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Introduction

Let W, { , > be a non-degenerate symplectic vector space over a non-archi-
median local field # of characteristic 0, and let Sp(W) be the non-trivial 2-fold
central extension of the symplectic group Sp(W). Fix a non-trivial additive
character ¥ of £ and let (w,S) be the corresponding (smooth) oscillator repre-
sentation of Sp(W). If (G,G') is a reductive dual pair in Sp(W), [7], and if G
and G’ are the inverse images of G and G’ in §p(W), then (w, S) may be viewed
as a representation of G xG'. The local theta correspondence is defined as
follows: if melrr G is an irreducible smooth representation of G, let

O(n;G)={n'elrrG'|Homg , & (w, @) %0},

and define @(n’;G) analogously. The representations n and 7’ are said to
correspond if n'e@(n; G') or, equivalently, ze @(n'; G). A fundamental property
of this local correspondence is embodied in the local Howe duality conjecture
(HDC) which asserts that, for all zelrrG and 7'elrr G’

|O(n;GH|<1 and |O(7,G)| <1, (HDC)

so that the local theta correspondence is a bijection on its domain of defini-
tion. Recent progress toward this conjecture has been made by Howe [10] and
Rallis [13] but it remains open in the general case.

In the present paper we will prove that, at least for a reductive dual pair of
type (O, Sp), the local theta correspondence is compatible with induction. More
precisely, recall that if G is the group of #-rational points of a connected
reductive algebraic group over #, then Bernstein and Zelevinsky show that to
each nelrrG there is a Levi subgroup M and a (super)cuspidal pelrr M, such
that n is a constituent of the induced representation I(M, p)=ind$p, where P
=MN is a parabolic subgroup with Levi factor M. Morecover the data [x]
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=[M, p] is unique up to associativity. The result of [3] extends, with minor
modification, when G or G’ is not (algebraically) connected, to the groups G
and G'. The local theta correspondence should then be natural in the sense
that there is a bijection between certain subsets of the sets of equivalence
classes {[M, p]} for G and {[M’,p']} for G ie.

0([IM, p1,G)=[M".p']
and .
0([M’, p'],G)=[M, p]
such that
7'e@(n,G)=[n"]=0([x]). D)

If n is cuspidal, so that [n]=[G,n], property (I) is a consequence of the local
Howe duality conjecture; but, in general, the two properties are somewhat
complementary. Of course, one would like to have an explicit recipe for the
bijection 0: [M,p]—->[M' p'].

For the dual pair (O(V),Sp(W)) in Sp(W), with W=V ®W, we prove a
precise form of (I)-Theorem 2.5. The proof involves essentially two facts. First,
if we consider the family of dual pairs (O(V,),Sp(W,)) where V, runs over a
fixed Witt class and dim W, =2n, then for each cuspidal nelrrG(V,) there is a
unique minimal n=n(n) such that ®(x,$ p(W,)) is non-empty, and

¢ if n<n(n)
@(n,gp(Wn))z {0(n)} with O(n)elrr Sp(W,) cuspidal  if n=n(n)
{n}, n; induced v}, if n>n(n).

Similarly for each cuspidal ' elrrSp(W,) there exists an m(n) such that

¢ if m<m(m)
o, 0(V,)={{0(x)} with O(x)elrrO(V,) cuspidal  if m=m(n)
{rn;}, m; induced Vj, if m>m(m).

Actually, if we work literally with O(V,), we must take a slight technical
modification - see Theorem 2.1 and Remark 2.4. There is a global analogue of
this result due to Rallis [13] and Howe-Piatetski-Shapiro [9] which yields a
non-trivial decomposition of the space of cusp forms and whose proof involves
computation of Fourier coefficients. The proof in the local case involves for
example, restrictions of certain induced representations to subgroups of the
form Sp(W,) x Sp(W,) where W=W, + W,, and a study of the orbit structure of
such a subgroup on a flag manifold (Prop. 3.4). This technique originates in [6]
and is essential in [13, 14]. We also make use of the invariant distribution
theorem (Theorem II.1.1) of [13].

The second fact involved in the proof of (I) arises from a computation of
the Jacquet modules of (w,S) with respect to the maximal parabolics of O(V,)
and Sp(W,). Here the key fact is that these Jacquet modules have an invariant
filtration whose successive quotients are induced from oscillator representations
for similar reductive dual pairs; this allows us to proceed by induction. A
computation of this sort also occurs in [13], cf. also [1].
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Notation. Throughout this paper £ will be a non-archimedian local field of
characteristic 0. Fix a non-trivial additive character ¥: £—C'. Here C*
={zeC||z|=1}.

For xe#,

x| =g~ "%
where ¢ is the order of the residue class field and ord is the valuation on £.

We will follow the conventions of [2, 3]. In particular, if Hc G are /-
groups and (p,E) is a smooth representation of H on a complex vector space
E, then ind§ p will denote the representation of G by right translations on the
space of functions:

{f: GoEIl) fhg)=0(h)* p(h) f(g)

2) f is locally constant of compact support modulo H}

where d=A4./4,. Also Ind§p (resp. b-indf p) will denote the analogous repre-
sentation in which the condition on the support of f in 2) (resp. the factor &%)
is omitted. If (p,E) is any smooth representation, (p, E) will denote its con-
tragradient. All representations will be smooth representations unless otherwise
indicated. For any Z-space X, S(X) denotes the space of locally constant
functions of compact support and C*(X) denotes the space of locally constant
functions.

If G is an /-group, we let A(G) be the category of all smooth repre-
sentations of G and Irr(G) the set of equivalence classes of irreducible smooth
representations.

Finally we will need the following invariants from the theory of quadratic
forms: If n is a non-trivial additive character of £, consider the character of the
second degree, in the terminology of [17] defined by

xt-1(x?). (0.1)
Then y(x) is the Weil invariant of (0.1), and, in the notation of [15], for ae£ ™,

ya,m=y(@an) ym~* (0.2)

where ay(x)=n(ax). For values and properties of y(a,n) see [15].

If V¥V, (,) is a non-degenerate inner product space over #, then
d(V)e£*/(£*)* is the determinant of V and h,(V) is the Hasse invariant of V
[16].

Also (, ), is the Hilbert symbol for the field #£.

Finally, if H is GL,(£) (resp. a central extension of GL,(£)), then | | denotes
the character h—|deth| for the normalized absolute value of £.
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§ 1. Preliminaries

1.0. Let (, ), be the Hilbert symbol of the field £, and define a 2-fold covering
GL(n)=GL(n)x u, of GL(n) with multiplication:

(g.6)(g".¢)=(gg', e¢'(detg, detg)),).

