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Summary. This article analizes the convergence of the Galerkin method
with polynomial splines on arbitrary meshes for systems of singular integral
equations with piecewise continuous coefficients in I? on closed or open
Ljapunov curves. It is proved that this method converges if and, for scalar
equations and equidistant partitions, only if the integral operator is strongly
elliptic (in some generalized sense). Using the complete asymptotics of the
solution, we provide error estimates for equidistant and for special nonuni-
form partitions.
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Introduction

Singular integral equations arising from numerous boundary value problems in
aerodynamics, elasticity and thermoelasticity, electromagnetics, vibration
theory and many other fields of engineering have the form

c(t) x(t)+£i(—t,) [} ) dr+ [ K(t, ) x(v)ydt=y(t), tel, 0.1
ni 71—t r

see e.g. Anderssen [2], Kupradse [11], Michlin, ProBdorf [12], Muskhelishvili
[13] and Parton, Perlin [15]. In this equation I' is a closed or open plane
curve, ¢, d, K and y are given functions (in general matrix - or vector-valued
and discontinuous), x is the unknown function and the first integral is defined
as a Cauchy principal value.

In many practical computations with Eq. (0.1) one uses spline approxi-
mations for the unknown function x on I The two most popular discretization
schemes are the Galerkin and collocation methods. If I is a closed curve and ¢
and d are continuous functions, then convergence and error estimates for
Galerkin and collocation methods using smooth polynomial splines follow
from recent studies by Arnold, Saranen, Stephan and Wendland in [4, 23, 27],
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by Nedelec in [14] and by Elschner, Schmidt and the authors in (8§, 16, 17, 19,
21, 22, 24, 25, 26] (see also the surveys just given by Elschner, ProBdorf [18]
and by Wendland [29]). Convergence results on the spline collocation method
in the space I? for Eq. (0.1) with piecewise continuous coefficients ¢ and d have
most likely been first obtained by the authors in [19]. They were then general-
ized by Schmidt in [25]. For I' a finite interval, convergence and error analysis
for Galerkin’s method with (smooth as well as weighted) splines has recently
been developed by Elschner [9] for the case of continuous ¢ and d such that
Re{c(t)+d()} >0 on I The special case where K is real-valued, c=1 and d is
purely imaginary has earlier been considered by Thomas [28].

It is the aim of this paper to give a convergence and error analysis f{or the
spline Galerkin method in the space I* if ¢ and d are piecewise continuous
matrix functions and Eq. (0.1) is strongly elliptic (in the sense of the subsequent
definition). For sake of brevity, all results of this paper are proved for the case
K =0, since they easily extend to the complete equation (0.1). (see, e.g. [10]).

We now introduce several notational conventions. €"(meIN) denotes m-
dimensional complex Euclidean space with the usual scalar product

(6 y]:= 3 x5, V¥x yeCm,
i== 1
xz(xl""sxm)Tn yz(yla""ym)T'

€™ ™ stands for the set of all complex-valued m x m matrices.
Let I' be a closed or open oriented plane Ljapunov curve having a regular

parametrization
r:={t=y(s):se[0, 11}, »: [0, 1]-C;

for I closed, we assume y(0)=y(1). By I?(I; €™ we denote the Hilbert space of
all square Lebesgue-integrable €™-valued functions on I' with scalar product

(£ g):=[[f(),g®]dtl, V[ gel (I, C").
r

The symbol PC(I, €™*™) designates the space of all C"*™-valued functions a
on I' which are piecewise continuous in the following sense: for each tel’ the
finite limits a(t+0):= lim a(r) (with respect to the orientation of I') exist and

=ttt 0
el

a is discontinuous at most at a finite number of points tel. C(I, C"*™) is the
subspace of all continuous €™ *™-valued functions on I
In I2(I, €©™) we consider singular integral operators of the form

A=aF.+bQ, (0.2)
with coefficients a, be PC(I, C™ ™). Here P and Q, denote the operators
Pr:=12(1+8;), Qr:=1/2(-8)),

I the indentity operator and S, the Cauchy singular operator

(Spx)(0):=1/n y dr (ter).
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That Ae L (I*(I, C™) (see [12]) is well established and the operator defined by
the left-hand side of Eq. (0.1) with K =0 has the form (0.2), where a=c+d and
b=c—d.

We call operator A=aP,.+bQ, strongly elliptic’, if there exist a compact
operator Te Z(I*(I,C™) and an invertible function @ePC(I, C™*™), discon-
tinuous at most at the points of discontinuity of a and b, such that A=0(4,
+T), where 4, has a positive real part - ie.

Re(4, £, ze(f,f), VfelX(I,C™)
with &(const)>0.
In [20] we have shown that A4 is strongly elliptic if and only if

Vtel:3b(t+0)-! and 3CeC™ ™ Re C>0, Re C(b-'a)(t+0)>0. (B)

(If I'=(o. B) is an open curve, then condition (B) need only be satisfied from
the right or from the left, according as we consider a or f respectively.) In
Lemma 1.2 further conditions equivalent to (B) for special cases are for-
mulated.

