hence
@(s-rA)=@(ryAy) and yxy(s-h) =y (hy).

If se W(G/B) represents the non-trivial element of W(ag), then s-4,=—4,.
Now in this case k;:S,—S:. Hence yxw(s-h)=—yw(hy) and @(s-r,4,)=
- (P(rh Ap) O

From the relationship between orbital integrals and F, we get.

Corollary 4.7. Again let f =trk, and h="h,h,eA'. Then

. . re W gyl ,
o L W) AR =i2m i i i 1B
(ii) [ f)=0, hed'+B.

G/Gh
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Next we evaluate orbital integrals of trk, for singular h. That we need to
consider only B fundamental and R-rank 1 will be especially helpful.

Indeed as B is fundamental the roots are either imaginary or complex. If
yel is conjugate to heB, and for some complex root a, &,(k)=1, then since
B has R-rank one we must have hed,;. But then y is a torsion element of
I’ (I is discrete) contrary to the hypotheses on I'. Hence yeTI is singular precisely
when there is an imaginary root, thus aed,,, with £, (h)=1. We fix yeI' and
suppose, without loss of generality, that y is in B.

We shall follow Harish-Chandra [DS 11, p. 32-37] with some minor notation-
al differences. Let g, be the centralizer of y in g¢. Then d=a;Pag is contained
in g, and is fundamental. Order the roots compatibly on ai and d. Let P, be
the positive roots of (g,, b) and P¢ the remaining positive roots. Set @,= [] H,.

Then for fe%?(G) one has aeP,
5 N~ 1ca‘
o IRy y g e

aePs

here N is the order of the finite group G,/ZGY which in this case is G,/G)
or W(G,, B)/W(G3, B), and ¢,=c, is computed by Harish-Chandra ((HCI] The-
orem 37.1) to be (—17(2n)?2"2 @, (p,) | W(GY, B)|. Notice that if y is regular,
then ¢, =1.

Recall that we use 'Ff and, since there are no real roots, Ff = f one Ff. Similar-
1y (o, = %o MNay=C%pnr. Ana.n» and the Weyl group action Cy.2=CwiCuprrc—par.c-
Now W is divisible by ¢, —0c_; say W=(0,—0_)®) a;W, with i, the
(K nM°; A,) highest weights and g; integers.

Corollary 4.8. Let f =trk, and B an R-rank one fundamental Cartan subgroup.
Let =77, =7« €xpl,4, be in B. Then

e 1y 1 l),e_l%/‘“
e R XY | ET A RCET
aePs
Ya Y ew)d,Wki+pa) Eue i (70
W (MO, A4;)

Proof. From Corollary 4.6 we have for regular h=h, exprA,,

re T4 "Ap, (M)

=020 G Ty ()

Tw ()

~r2j4t

=(127I) )3/2 épM ,,(hk) AM c hk)za XW;' (hk)

4n
Hence
r —~r2j4t , _
FfB(h)z(iZTE) W@M_”(hk) AM,c(hk)EaiXWAi(hk)-
As @, involves only imaginary roots, the differentiation is easily done (after

using the Weyl character formula) giving the result. [
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We are finally in a position to compute Tr De ~*®* in group theoretical terms.
Let &,(I") denote the set of I'-conjugacy classes of non-trivial elements in I
contained in a fundamental, R-rank one Cartan subgroup of G. It follows from
[Ms] that there are infinitely many such I'-conjugacy classes; also if G is of
R-rank one and non-equirank with K then &,(I') consists of all non-trivial
I'-conjugacy classes.

Theorem 4.9. Let X be a compact locally symmetric manifold of odd dimension
and IE a locally homogeneous Dirac bundle over X with Dirac operator D. Then

(4.8) Tr(De )= Y [G,:G%] 'vol(G,/L)(2mi)c; !
[Yle& ()
I, et 1
T@n0)? Ehy) T[] [1—¢ _o(h)

aePg

: Zai Z E(W) (Dy(wj'z) éw~),i(hy,k)

W (MO, Ar)

here h,eB is G-conjugate to y.
Proof. 1t suffices to recall that

Tr (D e—tDZ) = Z VOI(GV/I;) O" Et(y)
82}

and the relationship between orbital integrals and 'F, (4.1). That tr ke (G)
is admissible is well-known (e.g. [Mo], (4.4)).

§5. Cohomological interpretation

The goal of this section is an expression for Tr(De *P*) in geometric terms.
A formula for the zeta function and one for the eta function will then follow
from appropriate integral transforms and some additional analysis.

