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Summary. Two families of mixed finite elements, one based on triangles
and the other on rectangles, are introduced as alternatives to the usual
Raviart-Thomas-Nedelec spaces. Error estimates in I?(Q) and H~5(Q) are
derived for these elements. A hybrid version of the mixed method is also
considered, and some superconvergence phenomena are discussed.
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1. Introduction

The object of this paper is to introduce two families of space of mixed finite
elements for second order elliptic problems. Over triangular decompositions of
the domain these spaces will lie between corresponding Raviart-Thomas spaces
[12, 14], will be of smaller dimension than the Raviart-Thomas space of the
same index, and will provide asymptotic error estimates for the vector variable
(ie., the one for which mixed methods are designed to approximate well) of the
same order as the corresponding Raviart-Thomas space. In addition, if the
Fraeijs de Veubeke [8, 9] relaxation of the continuity of the normal com-
ponent of the vector variable across interelement edges is mtroduced and an
extension [1] of the Lagrange multiplier enforcing this continuity is made, then
in all cases except for the lowest degree space in our family, the resulting
superconvergent approximation of the scalar variable is asymptotically of the
same order as that for the similarly modified version of the Raviart-Thomas
method.

Our rectangular elements differ considerably from those of Raviart and
Thomas, in that our vector elements are based on augmenting the space of
vector polynomials of total degree k by exactly two additional vectors in place
of augmenting the space of vector tensor-products of polynomials of degree k by
2k+2 polynomials of higher degree. We also use a lower dimensional space for
the scalar variable. The improved behavior of our elements over the Raviart-
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Thomas elements listed above for triangular elements is valid for the rect-
angular elements, as well.

In the remainder of the Introduction the triangular elements will be de-
scribed and a more precise summary of our results in this case will be
presented. The rectangular case will be presented in Sect. 5.

Consider the Dirichlet problem (vectors will be denoted by bold face)

Lu=—div(agraduw)=f, xeQ, (1.1a)
u=—g, xedQ, (1.1v)

where Q is a bounded domain in R? with smooth boundary 0 and a=a(x) is
a positive, smooth function on the closure of Q. (In all that follows, L can be
replaced by Lu= —div(a, gradu+a, u)+a,-gradu+a,u, provided that the cor-
responding Dirichlet problem is solvable; see [5, 6] for such an extension for
the Raviart-Thomas method.) Let

c=c(x)=a(x)"}, (1.2a)
q= —a gradu. (L.2b)

Then, as usual for mixed methods, the operator L can be factored to give the
first order system
cq+gradu=0, xeQ, (1.3a)

divgq=f, xeQ, (1.3b)

Let V=H(div; Q)= {veL%(Q)|divveI?(Q)} and W=I?*(Q). The weak form of
(1.3) appropriate for the mixed method is given by seeking {q,u}eV x W such
that

(cq,v)—(divv,u)={g,v-n), VeV, (1.4a)

(divq, w)=(f, w), weW, (1.4b)

where (¢, +) indicates the inner product in I2(€) or L%(Q) and (-, *> that in
I?(0Q) and n is the outer normal to d€.

Let ,={T} be a triangulation of € such that

i) if TeQ, T has straight edges,

ii) if T is a boundary triangle, the boundary edge can be curved,

iii) all vertex angles exceed some 6,>0,

iv) if T, n T, #0, then T, T, is either a vertex or a full edge of each,

v) diam(T)=h;, max hy=h.

T

We construct our triangular finite element spaces as follows. First, let k be a
positive integer and let B(T) denote the restriction of the set of all polynomials
of total degree not greater than k to T. Then, set
V(T)=V¥T)=B/(T), (1.52)
W(T)=W*{(T)=FE_(T), (1.5b)
M(T)=M*(T)=V¥(T)x W*~1(T). (1.5¢
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Then, let
V.=V =V(k, T)={veV|v|re ¥X(T), Te J;} (1.6a)
Wy= Wi =W(k—1,7)={wiwl,eW* ' (T), Te%},  (1.6b)
M= MF= Mk, T)=V}x Wk-1, (1.6¢)

Recall that, in (1.6a), veV if and only if v-n, is continuous across interior edges
e. The space .#; over Z, will be our family of mixed finite element spaces over
triangles, and we seek {q,, u,}€.#} such that

(cqy, V)—(divy, u,)={g, v-n), veV), (1.7a)
(divg,, wy=(f, w), weW 1, (1.7b)

Let us compare #} with the corresponding Raviart-Thomas space %%,
which is constructed as follows. Let k be a nonnegative integer, and let [12, 14]

R(T)=B,(T) ® xB(T), (1.82)
SY(T)=PB(T); (1.8b)

then form #7.* in the same manner as was used above for .#¥. Then,
h h

%%k‘lcﬂ{,‘c%%", k=1. (L.9)

Note that
dim #X(T)=33k*>+Tk+4), (1.10a)
dim R¥(T) x $¥(T)=dim .#*(T)+2k+2; (1.10b)

thus, the dimension of the space #7," is significantly larger than that of .}, so
that the solution of the linear algebraic system associated with 4} is simpler
than that associated with 27,%