Now let {t,=7(50) t;=7(5) -, ty=p()}ET(0=5,<5,<...5y=1) be a
given set of points such that a and b are continuous on I'\{t,,...,t5}. A
sequence {4},n (4,={d%,...,0k}, O=cl<ai<...a) =1) of partitions of
[0, 1] is called admissible if {sg, ..., sy} =4, (keN) and if

h, :=max {of, ,—0of|i=0,1,...,n, -1} >0 (k—o0)

Let PS,(4,, C) (deN) denote the space of all pePC(I, C) such that goy is (d
—1) times continuously differentiable on [0, 1]\ {s,, ..., sy} and the restriction
of @oy to [of, 6% ] is a polynomial of degree not exceeding d - ie. the
functions ¢@ePS,(4,,C) are splines with maximal smoothness at
o¥eA\{s¢, ..., Sy} and with no smoothness condition at s,(i=0,..., N).
PS,(4,,C™ stands for the space of vector-valued functions f
=(f1 ... f)€PC(I;C™) having components f,ePS,(4,,TC). Obviously,
P§y(4,, C™) is the space of step functions.

The Galerkin method for the equation Ax=y may now be formulated as
follows: Find x,, € PS,(4,, C™) satisfying

(Ax 4, @)=, 0) (Y pePS,(4,, C™). 0.3)

We say that the Galerkin method with respect to the admissible sequence
{4} e is convergent for the operator A, if (0.3) is uniquely solvable for
sufficiently large k and if x, converges to x=A"'y in I*(I,C™ for any
yelX(I,C™).

We proceed in this paper as follows. In Sect. 1| we examine the Galerkin
method (0.3) with respect to any admissible sequence {4,},.n for the operator
A defined by (0.2). By means of the discrete commutator property, given in
Lemma 1.1, it is proved that this method is convergent in L*(I;C™) if A4 is
strongly elliptic and invertible. In the special case I'=(0, 1), m=1 and a, beC

! See Stephan and Wendland [27], who introduced this concept in case of smooth functions

B,a,b
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[0, 1], Theorem 1.1 yields a result of Elschner ([9], Theorem 3.1). In Sect. 2 we
show that strong ellipticity of A is necessary for the Galerkin method to be
convergent, provided the partitions are equidistant and m=1. For continuous
coefficients a and b and a closed curve I this fact was established in [24] by
means of a different technique. As a corollary to our proof, which is based on
certain localization techniques and on the method of associated operators (see
[19]), we obtain that the strong ellipticity of 4 is sufficient for the stability of
the collocation method with piecewise linear splines. Section 3 deals with
estimating the error of the Galerkin method (0.3) by means of utilizing the
complete asymptotics of the solutions of (0.1) which has been established in
[9]. We show for instance, that an asymptotic order of convergence of
O(n;7%-') can be achieved on special nonuniform partitions. This fact was
obtained in [28] and [9] by using weighted continuous splines on nonuniform
meshes for continuous coefficients a and b and I'=(0, 1).

All results of Sects. 1 and 2 are valid for singular integral operators of the
form P.a+Qpb; one need only to take the adjoints of the operators a*F;
+b*¥Q,.

1. The Convergence of the Galerkin Method
for Strongly Elliptic Operators

Let P, denote the orthogonal projection of L*(I; €™) onto PS,(4,, €"). Then
(0.3) is equivalent to
PAkAPAkxAk =B’ky

Lemma 1.1. If {4,} is an admissible sequence of partitions and fePC(I, C™*™)
is continuous on I'\{tq, t1, ..., ty}, then

I =Py ) f Py |l = 0k — o0)

1By, f (I =Py )| = O(k — 00).
Proof. We only need to prove |(I—P,)fP,||—0, since the other assertion
follows by taking the operator adjoints.

fz(fij);':j=1ePC([; crm
implies

(I=F) fP, = —=PB) f; B =15

where P, in the entries of the last matrix are the orthogonal projections of
L}(I, €) onto PS,(4,,T). Therefore, we have to prove [j(I —P)fP, || =0 for

the case m=1 only.
Now we introduce a new scalar product in L*(I, €) by

(L @=L n)()gop)(s) ds.
0
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Clearly, the norms | f || =(f, f)*? and | f|,=(f, f)}/? are equivalent, and thus it
suffices to show ((I—P,)fP,|l;—0, where ||, denotes the operator norm
corresponding to the norm || I, in I*(I; ). Let P be the orthogonal pro-
jection of I[*(I,€) onto PS,4,,C) correspondlng to (*,°);. Since
sup || Py, [I; < o0, we obtain (see [1])

k

I =P [P, gl =fPy g—P ([P 8,
SCI(fP,8)—P (fP. 2,
=C H(I—-PAk)prk&kng,

where C is a positive constant. Consequently, we only have to show
II~P,) B, ||, 0. Hence, we may assume I'=[0, 1].

Let fi(i=0, N —1) be the function vanishing on [0, IT\[s;,s;, ;] and
equal to f on [sl, :+1], and P} be the orthogonal projection onto the subspace
of all functions fePS,(4,, €) vanishing on [0, 1]\[s,, s;, ;1. Thus

N-1
U=P)fP,=3 U-P)f'F

and we only need to demonstrate (I —P; ) f* Py || >0 (i=0, ..., N—1). We may
therefore assume: feC([0,1],C) and P, is the orthogonal projection of
[*([0,1],€) onto S,(4,,C). S,4,,C) is the subspace of all fel?([0, 1], T),
which are (d —1) times continuously differentiable and coincide with a poly-

nomial of degree not exceeding d on every interval [af, of, ] (i=0,...,n,—1).
We set
ot i=—12r(c" —d%) (r=12,...,d)
and
ok Li=1+1/2r(ck —dt ) (r=1,2,...,4).

