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Summary. This work deals with the decomposition of a vector field u into
u=F x i +¥¢. Non homogeneous boundary conditions on y or ¢ are in-
vestigated; applications to the computation of inviscid flows are given;
finally a conforming finite element implementation is studied and tested.
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0. Introduction

It is a well known result of analysis (De Rham [1]) that any solenoidal vector
field u (V-u=0) is the curl of a stream vector . This property is used
extensively in two dimensional fluid mechanics; there ¥ being perpendicular to
the plane of fluid motion, on simply connected domains, it is uniquely defined
from u and while u has two non trivial components, ¥ has only one.

*  Also: University of Paris 13
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In three dimensions the situation is more complex because ¢ is not un-
iquely defined from u unless additional constrained are assigned to . Bernardi
[2] and Dominguez [3] have studied sufficient conditions on ¥ to have unicity
for each u, when the flow field is tangent to the boundaries, ie. u-n=0; the
main idea is to assume that § also is solenoidal. But it is worth noting that
such decompositions do not reduce the complexity of the problem of finding u
since one would trade u unknown with V-u=0 for y unknown with V- y=0.

Recently, however, a renewed interest for stream vectors ¥ can be seen in
aeronautical engineering (Lacor and Hirsch [4], Sokhey [5], Papaillou [6],
Amara [7]) because it appeared that ¥ could be a correction to isentropic
potential calculations. The basic idea is as follows: flows around airplanes, for
example, at transonic speeds, are well approximated by (H, y given):

V-[(H -3V}~ 17 ¢]=0, (1)
u=">rg; 2

however when strong shocks develop in the flow F xu is no longer small and
(2) fails; thus in [4] for instance, (2) is replaced by

u=Fo+¥V xy (3)

and one derives additional equations for ¥ from the general equations of fluid
motion. But is is difficult to find a good set of boundary conditions for ¥ ; this
problem is related to the unicity of the decomposition (3).

The purpose of the present work is to study the decomposition (3) when u
is a given 3-d vector field and ¢ is solenoidal. We shall start with the
homogeneous case u-n=0, thus recalling essentially the results of Bernardi
[2], Dominguez [3, 8]. Then the case u-n=0 is investigated and it will be
obvious that existence and unicity of ¢ and ¥ in (3) is possible if one solves
first a Laplace-Beltrami problem on the boundaries.

In Sect. 2 some applications to aerodynamics are given, the ideas of Lacor
and Hirsch [4], Sokhey [5], Amara [7] are extended to general stationary
inviscid flows.

Finally, in Sect. 3, a P' conforming finite element discretization of the
continuous problem is given. Existence and unicity of the decomposition is
shown; error estimates are obtained on polyhedral domains for the homo-
geneous cases. The implementation of the method is studied and some numeri-
cal results on simple 3-d geometries are presented.

This paper is intended for numerical analysts and does not assume any
knowledge of fluid mechanics.

Notations

Q is a bounded open subset of R?, usually assumed simply connected with C? boundary
I boundary of ©, n its normal

I simply connected components of I’

H'(Q)={wel*(Q): Ywe*(2)%}

HY Q)Y ={v:v,;e H'(Q), i=1...n}
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H'(Q)/R=H"'(Q) quotiented by the constants
HW-, Q={vel?(Q2)>* V- -ve *(Q)}
HEY x,Q)={ve [2(Q)%: V xve [}(Q)*}
H(4, Q)={weH'(Q): Awe [*(Q)}
(a,b)=[a-bdx

2
la|0=(a’ a)l/z
R v);;=u;v;
¥, v, & n, t,u: vector valued functions of xe @
¢, w, q: scalar valued functions of xe Q2

1. The Continuous Problem

Let Q be a bounded open set of R* with boundary I.
Let u be a given 3-d vector field on Q. The basic problem is to find ¢ and
¥ such that

u(x)=Fpx)+¥V x¥(x) VxeQ. 4)
By taking the divergence of (4) we get
Ap=VF-u. ®)]
If we add one of the two Neumann conditions

o¢ o¢

i =0 _r
6n,— on

=u-n (6)

r

then ¢ is unique up to a constant and only § remains to be found.
Taking the curl of (4) yields

VxVxy=Fxu @)
while (6) and (4) bring:
n-Vxylp=u-n or O. 8)
However (7) and (8) do not define y even up to a constant. It is known that
VxVXxy=—AYy+VV-y Vy 9

so F xF x is a strongly elliptic operator only on the space of solenoidal vector
fields: thus Bernardi [2] adds

V-y=0; (10)

but even then (8) is a non standard boundary condition for FxV x; the
natural one (see the variational formulation) is

¥ xn|,=g. (11)

The connection between (8) and (11) is given by the following lemma.
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Lemma 1. Assume I' Lipschitz continuous, then

[(vxn)-Pwdy=—[(F xv)-nwdy VweH'(Q) VveH(Q)? (12)
r r

Proof. Use Green’s formulae:
Fxv, )= x¢,v)+[(vxn)-ydy
r

(V'V, d)): _(V¢’ v)+§v-nd)dy
r

on
fv-Fx(Fw)dx and [wP-(F xv)dx.
Q 2

See Dominguez [8, Theorem 2.1] for details. []

Formula (12) yields the following implication
¥yxnl=0=mn-Vxy|.=0; 13)

so decomposition (4) will be easier when u-n=0 (see (7)) or when the second
boundary condition in (6) is used; this will be referred as “homogeneous
boundary conditions”.

