Invent. math. 69, 375-392 (1982) Inv@ﬂflm/les'
mathematicae

&, Springer-Verlag 1982

On the Entropy of the Geodesic Flow
in Manifolds Without Conjugate Points

A. Freire and R. Mané*

Institute de Matematica, Pura e Aplicada, Dona Castorina 110,
Jardim Botanico, 22460 Rio de Janeiro, RJ, Brasilien

Introduction

Let M be a compact Riemannian manifold and M its universal covering. In
[7] Manning introduced the volume growth rate A of M defined by:

1
/= lim —logvolB,(p)

r—+x f

where pe M and B,(p) denotes the ball with center p and radius r. He proved
that this limit exists and is independent of p. In fact the relation between the
growth of the function vol B,(p), the curvature of M and its fundamental group
had already been considered by several authors (Milnor [10], Margulis [9],
Dinaburg [2]). The constant 4 and =, (M) can be related as follows: Let N be
a fundamental domain of M and let G={gen,(M)|gNAN=+0}. Milnor
proved in [10] that G is a generator of n,(M). Define the growth rate o of
7, (M) with respect to the generator G as lim k~'log N(k) where N(k) is the
k

k- + oo
number of elements of n,(M) which can be written in the form [] g;, g¢€G,
i=1

1 i<k This limit always exists and depends on G. However, the fact that « is
zero or positive i1s independent of the generator [10]. In the second case we
say that m,(M) has exponential growth. Then, if d, and d, denote the minimum
and maximum distances between the sets N and | J{gN|gNNN=§}, the
following inequality holds:

These inequalities were essentially proved by Dinaburg [2] and Milnor [10]
respectively. In particular A>0 if and only if #,(M) has exponential growth. In
[7] Manning related the dynamics of the geodesic flow ¢: RxTM,—>TM, to
4 in the following way: If h, (@) denotes the topological entropy of ¢:

Iy (@) 2 4 (1
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and
htop((p) =4 (2)

if the manifold has non positive sectional curvature. In fact his proof holds
without any change for the more general case of manifolds without focal
points and, with some alterations, it can be extended to Riemannian manifolds
whose geodesic flow is Anosov. It is then natural to ask whether (2) holds for
manifolds without conjugate points. This class of manifolds obviously contains
the manifolds without focal points and, by a result of Klingenberg [6], ma-
nifolds whose geodesic flow is Anosov. The main objective of this work is to
give a positive answer to this question under some mild regularity assumptions
on the Riemannian structure:

Theorem L. h, (@)=4 if M has no conjugate points and its Riemannian metric is
Hélder C3.

Manning’s proof of (2) uses the hypothesis on the curvature of M only to
insure that if y;: [a,b] > M, i=1, 2 are gecdesic arcs, then:

d(y, (1), 2 () =d(y,(a), y,(@) +d(y,(b), 7,(b)). 3)

This property is also true for manifolds without focal points (see [5] for a
proof). When the geodesic flow is Anosov it is not difficult to prove, using the
results of Eberlein [3] on the behaviour of Jacobi vector fields for these
manifolds, that (3) holds if we multiply its second member by a certain uniersal
constant independent of the geodesic arcs. This modified version of (3) is
enough to prove (2) applying the same method used by Manning. As far as we
know no simple modification of (3) holds for manifolds without conjugate
points, but it can be expected that the essential geometric meaning of (3),
namely that geodesic arcs do not spread apart more than their endpoints, is in
some weaker form true. Our proof of Theorem I follows a different method.
We shall use Przytycki’s inequality for the topological entropy [14]. Let N be
a compact boundaryless manifold and let ¢: Rx N— N be a Holder C' flow.
Przytycki’s inequality states that:

1
hop(@) < lim zlogf (D )" | dAo(x)

t— +
where
Do) (T N)» > (T, N)"

Pe(x)

denotes the linear map induced by D, ¢, on the exterior algebra of the tangent
space T, N and 4, is the Lebesgue measure on N. If N=TM, and ¢ is the
geodesic flow we shall prove that:

1
lim ~log | (D) lld2o(x)S4

t—+aw b ™,

which together with (1) implies:

.1
heop(@)= 1im —log | I(D,@)" || d2o(x)=1.
N

t—>+w b
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The limit in Przytycki’s inequality had already been considered by Shub and
Sacksteder [16] in connection with the Entropy Conjecture and has interesting
geometrical connotations.