A base {y}7 _, of §,(4,, C) can now be given as follows (see [6]):
gls, t):=(s —1)%
V0=V d+ DV} g —0D 8ol ot ) (t€[0,1])

wherein glof, ..., 0%, 4, 131) represents the divided difference of g(s,f) at
o, o-l“, s OFger. It is well known that ;=20 and y; has support
[a,, o%, ;. 1] (see [6]). Moreover, there exists a positive constant D such that

kzwi (% rer) sp ""zw (L)
i= —d i= —d i=—d
(see [7]). We obtain
n—1 ne—1 nme—1 ne—1
’f del// deétl/“ [ Y &vi— Y flehev, (1.2)
i= — i= — i=—d i=—d

where f(6¥):=/f(0) (i= —d, —d+1, ..., —1). For te[d¥, ¢4, ],
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S & kz fe e =Y (F0 -1 &)
i=—d i=j—~d
<olfdh,) 3 1EIG0)
<o(fdh)| S v (13
i=~d

with w(f, d):=sup {|f(t,) =S ({t)IIt,, t,€[0,1], |t, —t,]<d} (modulus of con-
tinuity). (1.1) and (1.3) yield

and (1.2) implies

np—1 ne—1

[ XY &= ¥ fle) &y,

i=—d i=—d

ne—1

Sw(f,dhy)

i=—d

<o(f,dh, ) D? mf@ v, H
i= —d

ne—1

2 &l

i=—d

H 1-p) 1S &, “<D2w(f dh,)

i=—d

Since h,_—0, the proof is completed.

Remark. Lemma 1.1 was independently given in [16, 17] and in [3] for the
case of smooth functions f. In these papers however, the authors considered
arbitrary Sobolev norms instead of I2-norms and consequently the partitions
were assumed to be regular. (See also [25], where a detailed proof of the
aforementioned result is given for the case of Sobolev norms.) The idea of the
proof presented above is based on the method of derivation of Lemma 4.1 in

[21].
Corollary 1.1. If {A,} is admissible, then P, converges strongly to I - ie. P, — 1.

Proof. Consider g=(g,, g;, ..., £,)€ C{(I, C™) and set
fi=(g;0)";_ e C(L,C™*™), h=(1, ..., )e C(I; C™).

Lemma 1.1 implies (I-P,)g=(I~P,)fP, h—0 and further P, —1, since
sup || B, |l <co.
It is now rather simple to prove

Theorem 1.1. If {A,} is an arbitrary admissible sequence of partitions and A
=aPB.+bQ e L(I*(I,C™) is invertible and strongly elliptic, then the Galerkin
method with respect to the sequence {A,} is convergent for A.

Proof. Since P, —1, the Galerkin method is convergent if and only if the
approximate operators P, AP, are stable - i.e.

1Py AP 0l Z Cllol (¥ @ePS,(4,, C™), ¥V k2ky),

where C is a positive constant and k,eN (see, e.g. [10]). The strongly elliptic
operator A admits the representation A=60A,+ 7T, where @ePC(I[,C""™) is
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continuous on I'\{t,, ..., 1y}, Re4,>0 and T is compact. Lemma 1.1 yields

PAk@_l 1)AkPAk @PA;(: —PAk@‘l(I—I)Ak) @PA;‘_'—PAk’
1Py @ (I ~P,) OF, | 0.

Thus P, @P, are stable. Furthermore ReA,>0 implies that the operators
P, A, P, are also stable. The stability of the operators

P, AP, =(P, OP,)(P, A,P,)+P, O ~P,) AP, + P, TP,

follows from Lemma 1.1 and the fact that T is compact (see, e.g. [10]).
In the following two cases, condition (B) may be easily verified.

Lemma 1.2. {22, 20].
a) If m=1, then (B) holds at teI' if and only if b(z+0)=%0 and

V uel0, 13: {ub~" )z +0) +(1 — (b~ a)(z —0)} ¢( — 00, 0]. (1.4)

b) If a and b are continuous at T, then condition (B) holds at t if and only

4 Y uel0, 1]: det (na(t)+(1 —p) b(r)) 0.

2. A Necessary Condition for the Convergence of the Galerkin method.

A Collocation Method

In this section we assume all partitions to be equidistant - ie. of, , —o¥=0%, |
—a’; (Vi,j=0,...,n,—1). Actually, there exist admissible sequences of equidis-
tant partitions In particular, we can choose for a given set {fy,...,ty}SI' a
regular parametrization y such that y(i/N)=t; and thus get an admissible
sequence of equidistant partitions

A :={ob:=0,0%:=1/kN, o%:=2/kN, ..., ok y=1}.
Now let us consider the Galerkin method (0.3) for the singular operator A.

Theorem 2.1. Let m=1 and a,bePC(I, C). If {4,} is an admissible sequence of
equidistant partitions and the Galerkin method with respect to this sequence is
convergent for A=aPF,.+bQ e L (I*(I, T)), then A is strongly elliptic.