1.1. Homogeneous Boundary Conditions on ¥

We are now in a position to state the first result on decomposition (4); it is a
straightforward generalization of the result of Bernardi [2] extended to non
simply connected domain by Dominguez [8§].

Theorem 1. Let Q be a bounded open set of R® simply connected, with boundary
I of class C?. Let u be a given 3-d vector field of L*(Q)>.
Let ¢ be the unique solution of

Fo,Fwy=u,¥w) VweH' (Q)/R; pcH (Q)/R. (14)
Let s be the unique solution of

Vxy,Vxv)+F- -y, V-v)=,V xv) Vvel; yeV (15)
where

V={veH'(2)3 vxn|=0, [v-ndy=0 VI connected component of I}  (16)
I;

then
u=Vo¢+¥Vxy in Q a7

and
V-y=0. (18)

Proof. Since the proof is somewhat long, some of the technical points have
been put in Annexe A. So first we check that (14) is a well posed Neumann
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problem (in fact (5)+(6b)) because u is in L?(Q2)°. Thus ¢ is unique in H*(Q)/R.
Now let us study the

a) Well Posedness of (15)

The space V, defined by (16), is a closed subspace of H'(Q)® (continuity of
traces) and all integrals in (15) exist. The bilinear form in ¥ and v and the
linear form in v, in (15), are obviously continuous on V. From the variational
form of (9):

y-v

Py, V)= <y, P xV)+F -y, V-v)+| ZTdy Vv,yeV (19)
r

where R is the mean radius of curvature of I', we get
YRSV xyl2+|V-w|z  if Qis convex (R>0). (20)

It is shown in Annexe A that y—|Vyl, is an equivalent norm on V
(Lemma A1) so (15) is a strongly elliptic problem and ¥ is unique (Lions and
Magenes [9], for example). When Q is not convex the strong ellipticity is
shown by Lemma A?2.

b) V-y=0

Let us take v=Fw in (15). To be in VV we must have

ow

we H*(Q), Fwxn|.=0, A‘i%d)):O vi (21)
condition (21.b) will be replaced by
wlr,=K; (constant), (22)
with such w, (15) reduces to
V-y¢, Aw)=0 Vw satisfying (21), (22). (23)

Therefore to get V- y =0 it remains only to show that

[ —Aw=f
Vfel*(Q) with [fdx=0 3JweH?*(Q) with
e w constant on each I} (24)

ow .
J‘Edy—o Vi.

This may be done as follows:
Define w® and & by

—Awl=f  w°.=0, (25)
~46'=0 =35, (26)



566 F. El Dabaghi and O. Pironneau

Let
w=wl+Y K¢ (27
Then !
ow ow° o0/
- - = =% K.{ —
[ G =511 Shas &
and hence
ow’ 00 ) .
—j a_nd)):ZKiwlefdy:ZKf(Vgl’ng)‘ (29)
I; J r J

So {K}; is the solution of a linear system; Lemma A3 shows that the system
in K is positive definite, up to a constant, so w is defined uniquely, up to a
constant.

¢) Proof of (17)

Let
1=Vo+V xify—u. (30)

Then by (15) and (18) we have
Fxy=FVxVxy—FVxu=0 in Q. (31)
Thus there exists £ (De Rham [1]) such that

1=V¢&¢ in 2(Q). (32)
But by (30) and (14) we have
AE=V-y=A¢—V-u=0 (33)
and similarly
4 _0¢ _
%r—x.n—% u-n=0 (34)

so &£ is constant and y=0. []

The result can be extended to non simply connected domains Q (Dom-
inguez [8, Corollary 3.2]). Then

u=Vxy+¥F¢ (35)
where ¢ is found by a problem similar to (14):
A¢p=F-u in Q-3

o8|

'é;r——u n (36)
o

[61s,= A, [5‘%]2;0 ([ 1z, =jump of, through X))
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where {Z} is a set of surfaces linking I} so that Q—2 is simply connected and
where {4;} is a set of constants.
In turn ¥ is determined by (15) and

{¥-ndy=p, (constants). (37)

I,

The decomposition is no longer unique. It is unique when y; are given; 4; are
adjusted so that ¥ xy+¥ ¢ =u on X. The difficulty with such decomposition in
non simply connected domains comes from the fact that

Vxv=0 F.-v=0 in @ v-nj=0, (38)
does not imply v=0 (we used this in c)), (Foias and Temam [10]).

Remark 1. From (19) we see that (15) is interpreted by the mixed Dirichlet-
Fréchet problem:

—AYy=Fxu in Q

g_'f:.n—z"’R;k on I (39)

Y xn|.=0.

