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The Fixed Point Index of Fibre-Preserving Maps

Albrecht Dold (Heidelberg)

0. Introduction

For B a topological space, there is the category of spaces over B
whose objects are maps p: E — B and whose morphisms (maps over B)
are continuous maps f: E; — E, such that p, f=p,. We treat fixed point
questions in this category. We make only mild assumptions on B (para-
compact, locally compact), but more serious ones on p: E — B (namely
ENRy; cf. (1.1)); roughly speaking, we allow fibre bundles p: E— B
with fibre a euclidean neighborhood retract, and more generally, p|E":
E — B, where E' is a f{ibrewise neighborhood retract of such a bundle
p: E—B.

We consider maps f: V-- E over B, where ¥ is an open subset of E
(pf=p|V), whose fixed point set, Fix(f)= {veV|f(v)=v}, lies properly
over B, ie, p|Fix(f) is a proper map. Such an f is said to be compactly
fixed. Two such maps are said to be equivalent, f; ~ f;, if there is a com-
pactly fixed map over B x [0, I] whose parts over B x {0}, Bx {1} agree
with f,, f;. Let FIX, denote the set of equivalence classes [ f]. Taking
topological sums makes FIXp into a commutative monoid, and our
main result (4.3) asserts

FIXp= 7800 (BOP1),

the Oth stable cohomotopy group of B@ a point.

This result has some interest also in the classical situation where B
is a single point (hence E an ENR and f: V— E a map with compact fixed
point set). Then 18,1 (B® p£)= o1 (O-sphere)=Z, and the passage to
the equivalence class, f+— [ f]eFIX, ~Z, becomes the Lefschetz index.
For general B again, we therefore call [ f1eFIXp=nSu (B@p1) the
index of f, too. Going further still, if h is any multiplicative cohomology
theory (with unit), we denote by I(f)=1I"(f)eh’B the image of [f]
under 7¥,,, (B®pt)— hB, and call this also the index of f (in h). We
establish its main properties, mostly in analogy to the classical case
B=p1,

The actual procedure in this paper is however in different order:
After a preliminary section (§1) on the ENR-notion we give (in §2)
a direct definition of I( )€ h® B in more familiar terms, and we list its main
19
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properties (e.g., invariance under ~). The next section (§ 3) essentially
shows that I: FIX;— 1., (B@pt) is surjective, and §4 proves injec-
tivity. The last section (§5) contains complementary remarks and
problems.

1. Euclidean Neighborhood Retracts over B (ENR,)

Let B denote a topological space. A continuous map p: E— B is
called a space over B. If p: E— B, p': E'— B are spaces over B then a
continuous map f: E— E’, such that p'f=p, is called a map over B.
Spaces and maps over B form a category, Topg, with an obvious homo-
topy structure (homotopies over B, or vertical homotopies). In particular,
we have the notions of a subspace over B, a (neighborhood) retract over B,
cofibration over B, and many other analogues from ordinary topology
(compare [7, 8, 2], et al.). For every space Y the product B x Y is a space
over B with respect to the first projection; this will always be understood
in the following.

(1.1) Definition. A space over B, say p: E— B, is called a euclidean
neighborhood retract, abbreviated ENRy, if there is a euclidean space IR”,
a continuous function 7: Bx R" — [0, 1], and maps E—>1t7'(0,1]->E
over B such that ri=id;. In other words, if (up to homeomorphism
over B) E is a fibrewise retract of a numerically ! defined open subset D
of some Bx IR"

These ENRyp’s are the objects on which we shall study fixed point
theory in the following sections. In the present section we list some
elementary properties of ENR’s, mostly without proofs, or with indi-
cations only. In order to simplify the formulations we assume throughout
the paper that B is paracompact.

(1.2) Proposition. I/ p: E— B is ENRy then E is paracompact.— Indeed
Bx R*x R is paracompact because B is. The set T~ (0, 1] of (1.1} embeds
as a closed set into BxR*x R via (b, y)—(b,y,1/t(b,y)), and E is a
closed setin t=1(0, 1] viai. [J

(1.3) Proposition. Bx R" is ENR ;. Every numerically open? subset of an
ENR, is ENRy. Every closed neighborhood retract over B of an ENRy
is ENR,. O

(1.4) Proposition. If E— B is ENR and B’ — B is a continuous map then
ExyB' - B isENR,. If p: E-5> BisENRgand g: F — C is ENR. then
pxq: ExF—BxCisENRy,c. If E— B and E'— B are ENR then so
isExgE'—B. [

! For many purposes, D could be an arbitrary open subset of BxIR" If B is metric then
every open subset of B x R"is of the form t~'(0, 1]. — I Bis a single point then ENR ;=ENR
(cf. [4], 1V.8).

