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1. Introduction

The Richardson extrapolation to the limit is a common way of increasing the
accuracy of low order finite difference schemes applied to ordinary as well as to
partial differential equations. Its success depends on the presence of asymptotic
error expansions of the type

(D =uD)+ 3 h¥*eM(z)+o(h™), .1
k=1

in mesh points z, where the coefficients e*)(z) are independent of the mesh size
parameter h. For elliptic equations in more than one dimension the derivation of
such expansions usually relies on some kind of discrete maximum principle
satisfied by the difference operator; see, €.g., [13, 1], and the literature cited there.
Recently, it has been shown in [6, 71, and [8] how one can obtain error expansions
for the Ritz projection method applied to the Dirichlet problem

—Adu=f in Q, u=b on 0Q, (1.2)

on a convex polygonal domain 2CIR2 For linear finite elements on a uniform
triangulation there holds

u(z) =u(z) + h*e(z)+ R, (z; u), 1.3)

h
sufficiently smooth. The proof uses finite element techniques and, therefore, also
applies to some cases where no strict maximum principle is available.

in nodal points z, where R,(z; u)=0<h3 ln1>, provided the solution u is

* The work of the second author was partially supported by the Gesellschaft fiir Mathematik und
Datenverarbeitung (GMD)
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In the present paper we improve and extend the basic result (1.3) in several
respects. The remainder term is shown to be globally of the order Q(h™inl4-2 + /o)
where w € [#/3, n) is the maximum interior angle of Q. In the interior of Q the
order is at least O(h*). In order to allow for more flexibility in approximating
general polygonal domains, we also consider triangulations which are only
piecewise uniform with respect to some macro-triangulation. Then, the expan-

sion(1.3)remains valid with a remainder term of the order O (h‘1L In %) ,in the nodal

points having positive distance from the vertices of the macro-triangles. Finally, in
the case of a curved boundary we show that extrapolation may increase the order

1
of the scheme to O (h3 In E)’ at least in the interior of Q. These theoretical results

are confirmed by some numerical tests which are reported in Sect. 6.

The key to our results is an exact representation formula for the error
(u—wu,) (2) given in [7]; since this source is not generally available the argument is
repeated in Sect. 2 in full detail. The estimates of the remainder terms are based on
sharp L'-error estimates for discrete Green functions which are proven in the
Appendix by using the methods of [4], and [9].

The presence of the asymptotic expansion (1.3) justifies the use of Richardson
extrapolation to the limit =0, for increasing the second-order accuracy of linear
finite elements at least to order three, or four. For example, let T, be a (locally)
uniform triangulation of a smoothly bounded domain and let the triangulation
T, be generated from T, by dividing each triangle as usual into four congruent
subtriangles. Then the known error behavior of linear finite elements,

w,(2)=u(z)+ 0 (h2 In %) ,

for z€ Q, may be improved to

%(4u,,,2 —u) (2)=u(z)+0 <h3 ln %) ,

for interior nodal points z belonging to 7, A similar result can also be obtained for
the approximation of the gradient Vu.

In the following, IP(Q), 1 < p < o0, and H™(Q), HH(Q), W™?(Q), me N, are the
usual Lebesgue and Sobolev spaces, respectively. The symbol ¢ is used for a generic
positive constant which may vary with the context but is always independent of the
mesh size h.

2. Error Representation on a General Triangulation

We consider the model Dirichlet problem
—Adu=f in £, wu=b on 0Q, (2.1

where Q is a bounded Lipschitz domain in R?, and f and b are smooth functions.
For the following, the solution of (2.1) is assumed to be sufficiently smooth, say
ue C*(2), for some n21.
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Let T,={K} be a finite regular triangulation of Q of width h with all its
boundary vertices on 0€2. Here, the term “regular” means that the triangles K e T,
meet only in entire common sides or in vertices, and that each K € T, contains a

circle of radius ch and is contained in a circle of radius —h, with a constant ¢
¢

independent of K and k. Below, we shall mostly consider “uniform” triangulations,
generated by a set of three direction vectors. Corresponding to T;, we define the
following finite element spaces

Sn={v,€ C(Q,)|v, linear on each Ke T,},
Sp={v,e8ylv,=00n09Q,}, Q,=uU{KeT}.

The Ritz projection u, € S, of the solution u of (2.1) is determined by the conditions
u,(P)=b(P), for nodal points P € 0€2, and

f vuVodx= | fo,dx, forall ¢,eSp. (2.2)
[2% On

We shall compare u, with the piecewise linear interpolant i,u € S, of u. To this end,
for any fixed ze Q,, let gZe S? be the discrete Green function defined by

| Vo,V gdx=0,z), foral ¢,eS). (2.3)
Qn
In the following we suppress the subscript z. Since u, —iue S}, there holds
{u,—L,u)(z)= g Viu,—i,u)Vg,dx= ;g Viu—iu)Vg,dx= KZT L, (24
where
L={Vu—iu- Vgdx= | (u—iu)n-Vg,ds.
K oK
(If K¢ 8, u is thought to be smoothly extended to alt of R2)

Let K € T, be an arbitrary fixed triangle. We use the notation A for its area, and
P(i=1,2,3) for its vertices in counter-clockwise ordering.

n

3
Fig. 1. S, side of K opposite to P, ; length of S, n; outer normal unit vector along S;, ¢; tangent unit
vector along S;, D; directional derivative along S;, N; nodal basis function, N(P))=d;;
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Lemma 1. On the triangle K, there holds

3
,:‘2 =0 (2.5)
VN————h—n (i=1,2,3) 2.6
i~ 2A — Ly &y > . )

24 24 .
ti+1'ni—_m’ ti'"i+1—m (i=1,2,3), ()]

where the index i+ 1 is used mod(3).