The solution of the algebraic problem associated with (1.7) can be sim-
plified by the introduction of a Lagrange multiplier to enforce the continuity of
the normal component of g, across interelement boundaries [1, 8, 9]. Let {e}
denote the collection of edges of all triangles TeJ,. Let

M,=Mki={m|m| eB(e) if ecQ and m|,=0 if e<dQ}, (1.11a)
and let
Vo= W= Ve VHT), TeF). (1.11b)
Note that, if ve¥;, veV, if and only if
Y (veng,mp,r=0, meM;j, (1.12)
T
where (-, >, indicates the I*(0T) inner product; (*,); will indicate that in

I*(T). Then, following Fraeijs de Veubeke [8, 9], we alter (1.7) to seek
{9y, uy, m,} e ¥¥ x WF=1 x M¥ such that

(€qy, V)= Y ([divv, u)p+ Y. Vng, mDor=<{v-n,8>, ve¥t, (1.13a)
T T

Y (div g, wp=(f,w), weW =1, (1.13b)
T

Y Qynr, PDor=0, peMk. (1.13¢)
T
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As a consequence of (1.12), the function q, resulting from (1.13) coincides with
that coming from (1.7), so that the pair {q,,u,} of (1.13) is the same as that of
(1.7). Note that the parameters for the two q,’s are not the same, as the
dimension of ¥;* is larger than that of Vf.

The original object of the modification (1.13) was to permit the easy
elimination of the gq,-parameters (and, subsequently, the u,-parameters) from
the system of linear algebraic equations representing (1.13). The system remain-
ing for the my,-parameters is positive-definite [1], in place of the indefinite
(saddle-point) system for (1.7). Arnold and Brezzi [1] noticed that the La-
grange multiplier corresponding to m, for the Raviart-Thomas method con-
tains new information about the scalar variable; a local post-processing of the
pair {u,, m,} leads to a function uff, uff| €F,, ,(T), such that

lu =1 o SK [ully 240 o B2 (1.14)
while
lu—uplo SKlluliyyps, Y ue BT (1.15)

We shall show that a similar post-processing can be applied to the solution of
(1.13). For k=2, we shall see that (1.14) holds in our case, even though the
direct approximation u, to u is limited by the estimate

lu—ullo SK Jul i, weWtt,  kzl. (1.16)
For k=1, u}|;ePF(T) and
lu=uklo <Klul,h? k=1 (1.17)

A summary of our convergence results in I2(€) and those for the correspond-
ing Raviart-Thomas spaces is given in Table 1; it should be noted that a
portion of the estimate given by (1.14) for the Raviart-Thomas spaces must be
derived in a different way (as given below in the case of our spaces) than that
employed in [1]. We shall derive error estimates in H~*(£2) as well; see Sect. 3.

Table 1. Asymptotic error estimates in I*(Q)

ME AT
la—alo Kiglle, B+ Klglly, Bt
lu—uyllo K |lull h* Kl s 18, B
lhu—ulo Klullyy g, B2 % Kljuf,  h*+2

Throughout this paper we shall consider only the case in which the degree
k is constant over the triangles TeJ,; however, it is possible to vary k over the
triangles. Elsewhere [3], we shall develop transitional elements for both tri-
angular and rectangular elements and discuss resulting procedures. Also else-
where [4], we apply our elements in two different ways to problems of linear
plane elasticity.
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2. Projections and Approximations

The analysis of our mixed methods will be simplified [5, 6] by the existence of
projections I1,=IT;: H(div, Q) - V¥ and P,=P‘~': [*(Q)—> W}~ ! such that the
following diagram commutes:

H(div, 9)— 12(0)

i Bt

div

v Wit ——0

These projections will be constructed locally (i.e., on each TeJ,). Let B*~! be
the I2-projection onto W}~ 1, so that

wW—B"'w,2),=0, zeB_ ((T), Teg,. (2.1
Then, it is well known that

tIW—B.k‘IWll_séQ(; lwll phz )2 22)

for 0<s<k and 0<j<k, where the index —s indicates the norm in H~%(),
which can be taken here to be the space dual to either H(Q) or H{(Q).

The definition of IT*(T)=II%|, will take two forms, one for straight-sided
iriangles and the other for a triangle with one curved side. First, let T have the
three straight edges e, i=1,2,3. Let B, (T)={peP (Dlipl,r=0}
=Ay4,43F,_,(T), where the As are the barycentric coordinates of T. Then, let

{(v=M*T)v)n,,z), =0, zeBle), i=1,2,3; (2.3a)
(v—IT*(T)v, gradw); =0, wePF,_(T); (2.3b)
(v—IIY(T)v, curlb);=0, beB, (1) (23¢)

Next, let e, be curved. Then, define IT*(T) through the following degrees of
freedom:

(v—IT(T)¥)m, , 25, =0, zeR(e), i=1,2; (2.42)
(div (v—IT*(T)v), w); =0, weP,_,(T); (2.4b)
(v—I*(T)v,2);=0, ze{yeP(T)|divy=0 and y-n=0 on e, ue,}. (2.4c)