We now consider the problem of finding estimates for the metric entropies
h,(@) where p is a @-invariant probability on TM,. Let us recall the main
results of Oseledec theory [11] which are fundamental for this kind of prob-
lems. Consider a C' flow ¢: R xN — N, where N is a compact boundaryless
manifold. It follows from Oseledec’s results that there exists a total probability
Borel set A< N (ie. such that u(A)=0 for any ¢@-invariant probability 4 on N)
such that at each xeA there exists a unique splitting TN
=E"(x)® E‘(x) ® E*(x) satisfying:

1
lim ~log (D, p)v|=0 veE‘(x),

totoo b

1
lim ~log [(Dp)v] <0 veE()

(—~tx

1
lim —log|(D,p,)vll>0 veE*(x).

—+oc l

Moreover the limit:

o1
x(x)= lim —logldet(D,¢,)/S| (4)
t— T o
exists and is independent of S, for any xeA and any subspace
E'(x)=S cE(x) @ E‘(x). The importance of y(x) is that if x4 is a ¢-invariant
probability measure on N (Ruelle [15]):

h(e) < | 7du )

and if ¢ is Holder C' and p is absolutely continuous with respect to Lebesgue
measure (Pesin [12]):

h(o)={ xdu (6)

We shall try to estimate the metric entropies of the geodesic flow using these
formulas. If (p,v) e TM,, denote by E(p,v) the subspace of T,M orthogonal to v
and by K(p,v): E(p.r)— the linear map defined by K(p,v)w=R(v,w)v where
R, is the curvature tensor of M at p. The Ricatti equation of M is:

U+ U?*+K=0. (7

A solution of the Ricatti equation is a function that to each (p,v)e TM,
assigns a self adjoint linear map U(p,v): E(p,v)«>such that if t,; TM T, M
denotes the parallel transport along the geodesic with initial condition (p,v)

then the limit

. o
Ulp, v):lm(:;(f,‘ Lo Ul (p,v))et,—U(p,v)
t—
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exists for all (p,v)e TM | and satisfies:
U(p.v)+ U?(p,v)+ K(p,v)=0.

The results of Green in [4] can be reformulated as saying that if M has no
conjugate points (7) has measurable solutions and any solution is bounded.
There is a close relationship between solutions of (7) and invariant subbundles
of the tangent flow Tp: Rx T(TM,)— T(TM,), as we shall explain in Sect. L.

The function y and the solutions of the Ricatti equation are connected by
the following result:

Theorem IL. If M has no conjugate points there exists a measurable solution U*
of the Ricatti equation such that the equality:

1 T
2x)= lim — [t (U*oq,(x))dt
T+ o T 0

holds for a total probability set of points x in TM ,.
Then, by (5) and the ergodic theorem:

h()< | ttU*tdp (8)
™,
and if the Riemannian metric is Hdlder C* and A, denotes the Lebesgue
measure of TM , by (6):
hi(@)= | trU*di,. )
T™y
Using (8) and (9) some interesting estimates for the metric entropies of ¢ can
be obtained. Consider the space of bounded measurable functions that to each
(p,v)e TM, associate a self adjoint linear map A(p,v) of E(p,v) and identify
two such functions which coincide p-a.e. In this space we can define an inner
product:
U, Vy= [ trUVdp.

TM,
Then Cauchy-Schwarz’s inequality implies:

[ cUVE( [ wU2dw' (| wv?dm'?
™

™ TM,

and equality holds if and only if U is a scalar multiple of V. Then (8) implies

h, (o) <( J U 2dpt?( | tr 12 duy!’?
™, ™,
:(’1_1)1/2( 5‘ trU+2d,u)1/2

™

where n=dim M. The ¢-invariance of y implies

[ twrU*du=0.