Remark 2. We need I'e C? to proove strong ellipticity of (15). It seems that this
property also holds if I" is piecewise C? only.

1.2. Non Homogeneous Boundary Condition on

We shall see in Sect. 2 that it is not always feasible to have non homogeneous
conditions on ¢. Thus in this paragraph we wish to investigate the possibility
of having ¢ defined by

—~A¢=F-u in Q

40
2| _, (40)
on r_
and
u=Vo+Vxy. (41)
As we pointed out earlier the difficulty is now to find g such that
¥yxnp=g=nFVFxy|=u-n (42)

Theorem 2. Let Q be a bounded open set of R® simply connected with boundary
I C*regular. Let ue H(V-, Q) such that

f u-ndy=0 for all connected components I, of I. 43)
I
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If ¢ is the unique solution of
Vo, VW=V -u,w) YweH (Q)YR; pcH Q)R (44)
and if  is the unigue solution of
7 x P,V xv)+(F -y, P-v)=(u,V xv) VveV (defined in (16))
YeH (Q)P, ¥xnl =Fq(s,,s,), [¢¥-ndy=0 Vi

I;

(45)

where q| is the unique solution of the Laplace-Beltrami equation

5(6(] ow 0q Ow

dvy= — 1 . 1
r 651 651 +a (352) ’= fll an'Y VweH (F)/R’ qgeH (F)/R (46)

({s,5,} is a set of orthogonal local coordinate system on I'), then
u=Vo+V xy, 47
V-y=0. (48)

Proof. The proof is similar to that of Theorem 1 except for the presence of (46).
As ueH(V-,Q), u-n is in H *(I'); problem (46) is well posed, and Fgq|, is in
L2(I') at least. Therefore ¢ and  are well defined by (44)-(45).

One shows that V- =0 exactly as in Theorem 1. Then let

1=Vo+V x—u. 49)
By (45) ¥ x x=0 so for some ¢ we have y=V¢& and by (49) and (44):

AE=0. (50)
Now from (49) and (45) respectively
0¢
[n-Vxywdy=] (—+u~n)wdy, (51)
r r \0n
~[@xn)-Fwdy=—(Vq-Vwdy={u-nwdy (52)
r r r

where the last equality is due to (46), so finally by Lemma 1
j—wdy 0 VYw. (53)
Thus £ is constant and y=0; this shows (47).

2. Applications
2.1. Wings and Airplanes at Small Mach Numbers

Figure 1 shows a wing W inside a domain of boundary S which is assumed big
enough to approximate infinity. The flow is assumed incompressible and irro-
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Fig. 1. Typical geometry of a three dimensional swept wing in an enclosure which approximates
infinity. Notice that the domain is simply connected but the boundary is not smooth (edges at the
trailing edges)

tational (no lift):

V-u=0 F xu=0. (54)
Usually Theorem 1 is used to compute u as F¢. An alternative is to use
Theorem 2.
u=Ve+Vxy (55)
but (44) and (54) give
¢ =constant. (56)

The flow is assumed uniform at infinity and tangential to W so
u-njg=u_,-n m-nl,=0. (57

It is easy to check that if R the radius of S is constant, the solution of (46) is

1

gls= —3u, -nR%  ql,=0. (58)
Indeed if ¢,, t, are two orthogonal tangent vectors on §
0

1 t; 2. Zq_ 1 i=1
+7llw-§R ; —6—3?— +3u,-n Q=12 (59)

oq
ds;

Therefore the flow is determined by solving {45) only. If S is not a sphere a
semi explicit solution of the form

g=('t+pn+ytxn) u, (60)

can be found also where o/, ff', 7" are solutions of PDEs in s, s, involving the
radius of curvatures and the torsion. However a direct solution of (45) is
probably easier, as we shall show in Sect. 3.
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W
——— —
Um Uoul
——— ———

Fig. 2. Typical geometry of an axisymetric nozzle; the figure shows a two dimensional section. As
in Fig. 2 the domain is simply connected but not smooth

There is also an alternative: since u is uniform at infinity,  must be
asymptotic to

0 (1—=P)x; VX2
Y= —axy Jug,+|{ 0 Jug,+ [(1-px,) u,, (61)
(1—a)x, —Bx, 0

where a, f5, y are any constants. From (61), ¥ X n|. can be computed and this
value can be used in (45) instead of Fq. While we would still have

u=Vxy V. y=0 (62)

there is no garantee that n-V xy=u_-n on I, ; this will be true asymptoti-
cally only.