We recall a few facts about the geometry of the geodesic flow on T'X.
The conjugacy classes in I' (the fundamental group of X) are in 1 — 1 correspon-
dence with the set of free homotopy classes of closed curves in X. For each
conjugacy class [y]+1 consider the periodic geodesics (of period one} in the
corresponding free homotopy class. Take a horizontal lift of each of these geode-
sics to T*X and call the resulting set of curves (in T' X) X,. Concerning X,
one knows that it is a smooth connected manifold canonically diffeomorphic
to I\ G, /U, (U, maximal compact in G,) for any y’e[y]; that distinct conjugacy
classes give disjoint submanifolds of T'X; and that the fixed point set of the
geodesic flow (at t=1) consists of the union of the X, ((DKV] §5). The locally
symmetric spaces I,\G,/U, are also isometric; more generally, for any x in
the G-conjugacy class of y the spaces LX\G,/U, (IF=xI,x~") and I)\G,/U,
are isometric. As I' is co-compact, any yel is a semisimple element in G; thus
y is G-conjugate to an element in standard position (relative to our choice



Eta invariants of Dirac operators on locally symmetric manifolds 653

earlier of Cartan involution). Henceforth, we assume y is in standard position,
then we write y=y; exp Y. We endow X, with the metric from I’\G,/K,, and
then identify X, = T' X with L\G,/K,.

As X, has non-positive sectional curvature, it has a foliation by the Euclidean
local de Rham factor. For ye&,(I"), this local factor is one dimensional and
the foliation is easily described; viz., through each point in X, there passes
a unique closed geodesic-take these geodesics to be the leaves of the foliation.
Let LX, be the line bundle generated by the tangent to the closed geodesic
and °TX, the normal bundle; then TX, is the orthogonal sum of °TX, and
LX,.

We shall now explicitly describe the parallel transport around a closed geo-
desic associated to y.

Lemma 5.1. Let V=T \G,x g,V be a locally homogeneous vector bundle with
invariant connection, over X, associated to a representation p of K, on V. Given
p=TLgK,, let c, be the unique closed geodesic passing through p, which is the
projection of an axis of vy. If t(c,): V,—V, denotes the parallel transport map
around c, then

tc,) g vl=[58 o) 'v],  veV.

Proof. Let q=gK,eX, and let ¢, be the axis passing through g, ie., ¢,(t)
=gexpt YK,. Consider now a section g of V=G, x ¢ Voverc, which is parallel
along c,. Then o(xK,)=[x,f(x)] where f: G,—V has the property f(xk)
=p(k)~'f(x), keK,. The parallelism condition ¥, ¢ a(c,(1))=0 is equivalent to

% flgexptYexpsY)l-o=0; whence ;—t f{gexptY)=0, for any tcR, ie,
f(g exptY)=f(g). Therefore,

Soe)=f(gn=r(gexp Yr)=p() " flgexpY)

=p() (@), ie,
oy9=[ve, fyel=7 (g0t ' f(®)
This shows that the parallel transport 7, ,,(y) from g to yq along c, is given
by
T g V1 =718 0 () "0,

which, when projected down to X, proves the claim. [

We denote by II(y) the compact, topologically cyclic group genecrated by
the parallel transport t in [,\G, x x,p around the geodesic c,. Recall that T.X,
is the line bundle generated by the vector field ¢,(0), peX,, and let L+ X, be
its full orthocomplement, i.e.,

L*X,=I\G, %k, p!, p=RY®p"

Notice that from Lemma 5.1 I1(y) acts on IL* X, and trivially on °TX,, viewed
as a subbundle via the natural inclusion °i,: °TX, —>IL* X,.
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Recall that X,=T'X and that TX,< T"*(TX), the horizontal bundle over
TX. At each ue X, consider the linear Poincaré map P(y),, i.e., the differential
of the geodesic flow (t=1) at the fixed point u. In [DKV] §5.4, it is shown
that for each generalized eigenvalue A of P(y), with |1|=1 there is an eigenspace
in TP (TX)®C. Let C,(TX) be the subspace of T,""(TX) whose complexification
consists of eigenvectors of P(y), of modulus one, and let C(TX) be the resulting
bundle over X,, the “center bundle”. Notice that TX, is certainly contained
in C(TX). We let NX, denote the subbundie of C(TX) orthogonal to TX,.
Then N X, can be viewed as the bundle of “twists” ([K]). The parallel transport
group I1(y) acts on NX, and hence N X, decomposes into eigenbundles

NX,=NX,(-1)® Y NX,(0

O0<é<m

according to the eigenvalues —1, e***0 < < of 1; that the eigenvalue 1 does
not occur, follows from [DKV, Prop. 5.8]. As in ([A-SIII], §3) we attach to
each eigenbundle the stable characteristic classes #(— 1) and & (6). The hyper-
bolic directions, i.e., the subspace of T,(TX) for the generalized eigenvalues 4,
|A|=*1, are invariant by P(y),; we denote by P,(y) the restriction of P(y), to
this space.