% i.e. of the form =0, 1] for some t, as in (1.1).
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The definition of a cofibration over B uses the same words as the
usual definition with all maps taken over B, and so does the charac-
terisation of cofibrations {over B) as being “neighborhood deformation
retracts”; compare [11, 2], et al. In particular, we get the following

(1.5) Proposition. If p: E—>B is ENRy and D is a closed subset of E,
with inclusion map i: D— E, then i is a cofibration over B if and only if
pi: D> BIisENR,. O

The property of being a cofibration is a (numerably-)iocal one
(cf. [3]). The same result holds over B; combined with (1.5) it gives the
following

(1.6) Proposition. If D is a closed subset of BxR" and if every point
of D has a neighborhood in D which is ENRg then D itself is ENRg. [

(1.7) Proposition. If n: D— B is a continuous map and D is a finite union
k

of open subsets, D= | | D, such that every n,=m|D, is ENR then n itself
is ENR. v=1

This becomes a special case of (1.6) if we can embed D over B as a
closed subset into some B x IR™. But every D, embeds (cf. (1.2)}, and if we
shrink the covering {D,} a little we can assume that the embedding of D,
extends to a map i,: D, — B x R™ over B. Then

{iv}B: D_’BXIRM X IR"Z X oeee XR"k
embeds D. [

(1.8) Corollary. If n: D B is a locally trivial fibration of finite type
whose fibre is an (ordinary) ENR then m is ENR.
k

Indeed, the assumption gives D= { } D,, where D,=B,xF, B, is a
v=1
numerically open set in B, and F is an ENR. L[]
Conversely, if p: E — B is ENRj then every p~ 'b (where be B) must,
of course, be an ENR. Also,

(1.9) Proposition. If p: E— B is a proper map and is ENRy then p is a
Hurewicz-fibration.

Proof. By Definition (1.1), we have Ec B x R", and a vertical neighbor-
hood retraction r: D — E. For every yeE there are open sets V,< B and
W, < IR" such that ye(V, x W,)< D. Pick a point be B; as p~!bis compact,
finitely many of the sets V, x W, (yep~' b} cover p~ ' b. If V' is the (finite)
intersection resp. W the union of the corresponding V, resp. W, then
p~l b (Vx W) D. Since a vertical retract of a fibration is itself a fibra-
tion, we see that p|r(Vx W): r(Vx W)—Vis a fibration. If we can show
that r(V'x W)>p~'U for some neighborhood U of b, U<V, then we
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know that p|p~'U: p~' U — U is also a fibration, hence p is locally
{(with respect to B) a fibration, and therefore also globally. Now, the set
Y=En (Vx W)is clearly open in E, and (p~ ! b)c Y r(V x W). Since p is
proper it is closed; hence p(E—Y) is closed in B, and b¢p(E — Y). There-
fore U=B—p(E—Y)is an open neighborhood of b, and

p'U=(E-p 'p(E-Y)=Ycr(VxW). O

A general ENRg, p: E— B, need not be a fibration (any numerically
open subset E of BxIR" is ENRy). However, locally (with respect to E)
it always is a fibration, in the following sense.

(1.10) Proposition. If p: E— B is ENRy then for every point yeE there
are open neighborhoods Y of y in E and U=p(Y) of p(y) in B such that
plY: Y— U is a Hurewicz-fibration.

This is just about what the first part of the proof of (1.9) shows:
Every yeE has a neighborhood in E which is a vertical retract of some
V, x W,, and vertical retracts of fibrations are fibrations. [

One can now ask which local (w.r.t.E) fibrations E— B are ENR,.
I did not much pursue this question; the following is a partial answer.

(1.11) Propesition. If p: E— B is locally (w.r.t.E) a fibration and if E
and B are (ordinary ) ENR then p is ENRg.

Sketch of Proof. Embed j: E— BxE, j(y)=(p(y),y). Since E and
B x E are ENR this is a cofibration and therefore admits a neighborhood
retraction r: W— E, rj=id, where W is an open neighborhood of jE in
BxE. The two maps n: We Bx E 2% B and pr: W-> B may not coin-
cide, but they agree on jE. Since B is ENR they are homotopic rel. jE in a
neighborhood of jE, which we denote by the same letter W. If p is (glob-
ally) a Hurewicz-fibration then we can lift the homotopy (rel. jE), with
initial position r. The final position of the lifted homotopy is a new
retraction ': W— E with pr’'=m, i.e. a retraction over B. Therefore, p is
ENRy by (1.3). —In general, p is only locally a fibration, but then we can
apply (1.6). O

(1.12) Corollary. Every submersion® p: E— B of C'-manifolds with
countable bases is ENRz—because it is locally a (trivial) fibration, by
the implicit function theorem. [J

2. The (Fixed Point) Index-Homomorphism

(2.1) As before, we consider euclidean neighborhood retracts over
B (ENRy), say p: E— B. We assume B to be locally compact and para-
compact, or equivalently, a topological sum, B= & B;, each summand

ied

3 = C'-map whose rank equals dim (B) at every point of E.
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of which is a countable union B,= | | B] of compact spaces Bj. We
j=1

consider continuous maps f: V—E S{lCh that ¥ is an open subset of E,
and pf=p|V. Such a map (over B) is said to be compactly fixed if
p|Fix(f): Fix(f)— B is a proper map, where Fix(f)={veV|f(v)=1}.
Le. fis compactly fixed if (p ' K) (Fix (f)) is compact for every compact
K< B. In close analogy to [4]. VII.S we shall now define an index-
homomorphism I;: h B— hB, where h is any general cohomology theory.
If his a multiplicative cohomology theory and 1€ h° B the unit element then
I(f)=1,(1)eh®B is also called the index of f; in this case, we’ll find that
I:(x)=1(f)~x for xehB.