Lemma 2.1. The degrees of freedom (23) or (2.4) determine IT*(T) uniquely.
Moreover, if IT¥|,=IT*(T) for TeJ,, then IT%: H(div; Q) > V¥ and

divITX= P}~ div (2.5)
on H(div; Q). Finally, for 1Sr<k+1,

lv—ITvll o < QX lIvll2 rh7) 2. (2.6)
T
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Proof. Let veB,(T) have vanishing degrees of freedom given by (2.3). Then, v-n,
=0 on 4T. Since divveP,_(T),

(divv, divv)= —(v, graddivv);+{v-n;, divv),, =0,

. ob
and div v=0. Thus, v=curlb, where beF, _,(T) and E:v-n=0, where ¢ is the
unit tangent vector along 07, so that b can be taken to lie in B,  (T). Thus,
I¥|3 y=(v, curl )7 =0,

and v==0; consequently, (2.3) determines IT%(T) on straight-sided triangles.
Next, let T be a boundary triangle, and let vePB{T) have vanishing degrees
of freedom for (2.4). Then, v.n=0 on e, Ue, and divv=0 on T. Thus, (2.4¢)
implies that v=0, as was to be shown.
Now, note that (2.3a) and (2.3b) imply that (2.4b) holds on straight-sided
triangles; thus,
(div(v—1IT}v), w)=0, weW} . (2.7)

Note also that, since div V= W1
(dive, w—P-~1w)=0, veVk (2.8)

so that (2.5) holds. Finally, (2.6) follows from the Dupont-Scott [7] form of the
Bramble-Hilbert lemma, since the vertex angles of the triangles in 7, are
bounded below.

3. Error Analysis for the Mixed Method

Let us turn to the analysis of the error in the procedure of (1.7). Set
d=q-q, e,=Iq—q, 2,=F 'u—u, (3.H

Then, subtracting (1.7) from (1.4) and applying (2.8) leads to the error equa-

tions
(cdy, YV —(divy, 2,)=0, veV, (32a)

(divd,, w)=0, weW,. (3.2b)

Our error analysis will follow the development described by Douglas and
Roberts [6], following Johnson and Thomée [17]; i.e, we shall base our
argument on the duality lemmas to follow.

Lemma 3.1. For 520,
I[Zh“ —sé K[“dh“ ohmin(s+ 1,k+ 1)+ ”le dhllohmi"(s+ 2,k)]. (33)

Proof. Let YyeH(RQ), and let pe H***(Q)n H}(Q) be such that [*¢p=y. Then, 2
calculation [5, 6] shows that

(24, ¥)=(cd,,agrad ¢ - II,(a grad ))+ (divd,, ¢ — B, ¢),
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so that (3.3) follows from (2.2), (2.6), and the assumed elliptic regularity for the
Dirichlet problem for L*.

Lemma 3.2. For s>0,
[divd,] _ <K |divd,| ,hmin¢b, (3.4
Proof. Let ¢ H*(Q). Then, by (3.2b),
(divd,, @)=(divd,,p—w), weW,,
and (3.4) follows from (2.2).

Lemma 3.3. For s=0,
1l _ o< KTildy[l oA 5D 4 || div d, || o AmnC+ 107, (3.5)

Proof. (The argument below is simpler than that given in [6].) Let pcH*(Q).
Then, using (3.2b) and then (2.7),

(cdy, p)=(cdy, 1,9)+(cd;, p—11,,9)
=(divil,e, z,)+(cd,, o —II,0)
=(dive, z,)+(cd;, oI, 0),
so that
lcdy, PNl ol {lzall s, | + Idyll ™™ F+ D),

Hence, (3.5) follows from (3.3).
Now, let us bound |/d,||, and ||divd,|l,. In (3.2a) take v=e¢,:

(ce,, &) =(divd,, z,) —(c(q~II,q), &)= —(c(q—11,9), &),
so that
lello=Kllq—1IT,qj,
and
ldillo= leyllo+ lq—maqllo < Kllqli, b, 1=r<k+1 (3.6)

Next, note that
(dive,, wy=(divd,, w)=0, weW,,

so that dive,=0. Hence,

divd,],=|div(q—IT,q)l, <K ||divq|| A", 0<r=k. o)
Thus,
lu—upll _ Szl _ +u—Btul _,
<K[”‘l” hmi"('i’k*1)+Min(s+1,k+1)
= r
+ || div qll,hm‘“(" k) + min(s+ 2, k)
+ (|u hmin s 0+ mings, k]

Wbere r,21. This can be simplified by using the elliptic regularity for the
Dirichlet problem for L*. Then, it follows that (|g] =8l gioey

lu—wyll KU Sfll,_2+igl_ W ™5 25r=k+2, 08ssk—2.  (3.8)
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Similarly,

nq_qhn —séK[”an kmin(r;,k+ 1)+ min{s,k+ 1)+ ]ldivqn rhmin(r, k}+min{s+ 1,&)]