In order to define our local Lefschetz number we must first associate an
equivariant K-theory class to our Dirac operator. Recall that E=I'\G x xE
is the original Clifford module bundle over X; let E,=I\G, x ¢ E be its restric-
tion to X,. For each peX, the involution c(@® cp(O)) sphts Ev , into the +i
ergenspaces EZ,. This determmes a splitting of the bundle E, as a direct sum
of two subbundles IE; =I\G,x ¢ E*. If Zep”, ¢(2) anti-commutes with ¢(Y)
and thus exchanges E* and E~. Moreover, the Clifford multiplication gives
a K, module homomorphism

p! > Hom(E*,E™).
Indeed from (3.2) we have with p* =p/|g.

(5.1) c(AdkZ)=p~(K)c(Z) p* (k), keK

.
Letj,: L* X, — X, be the projection map and consider the pull-back bundles
JHEE =(T\G, x p") x x E*
The Clifford multiplication induces a homomorphism of vector bundles (over
lxy)
o) E; - By,

which is an isomorphism outside the zero-section. Moreover, in view of Lem-
ma 5.1 and of identity (5.1) o7 commutes w1th the parallel transport around

the geodesic ¢,, peX,. One concludes that o7 defines a class in Kp,(IL" X)),
the IT (y)-equivarlant K-theory with compact support of L* X
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Recall %,: °TX, »IL* X, is the natural inclusion and set
%02 =" 02Ky, (°TX,);

this is the local symbol of D. Since II(y) acts trivially on °TX,,
Kum(°TX,)= K(°TX,)®R(II(y)). One can, therefore, define, as in [A-S 111, § 3],
the cohomology class

ch®?2(z(y)eH"(°TX,; C).
Finally we let °7(X,) denote the Todd class of °TX,,. Putting all this together,
we arrive at the definition of the local Lefschetz number
(5.2)
ch®ePa)RNX,(-1) [ F(NX,0)°T(X,)

LG, D)= ldet(I—P(?;INZ)WZ } CTX10 10D

here 6 is the 1-form on X, dual to the unit vector field ¢,(0).

Recall from §3, that to any vector in p there is a splitting of the Spin
module S into S, ®S_. Take [y]e& (I), assumed to be in standard position,
y=y,expl, Y with Y a unit vector in a and [,>0, and set S=5,@S- relative
to Y. Let (S, —S_)®V=(c, —a_)®2ai W,, be the decomposition as KnM°
modules, where V is as in Lemma 3.1.

Proposition 5.2.

[G,: G ' vol(G,/L) ¢,

—f _ 1\#Prn
(53) L(y, D)y=(-1) &) [1 [1=¢_.0)]
aePs, 1
'Zai Y eWy Dy (w- A) & n, (7))
W (MO, A1)

Remark. This Lefschetz number agrees with the one described in the introduc-
tion, due to the normalization of [0].

Proof. The proof is obtained through several Lemmas, technical in nature, which
handle problems stemming from the disconnectedness of G,, and then lead by
universality properties of characteristic classes together with fiber integration,
to a computation done in [H-P]. We emphasize that we do not reduce our
problem to the “global” situation in [H-P] because in general we do not have
a co-compact subgroup of an equirank group, but rather we reduce the computa-
tion to the “local” situation in [H-P], and hence ultimately to the computation
in [Sc]. B

First we want to replace X, by its orientable cover X, I\G,/KY, here
K? is the identity component of K,. Lifting everything to X, has the effect
of multiplying the expression by the order [K,:KJ] of the covering. The next
step is the Thom isomorphism. As explained in ([A—SIII] §2), one can re-
place the evaluation on [°TX,]n[8], via the Thom isomorphism, by evalua-
tion on [X,]n[f]. For this one must replace ch®?(z(y) by
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RE*(t(y)—chE~ -
(c ( (y))oec (T(Y)))(Q\Gy)eHe”(Xy;(E) where e, e H*(BKY) is the re-
Y
striction of the Euler class of H*(BSO(°p,)) via the representation Ad: K?
—S0(°p,). We note that e, +0 since K9 has no trivial weight space in °p,.

Thus we have

5.4 L(y, D)=

G D)= G TP )7
CRANX,(-1) [ INX,O)[X,1n[6])

O0<@<mn

(=1 [K,; K] (chE*(r(v»O;chE ‘W”) (EAG)

where n,=4dim%p,.