For convenience we will frequently write H,=GL(n) and H,=GL(n). If P is
any parabolic subgroup of H, with Levi decomposition P=MN, and M~H,
X...xH, , then the inverse image P’ of P in H, has a decomposition P’
=M'-N where M’ is the inverse image of M and N identified with the
subgroup {(n,1)|ne N}eH,. Note that there is a surjective homomorphism

H, x..xH, -M

n

((€1581)s o5 (€o 8N ((81825 -5 81)s €1 -+ 8 )
with
a=[](detg; detg)),.
i<j
Finally, if  is the fixed additive character, let y be the character of H,
defined by: . .
1(g, &)= e7(detg, 19)" (10.1)
where y(a,n) is the Weil invariant given by (0.2).

1.1. Fix an anisotropic inner product space V,, (, ), over #, and for each
meZ.,, let V, be the orthogonal direct sum of V, with m hyperbolic planes.
Let /=dimV,. We assume that V,, comes equipped with a fixed Witt decom-
position

V=V, +V2+V,,

where V2=V, and with bases {v,...,v,} for V,, and {v,,...,v,} for ¥,/ satisfy-
ing (v;,v))=(v;,v})=0 and (v;,v})=¢,;. The orthogonal group O(V,) then has a
fixed maximal #-split torus. Of course, if V,={0}, then O(V,,) is split for all m
and is the trivial group for m=0.

Let v: O(V,)—u, be the determinant character and define a 2-fold covering
G,=0V,)=0(V,)xu, with (g,¢)(g,&)=(gg,ee (v(g),v(g")),). Of course G, is
just the inverse image of O(V,) in GL(V,), and is a split extension if the residue
characteristic of # is not 2. Note that the group G,, has an automorphism

G,— G, (1.1.1)
(g, &) (g, ev(g)

covering the identity map of O(V,). o
We denote by y the restriction to G,, of the character of GL(V,) defined by
(1.0.1). It will also be convenient to consider the characters

Lol 8)=((— )PP +40=102 deth), (11.2)
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and
k(a,b)y={, . »1" " (1.1.3)

It is then easy to check the following.

Lemma 1.1.1. (i) x(a, b) depends only on a and b mod 2.
1 a=b(2)
(i) x(a,b)=1y a=1(2),b=0(2)
™1 a=0(Q2),b=1(2).
(iii) k(m,a)" ' k(n,b)y=xr(a,b). O

1.2. For j with 1 <j<m, let V/=span{v,,...,v;}, V/'=span{v,...,v}}, and

0o __ ’ 0
VP =span{v 3 U U N A

’
FEREREE moVjy1s--

so that we obtain a Witt decomposition
— 1/ 0 "
Vo=V, + V7 + V]

with Vjoz V. ;o I P(V]') is the subgroup of O(V,) which stabilizes V}’, then
there is Levi decomposition P(V;")=M(V])N(V]") where

M (V)= GL(V)) x O(V),

and we call P(V") a maximal parabolic subgroup of O(V,) - see Remark 1.2.1
below for a discussion of this choice. Let B (resp. M) be the inverse image of
P(V]") (resp. M(V}")) in G,, and let N; be the image of N(V/") under the natural
splitting m—(n, 1). Then P,=M N, and

M;~H,xG,_ (1.2.0)

i
where we note that the GL(V)~H; factor of M(V/’) lies in SO(V,,) and hence
may be identified with a subgroup of G,,. Every maximal parabolic subgroup
of O(V,) is conjugate to one of the P(V/')s. By abuse of language (e.g. if the
covering G,,—O0(V,) is non-trivial), we will call the groups F, a standard set of
maximal parabolic subgroups.

A standard set of parabolic subgroups of O(V,) is then indexed by se-
quences of positive integers s=(s;,...,s,) with |s|=2sj§m. The parabolic

J

subgroup P(V} is the stabilizer of the isotropic flag

vieV e..cVl, (1.2.1)

S+ 852 °

and P(V’) has Levi decomposition P(V,")= M (V," ) N(V,") where
MV )~H, x...xH, xO(V,_)

Let B (resp. M,) denote the inverse image of P(V)’) (resp. M(V.")) in G,, and let
N, be the image of N(V,") under the natural splitting. Then, as before, E
=M.N, with M;~H x..xH_xG Formally we let B,=G,, and we

m—|s|®
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note that
E=E nF

SH-Sz

AP, (1.22)

In particular, B, (resp. B) is the unique maximal parabolic subgroup P, with j
maximal (resp. minimal) which contains B. Note that P, and B, are associate if
and only if |s|=|s'| and the sets s and s’ differ by a permutation.

Remark 1.2.1. When dimV,=0, so that V,_ is split, a technical remark is in
order. Let

V.~ =span{v,,...,v,_, 0}
and

V™ =span{v},...,t, 1,0}
For each j, let

PO(V})=P(V})nSO(V,,)

and let

POV )=P(V. " )nSO(V,,).

Then the conjugacy classes of maximal parabolic subgroups of SO(V,) are
represented by PO(I/j”), for 1<j<m—2, P°(V) and P°(V/~). Moreover:

POV, )=P°(V,)nP°(V,").
is not maximal. On the other hand, we have

PO(V,)=P(¥;)
and
POV, " )=P(V;"),

and these two subgroups are conjugate in O(V,). On the other hand the
parabolic subgroup P(V, _,) is no longer contained in P(V,)) or P(V, ~) and is
now maximal! Note that the “extra” parabolic P(V,,_,) has Levi factor

M, _)=H,_, x0(V).

Similarly, when |s|=m, we may define flags V)"~ by replacing V. with V.~
in (£.2.1), and the above remarks carry over verbatim to the parabolic sub-
groups P°(V."), P°(V/~) etc. For example

PY(V) NP (V) ")=P°(I)
where t=(s,...,s,—1).

1.3. For each neZ,,, let W,, {, ) be a non-degenerate symplectic vector
space of dimension 2n over £. We assume that W, comes equipped with a fixed

complete polarization
W, =W+ W/ (13.1)

and bases {e;,...,e,} for W, and {e},...,e;} for W, such that {e;,e;>=4§,, ie
{es,...,e,} is a fixed symplectic basis for W,, < , >. The symplectic group
Sp(W,) then has a fixed maximal £-split torus, and is the trivial group if n=0.
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Let G,=Sp(W,)) be the unique non-trivial 2-fold central extension of Sp(W,)
{or the group u, if n=0). Then the polarization (1.3.1) gives rise to an isomor-
phism .

