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Summary. This paper analyses the convergence of spline collocation meth-
ods for singular integro-differential equations over the interval (0,1). As
trial functions we utilize smooth polynomial splines the degree of which
coincides with the order of the equation. Depending on the choice of
collocation points we obtain sufficient and even necessary conditions for
the convergence in Sobolev norms. We give asymptotic error estimates and
some numerical results.
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1. Introduction

1.1. In this paper we consider the approximate solution by splines of singular
integro-differential equations of the form

b (x }u""(y)
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(a () 1™ () + 2~
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0
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+ [ Ky(,9) u“"(y)dy) —f(),  xe[0,1], (L.1)
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Here the right-hand side f, the continuous functions g,,b,, K, and the numbers
Pj» 4jx> V; are given, u is the unknown function and the first integrals are to be
interpreted as Cauchy principal values. There is a considerable engineering
interest in solving such equations, which stems from the fact that a large
number of boundary value problems in aerodynamics, elasticity, electromag-
netics and many other fields of mechanics and engineering can be reduced to
equations of the form (1.1). Here we mention only the famous Prandtl integro-
differential equation of wing theory (cf. [9]).
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It is well known (cf. [9, §117]) that (1.1) is equivalent to a singular integral

equation of the form
by (x)

m

v(y)

(%) v(x) +
y—x

1
dy+£1€(x, o) dy=1(x), (1.2)

O oy
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where v(x)=u"(x). Approximation methods for (1.2), which are based on
special polynomials, have been studied for many years. The probably most
complete analysis of such methods was given in Junghanns and Silbermann
[7]. In the last years other methods were proposed, which use splines and
special finite elements at the endpoints as trial functions. Here we mention the
papers of Washizu and Ikegawa [15], Dang and Norrie [1], Gerasoulis and
Srivastav [4], Jen and Srivastav [6], Gerasoulis [3], which deal mainly with
collocation methods for (1.2) with a,=0 and b,=1. The obtained numerical
results show a high efficiency of these methods, but up to now no convergence
results have been proved. A first rigorous analysis for the I*-convergence of
Galerkin methods with splines of arbitrary degree was given by Elschner [2].
He proved in particular that Galerkin’s method for (1.2) converges in L? if the
corresponding operator is invertible and strongly elliptic, i.e., the coefficients
satisfy a,(x)+1b,(x)*£0, xe[0,1], Ae[ —1,1]. Later on it was proved in
ProBdorf and Rathsfeld [11] that these conditions are necessary and sufficient
for the I?-convergence of a collocation method, which seeks the approximate
solution as a piecewise linear function vanishing at the endpoints and which
collocates (1.2) at the uniformly distributed mesh points.

In this paper we shall analyse collocation methods for (1.1) using smooth
polynomial splines of degree m on a quasiuniform mesh as trial functions.
Depending on the choice of collocation knots we obtain sufficient conditions
for the convergence in Sobolev norms. These conditions show in particular
that collocation methods can converge when the function a,,(x) vanishes inside
the interval (0, 1).

1.2. We write (1.1) in the form

U= ({_:), where o7 = (g) H"‘—»éé. (1.3)

Here H™ denotes the usual Sobolev space of order m on (0,1) and 17 =1I*(0,1).
As usual we define the norm of

f L2 f 2.— 5 v " m—1 .
“Je® by D) =1 1+ 1BlE= 1A+ Y o)l
v/ ¢m (A j=0

Obviously, o is bounded. We associate with this operator the symbol

04(x,2)=a,(x}+b,(x)z, (x,z)ely,

where I is the oriented boundary of the rectangle {0<x<1, —1<z<1} in the
x—z-plane, and we denote by ind; o, the winding number of this closed
oriented curve around the origin. With the assumptions g,(x,2)%0, (x,z)el,
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ind; 0,=0 and dim ker o/ =0 we have that for any fel?, 7eC™ the problem