T™;
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Then, integration of (7) with respect to u yields

[ wU%du=— | urKdu

™ ™,

But (n—1)"'"tr K(0) is the Ricci tensor Ric(#)). Hence, we have proved the
following Corollary:

Corollary IL1. If M has no conjugate points:

h(p)<(n—1)(— | Ricdw)'?
™,
SJor any @-invariant probability p on TM,. If the equality holds, the sectional
curvatures at points of the support of p are constant.

When p is the Lebesgue measure i, on TM, and 4, is the Lebesgue
measure on M (normalized in order to have /,(TM )=4,(M)=1) we have the
following result:

Corollary 1L2. If M has no conjugate points and S(p) denotes the scalar curva-
ture at pe M:

h(@)st=1)(= | Sdi)'?

™™,
and the equality holds if and only if M has constant sectional curvarures.

To prove this corollary denote by /, the Lebesgue measure on the (n—1)-
dimensional sphere of R" and recall the equality:

1
| <Ax,x>d/".2(x):;/12(5"‘1)trA. (10)
sn-1
Moreover, if (p,v)e TM | and {x,,...,> .1} is an orthonormal basis of E(p,v)
Ric(p, v) ————l’r Z (R, (0, x) 0, X
—li=1

Then if A: T, M« is defined by

1 n—1
Ap = Z Rp(xi, v) X;
n—1,=

we have:
Ric(p,v)={Av,v)

and then by (10) and setting x,=v:

o on—1

1
J Ric(p,e)d2, (v)(m (8" g 2 2 R x) %, X

Sn j=1i=1

=4,(8"" ) S(p),
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Then:
. 1 . \ .
| Rlcdiozmn_—l) § (| Ric(p,v)di,(v)di (p)= | SdA,.
™, 2 M Sn-i M
The proof is now completed using Corollary II.1.
Another easy corollary of Theorem II is the following lower bound for
h;, (@) when the curvature of M is negative:

Corollary IL3. If M is Holder C* and all its sectional curvatures are negative:

h, (@) =(n—1)"* [ (=Ric)"2dA,.

™,
Moreover the equality holds if and only if the sectional curvature is constant.

This inequality was proved in the 2-dimensional case by Manning [8] and
its proof is based on essentially the same method. P. Sarnak also obtained
weaker forms of Corollaries 11.2 and II.3 for manifolds of negative curvature
[17]. We shall use the following stronger version of Theorem 11: when M has
negative curvature then there exists a measurable solution U of the Ricatti
equation satisfying the statement of the theorem and such that there exists
¢>0 such that (U(0) x,x)=c||x||* for every 6 TM,, xe E(6). In Sect. 11, after
proving Theorem II we shall show that the solution of the Ricatti equation
constructed in its proof satisfies this extra condition if M has negative curva-
ture. In particular it follows that the function det U* is bounded away from
zero and then log det U™ is integrable. Moreover

d .
G (logdet U (@), o=tr UO) U~ (0)
=—trU*@)—tr K(O)U* '(0).
Integrating with respect to 4, we obtain, by the g-invariance of 4,:

[ wUtddg=— [ tr KU" "dA,.

TM, ™™,

Now observe that if 4 and B are positive self adjoint maps of a Hilbert space:
tr AB<(tr A% (tr B3)'?<tr Atr B. (11)

In particular tr AB=tr A tr B implies that A4 is a scalar multiple of B. From this
property and Cauchy-Schwarz’s inequality we obtain:

[ (—urK)"?dig= | (—tr KU*'U)2d2,

TM™M, ™,
< [ (tr(—KU* )2r U 2da,
™,
S w(=KU* )da)' 2( | trU*dig)'?
™, ™,
= | wU dly=h, (o). (12)

™
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Replacing tr K by (n—1) Ric the inequality of the corollary is proved. If the
equality hoilds we must have:

tr(—KU* 'UH)=tr(~KU* YtrU* ae.

Then there exists a measurable function A: TM, - R such that KU* '=iU*
a.e. But if the first and last terms of (12) coincide we must also have that
tr(—K U™ ) is a constant scalar multiple of trU*. Since —KU* '= — AU this
implies that 4 is constant curvature. The converse property is well known.