To evaluate these classes we shall separate the contributions from the split
component A of G, and the remaining reductive factor G,C,,. Here C,, is a
torus, with C,=C,, A the connected center of G, and G, a semisimple (frequently
disconnected) group with finite center.

Lemma 5.3. Let [y]e&,(I'), y=y,exp [, Y. Then
(i) Z(L), the center of I, is free abelian of rank 1.
(i) I,nC, is free abelian of rank 1.

Proof. (i) Since the dimension of the Euclidean local factor of L\G,/K, is one,
it is well known that Z(I) then is free of rank one.
(ii) I,nC, is finitely generated ((W]) and torsion free. Suppose y, =t exp H

and y,=t, expa H are two generators, here ,eC, and Hea. If oczg is rational,
q
then y?y, %I, C,, hence is torsion. So suppose « is irrational. Using Dirichlet’s
. . 1
theorem, for any n there are integers p,, g, with |g,x—p,|<—. Let teC,, be
n

a limit point of {t4 ¢;#}; then ¢ is a limit point of {y%y, P}. But ,nC, is
discrete and closed; hence there is a neighborhood of ¢, N, with NnI,nC,
containing at most ¢. Thus rank I,nC,<1. Now y is in the center of G, and
the center of G, is finite, so for some N1, e C,;hencerank InC,=1.

We take a generator y* for I,nC, with y=(y*)™, m,= 1. The integer m,
is the algebraic multiplicity of the geodesics in X ,. We write y*=yf exp[ly*| Y.

Lemma 54. LA C\C,/C,, is isometric to S' via t—I,nC,(expt|y*] V) C,,,
tef[0, 1].

Proof. The map is clearly surjective. Suppose that exp t||y*|| YeI,nC,- C,,. Then
expt||y* Y=G*"k=})"kexpn|y*| ¥, thust=n,sot=00r 1. []

Lemma 5.5. Set I =G,nI,C,. Then I, is a discrete, co-compact subgroup of
G,.

Proof. This result is a variation of Lemma 3.3 in [W]. To see that I is discrete,
let y;— 1 in I7, with yi=y,¢;eI, C,. Then for any yeI,, the commutators [y;, o]
=[7;,8]—1 in I,. Since [ is discrete, it follows that [y;,6]=1 for i=i(9). But
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[, is finitely generated, so y; must be in Z(I}) for i large. Now I, n G is uniform
in GY so by the Selberg density property y; (and hence y}) centralizes GY, for
i large. As [y]eé,(I), the fundamental Cartan subgroup B is contained in GY.
But then y; centralizes B, hence y;eB. Since y; must then be in the center of
G? but also {y;} -1 we have for large i, ¥;=1. The proof that I} is co-compact
is the same as in [W]. []

To handle possible torsion in I} we take °I; a normal subgroup of I; with
|I;:°I}| <o and torsion free. Since G is not equirank we may assume that
it is linear and then the existence of °I follows from [B]. We set °I,=I,n°[; C,.

Lemma 5.6. °L, is normal in T, and |I;:°I,| < co.

Proof. Let Bel, and oe’l,, and write f=fcsel; C, (resp. a=o'c,). Then
BaB '=Bo' B ;=B o (f) 'c,el; C,n I, =L Next let ael,, a=0o'c, and let
o), 1<j<I|I:°T|, be representatives for I/°T). Then for some j, o’ =a; ' with
p'e°r;, and hence a =« c. Since aje I}, there are a;e [, and ¢;e C, with a;=ac;.
Then a=o;B ccj ! and so o ! -a€®l, ie, oo I. Thus |L:°| |1 °0). O
Lemma 5.7. §* acts freely on °T)\G,/K, with quotient °I;\G,/K’,.

Proof. Assume on the contrary that there is geG, and t with
gexpt ||y*| Ye’I,gK,, ie, gexpt|y*| Y=o'cgk. Writing g=g'c*, we get
gexpt|y*| Y=o'cg'k=0o'g'k’a where ac A. Now xeG, is uniquely expressible
in the form x'a, x'€G,C,,, acA. Hence g'=a'g'k" or g 'a'g'eK,nG,=Ky.
Thus «'eg' K'g’ "' n°I; and hence is torsion; so o’ = 1. But then ce I, n C, which
is generated by y*=y¥exp|y*| Y. It follows that t=1 or 0 and the action is
free.