(1.1) has a unique solution ueH™ This follows from the theory of singular
integral equations (cf. [5]) and the fact that the operator

1 m—1
i=[ K, (x,p)u™(y)dy+ Z (ak(x) u®(x)
0

1 (k)
j ()
)

dy+5 K406, 0 ) (14)

maps H™ compactly into I72

We shall analyse the following collocation method for (1.1). Let
y(x)e C*[0,1] with y(j)=j, j=0,1, and y'(x)>0. For h=n""', nelN, ST denotes
the space of (m—1) times continuously differentiable polynomial splines of
degree m subordinate to the mesh {y(rh)}:_,. In addition, we fix e€(0,1) and
set x,=y((r+¢h), r=0,...,n—1. The collocation method under consideration
defines u,eS} by

Auy(x,)=f(x), r=0,....n—1,

1.5)
Bu,);=v;, j=0,...,m—1. (

Since dim S} =n-+m, we may ask for conditions ensuring, for given ¢ the
existence of approximate solutions u,eSy for all n large enough and their
convergence to the exact solution v in H™ as n— o0,

In order to formulate this condition, we introduce the function

I=esinAny ,T‘cos/lny

o= | dy=i [ G dy, ie[—1,1]. (1.6)

., sinmy

We note that, for fixed e€(0, 1), we have &.e C*[ —1,1] with ¢.(j)=j,j=—1,1,
and {®, ,(): e[~ 1,11} =[—1,1].

L2
Theorem 1. Assume that of : H™ — (D) is invertible and that

Uy (X) + P (4) b, (x) %0,
() + Ps(2) b, () +0,
where xe(0,1), Ae[ —1,11, j=0,1,8€[¢, 1/2]. Then the linear system (1.5) is

uniquely solvable for any n large enough and for any bounded and Riemann
integrable function f and Te @™ one has |u—u,|| ym—0 as n— co.

(1.7)

2. Preliminary Results

2.1. Theorem 1 can be proved by using recently obtained results on the
convergence of spline collocation for pseudodifferential equations with piece-
wise continuous coefficients on a closed curve (cf. [13, 14]). In this section we
give simple proofs of the required results.
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We start with a simple closed C®-curve I, which contains the interval
[0,1] and is given by a parametrization z=z(x), x[0,2], such that z'(x)#0,
z(0)=z(2) and z(x)=7(x), xe[0,1]. On this curve we consider a singular in-
tegral operator L defined by

Lo@=ao@ -+ { 2Ehar,  zer, @)
e (3 (x) (x)e[0.1]
_)au\YX)) z=yx)ely, 1];
a(z)’{l, zer\[0,11;
b(Z)= bm(y(x))a Z='}’(x)€[0,l];
0, zel'\[0,1].

Under the assumptions on a, and b, this operator is invertible in L*(I') ([5])
and we represent it in the form

Lo(z2)=a(z)@(2)+b(2)Se(2)+b(2) K 9(2), zel, (2.2)
where

o(z(y)

T exp@ii=y) dy, xe€[0,2], 2.3)

@(z(x)): —I

and the operator

12 Z'(y) mi
Kotat0) = {060 (552 Tt )

maps L*(I') compactly into the space of continuous functions C(I').
We consider the so-called e-collocation for the equation

Lo=y. (2.4)

For h=n"!, nelN, X, denotes the set of piecewise constant functions on I" with
the break points z(kh), k=0, ...,2n—1. We seek ¢,€X, such that

Lo, (z,)=VY(z,), z,=z(r+eh), r=0,..,2n—-1. (2.5)

r

It is well known (cf. [5]) that for any

+ 2
pz(x)= Y ¢,exp(nijx)el?(0,2) with ¢;=3[o(x)exp(—nijx)dx
j=—® 0
one has -1
Se(z(x)) = Z @;exp(mijx)— Y. ¢;exp(nijx). (2.6)

j= Jj=—-o©
Simple facts on Fourier series imply that for
1, xefkh,(k+1)h)
0, x¢[kh,(k+1)h), k=0,..,2n-1,
sinmjh/2

m@u»={ (2.7)