SKUAN oy gy 2dh ™5 1S5rsk+1, 0ss<k—1. (3.9)
Finally,

Idivg—a)l_,SK|dival,k* =K| f],k"*5 0=<rsk 0<s<k. (3.0)

Theorem 34. Let {q,,u,}eVix WF~' be the solution of the mixed finite
element method (1.7). Then, the estimates (3.8), (3.9), and (3.10) hold for the errors
u—u,, q—q,, and div(q—q,), respectively. In particular,

lu—upll i+ 1=yl iy o+ 1div@ =g, S K f e+ Igls 3200 (3.11)

fu, —Fulo S QU f Il +18hs 3/2);’min(k+2’ 2", (3.12)

and

4. Analysis of the Hybrid Form of the Mixed Method

The object of this section is to associate with the Lagrange multiplier m,,
which was introduced to relax the continuity requirement on the normal
component of the vector veV} (ie., to produce a hydrid-mixed method), and
the scalar variable u, a new approximation uf to u such that u—uf is more
rapidly convergent to zero than u—u,. The development here is closely ana-
logous to that of Arnold and Brezzi [1]. In particular, we begin with an
argument quite similar to that of Theorem 1.4 of [1]. Let

lmh](z),h‘: Zﬂ ”mhll(z),e’ (4.12)
|mh|2—1/2,h= Zn|e|||mh“<2),e’ (4.1b)

where |e| denotes the length of the edge e. Also, let Q,=Q} be the projection
operator defined locally by I?(e)-projection onto PB(e) for ec Q.

Lemma 4.1. If {q,, u,, m,}eVix Wr—' x Mk is the solution of (1.13), then

Iy Q. K B la—aullo 7 +hr IR u=lo g} (42)
and
lmh"Q:"L1/2,h§K{h”q_‘hHo+HPI;k_lu_uh“o}- 4.3
Moreover,
‘mh"Q:”L1/2,h§—K(”f“k+|g!k+3/2)hk+2_mx(2_k'0) (4.4)
for k=1.

Proof. The estimate (4.3) follows immediately from (4.2) and the assumed
vertex angle condition for the triangles. The bound (4.4) follows from (43}
(3.9), and (3.3). Thus, it suffices to prove (4.2).

Let ecQnAT and define a vector veV} having support in T by requiring
that

vn,=m,—Qu on e, 4.52)

v =0 on 0T \e, 4.5%)
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(V, gl'ad W)T = 09 WGF;(— 1 (T)a (4'5 C)
(v, curl w), =0, weB, , ((T); (4.5d)

the existence and uniqueness of v is assured by Lemma 2.1. Moreover, a simple
scaling argument shows that

he vl vt “VHO,TSKth/Z “mh'_Q’;quO,e' (4.6)

Now, use v as the test function in (1.13a):

(cqys V)r—(divy, u,)p+ (my, my, — Q u>,=0.
Since
(Cq’ v)T - (le v, u)T + <u’ m,— Qhu>e = 09
it follows that

lIm, —Qhu“(z),e= {my —u, my, —Quup, =(c(q—qy), V)p—(divy, z,)p,

and (4.2) follows from (4.6).
Let us recall some extension maps introduced by Arnold and Brezzi [1].

Lemma 4.2 [1]. Let k be a nonnegative even integer. Then, there exists a map

REU(T): ﬁ L*(e) x L(T) - R, ((T),

i=1

uf =R** Y(T){m,, u,}, given by

<u;:<-mh’ p>e.:07 pePk(ei)7 121’2’33 (473)
(F —ty, p)y=0, peP,_,(T), for k2. (4.7b)
Moreover,
3
||u;ru0,T§K[nu,,uo,ﬁh‘r“ 5 nm,,uo,el]. 48)
i=1

Arnold and Brezzi proved Lemma 4.2 only for straight-sided triangles.
Since our boundary triangles can have a curved edge, we need to note that the
same degrees of freedom continue to define u}eP,, ;(T) uniquely, at least for
small h, since as h—0 the curved edge deviates from the line segment joining its
end point by O(h?). Hence, the matrix generated by (4.7) remains nonsingular
for small h. An application of the argument of Dupont and Scott [7] shows
that (4.8) continues to hold on the boundary triangles, again for small h. (We
shall assume that h is this small in the argument below.)