(2.2) As in [4] or [9] we first treat the case E= B x R”", p=projection.
If K< B is compact then (Fix(f)) (K x R") is compact and therefore
contained in a set K x Dy, where Dy<R" is a closed ball around the
origin. If B is a countable union of compact sets this easily yields a
positive continuous function p: B— (0, + o0)< IR such that

Fix(f)< {(b, y)e Bx R"||ly| < p ()} =E, .

The same is true for general B=) B, because we can choose p|B; for
each 1 independently. Clearly (E—E,) is a weak deformation retract of

(B x R", Bx (R"—0))=Bx (R", R"-0),
hence
h(E, E—Ep)gh(B x (R”, lR"——O)).

We also remark that Fix(/) is closed in E (and not only in V) because
this is locally so, namely in every K x R", where K < B is compact. There-
fore (E, V, E—Fix(f)) is excisive, ie. h(E, E—~Fix(f))=h(V, V-Fix(f)).
Using these isomorphisms we now define the index homomorphism by the
following composition

1,2 b BEW+(Bx (R", R"—0)-“=" i+ (¥, V— Fix(/))
(2.3) ~h/+"(E, E— Fix(f))— W*"(E, E~ E,)
~hi*+"(B x (R", R"—0)) X1 B,
where ¢" is the n-fold suspension isomorphism, and (1 —f): V—Bx R",

(1= (b, y)=(b, y— (b, y)), with ¢ the second component of f; f(b, y)=
(b, 0 (b, y)). o

We now list some properties of I ;. Proofs are only given if they are
sufficiently nontrivial, sufficiently different from corresponding proofs

in [4], VILS5, and used in the sequel of this paper.

(2.4) Localization in E. If W is an open subset of V such that Fix(f)c W
then fIW is compactly fixed, and I;py=1,. [
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(2.5) Localisation in B. The index homomorphism I, factors as follows :
hB-->h(B, B)—hB, where B'=B—p(Fix(f)).
In particular, the composition of 1 with hB— h B vanishes.
Sketch of Proof. Let E'=p~'B’. Then we can modify the defining
sequence of maps (2.3) from the 4th term on as follows:
h**(E, E—~Fix(f))—h*"(E,(E—E,) U E')=h'*"((B, B) x (R", R"—0))
LhiB,B)—>hB. O
(2.6) Units. If s: B—E is a section of p then the index homomorphism of
sp: E— E agrees with the identity map of hB. [J

(2.7) Additivity. If V=V, UV,, a union of open sets, such that fi,=
fIVinV; (and f) is compactly fixed then fy=f1V;, f,=f1V, are compactly
fixed, and I, +1; =1, +1,. [

The next property (2.8) of the index homomorphism concerns its
behavior under a change of bases, i.e. a continuous map fS: B'— B,
where B’ is also locally compact and paracompact. We have a commuta-

tive diagram ,
V/C E’i* B/

l“ﬂv Jﬁa Jﬂ
V<cE-2.B
where E'=B'xz E={(}',y)eB' x E|f(b)=p(y)}, V'=B xz V=B;"(V),

and p’, g, By are the projections.

(2.8) Naturality in B. Let
[V E, fo, =) e Bf'=fBy, P/ =pIV.
Then f* is also compactly fixed, and
Brol =1p.0p*.

This follows by writing the defining sequence (2.3) for I, under the
defining sequence for /., and inserting appropriate vertical arrows S5
everywhere. [

(2.9) Homotopy Invariance. If g: W—F is a compactly fixed map over
B x [0, 17, with projection F — Bx [0, 1], and if g,: W, —F, is the part of g
over Bx {t}=B, then I, =1, for all te[0, 1].

Indeed, the part of g over B x {t} = B, namely g,, is obtained from g by
the change of basis i,;: B—»>Bx[0,1], i,(b)=(b, 1), in the sense of (2.8).
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Therefore, i I,=1,i*. But i is isomorphic, and i¥=i§, hence I, =
B =1, U

(2.10) Multiplicativity. If f: V—E and f: V' —>E are compactly fixed
maps over Bthen so is f xg {1 Vxy V' - Exg E', and

Lwgp=lpelp=lpel;.
This follows from (2.14). We shall only need the following special case.

(2.11) Stability. [f e: R —IR is constant (say e¢(t)=0) then fx e: VxR —
E xR (as a map over B with respect to Ex R —E-—"-B) is compactly
flxed, and Ifxezlf‘

This follows by writing the defining sequence (2.3) for /, under the

defining sequence for I, , and inserting vertical arrows ¢ everywhere
except at the ends hB. Remark that (¢t x idg—f xe)=(—f) xidg. O

(2.12) Commutativity. Assume p: E—B, p': EE—B are ENRy, let
U<E, U cE open subsets,and f- U—E', g: U — E continuous maps over
B. If gf: f~* U —E is compactly fixed then so is fg: g~ ' U—E', and
Ipe=1yy.