G, =Sp(W,)—= Sp(W,) x (13.2)

with (g,&)(g’,&)=(gg’,¢¢ c(g,g')) where the cocycle c(g,g’) is given explicitly by
Rao [15].

14. For j with 1 <j<n, let W/=span{e,,...,e;}, W/'=span{e,...,e}}, and W}
=(W/+ Wj”)l, so that there is a decomposition W, =W/ + Wj°+ W/ with
WJ.O:WH_j. For any sequence s=(s,,...,s,) of positive integers with {s|<n, let

P(W,’) be the stabilizer of the isotropic flag

WS W, e WL
and let P’ be the inverse image of P(W,) in G,. Then P(W)) has a Levi
decomposition P(W,)")=M(W.") N(W,) with

MW, )~H  x...xH, xSp(W,_).

Let M. be the inverse image of M(W,") in G, and let N/ be the image of N(W")
under the natural section given by (1.3.2). Then M, normalizes N, and
P'~ M, < N,. Moreover there is a natural homomorphism

H, x..xH,xG,

n—|s|

—> M, (1.4.1)
given by:
(thy 80} sy, 8, (g =By, . By, 8) 8y o g8 0)
where
k
2= [](deth;, deth,),- (ﬂ (deth j,x(g))‘)
i<j j=1
where x(g) is as in [15, Lemma 5.17.

Again the P’ give a standard set of parabolic subgroups of G, and satisfy
the analogue of (1.2.2). Again we formally let B/ =G,

1.5. If G is one of the groups above and if P=MN is any parabolic subgroup
of G, we have induction and localization functors as usual [2, 3] R:
A(G)—>A(M) and I: A(M)— A(G) which we assume to be normalized so that

I(M, p)=I(M, p) and Homg(,I(M, p))=Hom,(R(M,7),p). We also have the
functor R: A(G)— A(M) given by

R(M,n)=R(M. 7)
and which satisfies

Hom(I(M, p), n)=Hom,,(p, R(M, ).

A representation ne A(G) will be called cuspidal if the representations R(M,r)
are zero for all proper Levi subgroups; and Irr,G will denote the set of
equivalence classes of cuspidal irreducible representations. If P is indexed by a
set s as in 1.2 and 1.4, we will write I_ and R, for I(M,-) and R(M,") etc.
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It is easily checked that Theorem 2.9 of [3] extends immediately to the
group G, . In particular, if n'elrrG,, then there exists a set s=(s,,...,s,) with
$;€Z _, and |s| =n and representations o;elrr H; and p’elrr, G, |, such that

n—|s
7eJH(I (01 ®...Ra,@p).
The data (s, a, p) is unique up to associativity in G, and we write

[n]=1ld},....0.. 0],

the index s being understood.

The situation for G,, is a little more delicate due to the (algebraic) discon-
nectedness of O(V,), (except in the trivial case). Nonetheless it is easy to prove
the following result by restriction to SO(V,,) and its inverse image in G,,:

Proposition 1.5.1. Suppose M and N are standard Levi subgroups of G, and
suppose that pelrr,M and nelrr,N. Let v be the lift to G,, of the determinant
character of O(V,).

@ 1f

then

JH(I(M, p)) nJH(I(N, 1)) 0

(M, p)~(N,n) or (N,vn)
(ii) If (M, p)~(N, n), then

JHO(I(M, p))=JH(I(N,n)) if p~vp
and

JH(I(M,p)@ (M, vp)=JH°(I(N,m)@®I(N,vn)) if pdvp.

Here (M, p)~(N,n) means associativity in G, and JH° etc. are as in

(31 O

Therefore, if nelrrG,,, there exist s=(s,...,s,) with s,€eZ_,, [s|<m, @
=(0y,...,0,), with g,€lrr, H;, and pelrr,G,, |, such that

neJH(,(0,®...®0,8p)) (1.5.1)

and this data is unique up to associativity in G, and possible multiplication
by v.

Note that if dimV,, is odd, then JH(I(M, p)) and JH(I(M,vp)) are disjoint
and so no multiplication by v is involved.

Remark 1.5.1. Tn the case dimV,=0 the group G, has no cuspidal repre-
sentations and, as a result, the Levi subgroups M, with |s|=m—1 have no
cuspidal representations. Thus such M, will never appear as the first member
of a pair (M,p) with p cuspidal, i.e. the ‘extra’ parabolics for G, - see
Remark 1.2.1 - are not involved in the classification. In any case we write

_{[010r0,0] s
[n] {[al,...,a,,p]+[61,...,ar,vp] (1.52)

if (1.5.1) holds (resp. if (1.5.1) holds for both p and vp with p3vp))
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Remark 1.5.2. We will call a representation nelrr G,, ambiguous if [n] is given
by the second case in (1.5.2).
For any nelrr G, there exists s, ¢ and p such that

=l (0, ®...Q0,&)p).

If = is ambiguous, it may also happen that, for some permutation s’ of s and
corresponding permutation ¢’ of ¢, we have

1o[.(01®..Q7.QVp)

as well. We will call such = strongly ambiguous and will write

(7], =loy,....o0.p)+ [0, ..., 0,,vp].
Similarly, if 7 is ambiguous but not strongly ambiguous, or if m is not
ambiguous, we write
[n], ={o....0.p]

1.6. The center of the group G,, contains the group {(1,¢)|eeu,}={¢e)>, and for
any nelrrG,,, we define a=a(n)eZ/2Z by

n(l,e)=¢*

so that IrrG,=Irr°G, [ JIrr' G,, with Irr®G,, ~Irr O(V,). Moreover there is a
bijection between Irr®G,, and Irr! G,, given by multiplication by the character y
defined by (1.0.1):

Irr°G, -Irr' G,

Ty - 1.
For later convenience we let
i if a(m)=0
0 =
n[0] {X—ln if a(m)=1
and let
n[1]=y=[0].

Of course the representation theory of G,, is thus reduced to that of O(V,), but
it is the group G,, which arises most naturally from the dual pair construction,
and we want to avoid making ad hoc adjustments in that formalism !