S0.(z)=h2+ Y

0+ jek |j}

exp(rnijh(r—k+e—1/2)).
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Then the matrix S,:=|S6,(z,)1?}_t is a circulant and, by the known formula
for its eigenvalues {/1, 2751, we obtain
2n-1
A=Y exp(milkh)S0,(zo)=0,,
k=0
sinzjh/2 .. ot .. ]
——j—/exp(m]h(s—l/Z)) Y. exp(mijk(l—j)
ofjez Tl k=0
sinwh{l+2jn)/2 .
=0,,+2 —_— h{l+2jn)(s—1/2
1ot njgz wll+2jn] exp(rih(l+2jn)(e—1/2)),
ie.
Ag=1,
sinwlh/2 exp(2mije)
Ay=————exp(nilh(e—1/2) Y ——=— =1,...,2n—1.
Since
. exp(2mnije)
— —1/2)=) —— = 1
P exp(—2mit(e—1/2) j;l FTea— 7€(0, 1),

by (2.6) we derive

toexp(nilh(s—y)
=2 1=0,...,2n—1
4= T expGrite—) ot
Setting 1h/2 =1 and remarking that
UexpRrit(e—y) texp(mi(l —21)y)
| — Y dy=—i | ————"—dy,
o 1—exp(ri(e—y)) e sinzy

by (1.6) we obtain

Lemma 1. The eigenvalues of S, =[S 0,(z)I|}%2} are
ly=®,(1-1h), 1=0,...,2n-1.

Moreover, S,=V,®, V¥ where &, =06, ®,(1—1h)|2"_% and

n<ne’'no> 0

V.=(2n)~12 ||exp(7nklh)||2" L

2.2. By using the theory of projection methods, we can now analyse the
convergence of s-collocation. To this end we introduce the orthogonal pro-

2n—
jections B: I*(I')— X, and the interpolation projections Q,y(z)= Z ¥(z,)0.(2).
Then the collocatlon Egs. (2.5) can be written as r=0
0L, =0,¥, @,eX,. (2.8)

Let us state some properties of the operators @, Liy,: X, — X,.

Lemma2. 1) B— 1 as h—0 (strong convergence in L*(I').

2) MI —Q) ¥l 2y — 0 for any bounded and Riemann integrable function ¥ on
I' (yeR(I)).

3) Q,LB—L as h—0.
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Proof. 1) follows from the density of step functions.
2) is an immediate consequence of*

2n—~1 (k+ 1)k
I =Q)¥ltan= Y | W) =¥ EIP 2 () dx
k=0 kh
2n—1
Scsuply(z) Z h o sup WY(z(x) -y ().
zell k= kh<x,y<(k+1)h
To prove 3) we remark that
2n—-1 2n-—-1 2 2n—1
ch Yol Y 002 =c,h Y el (2.9)
k=0 k=0 L) k=0

where c;,c, do not depend on n and ¢,eX,. Hence, for yeR(I") we have
H(I—Qh)l//Bl“LZ(r)éc and
2n—1 (k+ 1)k

1T =¥ Quexp(mijfay= 3, | WEE)—¥ () (x)ldx,

k=0 kh

which prove that (I —Q,) ¥ E —0. Moreover, from Lemma 1 and (2.9) we know
that |Q,SB|l,.,<c max [P, (4)] and that
Ae[-1,1]

o [@,(1-jhQ,exp(ijx),  0<j<2n
S =< ¢
&3¢, expimiyx) {cbg(—l—jh)Qhexp(nijx), —2n<js —1.

Thus Q,SE—S, which together with [(I—Q,) K] ., —0 proves the third
assertion. [

It is well known that Lemma 2 together with the stability of the operators
Q,LE proves the I?-convergence of the e-collocation when the right-hand side
YeR(I). Here stability means that

||QhLE,(P”L2(n;C ”B.(P“LZ(F)

for all n large enough and all peI*(I') with a constant ¢ independent of n and
0.