Using 2.11, the proof is as for [4], V11, 59. [

(2.13) Naturality in h. If T: k—h is a natural transformation of
cohomology theories then 18 T=TIf, where I}, If denote the respective
index homomorphisms. [

{(2.14) The Index Element (Proposition and Definition). If h is a multi-
plicative cohomology theory then I;: hB—hB is a homomorphism of
hB-modules, i.e.

I,(x)=1,(1)~x, forall xehB,

where 1€h® B is the unit element.

The element [ f(l)ehOB (which completely describes I;) is called the
index of f, and is denoted by I(f), or I"(f) when appropriate.

Proof. In the sequence (2.3) which defines I, all homomorphisms
except ¢" are induced by maps over B, and are therefore hB-homomor-
phisms. The suspension isomorphism ¢ of a multiplicative cohomology
theory has the form +o= — xs=cross-product with s=a(1), and
+0"=— xsxs...xs5=— xs"; compare 3.1. But

X% §"={x x L)~ (1 xs")=(p* x)—(1 x57),

hence ¢"= — x s" is also an hB-homomorphism. [
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So far we have developed the index theory only for the special
ENRg-spaces B x R". But using commutativity (2.12) we can extend it to
the general case as in [4] VII,5.10. e,

(2.15) Proposition and Definition. If p: E— B is any ENRy, and V< E
is an open subset then every continuous map [> V->E over B admits a
decomposition [+ V—2> U —£- E over B, where U is open in some Bx R",
Iffis compactly fixed then so is g=af: f~* V- Bx R", hence I, hB—hB
is defined. Moreover, 1, depends only on f, not on the decomposition f=fa.
a5 IS the index-homomorphism of f (resp. I{f)=
I{xB)eh® B the index of f, if h is multiplicative). All the properties (24)-
(2.14), formulated above for the special cases, continue to hold for the general
case. []

By definition, I,=1

3. The Image of I in h° B

If 4 is a multiplicative cohomology theory, what is the image of

fi=1I(f); i.e,, which elements in h° B occur as indices of compactly fixed
maps over B? We'll see that precisely the stably spherical ones do. We begin
be recalling the term “stably spherical” and related notions.
(3.1) Let seh'(R,R—0)=Ah'S! denote the image of 1e/k°(pt) under
the isomorphisms #°(pt)= (R —0)2 k! (R, R —0), where pt=a point.
Then the general suspension isomorphism o for k is given by multipli-
cation with s, and its n-th iterate ¢” is given by multiplication with s",
where 5" = ¢" (1) is the image of 1€ h®(pt) under

R poErR", R"—0)=i"(5").
This takes various forms, e.g.
o"=(— xs"): i® B=h"(Bx (R", R"—0))=h"(Bx R", Bx (R"—0)),
6"=(— x5"): h°B=h"(BxS", Bxpt)=h"(BxS"/Bxpt),
o"=(— xs"): i° B=h"(BxS", BvS") =h"(Z" B),
(6", p*): h° BOh" B=h"(Bx §"),
where p: B x §"— B denotes projection.

(3.2) Proposition and Definition. For yeh® B=h°(B® pt) the following
properties are equivalent.

(a) There is a map Y, Z"(B@®pt)—S", for some n, such that
Yo s"=a"(y).

(b) There is a map y,: (Bx S", Bx pt)—(S", pt), for some n, such that
Yy (s)=0"(y).
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(c) There is a map y.: Bx S"— 8", for some n, such that
&) ~a"(y)eim(p®).

(d) Thereis amap ;: (Bx R", Bx (R"—0))—(R", R"~0), for some n,
such that ¥ (s")=o0"(y).

If one, and therefore all of these properties hold then y is said to be
stably spherical. — The proof is easy, and is left to the reader. [

(3.3) Another way of describing stably spherical classes is via stable
cohomotopy groups maye X =limz(2*~/ X, S¥), where = on the right
denotes homotopy classes, and 2 = suspension. These constitute a reduced
cohomology theory (cf. [6], p. 10), i.e. the groups }/ X =1/, (X D p1),
and corresponding relative groups, form a cohomology theory y, and
3/ =1 ap1e- The suspension isomorphism ¢: §/ X ~§/*! XX agrees with
the obvious isomorphism 7/, X =7/t L. X X. This cohomology theory
is multiplicative, with unit element 1€y°(pt)=n%,,,.(S°) represented by
the identity map of $°. Similarly, s"=g¢"(1)e}" S"=1",,,. S" is represented
by the identity map of $”. The cohomology theory y has the following

(3.4) Universal Property. If h is any cohomology theory, and ach®(pt),
then there is a unique transformation of cohomology theories a: y—h such
that a: y{pty—h(pt) takes 1 into a.

In particular, if h is a multiplicative cohomology theory then there is a
unique (multiplicative) transformation of cohomology theories &2 y—h
such that ¢(1)=1. In other words, v is the initial object in the category of
multiplicative cohomology theories.