Before we prove Theorem 2.1, we introduce the same notations as in [19]
for the collocation method, and we construct to this end a base of
PS,(4,,C")(mz1). On every interval (s;,s;, ) (i=0, ..., N—1) the elements of
this base differ from the functions y; of Sect. 1 by at most a constant factor,
however, because our partitions are equidistant, we can use the representation
of [5], Sect. 4.2.

Let g,=0f=i/n (i=0,...,n), n=n, and t;=7(s), s,=k/n (i=0,...,N). We
denote the characteristic functions of [s;,s,,,] and [—1,0] by y, and II
respectively and further, 1, , stands for the (d+1)-fold convolution of IT.
Thus the space S,{4,, €) (see Sect. 1) has the base

Vi) =I,, (ns—))  (=1,...,n+d)
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For t=1y(s) set

901(t)’:(X0‘/;1)(S), @,[1):=(x, ‘/;2)(5): cees (Pk1+d(t)‘:(Xo '/;k1+d)(5),
Oy rar 1=y ‘/;k1+1)(s),
(Pk1+d+2(t)= =(X1 ‘pk1+2)(s)a cees (Pk2+2d(t)‘ =(X1 l//~k2+d)(s)7

(;)kj‘*‘jd‘*‘ 1(t)‘=(le/;kJ+1)(S), (pkj+jd+2(t)’Z(lepkj+2)(s)a cees
(f’kj+1+(j+1)d(t)::(xj l/;ijH)(s),

¢kN_1+(N—1)d+ (=GN _y ‘/;kN,1+ D(s),
Prw— 1+ v—1ya+ 20 =N _1 ‘/;kN41+2)(5), ey
Pusna®:=0n— 1 Ve - 2.1)

Every function pePS§,(4,, C™) admits a representation

n+Nd

o= 3. Lo, e
i=1
and there exist suitable positive constants D,, D, such that out of (1.1) follows
n+Nd n+ Nd /2
13 éiﬁoil\é"—l/z ( }: I<i |2) =D,
i=1

with |¢|:=[¢,, éi]l/z-

We now fix t=v(¢)el’ and derive the subsequent necessary condition at
point 7 (see Lemma 2.2). Using this condition, we shall obtain that condition
(B) is necessary if m=1. Moreover, for m=1 and d=0, we get a stability
condition for a certain collocation method.

Inequality (2.2) allows us to identify the operators of #(PS,(4,, C™)) with
matrices over finite dimensional Euclidean spaces. For this purpose, we in-
troduce associated operators analogously to [19]. Let [*(C™) be the Hilbert
space of the following sequences:

P(C™):={E:={{}2 _ o 1¢,eC™, ¢ <o},
=& 9", (& m:= Z (e sl

n+Nd

‘Z’x &0

‘ 2.2)

We introduce projections P, Q, P.e £ (I*(C™) by
. {53 if 520

S5V i s <0,
P.

P¢:=¢,
Q:=I-
For an i=i(g, k) (i€{0, 1, ..., n}) and a j=j(o, k) (je{0, ..., N}), we have c€[i/n,
(i+1)/n) and k;<i<k We set

j+1°
Re—f, 53:2{63 if —(i+jd)SsS(r—)+(N—jd-1

0 otherwise
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and define
E,:im B, — PS,(4,, T™,

Eké:zﬁ{é—(i+jd)(pl +E i1 P2t
+CoPirjar1tC1QivjaraT o F v a1 Posnal-

(Thus E, E, are chosen in such a manner that Ek‘l(piﬂ“l:{éi,o}fi_w;
however, ¢;, ;. 15 an element of the base of PS,(4,,C™), the support of
which contains 1 =v(c).) To every operator B,e€.%(PS,(4,, C™)) we associate the
operator B,:=E !B E,e%(imPB), which can be identified with
B, Be 2 (I*(C™)).

If the Galerkin method converges, then the operators

A,:=P, AP, e#(PS,(4,,T™)

are stable. By (2.2) the same fact holds for the sequences {4,} and {fi,’f}, where
A¥ denotes the adjoint operator in £ (I*(C™). Hence the strong limit of {4,},
the adjoint of which is the strong limit of {4*}, is invertible.

Now we examine the limit of {4,}. The convergence of {A*} is derivable in
the same way. We set

c=12a+b), di=1/2a—b), ¢:=PycP,, d:=P,dP,, S,:=P,S.P,.

Then, by Lemma 1.1, {4,} has the same limit as {B,:=&, +4d, S,}.

Lemma 2.1. (i) For 0€(0, 1) the following statements are valid:

a) {¢,} converges strongly to (c(t +0) P+c(t —0)Q + T,), where T, e Z(I*(C™))
is compact.

b) {S,} converges strongly to (C(p)+T,), where T,eZ(I*(C™) is compact
and C(p) denotes the operator of convolution generated by the following function
(see [197):

sign(r+1/2)

,;l (s+2rm)*@+D
1

rgl (s+2r7r)2“’+ 1)

pls):= (s€[0, 27]).