2.2. Nozzles at low Mach Numbers

Figure 2 shows the geometry of a nozzle. Typical boundary conditions are

u-n=u;-n at intake boundary I
=u,-n at exit boundary 0O (63)
=0 on wall boundary W

where u; and un, are such that

fu-ndy=0. (64)
r

As for wings the flow is obtained by ¥ xy where ¥ is the solution of (45).
However (46) must be solved on I" and I' is not C?2! _

In the proof of Theorem 2, the regularity of I' is needed only to prove well-
posedness of (45) and (46). Notice that (46) can also be written as

j.( dq Ow

Vq-Vw———)dyz —f{u-nwdy (65)
r

r on On

where ¢ is extended inside Q and ¥V is the 3-d gradient. Thus Theorem 2 also
holds for I' piecewise C? only, say, but more investigations are needed to show
that ¢ and g are unique. The problem of corners will pop up also in Sect. 3.
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2.3. Entropy Corrections for Potential Compressible Flows

The stationary Euler equations for ideal gas are

V-(puy=0, (66)
V-(pu®@u)+Vp=0, ©67)

p oy U\ _
V-pu (; ))Tl—}_?)—o, (68)
p=p'S (69)

where u, p, p, S are the velocity density pressure and entropy of the flow.
Because (66) holds, Eq. (68) gives the enthalpy in the flow from its value at
infinity: u?
H(x)=———+—>=H_(2(x)) (70)
py—1 2

where H  is the (given) enthalpy on I' and z(x) is the upstream intersection of
I’ with the stream line that passes at x. Expanding (67) yields

2
—puxw+pV%+VpVS=0 (71)

where @ is the vorticity
o=V xu. (72)

Resolving the vectorial product in (71) and using (70) to evaluate u? gives an
equation for w in terms of an unknown function A:

y—1

wz/lpu—:—zx (VH——p

T VS) +lwls (73)

where [w] denotes the jump of the tangential component of w across X. It
must be remembered that (72) implies V- =0 so

p—1
puvi=F- [i‘fx (VH—;)_I VS)] (74)

and finally by taking the scalar product of (71) with u, an equation for S is
found:
u-VS=0. (75)
Notice that (75) is not valid at shocks because (71) makes no sense at shocks.
Let us investigate the system (66), (73), (74), (75), (70) when u is decomposed
T 1i
by Theorem 1 into w=Fg+F x ¥ (76)
with ¢ and ¥ solutions of (14) and (15). If H_ is constant, if there are no
shocks and if S is constant at infinity, then by (75) and (70) § and H are

constant and by (73) and (74) @ =0 if pw - u is zero at infinity. So by (15) y=0
and it is easy to see that (70) and (76) reduce to the transonic equation (1).
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Therefore one may attempt to compute a correction to the transonic
equation when the conditions stated above are not met (shocks, S or H non
constant at infinity, @ - u#0 at infinity). One may proceed as follows:

0. Compute a first guess for the velocity u and density p by the transonic
Eq. (1).

1. Compute S by (75), the Rankine-Hugoniot conditions at shocks, and its
value at infinity upstream (see [15] for numerical solutions of such equations).

2. Compute H from its value at infinity upstream by (69), (70).

3. Compute o by (73)-(74) and po - u at infinity upstream.

4. Compute § from o by (15) (the right hand side must be integrated by
part).

5. Compute a new ¢ by solving (66)-(70), i.e.

1/y~1
V-{[(H—%lvmmmﬂé] (V¢+Vx~/z>}=0

(77
0
p a—d)‘ =(pu),-n
nir
(see [13, 14] for solution methods for (77).
6. Set u=ro+Vxy, (78)
—1 1y—1
p=[L5w-pa] (19)

and start new loop with Step 1.

A proof of convergence of this iterative process is of course difficult.
However preliminary tests by Lacor and Hirsch [4], Sokhey [5] and the
authors [11] indicate that the method works; it is a nice alternative to the
direct solution of (66)-(69) by time marching methods (see [12] for example).

Following Amara [7] one could also use (66) to write

pu=y xy'. (80)

Since pu-n=#+0, one would have to use Theorem2 in a similar iterative
process:

0. Compute p, u by solving the transonic equation.

1. Compute ¢’ by (45)-(46) in Theorem 2, with u replaced by pu.
2. Compute S, H, @ as in Steps 1, 2, 3 above.

3. Compute a new ¥’ by solving the non linear problem

VxpH(P xy/'DV x§' = (81)

where p(v) is the solution of (see (79))
-1 102
pri=t"2 (H — ”—2) (82)

and start a new loop with Step 1.
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Although this method is conceptually more simple, it is difficult to imple-
ment because of the non uniqueness of the map v—p(v) defined by (82). Also
Theorem 2 must be adapted to (81) so that ¥’ is unique. However it is likely to
handle better non zero pw-u or S at infinity. Wings with lift can also be
treated in this fashion since it corresponds to pw-u=+0 at the trailing edge of
w.

3. Finite Element Approximation

The decomposition of Theorems 1 and 2 involve a Neumann problem for ¢, a
mixed problem for  and a Laplace-Beltrami problem for g. Since this is a 3-d
problem we shall use the simplest finite element: tetrahedra with piecewise
affine functions.

Discretization of ¢ by this element offers no difficulty (see Ciarlet [16], for
example).