§2. The theta correspondence

For m, neZ, , let
Wm,n: Vm®mﬂ

and let ¢ , »=(, )®{ , D, so that there is, as usual a natural homomorphism
a: O(V,) xSp(W,)—»Sp(W,, ). The space W=W,  inherits the polarization

szr_l_wu
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where W=V, @ W, and W'=V, @ W," and hence there is an isomorphism
Sp(W)—-Sp(W) x ;.
There is a lift & of « to
& G, xG,»Sp(W)

which is not quite unique due to the automorphism (1.1.1) of G, but we fix a
choice given by &((h,e))=(h®1y,,&") for (h,e)eG,=0(V,)x u, Note that the
diagram o

G, —%— Sp(W)

-

GL(W;)—E— GL(W)
commutes where

& (g,6)=(1, ®g, & (—1)*“~Vd(V,), x(g)),)- @1

Let (w,S) be the smooth oscillator representation of Sp(W) determined by
the character ¥ and define

Oy =E* (),

so that (w,, ,,S) is a smooth representation of G, x G,. Note that if ¥, or W, is
the zero space then so is W, and (w,S) reduces to the non-trivial character of
Sp(W)=pu,. As a result,

Op oG, ®0' (2.2)

where 1; is the trivial representation of G,, and w is the non-trivial character
of G, while, if V,=0,
Wy U @1, 2.3)

where 1, is the trivial representation of G, and u is the non-trivial character
of Go~p,.
As in the introduction, if nelrr G, let

0,(n)={r'elrrG,|Homg;_, ¢, (0, ,» t®7)+0}
and if n'elrr G, let

0, (n)={nelrrG,|Hom;_, . (0, ,t@n)=+0}.

Note that w,, |, =¢" where (g) is as in §1.6, and so ©,(nr)=0 for n and a(n)
of opposite parity. Thus it turns out to be more natural to study the sets
O, (n[n]) where n[n] is defined in §1.6.

Theorem 2.1. (i) For nelrr, G, let

n(m)=min{n|0,(x[n])+0}.
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Then if n(n)< oo,
1) if n<n(m)
O,(n[n])=1{0(n)} if n=n(n)

) if n>nin)
where 0(n)elrr, G, ,,, and the m,elrr G, are not cuspidal. In particular, 6(n) is the
unique cuspidal representation in the set ]O_OI @, (x[n]).
(i) For n'elrr, G, let T

m(n')=min{m| @ (7')+0}.
Then, if m(n')< oo,

0 if m<m(n)
O,(r)=1{0)}  if m=m(n)
() i m>mn)

where 0(n')elrt,G,, .., and the n;€lrr G, are not cuspidal. In particular, O(n') is

the unique cuspidal representation in the set ﬁo@m(n’).

Corollary 2.2. Ifnelrr, G, and n'elrr,G,, then
0(6(m))=n[n(n)]
0O0(n))=n".

and

Remark 2.3. We could, as is traditional, have renormalized the representation
w,, , by setting

of

mn~

_{wm’n for n even
n

o for n odd.

where x is the character of GmCG/L(\V;) given in Sect. 1.0. Since 4 already
factors through O(V,) for n even, w}, , is a smooth representation of O(V,,) x G,,.
In fact, in the Schrédinger model associated to the polarization (W', W”) of W,
S~S(W)~S(V" and, for heO(V,) and peS

@ (h) p(x)=0(h~ " x).
For nelrr® G, =Irr O(V,),

0,(n[n])={n'elrrG,|Hom;,_, ¢, (®,, . 7[n]®@n')+0}
={n’elrrG,|Homy,y ,, G;‘(wﬁm, T@n')+0}.

Thus this renormalization removes the ‘twists’ from Theorem 2.1, and else-
where, but, as remarked in Sect. 1.6, we wanted to avoid this convenient but ad
hoc adjustment. o
In the Schrodinger model just described the action of GL(W,)<=G,, is given
by
Wy, (8, €) (X)=1,(g, ) |detg|* d(xg) (2.4)
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where /=dimV,, and

xv(g.8)=¢"y(detg, 1Y) ~“(d(V,,), detg),. 2.5)

Here y(t,3¥) is the Weil invariant given by (0.2). We will frequently write
simply g, for x, _since this character is, in fact, independent of m.
If oelrr H;, define 6(c)elrr H; by

0(o)(@)=35(g""). (2.6)
We may now state our main result:
Theorem 2.5. (i) If neltrG,, is strongly ambiguous, as defined in Remark 1.5.2,
then @, (n[n])=9 for all n.
(i) If nelrrG,, is not strongly ambiguous, let

(n],=Loy...,0,p]

with o.elrr, H, pelrr,G | and suppose that n'€@ (n[n]). Then, if nzn(p)

m—|s
+1sl,

[n']=[XVG(O'I),...,XVH(U,),XV] |%€—-n’XV| |él‘ﬂ+1a~--,XV| ﬁfﬁlslAn(mil,H(P)}
If n<n(p)+|s|, then there exists a sequence i,,...,i, with t=n(p)+I|s|—n,
such that N N

o, =| ¥ "t Lo =] H
and then

[ 1=Dxy 0001)s oo 2y 0@ s s Ty 0O s .. 2y, 0(5,), 0(p)].

This expression for [n'] is indepencent of the choice of sequence.
Applying the symmetry of the correspondence and noting that

ne@ (n') = n=n[n]
we obtain:

Corollary 2.6. For n'elrrG,, let

[#)=[d),...,0,.p]

with o;elrr, Hy, and p'elrr,G,_\,,, and suppose that 1€ ®,(n’). Then if mzm(p’)
+1sl,

[n], =[0((xy) " o), ..., 0) " L), | [E | [ memn Il f(p) [n]].
If m<m(p)+lsl, there exists a sequence i,...,i, with t=m(p’)+|s|—m such
that

0 — £ — —
l ;1 XVl I d ,...,O';t__.x l |‘% n+t—1
an then v

/\ /\
7], =00 o)), -, 0xy) " 0), -, 0(0) 0o, 0((y) ™ 07), 0(p) (],

Again this expression for [n], is independent of the choice of sequence.
Actually the proof of Theorem 2.5 yields a little more information.
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Corollary 2.7. (i) If relrrG,, with

[TE]+ =[0'1,~-',0',.,p]

and if n<n(p)+|s|, then @ (n)=0 unless n occurs as a subrepresentation of
I(0,®...Q0,@p) for some ordering of the ¢/s such that there is a sequence
Iy <...<i, with

i ‘%[—n—l o :| |%54n-2 o, :‘ |-%[—n—t

and t=n(p)+|s|—n.
(i) If n'elrr G, with
[ 1=[0% ... 05 p']

and if m<m(p)+|s|, then ©,(7)=9 unless n’ occurs as a subrepresentation of
I(0\®...®0,8p") for some ordering of the a.’s such that there is a sequence
i, <...<i, with

|%f*n |%{‘n+l‘~1
b 2

04 =Xyl 0, = Ay |

with t=m(p')+|s| —m.