This is fairly obvious since y is represented by spheres, with universal
elements 5" =¢"(1). Explicitely, if xe}/ X =nl,,;. X has the representative
& EmJ X — §" then d(x)=0'~"&* ¢"(a)e b/ X . In particular, if h is multi-
plicative then &(x)=g/~" &*(s"). This together with (3.2)(a) shows

(3.5) Proposition. If h is a multiplicative cohomology theory then
yeh® B=h°(B@® pt) is stably spherical if and only if y is in the image of
e:vB—h®B. [

The following lemma is used in the proofs of (3.7) and {4.8), but is also
of independent interest.

(3.6) Lemma. Let f: V—E be a compactly fixed map over B, as in (2.1).
Then there exists a neighborhood W <V of Fix(f) and a compactly fixed
map f': ExR—-ExR over B such that Fix(f)=Fix(f)x {0}, and
f(w, )=(f(w),0) for weW, teR. In particular, f" is a globally defined

compactly fixed map with the same index as f(cf. (2.11) and (2.4)).

Proof. Assume first E=BxR" with projection maps p: E— B,
q: E->R" Put ¢=gqf: V-IR" Then Fix(f)={yeElo(y)=q(y)}, and we
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have to construct W and ¢': ExR—R"x R such that
{o' 0, )=(a) t)} = {p(W=4(y) and t=0},

and ¢’ (w,t)=(p(w),0) for weW. Choose a continuous function t:
E— [0, 1] such that t=!(0) is a neighborhood of E—V and W=1"1(1)
is a neighborhood of Fix(f). Define ¢': E xR — R" x R as follows.

[ -t @) —eW) t+1—t( (+1)] if yeV,
[q(y), t+1] if yet 1(0).

For yeW=1"1(1) we have ¢'(y, t)=[¢(y),0], as required. If ¢'(y, t)=
[q(y), t] then comparing second components shows 7(y)+0, hence yeV;
therefore comparing first components gives 7(y)(q(y)— ¢ (¥))=0, hence
g =q@(y), hence yeFix(f) and t(y)=1; comparing second components
again gives t=0. Altogether, ¢'(y,t)=[q (), t]=q()=¢(y) and t=0.
The converse is clear.

This takes care of the special case E= B x IR", which is all we need for
the proofs of (3.7) and (4.8). The general case is reduced to the special
case by retraction arguments as in (2.15); we omit the details. [

Q' (y, = {

(3.7) Theorem. Let h a multiplicative cohomology theory, and B a locally
compact paracompact space. The elements of h° B which occur as indices
of compactly fixed maps over B are precisely the stable spherical ones; i.e.
the image of I coincides with the image of €: 78,4 (B® pt)—h° B

Proof. Let x=I(f)eh® B; we have to show that x is stably spherical .
By the very definition (2.15) of I{f) we can assume that f is of the form
J: V—=BxRR" where V is open in E=BxIR". By Lemma (3.6) we can
assume that f is globally defined, i.e. /> Bx IR"— Bx R". Consider then
the following diagram

WO B=h'(B x (R R"—0))="(E, E—E,) == (B x (R" R"—0)) = 1° B

D

I
h° B=#'(B x (R R"~0)) «———"(R", R"—0) =h%(p. 1),

(3.8)

where E, and (1 —f) are as in (2.2) and (2.3), g denotes the second projection
and y: (Bx R", Bx (R"—0))—(R", R"-0) is defined as follows.

z—4f(b, 2)=(q(t—1) (b, 2) for |z zp(b),

Wib,2)=1 Izl
Gy (a0=) (b pib) - “) for |z < p(b).

4 As the referee points out, this is immediate from (2.13) and (3.5). I've retained the proof
because it is instructive and the diagram (3.8) is also needed for the converse.
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In words, ¥ agrees with (i —f) on the exterior of the tube E,.andradially
extends g(1— f)!E from the boundary E to the interior of E,. The two
maps g1 —f), ¥: (E,E~E,)—(R", R"— 0\ are homotopic rel (E-E,),
by linear deformation. Therefore, (1—f)*q*=y*; furthermore
(B x (R"—0))=(R"—0). This explains the diagram (3.8), and shows that
it is commutative. Following {eh® along the upper row gives I(f)=x,
by Definition (2.3),(2.14) of I{/). Following 1 along the lower row then
shows that x is spherical, by (3.2) (d).

Assume now xeh®B is spherical. Then ¢"(x)=1*(s") for some n and
some map ¥: Bx(R", R"—0)—-(R", R"—0). Define f: Bx R"— Bx R"
by f(b. 2)=(b, z— (b, 2)). Then Fix ()= {(b, 2)|¢ (b, 2)=0} =4y "' (0), and
this is contained in B x {0}, hence fis compactly fixed. The diagram (3.8)
above now shows x=I(f) (using ¢"(x)=y¢*(s"), and the definition

of I{f)). O

4. Homotopy Invariance as the Fundamental Property of I ; the Monoid FIX

If h is the cohomology theory defined by stable cohomotopy groups
then, trivially, every class yeh®B is stably spherical (cf. (3.5)) hence
f=1I(f) is surjective by (3.7). We now show that it is also injective up to
homotopy, i.e. if [(fo)=1(f,) then f; . f; are equivalent in the sense of (2.9).
In order to emphasize the cobordism character of this result we introduce
the “monoid of fixed point situations” FIXg, as follows.