Arnold and Brezzi did not find a simple expression for a corresponding
map for odd k; however, for k=1 and k=3 they found the following maps,
which also satisfy (4.8). For k=1, let R*(J) be given by letting u}| €P,(T) be
determined by the relations

CGuf=my, 15,=0,  i=1,2,3; (49a)
(Wf ~uys P)r=0, peP,(T); (49b)
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this definition of R%(") so given for completeness only, as it is not used below
to extend m, and u, when k=1. For k=3, let u}|,€P,(T) be given by

(uf—my, p>,,=0, pePle), i=1,2,3; (4.10a)
(uf —u,, p)yp=0, pePy(T). (4.10b)

For ke{0,1,2,3,4,6,8,...}, let Rk*! denote the extension of the corre-
sponding R**!(T) to all TeJ,, and let

R} k=1,
;={ s i, (4.11)
Rit {mu,}, k=2,3,4,6,8,..;
interpret m, as —g on edges e;< 0Q. Also, set
Rl{u,u} k=1
R ’ 4.12
“r {Rﬁ“{u,u}, k=2,3,4,6, ... (4.12)
It is easy [1] to see that
K |ull ,h*, k=1,
—u¥l.< 413
Hu e Ilo_{Kl|qu+2hk+2’ k=2’35 496»---- ( )
Set
¥ =ur—ut (4.14)

The cases k=1, k=3, and k even must be considered separately. Let us start
with k=1, so that

<Z}T, 1>ei=<mh—Q}?“9 1>e‘-:<mh_Qiu’ 1>ei’ £=192,37 (415)
as {(QF —0QPu, 1), =0, for e,c Q. If e, 0Q, (2}, 1,,=0. Thus, by (4.8),

3
Izklo,r=KhY? 3 1Q5u—myll ..
i=1

and, by Lemma 4.1 and (4.4),

lzFlo S K (I, +Igls )k’ k=L (4.16)
Thus,
”“"’“:“oéK(“fH1+|g|5/2)h2, k=1. 4.17)

Next, let k=3. Then,

<Z}T$ p>e,-= <mh_Q22uﬂ p>e,- = <mh_Q}?u5 p>e,»’ pEPZ(ei)9 l= 1’ 27 3’
and
(zx, p)T':(uh_thu’ Py, peP(T).
Consequently,
lzilo, 7 S K[{luy —Bu| o7t h;'/z lm,—Qpull 0,0T) (4.18)

By (3.3), 3.6), (3.7), and (4.4),
lz¥lloS K (I fll5+Iglo2)h° k=3 (4.19)
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By (4.13) and (4.19),
lu—uilo = K(Ifl5+1glo)h% k=3 (4.20)

Finally, let us consider the case of positive, even k. Then,

{23t PYe,= (my— Qi P, pef(e), i=1,2,3;

(Z}Ta p)T=(uh—Blk-—2u9 p)Tz(uh_})hk“lus p)T’ peBc—Z(T),
so that
HZ}T“O,TéK[”uh“E;k_1“|I0,T+h¥2 ”mh_Qﬁ”HO,ar]
and
||z;f||0§K(|lf||k+lg|k+3/2)h"+2,

as in (4.19) above. Thus,
lu—uflo S KU flli+ gy 3 B2 k=2,4,.... 4.21)

The results above can be summarized in the following theorem.

Theorem 4.3. Let the function u} be defined by (4.11). Then,

K h?, k=1,
- uh”o_{ (Hf”1+|g|5/2)

4.22
K(If 1 +1gle, )k k=2,3,4,6,.... (4.22)

We have left to show that a function uf, ufireF,  (T), can be associated
with our approximate solution {q,, u,, m,} such that the inequality (4.22) holds
for odd k= 5. Presumably, ad hoc choices of degrees of freedom can be found
for each such k, in the somewhat unlikely event that someone wants to use
polynomials of these degrees. However, for all k22, it is possible to offer as an
alternative procedure a local version of the Nitsche [137 procedure.

Now, let TeZ, and define uf, u}¥| b, ,(T), triangle-by-triangle as the
solution of the equations

Ju
Ay, p)=A, (), p)=(a graduy, grad p), — <a f, p>
n T
G,
—<“:,a‘aﬁ> +0'h;1<u;fap>ar
n/er

0
=(f,p)r <mh, 6Z>6T+ah;1<mh,p>” (4.23)

for peP,, ,(T), where ¢ is a constant depending on k+1, the coefficient a, and
the minimum angle constraint for TeJ,. We shall outline the proof of the
following theorem, since its proof is just a variant of the usual proof of the
convergence of the Nitsche method on all of Q.

Theorem 4.4. Let k=2 and u* be defined triangle-by~triangle by (4.23). Then,
Hu—u;’flloéK(IIf!ik+\gIk+3/z)h"”. (4.24)
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Proof. Recall that the Nitsche form A, while not coercive over H(T), is
coercive over B, ,(T) for sufficiently large ¢. In particular,

A(p,p)zp(lgradp|d ++h3 ' pl3. o7  PER, (T), (4.25)

for a fixed choice of such 0. The error equation for (423} is
ap 4
Au—uf,p)=\ my—u,a~—) +ohp {u—my, pdsy
on [er

0
=<mh*Qlﬁ,aU,05§>6T+ah;1<u—m,,,p>”, pek, (T), (4.20)

where QF , is the I’-projection on each edge into P.(e) with respect to the
weight function a. Take i€ P, , ,(T), shift u to p*, and choose p=d —u;}:

. . R 0.
A(ﬁ——u,’}‘,u—u;}‘>=A(u—u,u—u;}‘)+<m,,—Q’,‘, au,a—(u—u;‘)\
' an /ot

+ohy P u—my, i ~ufd, . 4.27)