3
Proof. (2.5) follows from 3" N;=1 on K. Since N,(P;)=4,;, there holds D;N;=0
i=1

and, consequently, VN,;= — H; 'n,, where H; denotes the height of P; over S,.
Hence, observing A=3}H;h;, we obtain (2.6). Finally, in view of the relations
H,=h,cosw and cosw=t,-n,, there holds A=1%h;h,t,-n,, which implies the
first identity in (2.7) for i=1. The others follow similarly. [

We split I as follows

l]’

3
Ig= T IP, I9=[(u—iwn; Vgds.
i=1 Si
On §,, we have, using (2.5) and (2.6),

3
ny-Vg,= ;1 gu(Pny - VN;

={gu(P1)—gn(P2)}n1 - VN +{gu(P3)—gu(P)}n. - VN,
= —h3D;3g,n, - VN, +hDigyn, - VN,

h h
=2 {Dsgh ny-n3D gy} . (2.8)
Further, by the Euler-MacLaurin formula, there holds
n—1
[ (u—iyuw)ds= Y Bh3* [ Di*uds+h3" | B.(s)D}"uds, 29
S k=1 St 81

where B,(k=1, ...,n—1) are certain constants independent of h,, and B,e C5(S;)
NC?(S,). Combining (2.8) and (2.9), we obtain the identities

IP=n, Vg, I (u—iu)ds

h h3 {D3gh ny -n3Dyg,} Z Bihi* j D}*uds

h h3 {Dsgh ny-n3D1g,}hP" I B(s)D3"uds .

The following considerations concern the case n>2.
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Lemma 2. For ve CY(K), there holds

hoh,

hy § vds—h, | vds= 122 s jD2 (2.11)
Ss S1 2

Proof. By the theorem of Gauss, there holds

§Dyvdx= [t,-nvds= [ t, -nvds+ | t,- nyvds,
K 8K S1 83

and hence, observing (2.7),

vds. O

Ij;Dzvdxz B h hz S1 hzhs S3

We apply (2.11) to the integrals | D**uds in (2.10), to obtain
S1

I;g)_h h3D3g,, z B {h | D¥uds— h h2 jD Dz"udx}
2A h3 S3
1h3
T4 "1 n3D. gy Z ﬁkth I D}*uds
h h3

{D3gh ny-n3Dyg,}ht" j Bu(s)D3"uds

2k+1

h2k+2 h h3
Z ﬁk{ SID3ghD2"uds— TR -n3sj D,g,D?*uds

2k+2
b "hahy };2h3 { D3g,D,D*udx
44 e

h%"+ lh3
+ Tsj Bu(5) {D3g,—ny - n3Dg,} Di"uds.

For the area integrals there holds, in view of (2.7),
§ D3gD,D*udx= — { g,D3D,D¥udx+ { t;-n,g,D,D¥*uds
K K Sy

+ [ t3+n,g,D,D*uds
S2

=~ IghD3D2D2 udx+ f g,.D,D*uds

hihs s,
24

2k,
kA, | giD,D*uds .
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Inserting this into the above equation for I’ eventually gives us the identity (valid
forn=1)

h2k+1

n—1
IP= % B 12A {hl § D3guDuds—hsny-ny § D1gyDi*uds
k 53 51

=1

—h, | g,D,D¥*uds+h, Ig,,Dsz"uds}
S, Sa

"ot B ok

+ > B Ve § 9uD3D,DF*udx
k=1 K
h%n+ 1h3
+ Tsj" Ba(8) {D3g,—ny '"3D19h}D%"“dS-

The corresponding identities for I'? and I’ are obtained from (2.12) by shifting the
indices 1, 2, 32, 3, 1, and 1, 2, 353, 1, 2, respectively. The representation

3 -
w(@)=iuz+ ¥ X I (2.13)
KeTpi=1
contains all the information we will need about the behavior of the discretization
error u, —u.

3. Error Expansion on a Uniform Triangulation

In the following, let Q be a convex polygonal domain and 7T, a uniform
triangulation generated by the tangential unit vectors ¢y, t,, and t;. We shall
evaluate the error representation (2.13) for this special situation. To this end, let h
be some mesh size parameter with 0<h<hy <1, and let A=ah® and h;=1h
i=12,3).

Fig. 2

If the identity (2.12) for I’ and its analogues for I, I{® are summed up for all
triangles K € T,, the following simplifications occur.
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(i) All line integrals in the first sum of the type
i Dig,...ds, | gy..ds
Si Si

over interior sides S; are cancelled, since D;= —Dj. The remaining boundary
integrals also vanish since g,=0 on 0Q.
(ii) The area integrals combine to

T W= % Az ),

where

“3

e(z; u)= ﬂkjghl:D D,D; X /IiZkHDiZk_l]“dx-

i=1

(iii) The remainder terms add up to

3 112n+ 1/1
RP(z;uy=h>"y =220 (z;u),
i=1 2“
where
¢(Z u)“ Z jﬂn(s){Dt+2gh n;- n1+2ngh}D2"uds
KeTy S;
and the indices are used mod(3). Taking again into account that D;= —D;, and

that g, =0 on dQ, the sums ?,(z; u) reduce to

Pzu)= 2 IB,. i+20D7"uds .

KeTy S;

Let P,, denote the space of all polynomials of degree less or equal m. From the
above observations we immediately obtain the following result.

Lemma 3. If ue P,,,, then there holds
n—1
u,(2)=iu(z)+ ¥ h*eP(z;u), for zeQ. 3.1
k=1

As a particular consequence of Lemma 3 we see that on a three-directional
triangulation the Ritz projection of a cubic polynomial coincides with its
interpolant.

Next, we state the basic result of this section.

Theorem 1. If ue C*"*¥Q), for some ¢=0. Then, there holds

uy(2) = iyu(z) + Z h**ef(z; u)+ Ri(z; u), (G2

where the remainder term is uniformly of the order O <h2" In ) if e=0, and O(h*") if
e>0.
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Proof. In view of the foregoing discussion, it remains to estimate the quantities

Qi(Z; u)_ Iﬂn 1+2ghD uds

KeTy S;

To this end, we use the regularized Green function § = §° € Hy(Q)nH*(Q) defined
in the Appendix. In view of the relation

[ Vou-Vidx=g4z), forall g¢,eSy,
Q

the function g, € Sy may be considered as the Ritz projection of §.
For § we have the estimate (valid on a general regular triangulation)

1
IV (G—gwlle: +h| Vzéllu=0(hlnﬁ>, (-3)

uniformly for ze€ Q; see [4] and the Appendix. Since §je H%(Q), on a uniform
triangulation there holds

Y. | BuDii2gDi"uds= 3 | B,D;+,gD}"uds. (3.4)

KeTn Si 5:Co8 S:

In view of (3.4), we conclude that, for ue C*"(Q),
D(z;w)|sc T [ IV(G—gnlds+c [ IVglds. (3.5)
KeTy 6K o0

Hence, by a trace theorem,
[®z; WIS clh™ V(@G —g)lle + 172G} (3:6)

This clearly implies the desired representation (3.2), for e=0.