Now let n: G,/K,—G,/K/, be the obvious projection: n{g K,)=g'K, where
g=g c. Then n induces a map n: °L\G,/K,— °I;\ G;/K, that is clearly surjective.
It suffices to determine the fiber over a base point, °I; K. Now n(°I;gK,)
=°I7 ¢'K,=°I K| means that g'e°I; K. Write g'=(xc; )k, or g'c, =ak". Mul-
tiplying by ¢ we get gc,=ak'c, or writing ce;'=cexptly*|Y, a7'g
=exptl|iy*| Ye, k. Thus °Lg K, =°Lexpt|y*| YK,. [

Returning to the proof of Proposition 5.2, we set X y=I;\Gy/I§$, °X,
=°I'\G,/K,, °X,=°I\G,/K}, °X,=°I\G\/K), and °X,="I)\G,/K’’. Then
°X, is a finite (|[:°I;]) cover of X, and so it suffices to evaluate the classes
on °X,. Also °X, is an S'-fibration over °X}, and the classes under consideration
are the pull-back to °X, of the corresponding classes on °X’,. The next Fesult,
fiber integration, reduces the problem to the evaluation on X, (or the oriented
cover °X’) of these classes.

Lemma 5.8. Let [w]e H*(°X,; ©), w a top degree form. Let °%: °X,—°X), be
the projection. Then

C#* [w), [°X,1n[8,1) =vol(C,/C,n °[) [w],[°X}1).
Proof. One has

O[], X0, = [ “T*[0]AF,
0%,

= [ on'n,(0,)
OX&
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where %z, is integration over the fiber. But since 8, is induced by the volume
form of C,/C,N "L, we get °,(,)=vol(C,/C,n°F). [

Lemma 5.9

(i) °LnC,=LNC,.
(ii) vol(C,/C,n°L)=|y*|.

Proof. (i) °L, < I, thus °I " C,<I,nC,. But °L,=I,n°I] C,, thus [, C,=°T,.
(ii) In Lemma 5.7 we saw that the fiber is given by °L gexpt|y*| YK,,
te[0, 1] and Y a unit vector. Hence vol(C,/C, N °Fy)= ly*l. O

We recall that y is in standard position and [y]eé;(I), ie., ye B=A, A, the
fundamental Cartan subgroup of G. Let P, as before, be the associated cuspidal
parabolic subgroup, and, for an appropriate order, let P=MAN be a Langlands
decomposition. Then y=y, exp [, Y with y,e M ° an elliptic element. Notice that
M? =(G)°C,, and M, =G, C,, (as follows from ((DKV] Lemma 4.1)). We let
K (resp. K}") denote the maximal compact subgroup of M., (resp. M}, relative
to the restriction to M of the Cartan involution. Then M, /KM~M9 /KM
and °I’'\M, /KM ~°X) is a finite cover (of order |°I;:°I;n(G))°|) of
°I; A MON\MO /KM° Although there need not be a discrete, co-compact sub-
group of M°, nevertheless, because of °I;, we are in the same “local” setting
as in [H-P]. Recall that (S, —S_)®V=) a,(6. —6_)®W,, with W,, modules
for KM°. Then for each 1; we define the Lefschetz numbers L(y;, 4;—py.,) as
in [H-P]

(5.5)  L{yr, 4i—pum.n)
chi*o(E;,_,,, J(NRN'(=1) [] FIN'6)T(X")

:{ det(I—f|Ny)< - }[TXYJ'

The characteristic classes in L(y;, A;,—py, ) are given by universality properties
of the structure group K, and the tangent bundle; hence are the same as the
classes in L(y, D) (5.2). The only difference is in Chern of the symbol class,
but here ch®?2(t(y))=) a;chi*o(E;,-,, )(z(y). Hence we evaluate L(y, D)
using the calculation in [H-P], and ultimately the one in [Sc] upon which
it depends. For convenience we state the formula for L(y;, 4;— par.):

(56)  L(yr, h—pa,)=(= 11" [K, K517 W, |71 W)
[T <y 2>~ oL 0 MEAMS)
L xEpy, - s o
épl('})l) ]_[ [1—”é—a(‘y1)] WEW%O;AI)S(W)CO(W l)éw ll(}l)

aeP\PyI

Except for some obvious notational differences (and some unexplained notation
for which we refer to [H-P]) this will give (5.3) once we reconcile the differences
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in choice of Haar measure between [H-P] and us. Actually it is easier to relate
ours to the one in [Sc] and then [Sc] and [H-P] ([H-P] p. 217);

(5.7) W1~ T <pypo 0> ™ 0(Ch A MPAMS,)

2E€Pyy

=@2n) (=1 O A MSAMS).