By the same inverse property as was used to show (4.25), plus properly
choosing #i to approximate ¥ on T and applying Lemma 4.1, we see that

A —uf, =) SK[uliy o, oh*** 2+ g =l r +h 2 1B tu—uylg 71, (428)

from which it follows that

Y {ligrad (u—w|E +hrtlu—uld ;) SKSIE+1817, 503742, k22
: (4.29)

It is now appropriate to use a version of the standard duality argument, on
each triangle separately, to develop an I*-estimate for u —u}. Let

—div(agrad @)=a—uf, xeT, 4.30a)
=0, xedT, (4.30b)

so that ||@|, S K|d—u}ly y and |@l, 1<K ¢l, rh, as the piecewise-linear
interpolant of ¢ on T vanishes. Hence,

I]ﬁ-——u,’f[l(z,, T=A(12'—u;|k9 QD)
<KA@~ul, d—uf) 2 |d—uf|, rh;

consequently, the desired bound (4.24) follows easily.

The choice of a Galerkin-like procedure such as (4.23) is quite natural to
find u* since we are looking for an approximation to the scalar variable u and
have the right-hand side of the differential equation and an accurate approxi-
mation to u on the edges of the triangles. Note that Theorems 4.3 and 4.4
complete the justification of Table 1.

We should like to remark that, while the usual reason for choosing a mixed
method is to obtain the vector variable q accurately, the solution of the mixed
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method clearly contains information about the scalar variable to an order in h
that would permit evaluating —a gradu} to find a second approximation of q
of the same order of accuracy as that given by q,.

Let us consider the algebraic equations generated by (1.13). The system
takes the form (where the triple {q,,u,, m,} is represented by the parameters

{¢h’ ttns #3})

Ay, + B, +Cm,=g, (4.31a)
B*q,= 1, (4.31b)
€*q,=0. 4.31¢)

The matrix o is block diagonal, with positive definite diagonal blocks of size
dim V*(T). The first step in the solution of (4.31) consists of eliminating ¢,,
leading then to an equation of the form

B A Beay+ B A Gy =f. (4.32)

The matrix #*o/~*# is again block diagonal, with blocks of the size
dim W¥~*, and «, can be eliminated to produce a system of the form

Domy=f"". (4.33)

The matrix & is symmetric positive definite; its graph connects the parameters
for s, on an edge e to those for », on the other four sides of the two triangles
containing e. A variety of iterative or direct methods can be employed to find
the solution of (4.33), from which g, u,, and uf (if needed) can be evaluated.
The advantage of the procedure outlined above (over and above the possibility
of finding u¥) instead of treating the linear equation arising from the standard
mixed method (1.7) is that @ is positive definite in place of the indefinite
system for (1.7).

If the Raviart-Thomas-Nedelec method is modified [1] to correspond to
(4.31), the resulting matrix & has exactly the same structure as the one above;
however, both of the elimination steps for ¢, and «, involve blocks of no-
ticeably larger size than those above.

5. Rectangular Elements

Our rectangular elements are based on polynomials of some fixed total degree,
rather than of the same degree in each variable; consequently, the local
dimension of our space is much smaller than that of the corresponding Ra-
viart-Thomas space. Let Z,={R}, where the rectangles R are such that
diam (R)=h,<h and the ratio of the side lengths of R is bounded by a
constant independent of R and h. Let k= 1.

We again base the scalar space on F,_:

W = (R)=F,_(R). 6.0

We would like to use vector polynomials of degree k for our vector space;
however, this choice fails the stability condition [2] necessary for optimal
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order estimates. Thus, we augment these polynomials by adding a space of
polynomials of degree k+ 1 of dimension two. Let

V¥(R)=P,(R) @ Span (curl x**+ 1y, curl x y**+ ). (5.2)

Again, define #f=V}x W}-! through the analogue of (1.6) and then seek
{q,, u, e} satisfying (1.7). The analysis of this resulting mixed method is
faciliated, as before, by the existence of projections IT¥: H(div, Q) — VF and
Br=1: I2(Q)— W1, As before, let B*~! denote I2-projection:

(w~P'w,2)p=0, zeB_,(R), ReJ}. (53)

Next, let IT|z be defined by the following degrees of freedom when R has no
curved edge:
{q-Ig)n,,p>, =0, peRle) i=1,23,4; (54a)

(q—IT;q,v)z=0, veB_,(R). (5.4b)
If R has one curved edge, assume that this edge is labelled e,. Then, we can

modify (5.4) in a fashion similar to (2.4). Let IT¥ be determined on such a
boundary element by the relations

(@-Me)n,,py, =0, peRle), i=1,2,3; (5.52)

(div(q— I1kq), )y =0, weP,_,(R); (5.5b)
(q—1I1%q,v)z =0, ve{yeV¥R):divy=0

and y-ng=0o0n e, ve,Ue;}. (5.5¢)

Lemma 5.1. The degrees of freedom of (5.4) or (5.5) determine ITX. Moreover,
divIT¢ =B}~ div as a map from H(div; Q) to W}~ 1, so that