Next, let ue C?**5(Q), for some ¢>0. In order to remove the logarithm, we
have to treat the remainder terms &(z; u) more carefully. Let p € P, be the 2n-th
order Taylor polynomial of u, at the point z, satisfying

ID?(u—p)(x)|Sclx—zlF, for xeQ. (3.7
In view of Lemma 3, there holds
up(x) = iy(x) + Z h**ef(x;u)+ RiP(x;u—p) . (3.8)
We shall use the weight function
O'(X) = O'Z(X) = (lx - Z|2 + thz)l/z ’
where the parameter k=1 is chosen sufficiently large such that

max {max o(x) /mm a(x)} <c, (3.9)

KeTn { xeK
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uniformly for z € 2; for further properties of o(x) sce the Appendix. Then, in view of
(3.4) and (3.7), there holds

Bz u—p)<c ¥ | o IV(G—gplds+c [ o' Pglds. (3.10)
KeTy 0K o2
Using again a trace theorem and observing (3.9), we conclude from (3.10) that

|Bz; u—p) S c{h™ oV (G—gp)ll + 0V ?Flles +ello* ™ Pgla}.  (3.11)
Then, observing that ||6®~ || L. < %, the assertion follows from the estimates

lo' 2V (G—gnli2Sch, (3.12)
la*27gll 2+ llo* *2P 3§ . <c, (3.13)
which are proven in the Appendix. [

Next, we want to derive asymptotic expansions for the error u,—u, with
coefficients ¢® independent of h. To this end, we shall need more information
about the regularity to be expected for the solution u of the Dirichlet problem (1.2)
on a polygonal domain. Since Q is convex, u € H*(Q). Further, u is smooth on
interior domains €, C C. At the corner points z; the regularity may be reduced
depending on the corresponding interior angles w;. Let (r;, §;) denote local polar
coordinates at z;. Then, u admits a representation of the form (see [12])

7

where s,(r;, 0,) =’ sin (% 0 j>, forw;+ g, and i e C2**(Q) with some ¢ > 0. In the
Jj

. ®
special case w;= 5> One has

. T,
siry0)=r} (lnrjsm20j+0j00320j+ —2—s1n29j> ,
near the corner points z;.
On a general regular triangulation of @, there hold the convergence estimates

O(h'*%), for 0fax1,

lu—upllL»= 1
O(kzlng>, for a=1,

(3.15)

for u e C' *%({J); this may be proven, for instance, by the methods of [4, 9. If the
triangulation is uniform, we obtain the following

Corollary 2. If ue C*>*%(Q), for some >0, then there holds
|t — thy|| oo = O(H®) . (3.16)
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This directly follows from Theorem 1, with n=1, and the interpolation
estimate

lu—iull - =O(h?), (3-17)
for ue W2 *(Q). For the weak solution of (1.2), there holds
=l w0y = OCH?). (3.18)

on any subdomain Q,CQ having positive distance from the corner points of 0Q.
This local result also follows from the proof of Theorem 1, if one multiplies the
Taylor polynomial p of u at the point z € @, by some smooth cut-off function y,
separating Q, from the corner points of 0Q, and observes that ue H(Q)
NC**(Qnsupp(y))-

For a uniform triangulation with rectangular triangles the above logarithm
free error estimate has been proven in [5], and earlier by finite difference methods
in [2]. The estimate (3.18) even holds true if the triangulation is only required to be
uniform in some subdomain containing €2,. As a further by-product of Theorem 1
we obtain the following super convergence result.

Corollary 3. If ue C**%(Q), for some e >0, and if the uniform triangulation consists
of equi-lateral triangles, then there holds

(u—u,) (2)=0(n*), (3.19)
uniformly in nodal points z € Q.

On the equi-lateral triangulation we have
21=12=13, D1+D2+D3=0,

and consequently, el) =0. Then, the result (3.19) follows from (3.2), with n=2. In
this special situation the finite element scheme may be interpreted as a fourth-
order Hermitian finite difference approximation on the equi-lateral triangular
mesh; see [3; Chap. V].

For the following, we denote by g=g* the Green function of problem (1.2)
corresponding to a point z€ €, and set

3
wOe; w)="23 4., DD, 3 7+ 1DE ut).
i=1

Lemma 4. The coefficients el¥) in the representation (3.2) are the Ritz projections of
the functions

e®(z; u)= | wh(x; u)g*(x)dx,
(2]

which are the solutions of the Dirichlet problem
—dv=w® in Q, 0v=0 on 0Q. (3.20)

Proof. The assertion is an easy consequence of the symmetry of the Green
functions, ¢*(x)=g"(z) and gi(x)=gi(z). O
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Combining Lemma 4 with Theorem 1, we obtain the following basic expan-
sion result.