We didn’t find any significant lower estimates for metric entropies but we
conjecture that for manifolds without conjugate points either 1, (¢)>0 or M is
flat. Replacing h, (@) by h, (@) we obtain a weaker conjecture that is by
Theorem [ equivalent to the question of whether the fundamental group of a
non flat manifold without conjugate points has exponential growth. For non
flat manifolds without focal points it is known that h, (¢)>0 (Pesin [13]). In
particular A=h, (@)=h, (¢)>0 and the fundamental group has exponential
growth. This property had already been proved by Avez [1].

I. Proof of Theorem I

Suppose that y: R— M is a geodesic arc parametrized by arc length and that
for each teR we give a linear map V(¢t): E(y(0), 7(0)) = E{y(t), (1)). We define
the derivative of V as the linear map:

D
(B ) 0 EGOL 5O EG). 5(0)

defined by:

(w20

For each e TM, let Y,(t): E(6) > E(p,(0)), teR, be the solution of the Jacobi
equation:

D?Y,
(552" 0=~ K, %) m
with initial condition:
%,0)=0,
DY,
()01

Then for all e TM | and ve E(0), the Jacobi perpendicular vector field J along
the geodesic determined by 6 with initial conditions J(0)=0, (DJ/Dt)(0)=v is
given by J(t)=Y,(t)v. It is well known that for all pe M the derivative of the
exponential map exp,: T,M — M is given by the expression:

(Dlv expp)W: Y;p‘z))(t)w (2)

-] —
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where (>0, ve T,M has |v[=1 and we E(p, v). Then:

1
det(D,, expp):t—det Yo, (0. (3)

n—1

Moreover, if S,={we T,M||w| =1}, it follows from (3) that

vol B,(p) = | ( {1det ¥, ,,(0)] dt) do. )
0

Sr

If 6e TM, and t+0 define the linear map U,(t): E(¢,(0))—Dby:

DY,
U= 5.0) 0 ifo
Since M has no conjugate points Yy(t) is an isomorphism for all 0e TM | and ¢
+0. Hence Y,(t)~' exists and U,(t) is well defined. Moreover U,(t) is self
adjoint. A proof of this elementary fact can be found in Green [4] or directly
checked by the reader, observing that the derivatives of the functions of ¢
Uy Y(D)v,w) and (v, Uy(t)~'w) coincide and these functions converge to 0 if
t— 0. Green also proved in [4] that there exists 4 >0 such that

1,0 <4 (5)

for all 0eTM, and t=1. To prove Theorem | we shall need the following
lemmas. The first one is a slightly improved version of Manning’s proof of the
existence of the growth rate /.

Lemma L1. For every £>0 there exists C,>0 such that:
vol B,{p) = C,exp(A+e)r
for e’very r>0and pe M.

Proof. Choose a fundamental domain N of M. Let a=diam(N). Then
B.(q)<B, ,p for every p and g in N and all r>0. Therefore
vol B,(q)<vol B, ,(¢). Fix pe N and choose r,>0 such that vol B.(p)<exp (L
+e)rifr=r,. Then if ge N:

vol B,(qg)=vol B, , ,(p)Sexp(A+e)a-exp(A+e)r. (6)

Since for every ge M there exists ¢'e N with vol B,(g)=vol B,(¢) for all r>0,
the inequality (6) holds for all ge M and every r>r,. Putting C,=max {exp(4
+¢)a, max {exp(—~(i+e&)r)vol B,(q)|0<r=<r,, ge M}} the lemma is proved.