In order to study the stability of Q,LE, for any (eI’ we relate with L an
operator L, defined by

Lio(2):=alQ)@(2)+b()Se(z), (*0,1,

Lio(2):=(a, () P(2)+q(2) ¢(2) +b,()p(2)Se(2), j=0,1,
where p(z)=1, ze[0,1], p(z2)=0, ze'\[0,1] and g(z) =1—p(z), and analyse the
stability of Q, L, B, (eI 2n-1
Seeking the solution of Q,L,¢,=0,¥ in the form ¢,(z)= Z 0, 9,(2),
for {+0,1 we get a linear system with the matrix

and

Ly, =a(Q)1,+b()S, =V, 0,,(a(0)+b() @, (1 —INIZZo V,E,

! Here and in the following ¢,c, ... denote generic constants having different values at different

places
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1, denoting the 25 x 2n identity matrix. By (2.9), @, L, B, {#0, 1, is stable if and
only if a(l)+b()®,(H)+0, le[ —1,1]. If {=j=0,1, then the matrix of the
linear system is

L; =) Py +a) 1, +b,() P, S,

where p, =0, p(z)IIF72 %, 4, =1,—p,. After multiplying the transposed matrix

L;, by V* we obtain
V;n* L/J,n:(am(j)_‘_bm(]) ¢n,s) I/Vl* pn+ V;l*qn

Therffore the k-th coordinate of the vector V¥ L, 4, P=(Pg»-ers Py, )EC™,
equals

n—1

(V,,*L',-,nqa)k=(2n)*“2{[am(j)+bm(j) o (1~kh)] Y ,exp(—nikrh)
r=0
2n—1

+ ) q),exp(—nikrh)}:(zn)‘”2 exp(nik(n—1)h)

x {[amunbm(j) 0,1—kh]'S. o,y exp(rikrh)
=0

¥

r=—n

—1
+ Y ¢, exp(nikrh}}.

At this point we utilize a nice result on collocation methods via trigonometric
polynomials for singular integral equations on the unit circle. Consider a
singular integral equation with piecewise continuous coefficients

M;, Y(exp(2rit)=(a, () +b,(j) g.(exp2rit)) PYylexplrir))
+Qy¥(exp2rin)=yx(expmit)), O0Zr<l,

with P=(I+5)/2, Q=I—P (cf. (2.6)) and g (exp(Qmi1))= P, (1 —21). By seeking
an approximate solution in the form

n—1

Y (expQrit)= ) ¢, , ,expQrirt)

r=—n

such that

M; Y (exp(nikh)=y(exp(nikh), k=0,....2n—1,
we get a linear system, whose matrix coincides with (2n)'> D' V*L,  where
D,=|6,, exp(rikh(n—1))|"_%. It was proved in Junghanns and Silbermann
[8] that

2n—1 2n-1

Y M, W (expmik )P zc2n) Y 1o,

k=0 k=0
for all n large enough, where ¢ does not depend on » and ¥,, if and only if the
operator M, | is invertible in 17, ie. (cf. [5])
4y (j)+b,,(j) D, (1) %0,
au()+4b,()*0, Ae[—1,1],
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and the winding number of the curve consisting of these two pieces around the
origin equals zero. Since the matrices D, and ¥, are unitary, we conclude that
Q,L;E, j=0,1, are stable if and only if the numbers a,(j) and b,(j), j=0,1,
satisfy (1.7). By standard perturbation theorems for projection methods we
derive

Lemma 3. The operators Q,(L,+K) B, (eI, are stable if and only if the con-
ditions (1.7) are satisfied.