The proofs of these theorems will be given in the following sections. In
particular, the proof of Theorem 2.5 is based on a computation of the Jacquet
modules (Theorem 2.8) of w, , with respect to the maximal parabolic sub-
groups of G, and G,. The result illustrates the inductive properties of the

oscillator representation.
Let (6, S(H,)) denote the representation of H, x H, on S(H,) given by:

o (hi. hy) o(x)=(hxh,).
Note that if gelrr, H,, then

Homy, 1(0,000)%0

if and only if ¢’ =6(0) where, as above, 0(c)(h)=6(h~1).
Theorem 2.8. For 1<j<m, (resp. 1<j<n), let 1,=Rj(w,,,) (resp. 7;=R)(»,, ,))
where R, (resp. R)) is the localization functor as described in Sect. 1.5.

(i) There is an M;x G, invariant filtration 1;=1">...51">{0} of 1; with
successive quotients T, ~t\/t¥+ 1 with 0<k <min(n, j)=r such that

T = indgjjkxx(;'i O @, i

where the character &, is given by:

. k-1
ol 1T

2 on H,
k-1
| T on H,
éjk: k—1
| |*"l“‘"+ 2 on H; ,
k(n,n—k) on G, _;

with (-, *) given by (1.1.3).
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(i) There is a G,,x M invariant filtration of 1}
()" o) {0}

with successive quotients Ty =(t)®/(z)**V with 0<k<min(m,j)=r" such that

’ : Gme' ’
TpexIndp o0 Cin 0, @ Wy gy
where
k+1
2T
| [ on H,
¢ Kk{n,n—j) on G, _,
%
ik
J %t-k—frl )
1l | 2 on H,
XV| l%t’vn+%u‘—k~1) on H/jﬂk.

Here the identification of Sects. 1.2 and 1.3 are used on Levi factors. Also
Q.= M, is the parabolic subgroup:
*
T) XGn-j

2=

k j—k

and Q=M is the parabolic subgroup
4 * * ! !
(]2}
k

j—k
Thus the Levi factor of Qj, (resp. @},) is isomorphic to H, x H; X G,,_; (resp.
H;_-H-G,_).

§3. Proof of Theorem 2.1

An I? variant of the type of argument we give here appears in [13], which
motivated our proof. A finite field version appeared much earlier in [6].
Related global calculations appear in [4] and [5].

We begin by showing that for nelrr,G,, (resp. n'€lrr,G)) the set [ [ ©,(r[n])

n
(resp. [ | @,,(%)) contains at most one cuspidal element. First note that if G is

m
any /-group and if (r, E) is an irreducible square integrable representation, then
there exists a C-anti-linear isomorphism

& E—E (3.1
which intertwines n and 7. Explicitly, if for veE and peE we let

¢v‘ﬁ(g) = <7{(g— l)v’ 5>’
then ¢ is defined by
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v, &) =£¢U»,a(g) b,.5(8)dg

for some choice of 5eE, §+0.

For the oscillator representation (w,S) of Sp(W), realized in the
Schrédinger model associated to a polarization W', W” of W, define, for ¢eS
and xeW’,

@(g) p(x)=((g) §)(x). (3.2)

Note that (@, S) is just the oscillator representation associated to the character
y=y L

Returning to a dual pair &, »: G, x G.,—Sp(W) suppose that nelrr,G,, and
n'elrr, G, and that AeHom,, , ¢, (®,, ,,n®7). Let

He)=(ERE)NA®)) (3.3)

where ¢ and ¢ are defined as above, for some fixed choices of 7, &#. Then
ieHomg, . .. (®,, ,,T®7) where

cT)m,n = &ﬁ,W((D) (34)

If we let V (resp. W) denote the space V, —( , ) (resp. W, —< , D), then it is
casily checked that

Gy w=0y w (3.5)
and that

ap, w(0) =8 (@) =8F 4 (D). (3.6)

Now suppose that nelrr,G,,, and melr, G,

.G, i=1,2, with
ﬂ:[ni]EOM(TC;), i= 13 2

and fix a non-zero A4,eHomg, , ¢, (@, . 7[n,] ®n). For convenience we write
V="V, G=G,, W=W,, G'=G,, W=W,, and G;=G,, i=1,2, where W,=W,
+W,_. The isomorphism

W=VQRW
~VRW,+VRW, (3.7)
induces, in the terminology of [11], a see-saw dual pair in Sp(W):
o(V)x0(V) Sp(W)
"
o) Sp(Wy) x Sp(Wy).

Here we identify Sp(W,)=Sp(W,), and the horizontal sloping lines connect
members of a dual pair. Setting W,=V ® W, we obtain a commutative diagram:

GxGyxGxG, —E—Sp(W)
Gy w, X Gp,w, J ” (3.9)
Sp(W,) x Sp(W,)—L— 8 p(W)
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which defines f, and since

Flo)=0,®@u, (3.10)
we have

ﬂ*(w)Zwm,m@(Dm,nz' (311)
Let 4: G—G x G, be the diagonal map. A routine calculation then shows:
Lemma 3.1. As homomorphisms from G x G, x G, to Sp(W):
foldx1)=(®1)@y yo(l x1)

where, for (h,&)eG
o(h,e)=((— 1"+ deth),. O

Now consider, for 4;, i=1, 2, as above:

A’l ®'{26HomG x G x G x G’l(wm,nl ®a‘)m,n2’ n[nl] ®nll ®n[n2] ®ﬁ:/2)

Viewing this as a homomorphism for A(G)x G, xG,~Gx G, xG, and
applying (3.11) and the lemma, we obtain a non-zero homomorphism:

4, ®4,eHomy,, 61 x gy (1 X 0* Oy (671 2 [1,1@ 7 [1,])) @ T, @ 7).