3.1. Approximation of ¢

Let ¥ be the solution of (u, Y given)

Fxp,Vxv)+F-¢,V-v)=F xuv) VvelV

(83)
y—yreV={veH (Q)’: vxn|,=0, [v-ndy=0}
rl

where ¥ is such that

{¥r-ndy=0 VI connected component of I'.
I,
To discretize (83) one proceeds as follows:

Assume , is polygonal and close to Q and let €, be a triangulation of Q in
the sense that it is a collection of non overlapping tetrahedra {T,} which cover
Q, and whose vertices never lie in the middle of a face or edge of another
tetrahedra.

Then define

V,={ve C°(Q)*: v|y, is affine; v(¢/) xn{=0 Vj,g’el [ v-ndy=0} (84)
I;
where {g’} are the vertices of %,, nj is an approximation of the normal of Q at
q" : .
n ~n(q’). (85)
Now let ¥, be the solution of
Fxy, Vxv)+W -y, V-v)=(F xuv) Vvel,
Vo~ ¥r, €V,
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where ¥, is the continuous piecewise affine vector field which coincides with
¥ on the vertices of I;.

A basis for ¥, may be constructed from the usual basis {w'} of the P!
element:

let w'(x) be continuous, piecewise affine on %}, and such that

Wi(qj)=5ij; (87)

let {e'}, , 5 be an orthonormal basis of R3; assume for clarity that the first M
vertices are internal; define

v+ =wi(x)e!, i=1...M, (¢'¢L), [=1,2,3 o8
VI =W(x)n], j>M, (g'el). (59

where
W) =wix)—( Y w(x) | w)n-nx)dy/ | nf-n(x)dy (89)

q'elig) LaTe)) T
(I; ;= connected component of I; which contains ¢).
Obviously v* belongs to V,; {v*} spans V,; an independent subfamily is
obtained if one v/ per I} is removed. Then on this basis (86) is a linear system

A¥Y=b (90)
where
A= x VLV x¥)+(F -V, P-v)), (91)
by=(F xu,v)—(V Xy, Vxv)—(V -y, V-V). (92)
A is positive definite because
WAY =V xy,12+|V-¢,12=0 = ,=0 by Lemma A4. 93)

Therefore (86) is a well defined computable problem.

Now let us estimate |[Y —y,[l. In all generality one ought to study the
problem with Q, +Q or with isoparametric elements. But this leads to technical
difficulties which would require a separated paper (see Verfurth [17], for
example). Thus we shall assume Q,=Q, polygonal but still retain n,=n in (86)
to see how accurately the normal has to be approximated when , Q.

Proposition 1. Assume Q polyhedral with boundary I' and normal n. Let ¥ be the
solution of (83) and y, the solution of (86) with Y. =|,. Assume V x in L*(Q),
let {4,}, be a family of triangulations with all angles greater than a>0 and
smaller than B<m for all h, the largest length of the edges of the tetrahedra.
Assume w, is such that

(| XIn—nj]? w(x)dy)'2 < Ch¥? ©4)
ri

then for h small enough

IVX('/’—'/’h)Ioécn'/’”z,gh; |V‘¢h|o§C“'I/“2,nh- 95)
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Proof. Notice first that it is not unreasonable to assume that ¥ is in H*(Q)?
even though Q is polyhedral. For example if ¥ is the solution of (83) on > Q,
Q smooth and Y, =y on I' then y =y is the solution of (83) in @, and ¥ is
smooth.

From (83) we see that

—Ay=F xu (96)
but
f(—ay)vdx={(F xy -F xv+V-yV-v)dx
2 Q
+{((F xy)-(vxm)—v-nV-y)dy 97
r
so if we set
a(, V)=V xy, ¥V xv)+(F -y, ¥ -v) 98)

and remember that V- =0, we find that
a@,)=F xu,v)+ [V xy§)-(axv)dy VveH' (). (99)
r

By definition of ¥,
a(y,, v)=F xuv,) Vy,el, (100)
therefore
a =y, ¥ —y)=aly — g, ¥ — )+ 2a( — ¥, 1, —¥y) —aW, — 2 ¥, — 1)
saly —1,, ‘p'“lh)‘*‘izn X (=) -V xddy

vy, such that y,—y,eV,. (101
Let us take
1) =2 ¥(q) wi(x). (102)
Since y=y,on T, y,—¥, =0o0n I so y,—y,eV,.
Then
a@y—xu ¥ —1n)' S CllYl 5 oh (103)
To find an upper bound for
I=|{nx (g, =)V x ¢ dyl (104)
r

we notice that y, —y, eV, implies

1@ —¥,(@) =(1,(@) —¥,(g)) - myn, ¥ ¢ vertex of TI. (105)
But
nxn,=—(n,—n)xn (106)
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SO
IV <yl ;IZ(x;.(qi) = ¥y(@) - m(m, —m) xnw'|dy

S x ¥l o (§ 2 120(@) —¥u(@)I* widy) 2 (§ Y |}, —n|? w'dy)'/? (107)
ri ri
and by Lemma A5 and (94).