Let us recall that c¢,=(—1)'Q2n)?2"% @ (p)|W(G), B)| and & (p)=(2m)™
vg, (A7) vGV(Ky)"1 ([H-C III], Lemma 37.4). Then we get the following relation-
ships after an examination of the normalization of measures and the notation:
[G,:G01=[K,,:K%]: [W(G), B)=|W,,|; g+75=#PB; 2™ v, (K,) vol(G,/T;)=
v, (A4 vol(C,/C,n L) |L;: °F|_1v’(°1"’r\ MIN\M?). Finally the sign results in
(—1)*fr.», Thus we prove Proposition 5.2. []

We conclude this section with a reformulation in geometric terms of Theorem
4.9 for Tr(D e~ *P?).

Theorem 5.10

—12/4t

o e I*I LG, D) Le
(58) Tr(De D )'_( 1) (271:’)[),]8%(” idet(I_Bl(,y))P/l (47( t)3/2

here y is conjugate to yyexpl,YeA A, and q=#F, , is + the dimension of the
space of leaves.

§ 6. The zeta function formula

In this section we define a geometric zeta function of Selberg type (actually
its logarithmic derivative) with the aid of Theorem 5.10. Our approach consists
of the use of functional calculus and estimates on the heat kernel and the spectral
analysis from § 2 bypassing the usual Paley-Wiener technique.

Proposition 6.1. Let Re s?> 0. Then

L(y, D) =

g2t e~ P dt=(— i —_—
ge T ydr=(=10/) Y, |det1~B,(v)I”Zl’e

[Yles (I
Proof. The result follows from the identity

~13/41 —sl,

6.1) j S¢(—oo,0],e'sz'mdt=m,

0

together with (5.8) and an interchange of integrals.

To justify the interchange we fix T,0< T< oo and set It = f e s Tr(De ") dt
0

and I,= [ e " Tr(De *?*)dt. From Theorem 2.1(c) we have I =Tr(D(D?
T

45%) e TW**+sM) We claim that this trace can be computed from the trace
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formula applied to the Schwartz kernel of tr(D(D?+5%)"'e”TP**s) and also
that the result is the absolutely convergent series

62 (-2 Y _M._gl [}O v e—T(v2+s2)eivlvdv:|.

ey 1det 1= R Tl Vst
Indeed, choose &, 0<e<T, and consider [D(D?+52) e 2D+ = (T-a) (DI +s)
The first of these factors is a smoothing operator (since D2 = 0), while the second
is in [L(G)QEnd(S®(V)I**X. The convolution of the kernels of these two
operators remains in the Schwartz space and so the kernel is admissible. It
follows that the series of orbital integrals is absolutely convergent. To evaluate
the orbital integrals recall from §3 that the Schwartz kernel of De™*P* is a
pseudo-cusp form hence, D2 +s* being a diagonal operator, that the Schwartz
kernel of D(D?+s?) e *®P**5Y i5 a pseudo-cusp form. The claim now follows
from the observation that Proposition 3.6 applies.

The finite time case, I, is handled by the dominated convergence theorem.
Recall that f, is the heat kernel on X. Define 6: G R by o(x)=a(exp X k)= X|.
Then the left invariant distance on X =G/K is given by d(g K,hK)=0c(g" ' h).
In [D] one finds uniform, finite time estimates for the scalar heat kernel on
manifolds admitting a properly discontinuous group of isometries with compact
quotient. In a standard way, as in see e.g., [R-S], these results extend to the
vector valued case. Then one has the estimates: 0<t< 7T

e _n 2o~ 1}
(6.3) IF(gK, hK)|<Ct 2exp<__ g_(i_t_)>
no. . 2 -1
lfDéDf;fi,(gK,hK)nga“f""exp("a (it h)),

here D,, D, are first order differential operators. From these one gets an estimate
on the odd heat kernel, k,(x, x), on X =I'\X for 0<t<T:

(6.4) Itr k,(x, )C)|§Ct_%—l Zexp(—i):t_ly_x))'

yel

Then we have

| = Tr(De_’Dz)e_‘z‘dt‘

1A

NG yel

A

T

§

0

T i~

fe ®t [ N jtrk(x ™ yx)|dx dt
r

|

o 4t

n 2 —1
e Rest CZ::'f‘le){p(——(7 (x yx))d)'cdt,
NG yef

65 IS | Y C(Res’)?exp(—Res?)!?o(x " yx) pls, o(x™" 7 x)).

I'G yel
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In the last line we use the generalization of (6.1) obtained by integration by
parts

, Yo, ., dt - .
(6.1) fete ™t —=C ¢ xpolynom1a1<1).
B a a

A+

Now it is well known that e °%® is dominated by ¢4(y)’, b>0 where @, is
the basic zonal spherical function. Hence e "*®<¢q(y)** (u>0) and so
exp(—(Res?)2 a(y)) p(s, o(y)) is dominated by a positive power of ¢, (y)®es?"”.
For Re s? >0, one knows that ¢, (y)®¢**" is admissible, thus Y ¢ (x ™1y x)®Res2"??
yel

is absolutely uniformly convergent on compact subsets of G. Hence the integrand
in (6.4) is continuous and, as '\ G is compact, we get that the right-hand side
of (6.4} is finite. Hence we can interchange the integrals in /, getting