Recall that z[n]=x{n,a) n, for x(n,a) defined by (1.1.3) and a=a(n) defined in
§1.6. Also, applying Lemma 1.1.1, we have:

61 k(ny,a)k(n,,a)~ ' =x(n,0) (3.12)
and so

A @2, eHomg, g, , 65 (1 X ¥ 0f, . (n@B) @ | @)

where !, , is as in Remark 2.4.
Finally, composing with the quotient n®7A—1;—0, we obtain a non-zero
element:

AeHomg, g, . 6o((1 X DF 0¥, 1,® T, ®,). (3.13)

We may now apply the following invariant distribution theorem of Rallis [13,
Thm. 1], 1.17:

Theorem 3.2 (Rallis). (i) Realize (w,, ,,S) in the Schrédinger model associated to

the polarization
W n= Ve @W, +V,QW,,

ie. S=S(V,,®@W,) and let v, , be as in Remark 2.4. Then
(%)% =span{w,, ,(g) g €G,}

where S* is the space of linear functionals on S and 0, is the delta distribution
at the origin.

(1) Assume that Vy={0} so that V,, and G, are split and realize (»
the Schrodinger model associated to the polarization

S) in

m,n>

Wi, = Vi@ W, + Vi @W,,
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Le. $=8(V, @W,). Then, as a representation of G,, ®,,, factors through Sp(W,)
and
(%)’ =span{w,, ,(g)0,|g€G,,}

where O, is, again, the delta distribution at the origin. []

Corollary 3.3 (Rallis). With the notation of the preceeding theorem:

(1) The space of O(V,)-coinvariants S,y , is isomorphic to a submodule of
LGl 1¥) de .
Sow =L 1¥9).

ii) The space of Sp(W,)-coinvariants, S is isomorphic to a submodule o
y 1I)’ " Sp(W.) p
I( F¢—m=t=m je.

Sspwn 1l |pe-m-D=m O
Now

HomG x G xG’z((l X ;)* wm,n’ 1G(i()n’l ®TC’2)

|

Homg , Gy x G‘Z(SO(V,,,V Ty @ 7))

so that A0 implies that 7}, ® &, is a G|, x G, constituent of

LGovl )6y s (3.14)

Since =} and n, are cuspidal, we need only consider the cuspidal part of (3.14),
and this is easily done via the following result on the orbit structure of
PAG,/(G,, % G,,).

Proposition 3.4. (i) Suppose that W,=W,_ + W, with n; Zn,. Let X' be the space
of maximal isotropic subspaces of W,. Then the Sp(W, )xSp(W, ) orbits in X’
are parameterized by t with, 0 <t <n,=min(n,,n,) where

O,={UeX'|dim(UnW,)=t+n,—n,,dim(U W, )=t}

(i1) Suppose that V= le+17m2 with m, Zm,. Let X be the space of maximal
isotropic subspaces of V. Then the O(V, )x O(V, ) orbits in X are parameterized
by t with 0=t <m, where

O,={UeX|dmUnV, =m,—m,+t,dimUnV, =t}

(iil) Moreover, the stabilizer in Sp(W, ) x Sp(W,,) (resp. O(V,, ) x O(V,,,)) of a
point x of X' (resp. X) is contained in a proper parabolic subgroup unless n, =n,
(resp. m, =m,) and xe0,,.

(iv) If n,=n, then, in X',

0o=Sp(W,)
and the action of Sp(W, )xSp(W, ) is given by

(g1,8,): x—~g, xg; "
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If m,=m,, then, in X,
0,~0(V,))
and the action of O(V,,)xO(V, )~0(V,, )x O(V,,) is given by
(hy, hy): x—h,xh; .

Proof. To lighten the notation we write W=W,, W=W,, i=12, G'=Sp(W)
and Gi=Sp(W). If UeX’, write

U=UnW, (3.15)
and let
d;=dimU,. (3.16)

Then, letting pr; denote the projection of W to W,
W Ut pr(U)o U, (3.17)
and so, counting dimensions, we see that
pr,(U)=U* (3.18)

dim U}t/U, =dim U;'/U,,
and
d,—d,=n,—n,. (3.19)

Define an anti-isometry (for W, and W, induced forms)

¢yt UH/U—>Uy/U, (3.20)
by the condition, YueU

pr (W) + U, = ¢y (pry (u) + U,).
Note that
0=<u,u’>

=uq, )+ up, ty)
if w;=pr;(u), u;=pr,(u'). Clearly the integer t=d,, 0<t<n, is an invariant of the
G x G, orbit of U, and, letting

0,={UeX'|d,(U)=t} (3.21)
we have:

O~ {(U,, Uy, )| Ue Xy (W), Ue X (W,) and ¢elsom(U}/U,, Uy /U, (3.22)

Here X (W) is the space of isotropic k-planes in W, etc. Note that here we use
W, not W,. The action of G, x G’,3(g,,g,) on the right side of (3.22) is given by

(€1,82): (Uy, Up, @)= (g1 Uy, 8, Up, 820081 ) (3-23)

Statements (i), (ii), (iii) and (iv) are now clear in the symplectic case. The proof
in the orthogonal case is analogous and hence is omitted. [J
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Thus the cuspidal representation 7, ® 7, can only occur in (3.14) if n, =n,,
and in that case it must occur as a constituent of the representation (g, ,S(G, )
where

0,,(81,82) 0 (X)=0(g7 ! xg,)

for xeG,, and @€S(G,). This implies, as usual, that n,~n) and so, the
uniqueness of 0(n) is proved. The proof of uniqueness of 6(n’) is completely
analogous so we omit it.

To complete the proof of Theorem 2.1 we must show that every element of
the set @, (n[n(n)]) is cuspidal. For convenience let n=n(r), and suppose that
n'e®, (n[n]) is such that

RoI(0' @)

for some j>0. Then, using Theorem 2.8, we have:

dimHomg, ¢ (@, . 7[n]®@7)<dimHomg; , . (0, . 2[n]®I(c’' ®p")
=dimHom,_, M;_(r;., n[n] R ®p))
< m:‘iz':”dim Homg, . v (0, 7 (1] ®(0'® ).
Since n[n] is cuspidal only the k=0 term can contribute, and that term gives:
dimHomg, , y: ., (O (E0) ! 2 [M] @ (0’ @ p)).