(i1} For 6 =0 or o =1 the following statements are valid:

c) {&} converges strongly to (c(t) P+ T,) or (c(v) Q+T,), where T, % (im P)
and T e £(im Q) are compact respectively.

d) {§,} converges strongly to (PC(p)P+T,) or (QC(p)Q+T,), where
T,e£(imP) and T,c &% (im Q) are compact respectively.

Proof. We prove (i). Assertion (ii) is demonstrated analogously.
Let 0€(0, 1) and denote by w(c, h) the modulus of continuity of coy:

w(c, h):=sup {{c(y(x)) —c(yW)II x, ye[0, 11, Ix =y Sh, 5;¢[x, yIG=1, ..., N)}.

Further, G, is the following matrix, which will be identified with the corre-
sponding operators in im B, or I*(C™):

o (n—i)+(N—jyd—1
G,: _(n((ps+i+jd+ 12 Pryivja+ Dr o2 AP
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Writing down the matrix of ¢, corresponding to the base {¢,}, we obtain

=1 (n—i)+(N-jd—1
=Gy (€O, 1 it jar1> Psvitjar s re i it

An easy computation yields (choose any o, ,;, j4, ,€SUPP @, i, jui 1)
&=G6 (0,0}, i1 jar N2 TETHT Gt O(w(e, 1/m)) (2.3)

where O(w(c, 1/n)) denotes a matrix, whose operator norm is majorized by a
constant multiple of w(c, 1/n). This term thus becomes negligible in our further
considerations. Inequality (2.2) leads to

D*QIEIEnY L9002 E0)SDT AR IEND)
D32 I{EJIPS(ES) GAEN SDT 2 IHES™

Hence, G, is invertible and {G,}, {G; '} are uniformly bounded.

Now let u, veZ, d <|ul, |[v|<min{|i—k|—d|s=0, ..., N; k,+i}, u, =u+d, v,
=v+d for u,v<0 and i=k;. For u,v>0 or i%k;, we set u;=u, v, =v. If iFk;
or u>0, then

(pu+i+jd+1:(pkj+jd+(i—k]+u+1):le//kj+(i—kj+u+1):lpi+u1+1'

If i=k; and u <0, then

Dutivjadr1™ Pry_+(-1)dtkj—k,—1+u+td+1

=Xji-1 l//k,-1+(i—k,-_1+u+d+ 1)=l//i+u1+ 1
therefore,
(Gk)u,v=n(q)v+i+jd+ 19 Puvivjd+ )

1
=n§l/7i+m+1(s) Uisorr 18176 ds

=M —(i+u, + D) I, (s =@+ + D) Y (s/n)l ds.
R
Consequently, (G,), ,=0 for u-v<0 and by holding u and v fixed, we obtain

klim(Gh)u,u:W(G)“{HH (s —(u, _UI))Hd+ (s)ds

=|y(0)| [ e~ "= |FIT,  (s)I*ds, (2.5)
R

where FII,, , denotes the Fourier transform of IT,, ,. This means
Fl,, = 2rn)(FIO) 1,
ins/2 _,
(FI)$)=V2/n —*smss/ et

sins/2)2("+1)

FII,, () =1/2n ( o
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Substituting the last equation in (2.5) yields

2n
lim (G,), ,=1/27 | e~ =05 {(s) ds,
[

k— o
1

c=4W+ D)y i 2@+1)
{(5): =47y (o)l (sin s/2)"“* rezzmm,

lim(G)), ,=0 (for u-v<0).

k— o
For |ul, |v|£d, we compute lim(G,), , in an analogous way. Thereby we have
in Eq. (2.5) the product of II,,, with some characteristic function instead of
I1,, . Since only (2d+1) diagonals of G, have non-zero elements, one easily
concludes that G, converges strongly to (C({)+ T3), where T,e Z(I*(C™)) is a
suitable operator of finite range. The appearance of operator T, is explained by
the fact that (2.5) does not hold for i=k; and |u}, |v|<d; however T;=0 if
i%k;. Out of sup |Gyt <oo and G,—(C({)+T;) follows that G, ! converges

k

strongly to (C({~")+T,), where T,eZ(I*(C™) is compact. Now a) is an easy
consequence of (2.3).

For d<|ul, |vj<min{li—k|—d|s=0,...,N; k,#+i} we obtain analogously
to (2.3) and (2.5)

Dy :=(n(Sy Oriivijar1> Pstivija+ 1))3,'rﬁ=i):r((iijfi.;d~ Y §k= G[ ! D,
klim DY, =17" O Sg 4, (- =y —uy))(s) Ty, 1 (s)ds
- o0 R

= —|y(o)| f e~ "™ ="V |FI,, (s)|* signs ds
R

2n
=1/2n j e~ i3 9(5) g, (2.6)
0
where

@Dy . 2@ 1) sign (r+1/2)
3(s) 4 [v(0)|(sins/2) r;l (s+2rm)2@+i

The techniques of the proofs of Lemma 3.1 and Lemma 2.3 in [19] show that
D, — C(9) for i+k; (ie, t¢{ty, ..., ly}) and

D, —(PC($)P+QC(9)Q+PC(H,)Q+QCE)P+Ty) for i=k,

where 9,(s):=¢"" 3(s), 9,(s)=e ¥ 3(s). The finite range operator T appears
here, since (2.6) does not hold for i=k; and |ul, |[v|<d. For i=k; and |ul, |v|<d
we have a formula analogous to (2.6), where again a product of II,,, with
some characteristic function appears instead of I1,,,. Now PC(3,)Q=PC(3)Q
+PC(35)Q, where

95(s)=(""* —1) 9(s).