Theorem 2. Let ue C**%(Q), for some ¢>0. Then, there holds

uy(2) =u(z)+ h*eV(z; u)+ O(h*) (3.21)

in nodal points z € Q having positive distance from the corner points of 0. If the

maximum interior angle w of 0% differs from > then

u,(2) = u(2) + h2eV(z; u) + O(h™inl4 2+ n/ely (3.22)
holds uniformly in nodal points ze Q.
Proof. By Theorem 1, we have
w,(2) =i,u(z) + h2el(z; u)+ O(h*)
=i,u(z) +h2e'V(z; u)+ h*{e{(z; u)— e (z; w)} + O(h*).
By Lemma 4, ¢{! is the Ritz projection of the function eV satisfying
—deM=w? in Q, V=0 on Q.
In view of the representation (3.14), we may conclude that ee C!*%Q) with
o= g —1, for ~ 5 <o<m, and e e C2*¥(Q) with some &>0, for — 3 <a)<g
Hence, by the error estimates (3.15) and (3.16),
1€ u)~ (5 w)l| o = O(R™RE ),
which implies (3.22). The local expansion (3.21) follows in the same way by the local
error estimate (3.18). O
The case w=g is somewhat exceptional since here the regularity of e is

determined by local compatibility of the data. If

4 '12’13 217273 8,D,D,D, z ABDuP)= (3.23)

in the corner points, then eV’e C2**(Q), and (3.22) carries over to that case;

otherwise the remainder term is of the reduced order O{ h*In ﬁ) Condition (3.23)
may always be satisfied by local modification of the data f, b.
A more careful analysis of the difference el — e") yields an extended expansion

of the form

u(2) = u(2) + h2e'V(z; u) + h*&3(z; u) + O(hminl6- 4+ nlely (3.29)
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in interior nodal points z, where
é(z; u)y=e(z; u)+eM(z; eV(-; u)).

We skip the very technical details.

Finally, we like to emphasize the fact that the proofs of our expansion results
do not rely on any kind of discrete maximum principle, in contrast to most of the
related results for finite difference schemes. In fact, the triangulations 7, are
allowed to consist of triangles with obtuse angles in which case the discrete
analogues of the model problem (1.2) are not of monotone type. This implies that,
by a simple coordinate transformation, our results in a certain sense carry over to
the case of a more general elliptic operator

62
iy 0x,0%; 0x;”

nMN

with constant coefficients, which is not necessarily separable.

4, Error Expansion on a Piecewise Uniform Triangulation

Let the polygonal domain Q be subdivided into a finite number of macro-triangles
QY and let ;¥ be uniform triangulations of the Q9, such that T,= {J ;¥ is a
regular triangulation of Q. i
Summlng the identity (2.12) for I{}), and its analogues for I?), I, separately for
K e TY, we obtain the following.
(i) The line integrals of the type

| Dygy,...ds, | g...ds,
5 s

i

over interior sides S; in Q9 are calcelled. The contributions from sides S;C QY
add up to

LED(z; u)= &

Z { tz!t‘-;-z .‘.Dlgth+1uds
_Ai2k+1}'i+2ni'ni+2i[. Dyg,Di*uds

—AH 0 .‘.9th+ 1DFuds+i7E5? I_ghDiDizfzuds}’

where A, =19, a =", D,= DY are the characteristic quantities of the triangulation
T, and I;=TY is the part of QY corresponding to the direction Y.
(ii) The area integrals and the remainder terms combine to

n—-1
Tz u)= I Wz u)
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and

] 3 }.~2n+ll~ .
Rgl,,,l)(z; u)=h2n 2 'T“l” ¢§1)(z; u),
i=1

where the quantities ef*/(z; u) and ®¢(z; u) are of the same form as {(z; u) and
@,(z; u), respectively, but now corresponding to the triangulation T,%) of QU
Using the above notation, we introduce the functions

@9z )= T {2 w)+ Lz w)},
j
and
Rz u)= TRz u).
J
Then, there holds the error representation
uy(z) = iyu(z) + :‘i h**e(z; u)+ RM(z; u). @.1)

Analogously to the preceding section we define the continuous coefficients
e®(z; u), e*(z; w), and L*(z; u) by replacing g, by g in the terms e{”(z; u), and
L%9(z; u). With this notation we have the following.

Theorem 3. Let ue C**%(Q), for some ¢>0. Then there holds

uy(z) =u(z) +h*e(z; u)+ 0 <h“ In %) 4.2)

in nodal points z € Q having positive distance from the vertices of the macro-
triangulation.

We note that the expansion (4.2) even holds in nodal points on the macro-edges
where the triangulation is not uniform.

Proof. From the proof of Theorem 1 we directly see that the remainder termin (4.1)
is again of the order

R@(z; u)=0 <h4 In %) 4.3)

uniformly for z € Q, if u e C*(Q). Indeed, the only difference to the case of a globally
uniform triangulation is that now, on the right hand side in (3.4), the sum has to be
extended over all edges ;e 0.

J
In view of (4.3), it remains to estimate the difference e’ — (1. First, we consider
the area integral v,= Y e{1*(:; u)e S, which is again the Ritz projection of the
i

function v= 3 et (-; u). Clearly, v is the solution of the Dirichlet problem (3.20)

J e
with a right hand side w € L*(2) being piecewise C?, w € C*(Q"Y). From this one may
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infer that v e H*(Q) and piecewise C>*¢,ve C2*¥(QY\BY), where BY denotes some
neighborhood of the vertices of QY. Since the triangulation T, matches the macro-
edges, we obtain, by a standard argument, that

> {eNz; u)—et Nz, u)}=0<h2 ln%) , (4.4)
J
for points ze Q\BY.

Next, we compare the terms L}*/(z; u) and L'**9(z; u). That means that we
have to consider line integrals over macro-edges I; of the type

IDi(Qh_g)Dizuds and I(gh_g)Di+1Di2uds'
L I

Let us fix some macro-edge I; with end points P, Q. Then, integration by parts
yields

§ Dig—g)Diuds =~ (gu—g)Diuds +(g,—g)Diulf
Hence, it remains to estimate quantities of the form

; (g—gwyds and (g—g,)(P),

where I' is a macro-edge, P an interior macro-vertex, and  stands for the trace of a
C!'*=-function.
In the Appendix, Lemma A3, we prove the local estimate

- ®=0(Knt). @s)

for points P € 2, having positive distance from z, and from the corner points of 0.
Further, we prove the “negative norm” estimate

;(g—g,,)tpds=0<h2 1n%>, (4.6)

for any straight line I'CQ consisting of edges of the triangulation, where y is the
trace of a C! **-function, and dist(z, {P, @}) > 0. Combining the estimates (4.6) and
(4.5) implies that

L49(z; u)— L z; ,,,)=0<h2 1n%>, CY))

for points z e Q\J B?. This completes the proof. [
i

We note that the expansion (4.2) extends to all nodal points z along the

boundary 0 with the reduced order O h*In %) of the remainder term. To see this,
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we replace the estimate (4.6) by
[@—govds=clPg—gllus, (4.8)

and use a result from [4] (see also the Appendix),

¥g-gii=0(hint). “9)

which holds uniformly for z € Q, on a general regular triangulation. In the estimate
(4.4), we remain with the order O(h), uniformly for ze Q, since ve H*(2). This
together with (4.3) clearly implies the desired result.