This vanishes unless o' =y, | [¥~"**0~1 and p'e®, (n[n—j]). Here we
use the fact that (Lemma 1.1.1) x(n,n—j)~'-x(n, @)= k(n—j, a) so that

k(nmn—j~t-n[n]=nrn{n—Jj]. (3.24)

But, by hypothesis, &, j(n[n—j])z(b, and so no such 7©' can occur. This
finishes the proof of Theorem 2.1 (i); the proof of (ii) is analogous and so will
be omitted. []

§ 4. Proof of Theorem 2.5

First suppose that nelrr G,,. Then, via Theorem2.1, we may assume that
n>n(n) and that n'e ® ,(n[n]) satisfies

TI(6' ®p)

with j>0 maximal. Here ¢'€lrr H) and, since j is maximal, p’elrr, G, _;. Now
the argument of the last part of the proof of Theorem 2.1 implies that ¢
=yl [¥"**0-1 and p'e®,_(n[n—j]). But now, since p' is cuspidal, Theo-

rem 2.1 implies that n—j=n(n) and p’=0(n). Thus
=l (01®...Qd;®0(n))
where s=(1,...,1), |s|=j and, for 1 £k <},

6;¢=XV1 la}(—nﬁ-k—l’
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This proves part (ii) of Theorem 2.5 in the case when r=0, since a cuspidal = is
never ambiguous.
Next suppose that nelrr G, with

110, ®..®c,&p) 4.1)

where g.€lrr, H and pelrr, G, _ . Then n>I (o, ®p,) where j=s, and

m—|s
plL'I(s;,...,s,)(‘H@-.- ®a,&p)
Suppose that n'e @ ,(n[n]) and consider:
dim HOIIle x G;.(wm,m n [n] ® 75,)

<dimHomg_, ¢.(®,,.1;(c,®p,[n])@7)
=dimHomy, ,q,(t;,0,®p[n]®7)

min(n, j)
< Y dimHomy;, (14,0, ®p, [n]®).

k=0

Since ¢, is cuspidal, only the terms with k=j, or j=1 and k=0 can contribute.
The first of these yields

dimHom,, ¢, (indyi: 3§ 0,@w,, ;, ,0,@p,[n]1®7)
=dimHomy, , 4,(¢;;6;@0,,_;,_ ;»0,@p,[1]QR)(1)).

This can be non-zero only if there exists a constituent

o} ®p eJH(R}(n)
such that
Homy, (€1 0;@Wp_jnjp 01 ®p1 [M] @01 ®p7)F0.

Since ¢, is cuspidal we conclude that, with the notation of (2.7),
&5l =0(&; 04);

and so, using the value of {;; given in Theorem 2.8,

o1 =xy0(0,) 4.2)
Since g, =K,n—j), and recalling (3.24), we must also have
P1€0,_ilp [n—jl). (4.3)

Next consider the case k=0, j=1. This term contributes:
dimHomy, , ,(E10Wm_ 1, 01 ®p([M]®T)
and so can be non-zero only if

o,=| ¥! (4.4)
and
7'e0,(p, [n]). (4.3)
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An easy inductive argument on m now shows that [#n'] is as in (ii) of
Theorem 2.5. Here note that if m=0 every nelir G, is cuspidal. For example, if
nz|s|+n(p) the same inequality is true for n—s, and |s|—s, +n(p), or for n
and |s|—1+n(p). Therefore, the first case in the above argument and the
inductive hypothesis applied to p} and p,[n—j] would yield

(R1=0ty 000, s 20 0@ ) 2| B0 gyl B0 1 6(p)])

while the second case and the inductive hypothesis applied to n' and p,[n]
would yield

(R 1=y 0002 - xy 000 ) 2y | 1F 7 gl 1F | 1812701 6(p)],
provided ¢, =| [¥~"~'. But then

l%(‘n~1

XV6(01):XVl

E)

so that the two expressions agree (up to permutation, ie. associativity). The
general argument proceeds in the same way, taking account of the various
cases, SO we omit it.

Note that we have used precisely the inclusion (4.1) and the fact that n" was
an arbitrary element of @, (n[r]). Thus if n were strongly ambiguous, as
defined in Remark 1.5.2, we would obtain two non-associate expressions for
[7'] since by Theorem 2.1 (ii), 8(p) and 6(vp) are unequal for p=+vp. No such
7' can exist and so statement (i) of Theorem 2.5 is proved.

Finally, observe that if n<n(p)+]s|, and if we iterate the inductive step
above, then the ‘second case’ must occur at least t=n(p)+|s|—n times. This
can only happen if n~/ (6, ®...®0,® p) where some subsequence g, ,...,0;
of the ¢;s is as in Corollary 2.7 (i), and so that part of Corollary 2.7 is proved.

Finally we note that Theorem 2.5 could have been proved in a symmetric
way beginning with 7', and this symmetric proof yields Corollary 2.7 (ii). [

§5. Proof of Theorem 2.8

In this section we will compute the Jacquet modules R (w,, ,) and R)(w,, ,) with
respect to maximal parabolics of G, and G,. Such a computation is also
contained in the proofs of [13], but since the precise statement (Theorem 2.8)
which we need is not so easy to find in [13], and for the sake of completeness,
we will give a detailed exposition. Of course, since the computations in the two
cases are essentially the same, we will only compute R(w,, ).

For convenience, since m and n are fixed, we will write V=1V, W=W,_ and
D=0,

Fix j with 1 <j<n and let B'=MN; and

_ ’ Q 1
W=W + W+ W,
be as in Sect. 1.3. Then, associated to the decomposition

W=W 4+ W W
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with W=V @ W/, W=V @ W, and W’'=V ® W/, we have a mixed model [8]
f (w, S) with
of (@, 5) wi S~S(V)®S°.

Here (w,,S°) is a model of the representation O, ,_ - Let n'(c,d)eN;, where

1 ¢ d—3{c¢¢>
n'(c,d)= 1 ¢
1

with d="deM. (£), c=(cy,...,c,) cjeWO. We view ¢ as an element of
Hom(W° W") via

c: wowl e =(°¢cD,....{wo ¢, >)es".