(div(q—II%¥q), w)=0, weW}r"1, (5.62)
(divy,w—P 'w)=0, veV{ (5.6b)
Also,
lq—iqllo <K llqf, 7, lsr=sk+1; (5.7a)
[w—BFtwll_ <Kllw|,h"*5, 0=s=<k 05r=k. (5.70)

Proof. To establish unisolvence for (5.4), it suffices to treat the case R=[0, 1]%
Let ge V¥(R) have vanishing degrees of freedom. Since q=(gq,, g,) with

q4,(x, y)=a, ¥ +a,xy* +4i(x, ),

45(x,))=b;x* +b,x*y+ 45 (x, y),

where the degrees of q, and ¢, in y and x, respectively, are less than k, it
follows from (5.4a) that a,=a,=b,=b,=0, so that g contains no terms com-
ing from the curl of x**!y or xy**!. It then follows from (5.4a) that g'n=0 on

JR. Thus,
Q1=x(1—'x)q/1/(X,Y), qll/eECNZ(R)s

and (5.4b) implies that g, vanishes. Similarly, q,=0, and the projection is well-
defined.
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Next, note that

(div(q—IT},q), w)g = —(q— IT}q, grad w)p + (<q — IT}q)-n, W),
=0’ wel)k—l(R)’

and that divV¥(R)=PF,_,(R).

Now, let R be a boundary rectangle. It suffices to take R having vertices at
0,0), (1,0), (0,1), and (%, 1), so that e, connects (1,0) and (%,1). As above, if
qeV*(R) has vanishing degrees of freedom (5.5), (5.5a) applied to the upper and
lower edges of R implies that b, =b,=0 and ¢,=0 on these edges. Also, g,
vanishes on the edge x=0, so that ¢-ny;=0 on e, e, Ue;. Moreover, (5.5b)
forces divq to vanish, so that (5.5¢) implies that q=0; ie., IT} is uniquely
determined on a boundary rectangle.

Since (5.6a) holds rectangle-by-rectangle, the remainder of the lemma fol-
lows easily.

A glance through the development of Sect.3 shows that the arguments
there used only the properties (5.6) and (5.7) and not the specific form of the
spaces V¥ and W;F~1. Hence, the error estimates of Theorem 3.4 are valid when
the space based on triangular elements is replaced by one based on rectangular
clements or, in fact, one based on mixing rectangular and triangular elements,
since they have been designed to fit across straight-edges parallel to one of the
axes.

It is again possible and profitable to introduce a hybrid version of the
mixed procedure for rectangular elements. Again let ¥;* denote those vectors
lying in V¥(R) for all Red,, and let M} be the set of functions reducing to
polynomials of degree k on each interior edge and to zero (or —g, when being
used later to extend m, and u, to u}) on boundary edges. Let {q,, u,, m,} again
denote the solution of (1.13), now for rectangular elements, and note that
Lemma 4.1 is valid also for the rectangular case.

The Lagrange multiplier m, can again be exploited to produce a supercon-
vergent approximation uf to u. The local Nitsche procedure (4.23) can be
applied to the rectangular decomposition, and the error estimate (4.24) can
again be derived for k=2; in fact, the proof of Theorem 4.4 covers this case. It
is also possible to give an analogue of the Lemma 4.2 of Arnold and Brezzi in
the rectangular case, this time for all k> 1.

Lemma 5.2. Let

Q**Y(R)=P,, ,(R)®Span {x**1y, x)**+1 g*+1}, (5.8)
where
x¥*t2y—xy**tl kodd k=1
k+1 — ’ V= 9
7" (%) {x"”—yk”, keven, k=2. (3.9)
Let ufeQ** ' (R) satisfy
Cut —my, p).,=0, peBe), i=1,2,3,4; (5.10a)

(uf —u,, w)g=0, wePF,_;(R)+Span(l,_,(x)],_,(»), (5.10b)
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where I, _, is the Laguerre polynomial (or, more precisely, the ultraspherical

Gegenbauer polynomial C3'?, [10]) of degree k—1; i.e., on the interval [—1,1],
these polynomials are orthogonal with respect to the weight function 1 —t*:

} Lo —t)dt=6,;,
-1

(5.11a)
L(=2"12 (5.11b)

Then, ujf is uniquely determined by the degrees of freedom (5.10) and
lutllo,x < K {llunllo, r + ¥ Myl o ox)- (5.12)

Proof. The number of degrees of freedom is }(k*+5k+12)=dimP,_ ,+3
=dim Q** }(R); thus, the lemma will follow if we can demonstrate unisolvence.
For this purpose we can take R to be the square [—1,1]* and renormalize
L,_,sothatl]_,(1)=1.