SCIV x Wl IV (tu—¥ilo, o> (108)

By Lemma A6:
IV(Z;._'/’;.)|§,Q§ Calyy,—¥, 1~ (109)
SO
I<Cha(ty,—¥y, A _'l’h)l/z
SChlalt,—¥, 1, — W) +aW,— ¥, ¥, —¥)'"?). (110)

Let us put the pieces together; first (110) in (101) yields

X —ChX<Y*4+ChY (111
where
X=aW,~ ¥, ¥,—¥)'?  Y=a(@,—¥, 1,—¥)">. (112)
So

C 2 1/2
X§«h+[(—€h> +Y2+ChY]
2 2
§Ch+Y+]/ChY§2Ch+2Y. (113)

Now (103) is an estimate for Y which completes the proof. Notice that the
hypothesis ¥|.=v, appeared only in (102); if it does not hold (102) can be
modified and the result still be true but the proof is substantially longer. [

Important Remark. When Q has edges it is not possible to verify (94) unless the
triangulation is refined in the direction perpendicular to the edge so that the
mean size of the tetrahedra is h¥? in that direction. On a general polyhedral
domain, n, may be defined as

n,= > ng area (T,)/ Y area (T). (114)

T {q) T.>{q')

Then (94) is satisfied when n is the normal of a smooth domain @ which Q,
approximates (all vertices of I, are on I'). Furthermore it has the following
interesting property.

Proposition 2. Let , be the solution of (86) with ni, given by (114) and = {0,
—X3,0}. Then ,={0, —x;, 0}.
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Proof. With ¢, = —x,e* we have
VXY, VXV)+ (P-4, V-v)=(e' xn)-v,dy
r

=3V 3 e'xn aree;(Tk)z Y. vi(e! xnj)=0 (115)

qg'el  Tx=>{q') q'el

because v, is parallel to n}, being in V,. [

This last property is quite important for external problem like wing com-
putations where § approximates infinity. Near S, & is not expected to be small
but ¥, is close to {0, —x;,0} which is an exact solution of the discrete
problem.

3.2. Approximation of g

To approximate g we rewrite (46) as

dq 0
| (Vq pw—od ﬁ) dy=—fu-nwdy VweHY*@)R; qcHY@/R. (116)
T on én r

In this form g is not uniquely defined on Q but its trace on I' is unique. Then
consider £, a polygonal approximation of Q, %, a triangulation of Q made of
tetrahedra (and I} and % the boundary of Q, and its triangulation

G={T,nI;: T,e%,}. (117)
Problem (116) is approximated by

0q, 6wh) _
rj;. (th Fw, T o dy= rjhu nw,dy Vw,eH,

118
q,€ Hy={w,e C°(Q,): w,|;, is affine; | w,dy=0}. (18)
In
Note however that i, =Fg, can only be applied in a mean sense since ¥, is

piecewise affine. More complicate elements for ¥, or g, may be used also
(Nedelec [18]).
A basis for H, is constructed as usual

W(x)=wi(x)— [ widy/[dy d€eI,. (119)

I'n I'n

Then (118) is the symetric linear system.

Bq=c, (120)
oW oW

([ T 121

B, l:[h(Vw pii—2 S dy, (121)

¢;={ —u-nwdy (122)

I'n
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and B is positive definite. Indeed
q¢Bq=0 = gq|;, ., constant = g=0 (123)

since it has zero mean.
Error estimates are obtained as for the standard Laplace equation. If b( , )
is the bilinear form in (116), if @=Q, then

b(q—aq;,9-q,)<blg—m,q,9—7,9)
<IVg—ma)3.r
< Ch*|lqll3, ;- (124)

So if ¥ =(8/0s,, 6/0s,) then

V.(qa—aq,)l = Ch”‘]“z,r- (125)

However for polygonal domains g will not be in H*(I'); in fact ¢ is not even
C.

3.3. Numerical Tests

Problem (86) was tested on the wing problem when W is a portion of wing or
a sphere, with ¥ xu=0 and ¢, ={0, —x,,0} on S and 0 on W. Then (113) was
solved with u=1{1, 0,0} and (86) was solved again with Fg and compared with
the first tests.

Both linear systems (90) and (120) were solved by the conjugate gradient
method. Since (90) is big its special structure was used for storage. Indeed from
(19) (which holds if ¥ or v is zero on I') we see that 4;; is also, for some
suitable indices

Ay=(w, rwhe e  if q',q'¢T. (126)
Hence A has the following st~ructure
D 0 0 B!
=00 027
B' B* B® E

where the last row and column corresponds to boundary indices and where
D,;=("w,¥wh; BY=D,nl;  E =m,-niD +n,xn- [Fw xVwdx.
2
(128)

The first geometry is a section of NACA 0012 cylindrical wing discretized by
468 vertices (337 on the boundary) and 1,548 elements. Thus the linear system
is 730 x 730. Typically 30 iterations of conjugate gradients are sufficient to
reduce the gradient to 1072 times its initial value.
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Fig. 3. Domain of computation and stream lines of a flow around a section of wing, computed
from the rotational of the stream vector

Note that the domain is not simply connected but since the flow is sym-
metric with respect to the horizontal plane, calculations could have been
performed on half the domain (which is simply connected) so the theory is still
valid. Figure 3 shows some stream lines (lines parallel to u) and Fig. 4 shows
the stream lines on a vertical plane tangent to the flow.