(4.1) Definition. If B is a locally compact paracompact space let &g
denote the set of (fibrewise homeomorphism classes of) compactly fixed
maps f: V—E over B, in the sense of (2.1). Two elements of &g, say
Jfo: Vo> E, and f;: V,—E,, are called equivalent, in symbols f,~f,,
if a compactly fixed g: W—F over Bx [0, 1] exists, as in (2.9), such that
2o=fs, g.=f1. This is an equivalence relation in &, (transitivity by
glueing); the equivalence class of fis denoted by [f], and the set of equiv-
alence classes by FIXg=§p/~={[f1}.

Iff,: ,—E,,f,—E, are in § then so is the topological sum f, @ f,:
V@V, >E ®E,. Addition @ is compatible with ~, and therefore
induces an addition + in FIX,, namely [f;]1+[f;1=[f; ®/,]. This turns
FIX; into a commutative associative monoid with neutral element [#].
If h is a multiplicative cohomology theory then the index (2.15) defines
a map I: §z— h°B. This map is compatible with ~ by (2.9), and is
additive by (2.7). Therefore I defines a homomorphism (denoted by the
same letter)

4.2) I: FIXg—k°B, I[f1=1(/).

and the main result of §§3-4 is as follows.
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(4.3) Theorem. Ifh is the cohomology theory defined by stable cohomotopy
groups (cf. (3.3)) then (4.2) is isomorphic, Le.,

I FIXp=nl, . (B®po).
As remarked above, we know already (3.7) that I is surjective. We
now prepare the proof of injectivity by some preliminary considerations.

(44) Lemma. Iffy: Vo— E,.f,: V, = E, are compactly fixed maps over B
such that Eq is a numerically open® part of Ey, Fix(f;) = Vo< Vi, and f (v) =
fi(v) for veV,, then fy~ f;.

Proof F=E4x[0,1JUE; x(0,1] isan ENRg, (6. 1
W=V, x[0,1Ju¥; x(0, 1]
is an open subset of F, and g=(f; xid,f; xid): W—F is a compactly

fixed map over B x [0, 1] whose parts over B x {0} resp. Bx {1} are f,
resp.f;. O

(4.5) Assume now EESD—%5 B are ENRy, and E is a fibrewise retract
of D, ie. there exists r: D—E such that ri=id, gir=gq. Then i has the
(fibrewise) homotopy extension property over B (compare [ 2], Chapter I).
Therefore, the mapping cylinder

Z={(y,t)eDx [0, 1]|yeE or t=0}

is a retract over B of Dx [0, 1]. In particular, Z— B, (y, tf}—¢q(y), is an
ENR;, (cf. (1.3).—In the following, we’ll sometimes identify D with
{(y,t)eZ|t=0}, and E with {(y,t)eZ|t=1}.

(4.6) Lemma. With the notation of (4.5), if g: W— Z is a compactly fixed
map such that g(W)cD={(y,t)eZ|t=0} resp. g(W)cE={y, t)eZ|t=1}
then g~(go=gIWnD: WNnD—D) resp. g~(g,=gIWnE: WnE—E).

Proof. If g(W)< D consider the space

F={{y,t,1)eDx[0,11x[0,1]l(y,t)eZ and 1<t}.

The map
p: Zx[0,11-F, p(yt,7)=(y, Min(t, 1), 7),

is a retraction which is fibrewise with respect to (y, t, ©)—{q (), 7). With
respect to this projection F is therefore ENRy, o ;). Furthermore,
(Wx [0, 1])~ F is an open subset of F, and

i (WX[0,1)nF—F, y3.61=(g0,1).1)

is a compactly fixed map whose parts over t=0 and =1 agree with g,
and g, hence go~g.
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If g(W)< E we replace F by
{0 61)eDx[0,1]x[0,17)(y.)e Z and t=1},

and proceed as before. [

(4.7) Lemma. As in(4.5), let i: EcD be ENRy and r: D—E a retraction
over By ri=id, qir=q. If f: V- E is a compactly fixed muap over B then
soisf =ifr:r ' V—D,and f'~f.

Proof. Clearly Fix(f")=Fix({), so f” is compactly fixed. Consider the
mapping cylinder Zc D x [0, 1] over B, as in (4.5), and the retraction
s: Z—D, s(y,t)=y. Define

Tt V)X 0,112 x[0,1], by (3t D= (/" ()% 7),

This is clearly a compactly fixed map over B x [0, 1]. Its parts over t=0
t=1 are equivalent with f” resp. f, by Lemma (4.6). Hence f'~f. [

(4.8) Proposition. Every element & of F1X; has a representative of the form
f: BxR"— Bx IR" such that

@) ly—e@®b,Ml=Ixl,

(ii) @b, Ay)=4e(b.y)
forall be B, ye R", Ae R* =[0, + o0), where @ is the second component of f,
i.e.f(b, y)=(b, @ (b, y)). — Note in particular that (i) implies Fix (f)= B x {0}.