The second lemma is much more delicate and we shall give its proof only
after completing the demonstration of Theorem I:

Lemma L2. There exists C>0 such that:
[(Dyp) " || = Cldet Y,(2)|

for every 0e TM | and t with |t|=1.
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Then, by Przytycki’s inequality and Lemma [.2:

1
hig) =lim Sup;log [ 1De@)" 1 dAg(x)

- +x TM,

1
<lim suptlog [ Idet Y (0)] dy(x).
My

1=+ x

Since det Y, (1)+0 for all xe TM | and t>0 it follows that det Y () has constant
sign. Then the definition of U_(r) implies:

d d
o 1det X0)| = (det Y, (0) =tr U (1) det Y,(0)

~tr U (0)]det Y, (1)

and
h(@) £lim sup—log { (det Y (1)
-+ ™,
+ f tr U, (s) [det Y (s)| ds) d i, (x).
By (5):
1
h(p) <1 1m msup- log § (n—l)A“det Y. (s)| ds)d) o (x)
vt L ™,
1
=limsup-log | (j |det Y (s)| ds)dA,(x)
1=+ t TM, 1
=lim sup——]og [N jldet oS dsdvdi,(p).
1=+ o0 MS, 0
By (4):

h(p)<lim sup - logj(volB p)—vol B,(p)d/,(p)

t—+ ¢

=lim supflog f vol B,(p)di,(p).

L+ oo
Given ¢>0 and taken €, >0 with the property of Lemma I.1 we obtain:
h(e )<11msup?logj C.exp(A+e)tdd, =)+e
to 4w L

Since ¢ is arbitrarily small the theorem is proved.

Now we shall prove 1.2. For its proof, as well as for the proof of Theorem
II that we shall give in the next section, the crucial step is the following
lemma:

Lemma L3. There exists B>0 such that:
[ Yp(t)vll 2 Bifvll

Jorall 0e TM |, lt|=1 and ve E(0).
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Proof. Define K, =sup {|K(0)||0eTM,} and A’=3""K,+A+1, where 4 is
given by (5). Fix a C* function y: R« such that y(0)=1 and y¢(t)=0 for
|t|= 1. Define:

C= [ (W'¥i+Kop?dt

and choose B satisfying
0<B<(4'C)~%. @)

Suppose that | Y(T)v|| <Bllv|| for some e TM,, veE, and |T|>1. Assume
that T'>1 (the other case follows applying the same method). Let y: R—> M be
the geodesic with initial condition § and J the perpendicular Jacobi vector
field with initial conditions J(0)=0, (DJ/Dt)(0)=v. Then J(f)=Y,(t)v and
|J(T)| <B|vi. On the space Q, of continuous piecewise C> perpendicular
vector fields along the arc y/[ —1, T+ 1] that vanish at the endpoints define the
index form:

T+1 DZ V
L (V, W)= — f < +K(¢,(9))VW> Z<Ai<%7),w(fi)>

where A,(DV/Dt) denotes the jump of the function DV/Dt at the discontinuity
t,. Following Klingenberg [6] define an element JeQ, by J()=0 for
—1t<0, J@)=J(t) for 0<t<T and J(t)=(T+1—0)7tJ(T) for TSt<T+1,
where t: T, ;)M — T, M denotes the parallel transport along y. Then:

T+1

L0, D=— [ (T+1-0* (Ko 0) 7 J(T)> dr

T
DJ 2
N < (7)?) (T),J(T)>+ 1J(T)|2

But (DJ/Dt)(T)=U,(T)J(T). Then, since T =1, (5) implies
DJ | )
K (W) (T),J(T)>'§A 1(T)|1? < AB™.

I (JN)S3K I (T)? +(4+1) B> < 4'B>.

Then:

Define ZeQ, by Z(t)=y/(t) 15(DJ/Dt)(0)) for Jt| =1 and Z(r)=0 otherwise. It is
easy to verlfy that:

1:(J,2)= ~ |(DJ/DYO)|* = —
IH(Z.2)= = | (0" (Y0 +¥>(1) (K(p,(0) t(DJ/DE)(O)

L 1
(DIDO)de= ( | Wrlde K, | p2di)=C
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Then, if AcR:
I A(Z—=id,Z—i)SC+2i+A*A' B2

Since 4—44' CB*>0 (because B was chosen satisfying (7)) this polynomial in i
has two real roots. Therefore I,(Z—4J, Z—iJ)<0 for some value of 2, thus
proving the existence of conjugate points in the arcy/[ —1, T+1].