Now we are in position to establish the stability of Q, L B. Obviously, for
any 6>0 and any (eI there exists a nonnegative C* function g,(z) with small
support and g,({)=1 such that

1948 (L—L,—K) Bl L2ry<d

for all n large enough. Hence, if (1.7) holds, then there exists a sequence of
uniformly bounded operators D, ,: X,— X, so that

thgLB.Dg,ththgggr (2.10)

N
After choosing a finite number of points {,,...,{y such that ) g,(2)>0 we
introduce j=1

N
G,,:.ZIthij’hPh with g;=g,, D;,=D¢
Jj=
Then
N N
QhLGhBl=.ZIQhLthij,hB|:.ZIthjLBIDj,hEn
j= i=

N
+ Z Qh(Lthj“gjL)B.Dj,hPh-
= 1

J

N
By (2.10), the first sum equals Q, Y, g;E,, which is invertible in X,. To handle
j=1

the second term we note that
19, S(@y—Dg;Bll2rySchilnh| (cf. [12])
and that Lg; —g;L maps I*(I') compactly into C(I'). Hence,

N
.Zl Qh(Lthj_gjL)B:Dj,hRuthM,Bl+Mh

j=

with compact M': I*(IN—- C(I') and M, —0 as h—0. Thus we have
shown that, if (1.7) holds, then there exist uniformly bounded operators Gj:
X, - X, such that, for all n large enough,

0, LG, E=RE+Q,ME,
where M: [*(I')— C(I') is compact. Setting F, =G}, —E L' M B, we obtain

QhLFhBlehLG;lBl_QhLI:L_IMPh
=B+(Q,—0,LBL"'YME.
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By Lemma 2, Q, LB I-' > and, therefore,
“(Qh_-QhLPhL_l)MB,”Lz(I‘)_"O as h—‘)O

Consequently, for all sufficiently large n there exist uniformly bounded oper-
ators Fj: X, — X, such that @, LE F, E, =FE, Thus, we have proved
Lemma 4. The operators Q, LF, are stable if (1.7) holds.

Remark. This proof uses a local principle developed in [10] for a more general
situation. By this method one can also show that the conditions (1.7) are even
necessary for the stability of Q, LE, (cf. [14]).

Now we consider the matrix of the system (2.5) when ¢, is sought in the
2n—1

form ¢,(z)= Z ¢, 0,(2). By (2.1), we have L6,(z,)=0, 0sk<n=r<2n—1, and
LO.(z)= 5k,,n<k r<2n-1. Hence

A'l On
o= )

n

with the nxn matrices 4,=IL0,(z)lI7%1,, the identity matrix I, and the zero
matrix 0,. From Lemma 4 and (2.9) we conclude

Corollary 1. If the conditions (1.7} are satisfied, then the matrices A, are in-
vertible for all n large enough and

n-1 n—1
2 A4, @l zc Y lo,)?
k=0 k=0

Jor all  =(¢@,,...,p,_,)eC" with a constant ¢ independent of n and .

3. Proof of Theorem 1

3.1. In this section we shall prove Theorem 1 and make some remarks concern-
ing error estimates.
We begin by analysing the equations
Aju(x)=f(x), r=0,..,n-1,
(Buh)j =0;, j=0,...,m—1,
(m)
bu() ¢ f——— i) dy Letting Q,f(x)
Lo y—
= Z F(x) 0, (y(x)) (cf. (2.7)), (3.1) can be written in the form (cf. (1.3)

(3.1)

where A u(x):=(A4—T)u(x) =a,(x) u™(x)+-—"——

2, dl,u, =2, (J; ) (3.2)

where 2, = (Q()h IO ), I,, denoting the identity mapping in €. Hence, (3.1) can

be considered as a projection method and

sh
. m
A, Sp—-@.
Cm
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By using the results of Sect. 2 it is easy to establish the properties of the
operators 2, o/ [sm, which are needed for the convergence analysis of (3.1).
First, for any ue H™, u,eSy with |u, —u| ;. — 0 we have

12, 4, u, —ol,ul ;>0 as h—0. (3.3)