Since 3, is a 2n-periodic and continuous function on R, the operator PC(3;)Q
is compact. Consequently, we obtain D, —(C(%)+ Ty), where T,e L (I*(C™) is
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compact. In any case, we have derived S, =G, ' D, »(C(p)+ T,) for a suitable
compact T,e.2(I*(C™), and the proof of Lemma 2.1 is complete.
After defining

A" =P(c(t+0)+d(z+0) C(p) +Q(c(t ~0)+d(z —0) C(p)) (rel),
B :=P(c(t+0)+d(t+0) C(p)) P (z=7(0)),
C:=Q(c(t—0)+d(x -0) C(p) @ (r=7(1)),

Lemma 2.1 yields A, —(4°+T) for 6€(0, 1), A, —(B*+T) for 6=0 and 4, —(C"
+T) for o=1, where T is compact. If further 7¢{t,, ..., ty} or d=0, then the
proof of Lemma 2.1 yields T=0. The limit of {4,} established above and the
considerations preceeding Lemma 2.1 lead to

Lemma 2.2 (i) Let I be a closed curve. If the Galerkin method with respect to an
admissible sequence of equidistant partitions {A,} converges for the operator A,
then the operators A*(1eI’) are Fredholm operators with index 0.

(ii) Let I' be open. If the Galerkin method with respect to an admissible
sequence of equidistant partitions {4,} converges for the operator A, then the
operators A" (ge(0, 1)), B'®, "™ agre Fredholm operators with index 0.

(iii) If in addition m=1 or d=0, then the operators A%, B*, C* of (i), (ii) are
invertible.

Proof of Theorem 2.1. Let m=1. If the Galerkin method converges, then
Lemma 2.2 implies that operators A*(tel’) or A" (a€(0, 1)), B, C*™) are
invertible. Now one shows analogously to the proof of Corollary 4.2 in [197 that
(1.4) is satisfied. Thus the strong ellipticity follows via Lemma 1.2,

Finally, we consider the collocation method described in [19]. Assume I’
closed and 4,:={0=0,, o,=1/k, 6,=2/k, ...,0,=1} (k=n). We seek a piece-
wise linear approximation x,_of the solution x of Ax =y satisfying

(Ax )UK =y G/R)G=0, ..., k—1). 2.7
Now define
y(8)—y(G —1)/k)
YU/k) =y —1)/k)
YO (s):=1 v+ 1)/k) —y(s)
YU+ 1)/k) =y (i/k)

0 otherwise

if se[(j—1)/k, j/k]

if selj/k, G+ 1)/k]

k—1
and K, f:=Y f@U/k)¢¥. Obviously, {y}i-; is a base of the space
s j=0
S,(4,, €™ of all piecewise linear (linear in t=1y(s)) functions subordinate to 4,

and K, is the interpolation projection onto this subspace. Equations (2.7) are
equivalent to
K, Ax, =K, y.

In [19] we proved that if 4 is invertible and the operators K, 4|§,(4,, C™)
are stable, then x, (k- o) converges to the solution x of Ax=y for all
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continuous right-hand sides y. We also gave a necessary and sufficient con-
dition for stability of the aforementioned convergence scheme (see Theorem 4.1
in [19]). We now state

Corollary 2.1. Let a,bePC(I,C™*™). If the invertible operator A=aP;
+bQ, e L (LN, C™) is strongly elliptic, then the approximate operators
K, A|5,(4,, C™) of the collocation method (2.7) are stable.

Proof. By Theorem 1.1, the Galerkin method with respect to any admissible
sequence of equidistant partitions converges for A. Therefore, Lemma 2.2
implies the invertibility of the operators A*(d=0). However, operators A*(d=0)
coincide with the associated operators A_ of Theorem 4.1 in [19]. Theorem 4.1
of [19] yields Corollary 2.1.

3. The Asymptotical Order of Convergence

For smooth curve I, let H*(I') (seR, s=0) be the usual Sobolev space of order
son I By H; (') we denote the sum H*[t,, t,1®... ®H*[ty_,, ty], where
[t t.1]1s the arc on I' with the end points t;, t;, ;.

For ¢ an arbitrary positive number satisfying s<max( ._1) (i=1,..., N),
we choose the partitions 4, such that

A + (Y
KNS —8, 8, +e)=<8; T (N;)

A,A[0, &)= { (1{])'} jelN} ALO, &)
k

A,0(1—¢ 1] :{1 - (%k)“

where B,(B,=1) is a given real number and N,eN. In addition assume N, — o
(k— o0) and the existence of a positive constant C with

je]N} Nn(s;—e, 5;,+¢€), i=1,...,N—1

je]N}m(l—a, 17, 3.1

h, £C1/N,, C~'N,<n,<CN,. (3.2)

If ;=1 (i=0, ..., N), then equidistant partitions satisfy (3.1) and (3.2).
For functions a, be PC(I;, C) continuous on I'\{f, ..., ty}, we set

L (a(tj+0)b(tj—0))

221 \a(,~0)b(t,+0) )

where In denotes the continuous branch of the logarithm in €\ (— o0, 0] which
takes real values on the positive real axis. Further, if I" is open, set a(t,—0)
=b(t,—0)=a(ty+0)=b(ty+0)=1.