As a by-product of Theorem 3 we obtain some information concerning the best
possible order of convergence of linear finite elements. Let the macro-triangulation
have only one interior vertex, P, and, using the notation of Sect. 2, let the edges be
numbered such that P=PY{ for every Q@ containing P. Then, from the proof of
Theorem 3, we see that

uy(2) =u(z) + h*gy(P) 2. E{P)+ oh?), (4.10)

where
1
E(P)= % [(A45D3u— A3A3n, - n3Diu)—(A3D5u— A3An, - n  DIw)] (P).

Consequently, if

2 E{(P)=*0,
J
the error in the nodal point z=P behaves asymptotically not better than
1
uy(P)=u(P)+0 <h2 lnﬁ>, 4.11)

since g (P)gclnz. This proves that, in general, the Ritz projection onto linear

finite elements does not allow for a better convergence estimate than (3.15), even if
uis arbitrarily smooth; for a further discussion of this point we refer to {9] and [5].

5. Error Expansion on a Smoothly Bounded Domain

Let us finally consider the error representation on a domain Q with a smooth
boundary 9. In general it is no longer possible to subdivide Q by a piecewise
uniform triangulation. Instead, let 22 be an interior polygonal domain satisfying
m% dist(x, QY)=0(h), and let the triangulation T; be uniform in Q2. On

B,=0Q,\Q?, the triangulation is only assumed to be regular in the usual sense.
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Analogously to the preceding sections we have to discuss the terms in the error
representation formula (2.13).

(i) Asnotedin Sect. 3, allline integralsin (2.13) not belonging to the remainder
are cancelled on edges interior to QF. Therefore, we have the contribution

I 0= X Iz ),
j

where [§? is defined as in Sect. 4, but now the index j refers to every triangle
separately. The sum Y’ extends over all triangles containing the edges I; C B,u0Q;.
(i) The sum over the area integrals in (2.13) results in an integral over ,,

AA,A 3
T .‘.gthDzDs b3 /1i2k+1Di2k_ludx
K i=

& (z; u)=py R

eTy 4“2
= [ gDy(wdx .
(2
Since the characteristic quantities D;, 4, and « will be different for every K € B,, the

functions D,(u) are only piecewise smooth near the boundary.
If we again define the function e®(z; u) by replacing g, by ¢ in the coefficient

ez u)=&W(z; u)+ Li(z; u),
we obtain the following local error expansion.

Theorem 4. For ue C*(Q), there holds

uy(2) =u(2) + h*eV(z; u)+0 (h3 In %) 5.1

uniformly in interior nodal points z € Q,C CQ.
Proof. From the proof of Theorem 1 we sec again that the remainder term

R{?(z; u) is of the order

1
RP(z; w)=0 <h4 lnﬂ> , (5.2)
uniformly for z € 2,. In the present case of a locally uniform triangulation the sum
on the right hand side in (3.4) has to be extended over all edges I;C B, =2,\Q2}.
Since B, has width O(h), we may conclude that

by IIVg"IdS§C{h"‘B§ IVﬁldx+Bf IVZJIdX}éleZéIlu,

SiCBy S;

which again leads to the crucial estimate (3.6).
Hence, it remains to estimate the difference e™V(z; u) —e{V(z; u). For the area
integrals we again use the fact that e{!)(z; u) is the Ritz projection of

[ gD(wdx,
Q
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which is the solution of the problem
—Av=D,u) in Q, v=0 on 0Q.

As noted above, D, (u) is merely bounded. Hence, we may use a result from [4],
Satz 2,

1 2
lu—upllLo Sch? <lnﬁ> 1Aull e,

to obtain

1239¢; ) =&V W)l <

40— {901

+0(h2 ln%> =0(h2 (ln%> > 53)

Next, we consider the line integrals collected in LY(z; u)— Li{(z; u). Let Py, Q;
denote the endpoints of the line segments [;. Using integration by parts, we obtain

Iz w) - LPz wy=Y" | (g—gwD’uds+ X' (g—g)D’ulf:. (5.4)
I I L

In Y all contributions over the edges in B,ud£2? are added up, and D*u contains
I,

appfopriate combinations of k-th order directional derivatives of u. The first term
on the right hand side again admits a global estimate. By a trace theorem we have

;’ ﬁ (g-g,,)D3uds’ §céf [V(g—g,)ldx=0 (hln%) , (5.5

uniformly for z € Q; for the L'-estimate for the Green function see the Appendix.
For the last term in the identity (5.4) we can only prove a local result. Using the
pointwise estimate

r(gZ—gz)(x)|=0<h21n%), for |x—z|>c,

proven in the Appendix, we obtain
1
3 (g—g)D*ul§i=0 <h2 In %) card{P;e B,} =0 (h In ﬁ) . (5.6)
I

The combination of the error contributions (5.3),(5.5), and (5.6} gives us the desired
result. O

We note that, of course, the definition of the error coefficient ¢*)(z; u) depends
on the triangulation T, through the geometry of the boundary B, which may
change with the mesh size h. In order to use the expansion (5.1) for Richardson
extrapolation, we construct a refinement T, of T, by, first, subdividing each
triangle K € T, into four congruent subtriangles and, then, projecting the new
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nodal points on 9, onto the curved boundary Q. For this special refinement, we
have

2
()~ (@) =)+ o (e 1, Ty) 35 0, )

+0(h3 ln%). (5.7)

The difference of the two error coefficients vanishes up to the contributions from
the boundary strips By, and B,, respectively. There are three different groups of
terms which remain to be estimated:

1. area integrals of the form

AtArAs Atd, A
D$D,Djudx— 1723 {gD?
Kez?;i,/z 402 }f(g 120X Kezﬂ. 402 }f{g iD:Dudx,
where T/ ={K e T,, KCB,},
2. line integrals of the form
A 4
2 =l jDigDi2+1udS'— 2 il IDigDiz+1”dS,
nésh, 200 LS, 200 I

where S, ={I;, [CB,\0Qy}, Spz={L;€ 8y, LCU{T €8,}},
3. line integrals of the form

A4
i+1 2
D | DD}, uds.
T;eSu2\Shy2 <% I;

In the boundary strip B,,, two adjacent triangles do not necessarily form an
accurate parallelogram. However, integrals of the form

; Dig{(tis 1+ V)u—(ti4 (- V) u}ds
over edges I € S;,,\S,, are of order O(h?), since (see Fig. 2) t; 4+t =O0(h), by
the construction of 7;,,. By arguments of this type one easily sees that

e(z; u, Ty p) — ez u, T)=0(h),

which, in view of (5.7), yields the extrapolation formula
1
Hauy, () —u (D)} =u(2)+0 <h3 In ﬁ> ; (5.8)

in interior nodal points z belonging to T,.

The fact that we cannot obtain the expansion in Theorem 4 uniformly for all
nodal points z € Q resembles the well known result for finite difference schemes
that only a boundary approximation of sufficiently high degree will lead to a global
expansion; see, e.g., [13].
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6. Numerical Tests

For verifying the theoretical results of this paper, we have solved the model
problem (1.2) on several triangular domains, and on the unit square using various
piecewise or locally uniform triangulations.

(1) (I1) (I1D)

T -3, =F
| w=7 w7 3
P
N\ : /< 3 \
[} 1 [}
(v (V2] (vi)
Q
P
P
P ‘/
o 1 o 1 a 1

Fig. 3

The above figures show the coarsest triangulation, T;, corresponding to the
mesh size h=h,. From T,,, the refined triangulations T;, for i > 1, are constructed by
successive decomposition of each triangle into four congruent subtriangles of size
h;=2"1h. In the case (VI) the triangulations T; are kept uniform up to a boundary
strip of width h;. The data f, b have been chosen such that the solution u is always a
polynomial. Although our numerical results cannot be considered as exhaustive,
they are certainly representative for the case of a smooth solution. The errors
e;=u—uy, for i=0, and the extrapolated errors

&=%(4e; 1 —e), &=75(64€;,—20e;,,,+e),

have been evaluated at the indicated points P. The following tables show the
corresponding error quantities ¢; = |e;, & =€, & =&}, and the approximate orders
of convergence m;, m,, m;, which are calculated according to the formula m; =(Ing;
—Ing;, ,)/In2. The theoretically predicted orders of convergence are listed as m,.
We note that the error behavior shown in the Tables 1-6 is representative for all
nodal points belonging to the coarser meshes.

Table 1. u(x,y)=22(x* —x+1) (> —p+1), P=(1/4,1/4)

i & m; & m; & m;

0 20(-3) 1962 17 (=5) 3.776 19 (=7) 5.532
1 5.1 (-4 1.989 1.3 (—6) 3.930 42(-9) 5.837
2 13 (=4 1997 8.3 (—8) 3.981 7.3 (—11) 5.952
3 3.2(-9) 1.999 5.3(-9) 3.995 1.2 (—-12)

4 80(—6) 2000 33 (—10)

5 20(—6)  m,= my, =4 m,=6
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Table 2. u(x, y)=16(x>—x) (> —y), P=(1/4,1/4)

i & m; & m; £ m;

0 6.5(—2) 1.895 1.6 (—3) 3.154 8.7 (-5 4.076
1 1.7(=2) 1.955 1.8 (—4) 3.493 5.1 (—6) 4.762
2 4.5(-3) 1.984 1.6 (—5) 3.768 19 (=7 5.142
3 1.1 (-3) 1.995 12 (-6) 3.906 54 (-9)

4 28 (-9 1.999 8.0 (-8

5 71 (-5) my=2 m, =4 my, =53
Table 3. u(x,y)=16%x*—x)2 (>~ )%, P=(1/2,)/3/4)

i & m;

0 8.3 (—4) 4.037

1 51(-5) 4.008

2 32(-6) 3.996

3 20(-7) 3971

4 1.3(-98) 3.887

5 8.5(~10) my=

Table 4. u(x,y)=16(x>—x) (* —), P=(1/2, 1/2)

i & m; e/} &/(h In1/h)

1 7.7(-2) 0.913 0.309 0.445

2 4.1 (-2 1.432 0.656 0.473

3 1.5(-2) 1.610 0.972 0.465

4 50(-3) 1.698 1.274 0.460

5 1.5 (-3) 1.752 1.571 0.453

6 4.6 (—4) 1.866 0.449

Table 5. u(x, y) =16(x>—x) (> —y), P=(7/16,3/8), Q=(7/8,3/4)

i & m; g m; g 7

1 4.5(-2) 1.907 1.0(-3) 3.679 1.7 (-5) 5.323
2 12(-2) 1.972 7.8 (—5) 3.889 42 (-7 6.065
3 31 (-3) 1.993 53 (—-6) 3.975 6.2 (—9) 6.283
4 7.7 (—4) 1.998 34 (=7 3.995 8.0 (—11)

5 19 (-4 2.000 21(-8)

6 4.8 (-5 my,= my,~4 my~?
Table 6. 1(x, y) = 16(x>—x) (> ~y), P=(1/2,1/2)

i & m; g m;

0 4.0(-2) 1.891 1.0(-3) 3.917

1 11 (-2) 1.974 6.9 (—5) 2.649

2 31 (-3) 1.985 1.1 (-5) 2.948

3 1.7 (-4 1.992 1.4 (—6) 2.666

4 19 (-4 1.995 22(=7) m,~3
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The tests I and II confirm the local O(h*) result in Theorem 2 and also indicate
that an extended expansion of the form (3.24) may be valid. In test ITI, we see the
O(h*) super convergence of the error e; which has been predicted in Corollary 3.