Consider first the case of even k, and let ze@*+!(R),

2(x, y)=p(e, )+ Xyt epxyt ey (- yr ),
with peF, | (R), have vanishing degrees of freedom:
{z,w),, =0, weBle), i=1,2,3,4; (5.13a)
(z, w)p=0, weP,_;(R)+Span(l,—1(x)],_,(»)). {5.13b)

Let L, denote the Legendre polynomial of degree k on [—1,1], again normal-
ized so that L,(1)=1. Then, (5.13a) implies that

Z'ei=aiLk+l(t)+biLk+2(t)a l=1’ 25 3: 4. (514)

In fact, b;=0. To see this, label the top of R to be ¢, and let the remaining
edges be numbered in the clockwise direction. Assume that b, =1. Then, c¢;=1,
so that b,=b;=1 and b,=b,=—1. Then, continuity of z at the vertices
implies, as L, , is odd and L, , even, that

a+1=a,—-1,
_az_1=a3+1,
—a3+1=—a4—1,
a4—-1= _a1+1,
from which it follows that a, =a, —8; hence, b;=0. So,
zlei=aiLk+1(t)9 a,=0a,=—a3=—a,=a.

Set
$k+1(an)=ka+l(y)+yLk+1(x)'—xya (515)

so that &, ,eQ**'(R) and
z=a %, +(1—x)(1—=y")w, (5.16)
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where, a priori, weE,_,(R). Let b(x, y)=(1 —x?)(1 —y?) and write w in the form

W(Xa Y)=‘I+ Z crsxrys’ qEI)k-—3(R)'

r+s=k—-2

Since b(x, y)x"y* contains the factor x"*?y*+2, which does not belong to Q*+*,
it follows that weP, 5 and

wi, )= Y ¢ L@

r+ssk-3

Now, apply (5.13b) to (5.16). Since
(L 1 )+ YLy, 1(X), P)r=0
for pe B, _3(R)®Span(l,_; (), (),
(=axy+bw,p)g=0, peh ;(R)®Span (4 _,(x)]_ () (5.17)

The relations of (5.17) can be represented in matricial form as

4, 0 ][]
ELTTH S —a
1 P
RN
B, | . . |7 (5.18)
| 0 \\
i AN
| D, || ]
where
1 2
A =Gl 10l 1 O)e= ( i lk_l(mdr) (5.19)
21

and D;;>0. Consequently, unisolvence follows if 4,,=%0. Since t=cl(¢), it
suffices to show that, for oddj=3,

1

L= [ Llndi= i INGIEGIIEIN (5.20)

b 1
Assume not; i.e., assume I;=0 for some oddj=3. Recall the recursion formula
L 2= —c)L(®)—d,1_5), 1_,(6)=0.

Then, with r=1,
1

} Lldt= | (> —c)L(O)(t)dt=0,
-1

-1

and, if j=3,
1
[ L@ Pde=0.
-1
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A recursive application of this argument shows that
1
20—
Jl L, (t)*dt=0,

a contradiction; hence, I;%0,jodd.
This completes the proof of Lemma 5.2 for even k.
Now, let k be odd. Let

z(x, Y)=p(x, )+, Xy + e x ey (T 2y —xpF ),

peP,_;(R), be an eclement of Q**'(R) having vanishing degrees of freedom.
Then, (5.10a) implies that

2l =a; Ly ,(O)+b L, ,(t), i=1,2,3,4;

again continuity of z at the vertices implies that b,=0 and a,=a,=a;=a,=a.
Now let
Lrp 1 y)=Ly 1 (x)+ Ly, () — 1

Then, %,,,€Q0**! and &, |, =L, . Thus,
z=a%,,+b(x,y)w, weP,_,.

A similar argument to the one above shows that we P, _;, which leads us to the
following analogue of (5.17):

(—a+bw,p)g=0, peR_3(R)®Span(l_,x)}_ (). (5.21)
For this case, unisolvence follows if

A= 0l 0D ( b @dr)
=const. (j L(©_ () dt) +0.
An argument of the same type as above shows that, if
1
[ Li(tydt=0
—1

for some even j, then [;=0. Thus, the proof of Lemma 5.2 is completed in all
cases.

For k22, let u¥|zeQ**!(R) be determined by (5.10), where {qg,, u,,m,} is
the solution of (1.13). For k=1, let u}|zeQ*(R). Then, it is clear that

llu—uX| <{K(||fno+|g|3/2)h2, k=1,
nllo=

< N (5.22)
KW S e+ lgles 3 k42 k22,

Let is turn to the computational aspects of the method (1.13) associated
with rectangular elements; i.e., consider the equations (4.31) for the rectangular
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case. Note that

dim 7*(R)=(k+1)(k+2)+2=k*+3k+4,
whereas

dim 2T (R)=2(k + 1)(k+2)=2k*+6k+4,

which is essentially twice as great. Thus, the reduction from (4.31) to (4.32) is
significantly less expensive for our elements than for the Raviart-Thomas ones.

Also,
dim W*=Y(R)=1(k* k),

versus (k+1)? for the Raviart-Thomas scalar part. Again, the elimination of
the u,-parameters is cheaper for our elements. The matrix 2 of (4.33) again has
the same structure for both our and the Raviart-Thomas rectangular elements.
The form of & lends itself to the development of efficient iterative methods for
the solution of (4.33); this issue will be discussed elsewhere.
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