Now we are ready to prove 1.2. Consider the vector bundle F on TM,
whose fiber F, over 0 is the subspace of T,(TM,) orthogonal to the vector field
associated to the geodesic flow. It is well known that F is invariant under the
derivative D¢, of the flow ¢,. Consider also the vector bundle G on TM,
whose fiber G, over 6 is E(6) x E(0). If te R define the vector bundle isomor-
phism y.: G—as follows: if (v,w)e G, let J be the Jacobi vector field along the
geodesic determined by 6, with initial conditions J(0)=1v, (DJ/Dt}(0)=w. Set
Y e, w)=(J (), (DJ/DN(t)). The transformations , define a flow of vector
bundle isomorphisms covering ¢,. In [3] Eberlein proved that there exists a
vector bundle isomorphism H: G — F, covering the identity and isometric in
each fiber, such that

Hey,=((Dg,)/F)eH

for all te R. Therefore:

I,/ G) ™ | = (D@ )/ F)"
and since:

1Dy )/ E)" || = l(Dyep )"
1Gh/G) " 1 =Dy )™ .

Hence our problem is now to find C >0 satisfying

we obtaln:

1(W/Go) " | = C ldet Yy (0)]

for all {21, 6e TM,. From now on we shall consider the case t=1. The case
t<—1 follows applying the same methods. Write graph U,(1)
={(u, U,() )€ G, |u€ E(@,(0))}. The definitions of , and Uy(t) imply:

Y, ({0} x E(0)) = graph Uy(r) (8)
for all reR. In particular:
¥ _ ({0} x E(e,(0)) = graph U, ,( —1). ©)
Consider the splittings:
o=({0} x E(0)) ® graph U, 4, (—1), (10)
G y0y={0} x E(,(0))) @ graph Up(1). (11)

Observe that by (8) and (9) ¥,/G, sends the factors in the first decomposition
onto those of the second. Moreover if ue E(¢,(0)):

W (0,u)= (Y,((;)( Hu, U (0)( t) (pt(l))( fyu).
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Then, if t=1:
O, | Z 1Y, ) (—Dul 2 Blull.
This inequality, together with (9), implies:
IGh,/graph U, (=) B~ ". (12)

We can always assume B<1. Then (12) and the observation above about how
¥, transforms the splitting (10) in the splitting (11), implies:

100,/G) " | =B~V i(y, /{0 x E(O)" |. (13)

Moreover, if n,: G, 4~ E(p,(0) is the canonical projection onto the first
factor, we have:

7o (¥, /({0} X E(0)) = Y, (1)

¥./({0} x E(0))=(m,/graph Uy(1))~ ' o Y, (t). (14)
But (5) implies that if t=1:

which means:

I(m/graph Up(@) M =L+ [Up(0)*)' 2 (1 + 4%) 12 (15)
Hence (13), (14) and (15) imply:
G /G " I SB~= V(1 + A% 2 Yy(0)" |l
Now the problem has been reduced to finding A’ >0 satisfying
[Yy(0)" [ = A" |det Yy(0)|

for every 0eTM, and t=1. Observe that [|Y,(t)"| is the maximum of
|det Y,(t)/S| where S varies in the set of all the subspaces of E{0)). Choose S such
that || Y,(t)" || =I|det Y,(t)/S|. With respect to the splittings E(0)=S @ S*, E(o,(0))
=Y,(1) S®(Y,(1) S)*, Y,(¢) can be written in the form

=i

|det ¥y|=[det ¥, ()/S|= [ ¥, (D" |

Then:

and
|det Y,(t)|={det Y,||det Y,| =|det Y| || Y,() " |I.

From Lemma 1.3 it follows that:
1Yo+ Yow| 2+ (1Y, w|? 2 B*(Jv]* + |w]?)
for all ve S, weS*. Take v=—Y, 7! Y;w. Then Y, v+ Y,w=0 and:

IYowi?z B2 (ol + w]*) = B |w||*
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Then the image by Y, of the unit ball of S* contains a ball of radius B. This
means that:
idet Y,| = B*

where k=dim S. Hence:

1Y) =Idet Y|~ ! det Y(t)) <B~*|det Y (¢)l.