Indeed, the third assertion of Lemma 2 ensures that for @el?(<I?(I") and
¢,eSy (= X,) with {l¢ —¢,ll;.—0 one has |Q, Lo, —Le|,.—0. Setting ¢ =u™,
@,=uy” we obtain (|Q, A,u, —A,ul . —0, which together with Bu, — Bu estab-
lishes (3.3). This together with the Banach-Steinhaus-Theorem yields, in partic-

L2
ular, that the mappings 2, 7, |g»: H" — (@ are uniformly bounded.
Cm

Furthermore, these mappings are stable if the conditions (1.7) are satisfied.
To prove this assertion, we introduce the norm

m—1 1
lullp:= Y [(Bu)|>+ (™ (x)|* dx,
ji=0 0

which is, in view of dimker.o/, =0, equivalent to the usual Sobolev norm
I+ |lym. Besides this, we construct a special basis of Si. Since the m-th de-
rivative of u, is a step function on [0, 1] with break points at y(k k), we may
find s eS8y, k=0,...,n—1, such that s{=6,. Obviously, these functions are
linearly independent and form together with the functions s, (x)=x*""

k=n,...,n+m—1, a basis of S}. On seeking the solution of (3.1) in the form
n+m-1

u(x)= Y. us,.(x), we get a linear system with the matrix

where . .
b 0 "=

A =la ()5, +2m0 j—k(—yld ,

L o Y—X, r k=0

B, =Bx"I7" s Cpw=I(Bs),l7 05" and 0, ,, denotes the nxm zero ma-
trix, since A,5,(x)=0, k=n,...,n+m—1.
The notation A, for the n x n matrix is justified since

et bu(y((r + ) b)) TP d{ "t
B R T A L
1 n-1
= am(xr) ékr+gm_()-c_r) j‘ -Qk(_y)_dy
L 5 y—X, r.k=0

From Corollary 1 we know that A4, is invertible for any sufficiently large n if
(1.7) holds. Since dimker &/, =0, the matrix B,, is nonsingular. Hence, for n
large enough (3.2) is uniquely solvable. Then Corollary 1 and (2.9) lead to
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n—1

1 m—1
12, o2, w13 =f|QhAauhI2dX+ Z IBu,)|*z ¢, h Z (A, ),

Z (Buy);|Zc,h Z lu, |2 + Z (Buy,);|?

n -1

=cCy g g u, S dx + Z [(Buy) > Z ¢ lluyliZ,

j=0

which proves the stability of 2, dalshm.
Now we denote

”h=(»@hﬂa|s;n)“e@h ({_:), u=gf ! (f)

0

v
Since
lu—u,l,, < 1n£ (||u—wh|lm+\|u;.—wh||m)
< 1n§m(llu——wh}| +c||2, A, u—2, A, W)
< il (=l et u =2y Ay wy o)+ I =0 2.

by (3.3) and the well-known approximation property of splines (cf. [2]) we have

lu =yl =l =@ Il L. +0(D).
Thus we have proved

Lemma 5. Under the hypotheses of Theorem 1 the Egs. (3.1) are uniquely
solvable for all n large enough. Moreover, for any fel? with |Q,f—fll..—0
and any e C" we have |u—u,|lgm—0 as n— co.

Now Theorem 1 is an immediate consequence of Lemma 5 and standard
perturbation technique for projection methods. Indeed, from (1.4) we obtain

Tu(x) :% "'il (b, () @® (1) In(1 —x) —u*(0) In x)] + T" u(x), 34
k=0
where
1’ m—1 bk( a1 ©
T k;o ( ni ju Wnlx—yldy+a,(x)u (x))
m 1
+ Y K (x)uPy)dy. 65
k=00

Obviously, T maps H™ compactly into C.
Now let d(x)eC. Then
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n—1 y((k+ 1}h)
I-QYd@Inx|?=Y | ld)lnx—d(x)lnx,/>dx

k=0 y(kh)
n—1 y((k+1)h)