In Figs. 5 and 6 the geometry has been deformed; the wing is no longer
cylindrical so it is a real 3-D flow (still symmetric). Figure 5 shows some stream
lines computed by ¥ solution of (86); it is to be compared with Fig. 6 which
shows the same stream lines when the velocity is computed as the gradient of
the potential ¢ (decomposition of Theorem 1, ¥ =0). On an element near the
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Fig. 4. Stream lines in the vertical plane of symetry of the domain of Fig. 3 for the flow computed
from the rotational of the stream vector

wing for instance, we obtained
V xy=(1.152, —0.014, —0.050), V¢ =(1.109, 0.0008, —0.001). (129)

Computing time for  was 48" and for ¢ 28" on an IBM 3081.

The second geometry is made of two concentric spheres S and W with 552
vertices, 184 on the boundaries and 2,300 elements. The linear system (90) is
1,288 x 1,288. The Laplace-Beltrami problem (118) is 184 x 184, 7 iterations
decreased the gradient by a factor of 108

Figure 7 shows some stream lines projected on the plane z=0, calculated
from ¥ solution of (86) with ¥, ={0, —x;, 0} (Fig. 7a) or from ¢ solution of
(14) (with ¥-u=0) (Fig. 7b) or from y solution of (86) with ¥ .=Fgq (Fig. 7¢c).

Figure 8 is the same case as Fig. 7.c but shown in 3-d.
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Fig. 5. Stream lines of a real 34 flow around a section of wing computed from the rotational of the
stream vector (to be compared with Fig. 6)

Fig. 6. Stream lines of the same flow as in Fig. 5 but computed by the gradient of the potential of
the flow

One last check was made to test the effect of the Laplace Beltrami problem.

We took
u-n=n, onSand W (130)

so that the continuous problem has an analytical solution V xy=(1,0,0).
Figure 9 shows some stream lines computed from V x,, ¥, solution of (86)
with y=Fq and g solution of (118).

Finally Fig. 10 shows some values of |V¢,|* as a function of h when Q is
the volume between two spheres as in Figs. 7-9. Four set of tests were per-
formed
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Fig. 7a-c. Some stream lines of a flow around a sphere. The views are from above a the flow is
computed with the stream vector given on the boundary and equal to {f, —x,, §}. b The flow is
computed as the gradient of the potential. ¢ The flow is computed with the stream vector but the
boundary conditions are computed by solving the Laplace-Beltrami problem for ¢
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Fig. 8. Same as Fig. 7c but a prospect view
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Fig. 9. Stream lines of a flow computed from the stream vector with boundary conditions com-
puted from the Laplace-Belirami problem for ¢. The flow is theoreticaily constant so the stream
lines are straight lines
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Fig. 10. Plots of |V y,|, versus h on a log-log scale when 1) n is exact ¥, is computed by the
Beltrami operator; 2) n is exact but ,=(1, 0, 0); 3) n is replaced by n, and ¥, is the solution of the
Beltrami problem; 4) » is replaced by n, and ¥,=(1,0,0). Cases 2 and 4 show an error O(h) while

cases 1 and 3 indicate O(ﬂ)
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a) ¢, solution of (86) with u=0, Yy =(1, 0, 0) and n,=n (error chart 2) or n,
computed by (94) (error chart 4).

b) As above but with ¥, computed by the Laplace-Beltrami system n,=n
(error chart 1) or n, by (94) (error chart 3).

Conclusion

We may sumarize by saying that one can use 3-d stream vectors in aeronautic
and still be on safe grounds from the point of view of uniqueness and bound-
ary conditions. At first it seems that the most promising applications will be
entropy corrections in transonic flows. But even for simple incompressible
flows, our numerical tests show that the method is feasible and not so much
more expensive than straight potential calculations. In this line on may find
that the Kutta-Joukowski condition is easier to apply; however additional
developpements are needed for non simply connected domains and non C2
boundaries. Finally there are other equations of physics where stream vectors
(or vector potentials) may be used such as Maxwell’s equations.

Appendix A

Lemma A1l
v—={Fvl, o, isanormon V.