Then we have
(' (c,d)) o(x) =y (Gtr(d(x, X)) po (xc) @(x) (5.9)

where xeV/, ¢(x)eS° and p, is the action of the Heisenberg group H(W?) in
SO
Let N/, ={n'(0,d)|d="de M (£)}. Then a standard argument yields:

Lemma 5.1. There is an isomorphism of G, x B/ modules

SN}O—L’ S(Xo)®SO
where
={xeV/|(x,x)=0}

and such that the natural homomorphism S—Sy, is given by restriction to X,
cVi. Let T=5(X,)®S°. The space X has a decomposmon

min(j,m)

Xo= ]_L Xox (-1)

k=
where X, ={xe X |dimspanx=k}. Here and elsewhere
spanx=span{x,,...,X;}
if x=(xy,...,x)eV’. This decomposition induces a G,, x F invariant filtration
T=T">TM> . o5T">{0} (5.2)

of T, where r=min(j,m), whose successive quotients T,=T®/T*+") have the
form ;
T, > S(X o) ®S°. (5.3)

The representation of G,,x P/ on T, may be identified with an induced repre-
sentation as follows:
For simplicity let G=G, x H;xG,_; and N=N;. Also let X=X, and fix
x,€X given by
Xq=1(0,...,0,0%,....,0)) (5.4)
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where v, ...,v,, are as in Sect. 1.1. Let H be the stabilizer of x, in G where we
view G as acting on X via its projection to G, x H. Define a representation <
of Hx<N in S° by:

t(h) =& &' (M) wo(h) (5.5)
where ¢ and & are characters given by:
E(h,e)=x(n,n—j)(h,e) (5.6)
for (h,e)eG,, and,
&'(g.e)=1(g, ) |detg|"*(d(V,), detg), (5.7
for (g,¢)e H, and let
2(1)= P xc) (5.8)

if n=n'(c,d)eN.
Then we have:

Lemma 5.2. The representation w of Gi<N on T, is given by
w=f—ind§XN T

Proof. Consider first the restriction of w to G. We have
wlg=pu®LEL w,

where (u,S(X)) is the natural action of G on S(X) induced by its action on X.
Thus there is a natural isomorphism:

wlg—h—indf(t|y) (5.9)
o—f
f@=(E we)g) g™ xo)

On the other hand, there is a natural isomorphism

given by

b~ indf(cly)—— B —ind5XR 1)lg (5.10)

f—F
given by
F(g,m=1(1,8(n) f(g).

Combining (5.9) and (5.10) we see that it is sufficient to check that the map

¢—F
given by
F(g,m)=1(1,gm)(E& wo)(g) (g~ xo) (5.11)

intertwines the N-actions, and this follows by a direct calculation. [

To compute wy we apply the following:
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Lemma 5.3. There is a natural isomorphism
(q—indfXN )yv——H— indf(zy)

induced by restriction to G, i.e. by the inverse of (5.11). In particular the natural
homomorphism
R—indjN (B — ind XN 1)y

is given by
F—i(f)
where
S(g)=F(g,1),
and where

1: B—ind$ (] > —ind¥ 1y
is the homomorphism corresponding to

1 Ty—Tye
Proof. 1t is clear that

(B—indiXX ) [N]=g—indj(r[N])

i.e. consider S°[N]-valued functions. It then remains to check that these two
spaces coincide. We omit the details. []

To compute Ty we consider the decomposition
Va=Vi+ W+ W

as in Sect. 1.2, and we realize the representation (wg,S°) in the mixed model
associated to the corresponding decomposition

W0=w0r+wo0+w(}u
where W=V @W?, W°=12@ W, and W' =V,"®W,. Then
SO~ S(WP) @S (5.12)

where (w40, 5°°%) is a model for w Since for any n=n'(c,d)eN,

m—k,n—j*

xoceV, QWP =W°"
we have:
Po(xp0) @(2) =y (trz,xo ) @(2) (5.13)

for ze(W?)* and @eS°. It is then easy to check:

Lemma 5.4. There is a natural isomorphism

S5 —=> 8%
such that the quotient
§0-8%
is given by
o 0(0)
where 0e(WP). [
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Now observe that
Hc B x(H;xG,_)<N

where E, is the maximal parabolic as in Sect. 1.2, and that the representation
of H on 8%~ S°° extends to a representation 7 of this larger group as follows:

Tl =%o (5.14)
where .

So=I P71 (5.15)
g, . =Ewoo (5.16)

where ¢ is given by (5.6);
By =& (5.17)

where £’ is given by (5.7);
Tlg,. ;= ®@qo0 (5.18)

and 7 is trivial on N, x Nj. In particular we have proved that
(T)y, ——B—ind§ TG (F| ). (5.19)

Now we want to identify (7,)y. with a representation induced from a
parabolic subgroup. Let !
’ * * 14
Rjkz{((_(T:>,g>}ch
i—k'k

and define homomorphisms pr: R),—H, by

* | % _
P ((Gfa) <)~
and pr: E—H, via (1.2.0). Also define an inclusion i: H,—E via (1.2.0). Then,

recalling that (1.2.0) was defined via H,~GL(V))>M,, whereas the com-
ponents v}, ..., v, of x,, lie in ¥, we have:

H={(h,g.g)eR xR} xG,_;Ipr(h)="pr(g)~'}. (5.20)
Then, since the set
{(i(’x),1,1)e R xR}, x G, _;|xeH,} (3.21)
gives a set of representatives for H\ R, x R, x G, _;, the representation
=B —indf B G £, @E @y,
may be realized, by restriction to the set (5.21), on the space

S(H)®5°%.

Moreover, in that realization, the action of B x R}, x G,_; is given by:
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Lemma 5.4. Let xeH, and peS(H,)®S°°.
(i) If (h,g)eH, x H <R, x R}, then

1, 8) @ (x) =1 (g) |detg***"~ o (‘hx g).

xv (@)= x(g) (d(V),detg),.
(i) If geH;_, <R, then

where

1 (@) 0 (x)=xy (g)|detg|”? o (x).
(i) If (h,g)eG,,_, %G, _., then

n— j»
ujk(h> g) o (x)=r(n,n—j)(h) wye(h) ®40(8) @(x).
(iv) The unipotent radicals of B and R, act trivially.

Proof. Since the factor G, xH;_ ,xG,_; of ExR), xG,_; lies in H, and

centralizes the set (5.21), and since ¢, is ‘trivial on this factor, statements (ii)
and (iii) follow from (5.7), (5.17), (5.6) and (5.16). Statement (iv) is proved
analogously. Finally, to prove (i) suppress the inclusion i: H,— E, and consider

wu(hg) e(x)=1(('x,1,1)(h, g, 1))

S((xh,g 1))

f(pr(g)~ ', g, D(pr(g)'xh,1,1))
|detg["~ I+ y, (g)o(hxg). O

Finally we want to replace ‘h—ind’ with ‘ind’ so that we obtain
Theorem 2.8(ii) with

S ¢ on H,
, K(n,n—j) on G, ,
éjk= s 5% ’
xvl (0% 07 on H,
Yy I%’(é’j,‘é})“* on Hj_,.

where & (resp. &%) is the module of P/ (resp. R);,) and ¢, is that of R. Since

S = | k- on H,
LR on H'
ik
o= |Pritt on Hj,
and
S,=| 7Y%V  on H,

we obtain the claimed values for ;.
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