<2y | (dRx) —de)P(nx)? +1d(x)*(In x —In x,)?) dx

k=0  y(kh)

n—1 (k+1)h 2
Scl@’@nd+ Y | (mﬁ) d")’

k=0 kh

where a)(yh,d)== sup |d(y(x)) —d(y(y))] =0 as h—0, and

Ix—y|<h

n—1 (k+ 1)k x 2 n-1
_— =ch d
T (ln(k+8)h) dx=ch Y d,

k=0 kh
with

k+ey k+e (1-¢3® &
d=k111—)—k(11 ) 1= 3
p=tr )( M i) =g e Ok

Therefore (I —Q,)d(x)Inx|},—0 as h—0. Hence, (I —Q,) T |l gm_ 12— 0, which
implies

lof u—2, o wl,—0 for ueH", u,eSy with [u—u,|,—0. (3.6)
From Lemma 5 we conclude that

Ity = (24 A, ls5) 7" 20 T gm0,

T L?
where 7 = (O>: H™ (. Since o/ is assumed to be invertible, the mappings
o

I+(2, dolsg")“l’@hf: H™—H™ are invertible for all n large enough. Thus we
derive

12, o uy)l o =124(, + T Yuyll o =125 L,(1 +(2y A, ) 500 ™" 2, T )l g Z €ty g

for all n large enough and all u,eS}. This together with (3.6) and Lemma 2
proves Theorem 1.
We note that conditions (1.7) are also necessary for the stability of 2, o/| sp-

3.2. In these concluding remarks we shall assume that a,, b,cH' and that the
operator T” defined by (3.5) maps H™ boundedly into H*. Then by [2, Corol-

lary 2.3} we deduce that if the conditions of Theorem 1 are satisfied, then .of,
He

maps H™*¢ isomorphically onto (D, where 0<s<min{Rex,,Rex,}+1/2, x,

=0(0), x, = —6(1), o

a,(x)+b,(x)

0(")‘7 a,(x)—b, (x)

and In denotes the continuous branch of the logarithm in €\(— c0,0] which
takes real values on the positive real axis. Notice that, by (1.7),
—1/2<Rexk;<1/2, j=0,1. Since the operator T defined by (3.4) maps H™
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compactly into H, 0=t <1/2, we obtain that &/: H**™ (@ is an isomorphism
Cm

for 0<s<min{Rexk,, Rex,,0}+1/2. Hence, for feH" the solution of (1.1)

ue H™**, in general. Using the approximation properties of splines (cf. [2]) we
obtain

Theorem 2. Suppose the conditions of Theorem 1 to be satisfied and let feH'.
Then the approximate solutions u,eSy of (1.5) converge to the exact solution u
with the rate

N =yl gm S ch* 1 f | 1 (3.7

with 0=s<min{Rek,, Rex,,0} +1/2.
If the coefficients b (x), k=0,...,m—1, satisfy b,(j)=0, j=0, 1, the estimation
(3.7) holds with 0<s<min{Rex,, Rex,}+1/2. If, additionally, b, (j)=0, j=0,1,

then the approximate solutions u, converge with optimal order to the exact
solution

lu—tyllgmSch | flig.

Proof. By B ueS} we denote the orthogonal projection of u with respect to the
scalar product {+,-> . given by <{v,v), =|lv||2, ve H™. Analogously to the proof
of Lemma 5 we obtain
lu—uyll, Sllu—Bull,,+cll2, Lu—2, o Bul,
=|u—EKul,+cllQ,Au—Q, AR u .,
since BEu=Bu.
As mentioned before in the first case we have ueH™'S,
0<s<min{Rexk,, Rex,,0}+1/2, such that
lu—Bull, <ch®{[ul gm. ..

Furthermore by (3.4)
194 A —Bu)| . 219, Ag(u~ B w)ll 2+ 11Q, T' (=Bl 2 + Q4 T" (u =B u)l 2.
In [14] we have proved that
10 Ag(u—Bu)l 2 S c u™ —(Bu)™| 2 Sch [ull gmss.