I1. Proof of Theorem II

First recall the construction due to Green [4] of solutions of the Ricatti
equation of M (Eq. (7) of the Introduction). If e TM, and seR let Y, (1) be
the solution of the Jacobi equation (Eq. (1) of Sect. I) such that Y, (s)=0,
Y, ((0)=1 1In [4] Green proves that lim Y, (1) exists for all 0e TM, and reR

s — 0

(see also Eberlein [3], Sect. 2). He also shows that defining:
Y, ()= lim Y, (0 (1)

we obtain a solution of Jacobi equation such that det Y,* (1)+0. Moreover it is
proved in [4] and [3] that (DY;"/Dt)(t)= lim (DY, /Dt}(t). Then, if we define

DY
U (0)=— (0) (2)
+ _I?Xzi
Ur(h= Dt (0 (3)
we obtain
Ut (0)= lim U(0). (4)

Moreover it is easy to check that

Vs 4= Yo, (1) Y, B
Then 7
Yo=Y (t+h) Y," (h)
and
.

DY, )
U (0D = ’D['(])Y()+ (m

for all heR. From this it follows that U™ is a solution of the Ricatti equation
of M. From (4) follows that it is measurable (because U(0) is continuous on 0)
and from Lemma 2 of [4] (or [3] Sect. 6) it is bounded. We shall prove that
this solution satisfies Theorem IL.

Given 8eTM, and seR define

V, ;=graph U,(0) = {(x, Uy(0)x)| xe E(0)}
V,=graph U™ (0).
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From (4) it follows that:
Vo= lim V, .

S — 00

¥_ ({0} x E(@ () =V, . (5)

To prove this take veE(g,(0)) and let J(r) be a Jacobi perpendicular vector
field along the geodesic y(r) with initial condition (y(0), y(0))=¢. () such that
J(0)=0, (DJ/Dt)(0)=v. The by the definition of y:

¥_(0,0)=(J (—5),(DJ/D1)(—5)).

Consider the Jacobi vector field J(t)=J(t —s) along the geodesic 7(t)=7(r—s).
Then J(s)=0 and J(0)=J(—s). Hence:

We claim that:

J=Y, (0 J(~s)
or

J(O=Y, (t+5)J(—s).
Then

DJ DY, N .
(5 J=9="52 @I (=)= U0 (~)

which means by the definition of V, | that:
¥_,({0} x E(p (9)) =V, .

The equality now follows from the fact that both members have the same
dimension.

By Oseledec’s theory there exists a total probability Borel set 4 <M such
that for every xeA there is a unique splitting G, =E*(x)® E¢(x)® E*(x) such
that:

lim —log ol =0 veE(x),

t-

lim flog I, vl >0  veE*(x),

t—t oo

lim —log l¢,v| <O  veEs(x)
twtow b
and for every subspace E*(x)< S < E*(x) ® E(x) the limit

x(x)= lim —1og(det W/S)) (6)

t— + oo

exists and is independent of S.
We claim that for any ¢-invariant probability g on M the following
properties hold for p-a.e. feA:

E*(0) = Vo= E*(6) @ E(0), (7

{O)= lim L] S ELROUT ®)

T—>+m
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From (8) follows Theorem Il because it is easy to prove, using the isomor-
phism H:G — F defined in Sect. I, that the function y associated to the linear
flow y: R xG — G coincides with that associated to the linear flow Dg: R
xT(TM)->TM,.

To prove the second inclusion in (7) observe that if ve E(6):

W, (0,0)= (}’9(1‘)1;, (DD‘?) (t)v),

Then Lemma 1.3 implies that (0, v)¢ E°(6) if v+0. Hence
E*(6) ({0} x E(0)) = {0}.

Therefore for every fle A there exist a subspace T(6)< E*(0) ® E°(0) and a linear
map L(0): T(0)— E*(6) such that

{0} x E(0)=graph L(6).

Given £>0 take a compact subset K< A with y(K)=1—¢ and satisfying:
a) sup {[|L(O)||6eK} < + o0. N
b) There exists T>0 and 0< ¢ <1<E< &1 such that:

/B =,
W TAE (O D E(O))] <&

for every 0eK, t=T.
Then, if feA:

Vo.s=V,({0} x E(o_(6)) =Y, (graph L{¢_(6)))
= graph (, > L(g_ (0)) = (y_,/L(0)).