T —12/at
L(y,D) L f e e

(6.6) Ir=(—1(i/2) Y, deti—Roe W’Edt'

[¥le&(I)

Adding (6.6) to (6.2) and undoing the Fourier transform in (6.2) we obtain
the Proposition. []

Remark. The number g has a geometric formulation. It is onehalf the dimension
of the fiber of the center bundle C(TX) over X,.

Definition. Let Re 5?3 0 and define log Z(s, D) by

Lp,D) e
det =BV m,

6.7 log Z(s,D)= Y (=1
[Yle€ ()

here m, is the algebraic multiplicity defined in §5.

This series converges absolutely and uniformly on compact subsets of Re s?
>0 as is seen by writing m,=1/l,., noticing that {L,I[y]Je& (I} is bounded
from below, and dominating by the series in Proposition 6.1. One also has
lim log Z(s, D)=0. Indeed the absolute convergence for a fixed s allows the

s+ ®

application of the dominated convergence theorem. Summarizing, we have

Proposition 6.2. The series
Ly,D) e "
Z (=1 1/2
[yle& (D) |det 7 —E()] my
defines a holomorphic function in Res*>0, denoted by log Z(s, D). Moreover
lim log Z(s, D)=0.

s+ oo

D+is
function and a comparison of Proposition 6.1 with (2.5) gives log Z(s, D)

is\ . .
On the other hand, in §2 we saw that log det’( ) is a meromorphic
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D—i
=logdet’
og et(D+

zz) +riny, for Res?> 0. Thus log Z (s, D) has a meromorphic con-

. . . . D—i D+i . .

tinuation, and the identity det’ z's det’ +l,s =1 yields the functional
. D+is D—is

equation

(6.8) Z(s,D) Z(—s,D)=¢>""p,

Hence we have

Theorem 6.3. Set

Ly, D) e
ldet =B m, ~

7

logZ(s,D)= ) (-1

[y]le€ )

for Res?*>0. Then log Z(s, D) has a meromorphic continuation to © given by
the identity

D—is
=log det’ ifp-
log Z(s, D)=log de (D+is)+n”7’)

Moreover, Z (s, D) satisfies the functional equation

Z(s, D) Z(—s, D)=¢2™"o,

§ 7. Twisted eta invariants and applications

In this final section we extend the zeta function approach to the computation
of the reduced n-invariants of Atiyah-Patodi-Singer [A-P-S].

Let ¢: I' > U(F) be a unitary representation of I' on F. The associated Hermi-
tian vector bundle IF= X x . F over X inherits a flat connection from the trivial
connection on X x F. If L: C®(X, V) is a differential operator acting on the
sections of the vector bundle ¥, then L extends canonically to a differential
operator L,: C*(X, V®IF) - C*(X, VRIF), uniquely characterized by the prop-
erty that L, is locally isomorphic to L&®...@L(dim F times). Explicitly, L, can
be obtained as follows. First, lift L to a I'-periodic differential operator L:
C*(X,V)-»C*(X, V), where V is the pull-back of V. Since IF is the trivial bundle
X xF, c*X, VoF)~C*(X, V)®F and thus L®I, defines a differential opera-
tor. This operator is obviously I'-periodic and, therefore, drop down to give
a differential operator acting on C*(X, V®IF), which clearly satisfies the required
property.
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Consider now a locally homogeneous Dirac bundle IE over X and the corre-
sponding Dirac operator D: C*(X, [E)—» C*(X, E). We recall that, via the identi-
fication of C*(X, [E) with (C*(I'\G)® E)¥, one has

D= 2 Rp(X)®c(X)) C(wc)

where {X} is an orthonormal basis of p.