Proof. Il E is an ENR, then, by definition E is a retract over B of a
numerically open? subset D of some B x R™, say E——D——E. Every
compactly fixed map g: V— Eisequivalent, by (4.7),tog'=igr: r 1 V—D,
and this (by (4.4)) is equivalent to the composition r~' V—-D< B x R",
which we still denote by g’. By (3.6), there is an open neighborhood
Wer 'V of Fix (g) and a compactly fixed g”: Bx R™' —Bx R"*!,
such that Fix(g")=Fix(g)x {0} and g"(w,)={(g' (w),0} for we W. The
former implies (by (4.4)) that g"~g”|W x IR, the latter implies (4.7) that
g"|W x R ~g'| W, and this (by (4.4) again)is ~ to g'.

So far we've shown that every ¢e FIX, has a representative g” of the
form B x R"— B x R"; it remains to achieve (i) and (ii). Recall (2.2) that
there is a continuous positive function. p: B—(0, +0) such that
Fix(g")<E,; in other words, all fixed points in {b} x R" have norm
smaller than p(b). Under the homeomorphism (b, y)—(b,2p(b) y) the
map g” transforms into a new map, denoted by g: BXx R"—BxR"
again. all of whose fixed points have norm smaller than 1; in fact,
Fix(g)cE,.

Now we proceed somewhat as after (3.8). We let : Bx R"—IR” the
second component of g, thus g(b, y)=(b, (b, y)). Then

Fix(g)={(b, WY (b, y)=y};
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and ¢ (b, y)=y= |y < 1. We define a map G over B x [0, 1] as follows.
G:Bx[0,1]xR"->Bx[0,1]xR",  Gib,t, y)={(b, ,¥(b,1, ).

where ¥: Bx[0,1]x R"—~IR" is given by (b, ¢, y)=

(1 —[y—eW+¥(be)]+t[y—Ivlele )~y b,ey)] for yizt;
=0y b, y)+tly—yl e (e ) —vib e ()] for iyl <1,

and e,{x) stands for (I —t)x+t—”—§—”~; note that y=0 implies ¥(b, 1, y}=

(1—0)4 (b, y), and ||y] =1 = e,(y)=y. We have
Fix(G)={(b, t, 1 ¥ (b, 1, y)=»}.
If (b, t, )€ Fix(G) and ||y( 2 1 then the definition of ¥ shows
A=Y b e, ()—eM]+ vl e [Y(b e () —e(»]=0:
since [/ (b, e,(y))—e,(»)] 0 for [y} = 1, this means

which is impossible. Thus Fix(G)< {(b, ¢, »)| Iy} <1}, hence G is com-
pactly fixed. The part of G over t=0 agrees with g (G, =g), the part of G
over t=1, say G, = f, is given by f(b, y)=(b, @ (b, y)) with

eb, )=y~ iyl e;[es (M= (b, e; (V)]

This clearly satisfies (i) and (ii), and f~g represents £, [

Proof of Theorem 4.3. It suffices to show injectivity of I. Let £, ne FIX,
such that [¢=Iy. Choose representatives f: BxR™— BxR™,
g: BxIR"— BxIR"” of & y as in (4.8); in particular, I{f)=1I(g). But the
index I{f)en’,m. (B@pt) of a map f: Bx R™— BxIR™ as in (4.8) (ie.
with properties (i), (ii)) is precisely the stable homotopy class defined by
@x: BxRR™—R™ or rather by o5 =@y |BxS""': BxS§" ' gn-1,
where @ is the second component of /{1 (b, y)=(b, ¢ (b, y))), and ¢ (b, y)=
y—@(b, y); this is clear from the definition of the suspension isomorphism
in 72,y and the definition of I. Therefore the maps ¢3: Bx $™~ ' — §™°1,
Y: BxS"!'— 8" corresponding to f, g, must represent the same
element of #l,..(B®pt), i.e. for some p, v>0 such that m+v=n+pu

t
hemaps ((p‘;()*Bld BXSm_1+V**’Sm_1+v,

(!fll)sx)*gld BxSr—l4n _, qn-l+yp
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are homotopic, where *p denotes the (fibrewise) join with $*~! resp. §#~!.
By radially extending these maps from spheres to all of euclidean space
we can also say that

Px xid: BxR™** 5 R™=R"™ x R"

is homotopic to
Yy xid: BXxR" ™ S5 R =R" x R*

by a homotopy
0: Bx[0,1]xR¥*>RY,  (k=m+v=n+p)

such that [0(b, t, p)[=lyll (and 0(b,0, y)=(px xid)(b, y), 0(b, 1, y)=
(Y x1d)(b, y)); in particular, 0(b, t, y)=0 <> y=0. Define

D: Bx[0,1]xR* > Bx[0,1]xRY, Db, t,y)=(b,t,y—0(b, 1, y)).