Proof. We use the Peetre lemma [19, p. 728]:
A, e #(E,, E), A, compact, (A1)
Ivlig, = CUIA Vg, +1A4,v]E)  VYveE,

. . A2
Ker4,=0 = v—>| A, v|g is an equivalent norm on E,. (A2

We take E,=V, E,=1*(Q)°, E,=12(Q)%, A, the canonical injection of V into
I[?(Q)° and A, =V, then

Pvly o=0 = v=constant but vxn|.=0 so v=0. (A3)
Therefore |V'v|, , is an equivalent norm on V.
Lemma A2. Assume Q bounded, simply connected with C* boundary. Then

Vo (P x VIS o7 vIg o) (Ad)

is an equivalent norm on V.
Proof. From Foias and Temam [10] we know that on V

VI3, 0 S CUVIS, 0+ 1P ¥IG o1V x VI o2 (A5)
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By Peetre’s lemma again, applied to
Ey={veH{F-,QnHF x ,Q): vxn|.=0,[v-ndy=0},
r,
E =L*Q)*% E,=L*Q)°, A, v={F-v,Fxv}, A,=I

we find that

Vo (V- v[E o+ IV x V|5 o)

(A6)

(A7)

(A8)

is an equivalent norm on E,; that Ker 4, =0 is seen from Lemma A4 but since

V< E, we can combine (A5) and (A8) and this gives (A4). O

Lemma A3. Let {0'}, ,, be defined by (26). Then (V0, V¢ defines a matrix A of
rank M —1, which defines a positive definite bilinear form on {K: XK, |I}|=0}.

Proof
—4¢=0 in Q; 9‘{rj=5,-j.
Let
$=2K,6.

Then by Poincaré inequality

EKK 7 0)=1793=( 6 2 ay
r

zcf ( —ﬁ;qsdv)zdy

v

CY. (K~ 1 SKn) 11

so if on the subspace
{K;: 2K;|I}| =0}

{(Ve, ve)),. is positive definite. []

i

Lemma A4

Fxy=0 F-y=0 [y-ndy=0, yxn[=0=y=0.
I

Proof. By (A 13.a) there exists ¢ such that y=F¢. So
op|

6sj ri

where s, s, are local coordinates on I'. So ¢ is constant on each [;:

Now by (A13.c)
o i ¢ J

(A9)

(A10)

(A11)

(A12)

(A13)

(Al4)

(A15)

(A16)
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SO
0={{F¢l*dy (A17)
Q

and ¢ is constant on Q; therefore y is zero. [

Lemma AS. Let  be polyhedral. Let 1, €V,; let m, be the interpolation operator.
Then
(jn,,/l,?dy)”2§——c—|l7,l,,|0 o (A18)
r ]/E ’

Proof. If o, denotes the area of the support of w' intersected with I', we have

{ryigdy=223(¢) ;. (A19)
Now ' _ , . .
rs2 (MDA o () -Aia)) A20)
So
;nhif dy S CUMIG o +h* (VA5 1)
SCA+h?)|VA)E » (A21)
by Poincaré’s inequality (or Lemma A?2). Finally
|ahlo,rg%|ahlo,g (A22)

so the Lemma is proved. []

Lemma A6. If all approximated normals n,(q") are sufficiently near to the
continuous normals so that all angles (n,(q"), Vw/) are bounded away from zero
for all h and all i, j on the same element, then:

I¥lo. o= CUV X2 +1V-2)  Vi,el,. (A23)
Proof. Referring to the notation of (128) we have
|th|(2),!)=iZjDij‘//i Yl (A24)
but if y, € V, then ¥ is parallel to n} on the boundary so from (127) we see that
(V1 =1V x 12 =V, * = Z Ay, xn{;‘j; Pw x Pwidx (A25)
where {/,} are defined by e
V(@)= A;m,. (A26)

Yo(x)=Z 4;n,w(x). (A27)

Let
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Then (A25) shows that
(VY2 =1V XY l2 =1V @ P = [Py 1> =V x Y12 — V- yg)2. (A28)
Now on each boundary tetraedron T with vertices % g%, q", ¢°(¢°¢ ")
Vxypr=ry V-ypr=d; (A29)

is an overdetermined linear system in 4,4,44,; this 1,, 4,, A, are linear in ry, d;
or both and so is iy r; hence

IPYRIG. 7= CAV X Y13 +1V- 317, (A30)

It remains to show that the linear system (A2) is not degenerated and that C
in (A30) is independent of A.

If n;:nﬁ:}’lz# VW‘S, (5=a5 ﬁa ’})), then

P xyYO=3 A n x Pw*=nix V(I 1w, (A31)
Pyl =5Ant Vw*=nt- V(E i,w (A32)

SO
PO =nE x V(Z A, w)=n x (2 x 7 x 0+ 12 7 §2) (A33)

from which we find that
|V¢;?I0,T§1(|VXW;?|0,T+|V“/’;?|0,T)- (A34)

When nf<nf +n] then we can use a continuity argument and say that there
will be a cone of admissible normals for which (A34) will hold with, say, 1
replaced by 2. This cone is independent of h because (A27)-(A28) yield 4,
proportional to h and linear in r; and d, and therefore V) is of order h° and
linear in r; and d; as in (A 34).

If T has one or two nodes on the boundary only it is even simpler to prove
(A 34). For example with one, (A28) implies:

A x Vw*=ry (A35)
s0
IPYR1 = x Pwe| [rl/|my x Pwe| S]rel/Isin (ng, Pw?). (A36)
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