Since b, eH!, k=0,...,m—1, from (3.6) we obtain (I —Q,) T'||jm_..<ch, such
that
19, T'(u—Bull S —Qp) T (u—Ru)ll o+ 1 T (u— B wl

<c, h'? lu=RBul,+c, lu—Bul, Sch®[[ul gm-..
Since T”eL(H™, H') we obtain

19, T"(u—Bw)ll S ch'** f[uf gmes.
Finally
lu—uyllgm<cy B Ul gmis Sch® || fligs.
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In the second case we have T'u(j)=0, j=0,1, such that .o/ maps H™**® iso-
morphically onto @ where 0 <s<min {Rex,, Rex,}+1/2. Hence

lu—ulgmSch | flly: with 0Ss<min{Rex,, Rex,}+1/2.

If in addition b,,(j) =0, j =0, 1, then (1.1) can be considered as the restriction on
(0,1) of a singular integro-differential equation with sufficiently smooth coef-
ficients on the closed curve I'. Hence, & is an isomorphism from H™*! onto
H1

@, therefore the exact solution ue H™** and |u—u,|gm<ch || fllg:. O

q:m

Remark. The presence of singularities of the solution u for smooth right-hand
sides f indicates that estimate (3.7) cannot be improved even if higher degree
splines on quasiuniform meshes are used. An improvement of (3.7) for spline
collocation methods is possible by using special nonuniform meshes or by
adding special finite elements representing the singularities of the solution to
the spline base. But up to now the stability analysis of such collocation
methods is an open problem.

3.3. Numerical Results

The spline collocation method has been used to solve a number of singular
integral and integro-differential equations, including the following:

1

(a(x> —1)— 1)t/ (x) +— j;‘(y) = —a(l—x2)¥*(1—x)"2—/2
-1

u(1)=0, aeR, (3.8)

which have the exact solution

u(x)zjf1 (1 x) dx — n/f

1+

From Theorem 1 we conclude that ¢-collocation with piecewise linear trial
functions converges in the norm of H* iff

2

—arctanexp(—(1 +a)n/2) for a<0,
£>17

—arctan exp(—m/2) for a=0.

T

Note that for a< —1 Eq. (3.8) is not strongly elliptic, such that Galerkin
methods do not converge, in general.

The obtained numerical results confirm the statements of Theorem 1 and,
for uniform partitions, of Theorem 2, too. The tables below collect some results
for different values of g, ¢ and x with n=80, 4 denotes the maximale difference
between the exact and approximate solution in mesh points.
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a=0; Theorem 1 proves convergence in H' if £>0,1305
£=0.25 £=0.5 £=0.75 exact
-0.8 —1.7592 —1.7583 —1.7503 —1.7524
-0.2 -0.9473 —0.9472 —0.9434 —0.9444
02 —0.5447 —0.5442 —0.5432 —0.5437
0.8 —0.0915 —0.0914 —0.0910 —0.0913
A 0.0092 0.0075 0.0027
a= —1; Theorem 1 proves convergence in H' if ¢>0.5
=025 £=05 e=0.75 exact
—0.8 - 1.7607 —1.7653 —1.7549 —~1.7524
-0.2 — 0.9466 —0.9447 —0.9437 —0.9444
02 — 0.5844 —0.5437 —0.5429 —0.5437
0.8 —19.4668 —0.0913 —0.0912 —0.0913
A 66.3646 0.0228 0.0048
a= —2; Theorem 1 proves convergence in H' if ¢>0.87
£=0.5 e=0.75 e=09 exact
—0.8 —1.7491 —1.7629 —1.7582 —1.7524
-0.2 —0.9499 —0.9329 —09414 —0.9444
0.2 —0.5283 —0.5333 —0.5435 —0.5437
0.8 78.8829 6.7821 —0.0951 —0.0913
4 324.2297 22.8431 0.0068
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