If 0eK take a sequence s, = — oo such that ¢ (0)eK. Then by property (a):
Iy, 0 L, () o (W _, /L(O)] <& & sup [ LY.

But &% 50 if n— + oo. Then:
Vo= lim V,  =T(O)<E"(D)@ E(H)

n— +oc

therefore the second inclusion in (7) is satisfied by any #eK. Since u(K)=1-¢
and ¢ is arbitrary this inclusion holds for a.e. feA.
To prove the first inclusion of (7) consider the splitting:

Gy=V,+ Vs

for 0eA. Since V, is y-invariant, with respect to this splitting i, can be written

in block form:
50
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Now recall that if J, (1), J,(t) are perpendicular Jacobi vector fields of M it is

known that:
DJ, DJ,
<J1 0,52 <r>> - <Jz(r), o (r)>

is constant in t. This means that the vector bundle isomprphism J: G
covering the identity and acting on the fibers G, as:

J(v, wy=(—w, )
satisfies:

T vy ={Ju, v)
for all u,veG,, teR, 0 M. This means that

I =J
for all ¢, or:
A,(0)=BF~'(0)

for all feA, teR. Since V,c E*(6) ® E‘(9):
1 . .1
lim ~log | B¥~"(6)wl = lim ~log |A,(0)w] =0
t»t+ o to-+ao [
for all weV;'. Then it is easy to see for all we V"

lim ~log (B (0)wl| 20, ©)

t— t+ o

Now suppose that E*(0) ¢ V,. Take O+ veE"(0), v¢V,. Then v=w+z, 0+ wely,
zeV,. Moreover:

v_ () =B (O)w+u,

for some
ueV, (0).
Then:
IW_.l =B (0w
and by (9):

.1
lim —log [¥_, ()| 20
t»+m &
contradicting ve E*(6).
Finally we shall prove (8). Let z,: V, > E(0) be the restriction to Vy< E(0)
x E(0) of the canonical projection onto the first factor. Then:

g ' (v)=(v, ;" (v)).

Therefore:
sup |7yt < + c0. (10)
fc A
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Moreover it is easy to check that:
‘//r/l/f):nq:,(le))oy()+([)°ne (11)

for all BeA, teR. From (10, (11) and Lemma 1.3 we conclude that:

lim ~10gdet ¥,/V,)= lim ;logdet Y, (1)

t— +x t— + o

= lim *'ftr Yy ) (5 ds= lim jtr U™ (gg(s)ds.
0

t— -+ x 1=+ oo

This equality, together with (6) and (7) implies (8) for u-a.e. OeV.

Remark I. When M has negative sectional curvatures there exists ¢>0 such
that <UT(O)v, o> =c|e|? for all 0eTM,, veE(0). To prove this set A
=sup{|U*(0)]{0eTM,} and take 0> 0 such that for any perpendicular Jacobi
vector field J with |J(0)j=1 and [(DJ/DD(O)|Z2A4 then {J(@)I=] for
—0=t=0. Then, given 0eTM,, it follows that

1 (vl =3l

for all 0eTM,, veE(0), —0=<t=<0. Then (1) and (1) imply that given 0eTM,
there exists C >0 such that if —s>C:

ARG =S
for every —8<r=<0 and ve E(0). Fix any ve E(0) and define:

() =Y, (D)v, Y (1)v).
Then:
u(s)=1(s)=0,
u(0)=2CU(0) v, v).

Hence:
Q

UO)e, vy =3 [ i(rydr.
Choose k>0 satisfying (K(x)w, w)> < —k |w|? for all xeTM, and weE(x). It is
easy to verify that:
iwry=ku(r).
Then, if —s=>C:

0

CU(Oyv, o>z 5k [ u(rydr="5k \ Yy (e Yy (neddr

5

I\

0
% j. l) s U’ Y;’.x(r)v> d,‘géék HUHZ'

Therefore <U* (0)v, 0> = lim (U (0)v, vy =87 ok [jv|*.

S — A
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