Theorem 3.1. Let {4,} satisfy (3.1) and (3.2), a,beH;}? , (I') (reN), 1/2+r
+Rex;<s<3/2+r+Rek; (i=0,...,N), A= aP F+bQr be mvertlble in IX(I;, C)
and strongly elliptic. If yeH; _._,tN(F) x=A"1y and X, is the solution of (0.3),
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then
1% 4, =Xl L2r, ¢ = Co(1/m) (Inn)",

where C, is a constant and

p:=min{s,d+1, B;(Rek;+1/2)|i=0, ..., N},
_J12 i szd+1 and min{f(Rex;+1/2),i=0,...,N}=d+1
o otherwise.

For simplicity sake, we shall prove Theorem 3.1 for the following special case
only (see Theorem 3.3). Let I'=(0, 1), a, be C[0, 1]. Thus instead of the “criti-
cal” points {t;|i=0, ..., N} we have merely the “critical” points {t,=0, ty=1}.
We now follow the ideas developed in [9]. First we determine the asymptotic
behavior of x=A4"'y at 0 and 1. From the proofs in [9], Sect. 2, we conclude

Theorem 3.2. Assume a,beH" **(0,1) (reN), A=aP, |,+bQ, ,, invertible in
I2((0, 1), €) and yeHs(O 1), where Rex;+1/2+r<s<Rex;+3/2+r (i=0,1).
Then the function x=A~"'y has the representation

m

x(t)=x,(t)+t*° Z Y o, t"(Ine)

m=0 5=0
+(1 _'t)“1 Z Z Bm,s(1 —t)m(ln (1 —t))s’
m=0 s=0
where x,eH*(0, 1) and a,, , B, €C.

If x,,_is the solution of (0.3) and x=A~"y, then
lx —x4 0 = Clix —F, x| (3.3)
(See, e.g., [10].) Thus the proof of Theorem 3.1 for the immediately preceeding
special case requires only estimating (I —F, ) x||.

Lemma 3.1 (see, e.g., [9]). If x,€H*(0, 1), then there exists a constant C such
that
I =B Xoll Laqr, ¢ S C(1/m ™4+ 1,

For further estimates, we need the quasi-interpolant Q, introduced by
de Boor [7],

o Oiva+1 9
0ng= L Ale d+1

i=—d

where ), is defined as in Sect. 1 and

A@= Y (- o Pe)gP(e)  (i=—d,...,n 1),

() =(—0,,,)...(t—0;, ) 1/d},
7,€(05, 05444 1)N[1/20, 1] (34)

The operator Q,, is a projection onto §,(4,, C).
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Lemma 3.2. For any (d+ 1)-times continuously differentiable function f on {0, 1)

the estimate

G+ 1
[ 1 =Qu fPECO g =0 )0 max [ D)
telogi-a-1,01+a+1]

(i=0,...,n,—1) (3.5)

holds, where C is a constant independent of f and n,.

Proof. For te[o;, 0, ], we obtain

\f(t)— 7960y " ) < o, =)@t max |74
i telai, i+ 1]
in particular,
aljﬂ fl— Z f(]) .‘Ui)J dt<C(o,, , — )2(d+1)+1 max | f@+ ()2
P j= telow, 014 4]
(3.6)
On the other hand,
z 19%0) =7 ) 0, f0|= Qak(z 1960) = )
e i (- —a) (0544410
— (§2] —_ __.____+ +
- 2 4 (j;of Rl vt AT
and (1.1) yields
Gr+1 d
1|5 7000 S 0, 0] a
i+ 1 J 2
=C _Z d(6i+d+x Oi_a_ 1|4 (Z /o) —— ¢ 0) f) (3.7
Setting g(t)=1(t) — i f90) (I%;—Ii)i, we obtain
j=0 !
|g(j)(rs)léc(6i+d+1—Ui—d—l)d+1~j max |f(d+1)(t)|

teloi-a—1,614+d+1]

and
oIz )| < Clo14401—0_q_ 1) (s=i—d, ...,i+1).

Therefore, by means of (3.4) we have
|ls(g)|§C(0’,~+d+1—O'i_d_l)'“'l : max ]If(d+1)(t)l~
telev-a-1,0i+a+1

From the last inequality and (3.7) we obtain
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Oi+1 ( ) 2
('S e )—T-QAkf()
g, |j=0
éC(ai+d+1_ai—d—1)2(d+l)+l max If(d+l)(t)|2

teloi-a-1,061+a+1l

which together with (3.6) implies (3.5).