Test IV isintended to clarify the question for the optimal order of the pointwise
convergence discussed at the end of Sect. 3. Although, the triangulation involves a
considerable symmetry, the numerical results clearly show the logarithmic

error behavior, O (h2 In %), for this particular configuration there holds
2L E{P)=—44u(P)=+0.

’ Test V supports the result of Theorem 3 that the expansion (4.2) holds true with
a remainder term of the order O (h“ In %), even in nodal points on the macro-edges

where the uniformity of the mesh is disturbed.

Finally, test VIstands as a model for the case of a smoothly bounded domain in
so far as the uniformity of the mesh is perturbed in a boundary strip of width O(h).
Further, it is guaranteed that the presence of the corners of 6Q does not effect the
desired order of the error expansion, since u is chosen such that the compatibility
condition (3.23) is satisfied. The quantities ¢;, in Table 6, refer to the absolute errors
on the meshes T; which are kept uniform up to a boundary strip of width h;. The
extrapolated quantities & are computed from ¢; and from the errors &/, ; on the
meshes T, , which are obtained from T; by subdividing each triangle into four
congruent subtriangles yielding a boundary strip of width 24, ,. Hence, ¢/, ; may
slightly differ from ¢;, , which corresponds to the mesh T;, ;. The results listed in

Table 6 show that our local O<h3 In %) estimate for the remainder term in the

expansion (5.1), Theorem 4, is sharp. Further, a comparison of the orders r; for a
sequence of points approaching the boundary indicates that the expansion cannot
be extended up to the boundary.

Appendix

In the following it is generally assumed that the domain 2 CR? is polygonal and
convex, and that the triangulation T, = { K} of Qis regular in the sense of Sect. 2 but
not necessarily uniform. However, the results presented below remain valid with
minor changes in the case of a curved boundary, 0Qe C?*¢ provided the
boundary approximation is of the order O(h?). Since most of the argument used in
this section is fairly standard now in the error analysis of the finite element method,
we will suppress some of its technical details.

Corresponding to an arbitrary fixed point zeK,, K,eT, let
g=g°e W"27%Q) be the Green function for problem (1.2) and g,=gi€e S} its
discrete analogue defined by (2.3). Further, we introduce a so-called regularized
Green function §=g*e HY{(Q2)nH*(Q) as the solution of the problem

—Ag=8§ in Q, §=0 on 0Q. (A.1)
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Here, §=56%€ CP(K,) is an approximation to the Dirac functional in z, satisfying
[V*o|<ch™27*, k=0, and (see [9])

{piddx=p,(z) forall ¢,eSP. (A2)
Q

Clearly, g, may be interpreted as the Ritz projection of §. Corresponding to the
point z, we define the weight function

o(x)=(x—z?+x*P*)"?, k=1,
which approximates the distance function |x —z| and satisfies
(P*o(x)|co! Mx)Se(kh)t ™%, k=1. (A3)
The parameter k may be chosen sufficiently large such that

max {max o(x) /mm a(x)} <c, (A4)

KeTn [ xeK

uniformly for ze Q.

Lemma Al. For any fixed £>0, there holds

£

3 3 1 1/2
lo"*P g2+ ||01”/2‘729||L2§C<E + 8—) , (A-3)

. 1 hs 1/2
uom“V(g—g,.)luzgc(;+?> h, (A6

uniformly for ze€ Q, if x is chosen sufficiently large independent of h and .

Proof. From [9], formula (2.18), we obtain the result

f é“erwgugh)ﬁdxgchzgz o225 dx (A7)

for £ 20, which holds for any function § e Hy(2)nH?*(Q), if  is chosen sufficiently
large. Moreover, a standard argument leads to the a priori estimate

[ {oPg*+ 0> P3G} dx s 5 | o>+ 5P do+-ce? o2, (A8)
Q Q

for £>0; see formula (3.6) in [9]. Then, observing that

Gl = Irf? Vavgrdy = '!) 59"dy| <c{flna(x)|+1}, (A9)
and 8] <ch™2, we find that
f{a‘|V§|2+az+E||72§{2}dx§%{1+%—}. (A.10)
2

This clearly implies the assertion. [J
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-1

Taking e= <1n %) in (A.5) and (A.6), and observing that |jo " ?||.: <¢ ln%, we

may obtain the following estimates, for the limit case £=0,

1
Tz V29~uu=o<1nz>, A1)
l V(ﬁ-gh)llL::O<hln%), A12)

uniformly for z € Q. We note that these results, (A.11) and (A.12), have been proven
in [4], Satz B4 and Satz 1, for the case of a smoothly bounded domain.

Next, we will derive the local error estimates for the Green function g* used in
the proof of Theorem 3. These estimates are essentially not new, but for our
particular situation no explicit proofis apparent to us in the literature; for related
results we refer to [10] and [11].

As a further result from [4], Satz 3, we note that

I V(g‘gh)Hu:O(hln%), A13)

uniformly for ze Q. In order to prove the local error estimates, we need some
technical preliminaries.

In [9] it has been shown that the Ritz projection of H3(£2) onto Sy is bounded
with respect to the norm of W' *(Q), namely

lullws. = S lullps. (A.14)

for ue HY(Q)nW =(Q), if Q is a convex polygonal domain. This result remains
valid also for a curved boundary dQe C?**, In the following we shall use a local
version of (A.14) which may be proven by combining the methods of [9] with a
suitable localization technique (see, e.g., [11]); for the sake of brevity we skip the
fairly standard argument. Note that in the estimate (A.14) and in its local analogue
presented below, no factor In1 occurs.

h

Lemma A2. Let Q,CQ and Q= {x e Q|dist(x, Q,) <d}, for some d>0. Then, for
sufficiently small h, there holds

c
”uh||W1=°°(QO)§C ||“||W1v°°(98)+ E{”““Ll‘f'h”““m} > (A.15)

Sor ue H{(Q)nW =(QF).