Lemma 7.1. The space of L*-sections L*(X,EE®IF) can be identified with
(LA(I\G; 9)®E)X, where L*(I'\G; @) is the Hilbert space of the induced represen-
tation Rp ,=ind§ ¢. Moreover, via this identification, the extension of D by ¢
becomes

D,= Z Rl',qa(Xi)®c(Xi) C(WC)-

Proof. The first assertion follows from the fact that E=I\G X ExG Xy, E
(where I' acts trivially on E), F=G/K x [ F=G X, xF (where K acts trivially
on F), and therefore, EQF =~ G x . x EQF. Thus,

C*(X, EQIF)=(C*(GO)@FQE) **=(C*(G, F) ®E),
which, by completion with respect to the appropriate L*-norm, gives
(X, EQF)x(L*(I'\G; ¢9)®E)*.
Now let D,=Y R, (X)®c(X)c(@®). Tts lift D, to C2(X,EQIF)

2 (CR(GO)RFREX =(C*(G)Q®E)X®F is given by the formula

D, =Y R(X)®c(X) (@)@,

which implies that D, coincides with D;,. []

Let us now recall the definition of the reduced y-invariants [A-P-S]. One
starts with a self-adjoint elliptic operator L: C*(X, V)— C*(X, V) and a unitary
representation ¢: I'-»U(F). One then forms the twisted operator L,:
C=(X, V®IF)—» C>*(X, V®IF), which clearly remains elliptic and, since ¢ is uni-
tary, self-adjoint. One can, therefore, consider its #-function #(L,, s). The differ-
ence

(7.1) (L, @, s)=n(s, L,)—dim F - (s, L)
is the reduced n-function of L with respect to the representation ¢ and
(7.2) fi,(L)=n(L, ¢,0)

is the reduced g-invariant corresponding to L and ¢. Its reduction mod Z, is
a homotopy invariant of L, more precisely depends only of the stable homotopy
class of the leading symbol [o(L)]e KX(TX) [A-P-S, Part III].
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We specialize now to the case of locally homogeneous Dirac operators. Let
D: C*(X,E)- C*(X,IE) be such an operator and let (¢, F) be a unitary represen-
tation of I'. From Lemma 6.1 it follows that

D,e "P=R (k).
Applying the trace formula corresponding to R ,, one obtains

Tr(D,e *P%)= Y Tro(y) vol(I,\G,) | k(x 'yx)dx.

[v1#+1 GG

It is now obvious that we can repeat the arguments of the preceding sections
to construct a “twisted” zeta function Z(s, D ), meromorphic on €, given for
Re(s?)> 0 by the formula

L(y, D) e s
[detI—B()IY* m, ’

Y

log Z(s,Dy)=(—1)* 3. Tro()

[¥leér(I)

and that one has

1
11(D¢)=; log Z(0,D,).

Passing to the reduced n-invariant, one obtains the following result.

Theorem 7.2. With the above notation one has
- 1 -
(3) i4(D)=— 108 Z,(0. D),

where Z¢ (s, D) is meromorphic on C, given on Re(s*)> 0 by the formula

L(yp,D)  e™*%
|det I—B)|'* m

(74)  logZ,(s,D)=(—1)% Y (Tre(y)—dimF)

[¥le&1(I) v

and satisfies, the functional equation

(7.5) Z,(5,D)Z,(—s,D)=e?"1e®)

. We close with a few applications of the theorem which help clarify its mean-
lng.Consider an arbitrary Riemannian metric g on X. Let B,: C*(X, 4°" I X)

— C®(X, A°* T X) be the corresponding tangential signature operator, i.c.,

(1.7) B, C=(X, A2P T X) = iHm X+ D/2(_ )P+ 1 (. d — ds).
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It is well-known that B, is a Dirac-type operator. More precisely, under the
canonical isomorphism AT X = Cliff°(TX, g), one has

(7.8) B,=) c(e) c(@9) V..

for any local orthonormal frame {e;} on X. When g is the canonical locally
symmetric metric we drop the subscript g from the notation.

Corollary 7.3. For any Riemannian metric g on X, one has

(— 1) . L(p,B) e
L (TroG)—dimF) o e O oo

[yle€(I)

(7.9)  7,(By)=

Proof. By [A-P-S, Part I1I, Thm. 2.4],

Tip(Bg) =11, (B)
and thus (7.9) follows from (7.3). O

In view of this corollary we denote by #, x the number #,(B,) which is
independent of the metric g.

Corollary 7.4. Assume that 7], x+0 for some unitary representation ¢ of m,(X).
Then G contains factors locally isomorphic to SL(3,R) or SO(p, q), pq odd.

Proof. This follows from the remark following Lemma 4.4. ]

In another direction we have the following result concerning log Z o5, D).

Corollary 7.5. Assume that X =7Y, that [E extends to a Clifford~ bundle on Y
and that ¢ 7,(X)— U(F) extends to a representation of n,(Y). Then Z,(0, D)= + 1.

Proof. Set &,(D)=1(#,(D)—dim F dim ker D + dim ker D). Then E,(D)EZ, as fol-
lows from [A-P-S IT] (Th. 3.3). Hence

. Z(0,D,)
Zo(0, D)= pyiim —

( _ )dim Fdimker D—dimker D,

In particular Z,(0, D)= +1. [
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