Lemma 3.3. Let {4,} satisfy (3.1) and (3.2) and f(t):=t**"#(Int)" (o, feR, x>
—1/2, reN). Then there exists a constant C such that

- Ak)fHLZ((O 1),0)= =~ QAk)fHLZ((O 1),0)

1 \Bola+4)
(—) (nny  if Byla+i)<d+1

IIA
0

d+1
( ) (nn)2 % if Byla+b)=d+1 (3.8)

d+1
( ) (nn)2  if By(a+d)>d+1

Proof. Considering Lemma 3.2, sup|[f“"Y()i<ooc and |o,,,,
—06,_,_11=C1/n, we can easily see that sl 1)

1
JIf =04 fEsClmer™.

Comnsequently, we may assume without loss of generality e=1 (see (3.1)) - ie.,
o;=ck=(i/n) (i=0,1,...,n).
Let i=2(d +1). This implies

(Oirqr1—0i_4_1)= Cli/myo="1/n,,

max  |f4rOO]< C(ifn)Po® 4" V(ini) (Inn) + C

teloi-a-1,0i+d+1]

and Lemma 3.2 yields

1 ny
J1f~QufPEC S (1n)2es i nyte- by
a2(d+1) i=2d+1)

. {(i/nk)zﬂo(a—d—l)(ln i)zr(ln nk)2r+1},

. e (U Danny i Byt 1/2)<d+1
| lf~QAkfI2) <l (Un) Unn) 2 if Byt 1/2)=d+1 (39)
2@+ (1/m) 1 (In n)*" if Boa+1/2)>d+1

For i<£2(d+1), we have
0¥~ () S CA/m)Pd,  1f () < C(1/n)=D(lnn,).
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Now, (3.4) and (1.1) together yield

G2(d+1) 2(d+1)
j' |Q4kf|2§(0'3(d+1)_‘00) z Ms(f)|2§C(l/”k)ﬂ0(2a+1)(ln”k)2r,
0 s=0
F2(d+ 1) i/2
(71 10usP) " s cmyees 2 anny, (3.10)
0
whereas
G2(d+1) 1/2
( j |f|2) §C(l/nk)ﬂ°(°'+1/2)(lnnk)r. (3.11)
0

Finally, (3.8) follows from (3.9), (3.10) and (3.11).
An immediate consequence of Theorem 3.2, (3.3), Lemma 3.1 and Lemma
3.3 is the following special case of Theorem 3.1.

Theorem 3.3. Let a,beH™*?(0,1) (reN), A=aP, ;,+bQ, |, be invertible in
L*((0, 1), C) and strongly elliptic. ye H*(0, 1), where Rex;+1/2+r<s<Rex;+3/2
+7 (i=0,1), and {4,} satisfy (3.2) and the second and third formula of (3.1). If x
=A~'y and x,_denotes the solution of (0.3), then
”xAk _x”LZ((o, 1), 0) -_<— C(l/nk)“(ln nk)v’
where C is a constant and
pr=min{s,d+1, B(Rek,+1/2), B,(Rek, +1/2)}
{1/2 if szd+1 and min{f,(Rex,+1/2), B;(Rex,+1/2)}=d+1
Vi

0 otherwise.

Remark. Theorems 3.2 and 3.3 remain true for operators A=F, ,;a+Q,, (b
and functions ye H*(0, 1) satisfying

WO)=y*(1)=0, k=0,1,...,[s~1/2].

Similarly, Theorem 3.1 can be proved for operators A=F.a+Q,b and func-
tions ye H¥(I').

4. A Numerical Example

Let us consider the equation
1
x(s)—1/n § i(fldtzl (4.1)

~-1 ¢t

which has the exact solution
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Using Galerkin’s method we determine a piecewise constant approximate so-
lution for x (i.e. d=0).

If we set a=1—i, b=1+1i, then the integral operator A defined by the left
hand side of (4.1) takes the form (0.2). Obviously, 4 is strongly elliptic (see
Lemma 1.2) and with the notations of Sect. 3 we have

Rexy=—1/4, Rex,=1/4

Thus, according to Sect. 3 we set

Y J ¥
O'J +(nk/2)7 ank—j 1 (nk/z)’ J ) 7nk/ >
B:={Gor..r ) ).

By exact computation of system (0.3) we obtain the following results.

Table 1
In|x, —x|,.~Injx,  ~x
n =2 T s ses=Xlos
Inn,—Inn,_,

2 0.470

4 0.337 —0.48

8 0.196 —0.78

16 0.107 —0.87

32 0.057 —-092

64 0.029 —-0.95

If the logarithmic error In|x, —x| .. is considered as a function of Inn,,
then the last table shows that the slope of this function tends to —1. This fact
confirms Theorem 3.3 which asserts ||x, —x| .~ 1/n,. In the next table we will
compare the Galerkin approximation with the true solution at interior points.

Table 2

te[ —1,1] X 4,(t) x4,(0) X 44(1) x(t)

—0.95 1.099 1.696 1.775 1.773

—0.8 1.099 1.308 1.202 1.224

-0.5 1.099 1.034 0.950 0.930
0.5 0.515 0.526 0.535 0.537
0.8 0.354 0.404 0.411 0.408

In his paper [28] Thomas implemented and applied Galerkin’s method to
the same equation. By augmenting the space of piecewise linear functions on
[—1+6,, 1—48,] with the singular functions (1+s)® on [~1, —146,] and
(1—9)*t on [1-4,,1], he formed a new trial space and obtained a better
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approximation. This modification could be useful also in calculation with
splines of higher order. The reader can readily verify the same asymptotical
order of convergence for the modified method.

Acknowledgement. The authors would like to thank A.Pomp for the realization of the com-
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