Then D is a compactly fixed map over Bx [0, 1] (in fact, Fix(D)=
Bx[0,1]x{0}) whose parts over Bx {0} resp. Bx{l} agree with

fx{0}: BxRMxR"—->(BxR™ xR’
resp. .
gx{0}: BxR")xR*— (BxR")xR¥,

where {0} denotes the constant map zero. Therefore fx {0} ~g x {0}. But
fx{0}~fand gx {0} ~g by (4.7), hence E=n. []

5, Remarks and Problems

(5.1) Axiomatic Characterisation of the Index. This is just what {4.3)
provides: If J is a function which assigns to every compactly fixed
[: V— E over B an element J(f), invariant under homotopy (2.9), then J is
determined by its values on a set of representatives for the elements of
70,1 (B@® pt); more accurately, by its values on maps

f: BxR" > BxR",  f(b,z)=(b,z—y (b, 2)},

as at the very end of Section 3 (or as in (4.8)), where Y ranges over a set of
representatives for 0, (BD pt).

Any such J is also invariant under localisation (2.4), is commutative
in the sense of (2.12), etc. In other words, homotopy-invariance alone
( plus suitable normalisation on the special f above) suffices to characterise
the index; all the other properties are consequences. If one is willing to
assume additivity (2.7) as an axiom then one needs normalization only
on a set of special f representing generators for 13, (B®pt).

Even in the classical case where B=pt and 0., (B®pt)=2Z this
result is of interest: It says that the classical Lefschetz fixed point index

20 Inventiones math , Vol. 25
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for ENRs is characterised by homotopy-invariance alone together with
normalization. For normalization one can take the power maps z — z" of
the circle S’ = {ze C||z| =1}, putting J(z+>z")=1—n. Or if one assumes
additivity then it suffices to normalise on the identity map of a point.
Note however that “homotopy-invariance” has to be understood in the
sense of (2.9) {or of [1]), and not just in the more usual sense of topology
(compare also [5]).

(5.2) The problem of calculating the index or of proving a Lefschetz-
Hopf type theorem is very intriguing. The Lefschetz-Hopf-theorem should
express I(f) in terms of f*: hE — hE provided f: E—E is a globally
defined (compactly fixed) map over B and p: E— B is proper (or at least
im(f)— B is proper). I don’t know whether there is such a theorem in
general, i.e. whether I(f) is determined by f* (if f is globally defined
and p 1s proper). Certainly one would have to use the module structure
of hE over hB and the fact that /* is a homomorphism of hB-modules.
One s led to try the Lefschetz-trace Af *eh° B of the h B-endomorphism f*.
I convinced muyself that it does coincide with I(f) for some simple
examples of ENRgs, such as (5.3) below. But in general Af* may not
even be defined (if hE is a complicated hB-module); when it is defined
I still don’t know whether it always agrees with I(f).

If k= H is ordinary cohomology then, of course, A does give the right
answer but the result is not new because then

I(f)e H°(B; Z)=Hom(H, B, Z)

is the classical index of p~!b— p~!bh, viewed as an integral valued
function of beB. In this context Knill’s Theorem 1 in [9] should be
mentioned; it deals with ordinary (co-)homology only but it provides
a computable invariant (under ordinary homotopy, not ~) which is
richer than I{f)e H°(B; Z).

(5.3) Example. Let B=S"'={zeC||z|=1}, and consider the map
f: BxS' -+ BxS', f(b,z)=(b,b-z).

This is a globally defined compactly fixed map over B, and p: Bx S' — B.
p(b, z)=b, is proper. | have verified geometrically (and not without
pains) that [ f]e FIX; is the non-zero element of 7,,,. S'=Z,. On the
other hand, for any cohomology theory h the AB-module h(B x S') has
the basis {I®1, I1®s}, and

HAN=1®1, [f*(1®s)=(1+v-5)-(1@s)+s-(1D1),

where veh ™! (point) corresponds to v*(s*)eh? §3 under 3-fold suspension,
and v: § - $? is the Hopf-map. (In order to understand the term ¥ - 5 one
suspends f and calculates (£f)*, remembering the Hopf-construction.)
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It follows that the trace of f* equals A(f)=(v-s)eh®S'; in particular,
if h is stable cohomotopy then A(f)=[v]en® S'.

stable

(54) The example above raises other questions, too. Suppose, for
instance, G is a Lie group operating on a compact manifold M. Then

GxM—->GxM, (g 2)—(g g 2),

is a compactly fixed map over G; it represents (by (4.3)) an element of
0 ab1e (G @ pt), Tesp. Of Mg,y G if y M =0. Are these interesting elements,
in particular if M =G and the operation is by left translation?

(5.5) As stable cohomotopy is isomorphic, via the Pontrjagin-Thom
construction, to stably framed cobordism QF, we also get from Theo-
rem (4.3) an isomorphism of FIX ; with 27, B. It should be easy to describe
this isomorphism directly (without cohomotopy) by geometric con-
structions in the spirit of Quillen’s geometric description of complex
cobordism (cf. [10], Section 1). In fact, the very definition (4.2) of FIX,
and some of the arguments in §4 are clearly cobordism style. The
question arises whether fixed point theory or cobordism might profit
from this connection.
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