We use this result in deriving local error estimates for the generalized Green
function §” corresponding to some point ye Q. Let Q,C Q2 be such that for some
fixed d>0, Q4 has positive distance from y and from the corner points z; of 0Q.
Then, §* € HY(Q)nW?**(Q4) with norms

RGN+ 1 w2 gy Sc, (A.16)



34 H. Blum et al.
uniformly for yeQ. Applying the bound (A.15) for the Ritz projection of
i, —gLeSP, we obtain
Iléy—yillwummécallg'y—i;.g"yliwn,mmg)
+e, 1§ —ind iz + PI G — inG g}

and, consequently, in view of (A.16),

17— gillwr.op S Cah- (A17)
This result is the key to the following.
Lemma A3. For the Green function g, there holds

@@ m=0(wn3), (A18)

in points y € Q having positive distance from z, and from the corner points of Q.

Proof. Let z;,j=1, ..., m, be the corner points of 6X2. The Green function g* may be
split as follows

g7 (x) = s9(x) + g‘, yis(x), (A.19)

1
where 5@ —2nIn—— i € C**%(Q), and sV =r}*sin ((z 0 )x ; are the “singular”

functions mtroduced in (3.14), multiplied by some cut- off functions yx;, such that
s9=0,j=1,...,m, on 0Q. Let s{’ be the corresponding Ritz projections. We shall
estimate the errors 5O {9 and s —s j=1, ..., m, separately.

Let y € Q be any point with positive distance from z, and from the corner points
z;. Using the regularized Green function §°, we obtain by a simple calculation that
(see [4], or [9])

—s) )= [ V(s— i)V (@ —gh)dx+O0(h?), (A.20)

2
where the notation s stands for any of the “singular” functions s* or s¥). We start
with the case s =5@. Let B, be a circle with positive radius and center in z, such that

dist(y, B,)>0, and dist(z;, B,) >0. Then, we have

'n\fa V(s—iy9)V(@—gh) dX‘ SV —in )lie@anlV(@ — gl »

—ig SV (F gh)dx‘ ScllV(s—ig )l V(@ gh)”L‘”(QnB,)’

B,

where i; s € SY is some modified interpolant taking care of the singularity of s =s®
at z. For the interpolation error one finds

Vs =iy i=@py=00), IV(s—iys)l:=0 (h In %) : (A.21)
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Further, from (A.17), setting Q,=Q2nB,, and from (A.12), with z replaced by y, it
follows that

~ 1
V(@ — g lLo@nny=00h), V(@ gl =0 (h In ﬁ> ‘

Combining the above estimates yields
(s—s,)(y)=0 (h2 In %) , (A.22)

for s=s9. Now, let B; be a circle with positive radius and center in z;, such that
dist(y, B;)>0. Then, by an analogous argument as used above, we obtain (A.22} for
s=sY. This completes the proof of (A.18). O

The following lemma contains a non-standard negative norm error estimate,
for the Green function.

Lemma Ad. Let I'CQ be a straight line consisting entirely of edges of the
triangulation T,, and let y be the trace of a C' **-function on I', for some ¢>0. Then,
there holds

f(g*— g;)wds=o(h2 ln%), (A.23)

provided z has positive distance from the end points of T.

Proof. We continue using the notation of the proof of Lemma A3. Let ye I, not
necessarily bounded away from the corner points z;. Then, for s=s9, j=1,...,m,
the identity (A.20) takes the form

s—s) ()= {f) V(s—i)V (@ —g)dx+ch*{{y—z"2+1}.  (A24)

With the weight function o,(x) = (|x — y|*+ k*h?*)"/? satisfying (A.3) and (A.4), there
holds

’5 V(s—ihS)V(ﬁy—g;y.)dxy = (I o, *|P(s— ihS)IZdX)”2 (I ffyle(éiy—g%)IZdX)”2 :
2 Q 2

Using (A.4), we find by a straightforward calculation that
({[) <7y'2|l7(s—i,,s)|2dx>”2§ch(‘_f2 ay'2|l72s|2dx)”2

1 172
éch(lnﬁ) {ly—zf@~ 241},
1 -1
and by Lemma A2, choosing there g= (ln 71) ,

(i GflV(ﬁy—gi)Izdx)”’=0(h<1n1)1/2>.
o h



36 H. Blum et al.

We insert the last three estimates into (A.24), and obtain
1
Is~s) (M <ch? Ing{ly—z""2+1}. (A.25)
Integrating in (A.25) for ye I yields

1
;ls—s,,|ds=0<h2 lnz> , (A.26)

for the “singular” functions s=sY9, j=1,...,m.

Next, we set s =s'?. Since z has positive distance from the end points P, Q of I,
there exist circles Bp, B, with positive radii and centers in P and Q, respectively,
such that z ¢ BpU B, Then, we may use the estimate (A.22), for ye I’ N(BpUBy), to
obtain

§ Is—slds=0 (h2 In 1) ) (A.27)

I'n(BpuBg) h

In view of (A.27), we can assume without loss of generality that the function v in
(A.23) vanishes in a neighborhood of the endpoints P, Q. Under this assumption,
we shall complete the prove of (A.23) by using a duality argument. Let v € H3(Q) be
the solution of the auxiliary problem

[ VoVvdx= [ opds, forall ¢eHLR). (A.28)
2] r

Clearly, ve H(Q\)NW?>(Q,\I'), for any subdomain Q,CQ having positive
distance from the corner points of 6Q2. Let v, € Sp be the Ritz projection of v. Since I’
is aligned with the edges of the triangulation, we have the global I*-estimate

o —vyll 2+ hllo—vyll g = O(h?), (A.29)
and, according to (A.15), the local L®-estimate
V(0 — vl Loy = O() - (A.30)
One can justify setting ¢ =s—s, in (A.28), to obtain

fG=sppds= [ V(s—s,)Vvdx= [ V(s—iy s)V(v—v,)dx, (A.31)
r 2 2

where i;’seSP is some modified interpolant of s. Then, using (A.29), (A.30),
together with the estimates (A.21), for the interpolation error, we arrive at the
desired negative norm result

_f(s—-s,,)lpds=0(h2 1n—1—) \
r h

for s=5. This completes the proof of (A.23). O
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