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1. Introduction

In this paper we will discuss some very natural consequences of the existence
theorem of so called hypergeometric shift operators, which is proved in [O2]
(Theorem 3.6). These shift operators play a role, as their name indicates, in
the theory of generalized hypergeometric functions of several variables associated
with root systems as developed in the papers [HO], [H], [O1] and [O2].
The above mentioned existence theorem is based on the main result of Heck-
man’s paper [H], which states that a certain second order differential operator
L, associated with a root system R and a multiplicity function # on R, has
certain special eigenfunctions that are Nilsson class functions with a prescribed
monodromy behaviour. The underlying principle in Heckman’s result is, as far
as we understand at this moment, the so called Riemann-Hilbert correspondence
(in the form obtained by P. Deligne [D]).

In order to give the reader an idea what shift operators are we take a
look at the simplest possible example, namely the case where R=BC,. The
general theory boils down to the theory of the ordinary hypergeometric function

. . d
F(o, B, 7; z) here, and an example of a shift operator is the operator P by

virtue of the relation

%F(a, ﬁ,y;z)=gyﬁF(a+1,ﬂ+1,y+1;z).
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The idea to apply such operators in the theory of multivariable analogues of
hypergeometric functions associated with root systems was used for the first
time in Koornwinder’s paper [K] (he introduced such an operator for the system
BC, and used it to study the Jacobi polynomials).

Let me describe briefly the results we will achieve in this paper:

(1.) (Section 4). Let R be a root system and £ a Weyl group invariant function
on R, with values in the nonnegative integers. The constant term of the Laurent
polynomial [] (1 —#%* is equal to

asR

1 ((p(#), &)+ £, + 3 4!
wr (), a)+ 14!

2 . .
where p(£)=4% ) 4,0 and avzﬁ. This was conjectured by Macdonald
aeR 4

([M 1], Conjecture 2.3).
(2.) (Section 5). Let P(u, #;h)= Y, I,(u, £)h* be the Jacobi polynomial

veC(u)
associated with R, normalized by the condition I,(u, #)=1. Then P(y, £;e)
= Y L £)=1/c(u—p(£), £), where ¢ is Harish Chandra’s c-function. This
veC(u)
is a special case of Conjecture 6.11 of [HO] (for a definition of Jacobi polyno-
mials we refer the reader to [HQO], Definition 3.13).

(3.) (Section 6). Let D(£; x)= [] |&(x)|*, where xe(R.R)*=a and &= l{fla.
aeR 4
|x|?

Let dy denote the Gaussian measure on a: dy(x)=(2n)‘ge‘% dx, where n

equals the rank of R and dx is the Lebesgue measure on a. Then:

GAz+34,+1(p(4), o))
£z +3(p(4), ")

[D(#£; x)dy(x)= []

aeR 4

This was also conjectured by Macdonald in his paper [M 1], (Conjecture
6.1).
(4.) (Section 7). Let R be reduced now. Let I= || «® and consider I as
aeR ¢
an element of the polynomial algebra of W-invariants of R. The Bernstein-Sato
n d;—1 1 . .
polynomial b of I equals b(£)=[] T[] (/f +5+§)' This was a conjecture of

Yano and Sekiguchi in their paper [YS] (Conjecture 51I). Moreover, we will
actually construct a differential operator B such that BI**!=b(£) I*.

i=1 j=1

We refer the reader to [M 1] for an outstanding treatise on the conjectures
1) and 3). Note that, if R is reduced and £=£,YaeR, 1) is actually only the
case g=1 of a more general conjecture, the so called g-analogue of the constant
term conjecture (see [M 1], Conjecture 3.1). This conjecture is of course beyond
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the scope of the shift operators we use here. However, Macdonald has developed
a theory of g-analogues of Jacobi polynomials (see [M2]) and one could hope
for existence of g-analogues of shift operators in this theory, which could possibly
be used towards the solution of this generalization.

2. Notations and general concepts

Let a be an Euclidean space of dimension n provided with an inner product
(+,*), and let R<a* be a root system, possibly non reduced, that spans a*.
Denote by W the group generated by the orthogonal reflections in the hyper-
planes ot (xeR), the so-called Weyl group associated with R. Write P for the

2
weight lattice of R, so P={Aea*|(4,a¥)eZVaeR}, where ¢V = G% (o is called

a coroot; the set {aV},.x is again a root system, the coroot system), and write
Q for the root lattice, thus @=7Z.R. Let H be the complex torus characterized
by the properties 1) Lie(H)=h=C ®g a and 2) H =the character lattice of H=P.
In other words: H>~h/M with M ={Xeb|A(X)e2niZV ieP}. Write H=ATfor
the “polar decomposition” of H; here A is the split part of H and T the compact
part. The natural map b — H is denoted by “exp” and we will use the symbol
h* for the character on H corresponding with AeP (so h*=¢*® if X el such
that exp(X)=h). Choose a system of positive roots R, in R. Let P, be the
corresponding set of dominant weights, i.e. P, ={1eP|(4, )=20VaeR,}. An ex-

ponential polynomial on H is an expression of the form Y C,h?, where only
AeP

a finite number of coefficients C,eC are unequal to zero. If 4, ..., 4,<P, is
the set of fundamental weights we put

zi= Y W*M(i=1,...,n),

weW/Wa;

where Wi denotes the stabilizer of A ;in W. The z; are called the fundamental

W-invariant exponential polynomials, and it is a well known fact (see for instance
[B, p. 188]) that the algebra of all W-invariant exponential polynomials is equal
to C[zy, ..., z,]. The Weyl denominator is by definition the following W-anti
invariant function on H:

Athy=T] (h3—h2),

o
aeR’

where R® denotes the set of inmultiplicable roots in R (so aeR® if and only
if ae R and 2a¢R). The map

H-C" 21
h—(zy(h), ..., z4(h))

is a W: 1 covering of C", branched along the locus {4?>=0} in C". This locus
is called the (global) discriminant of R. The map (2.1) gives an identification
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WA\H™—> "\ {42=0},

with H*¢={heH|h*#1VaecR].

Define "~ Q™ as the vector space of all (complex valued) W-invariant func-
tions on R (m equals the number of conjugacy classes of roots in R). Elements
of " are called multiplicity functions on R. Introduce the following function
on H:

S hy= T (W i—h2?%,  fex.

aeR

(Note that 9§ is, in general, multivalued). Now let £e.#" such that £,=0VxeR.
We provide the space of W-invariant exponential polynomials with a Hermitean
product:

(£ 9= f(8®I8(£; 1)l dt,

T

where dt is the Haar measure on T normalized such that j dt=1. Define the
T

Jacobi polynomials P(u, £; t)(ue P_) associated with R and multiplicity £ by
means of the following properties:

(L) P(u, £;0)=Y T;(u, £)t* (Here C(u) is the convex hull of the orbit W.y,

AeCw)
intersected with u+ Q) with L {n, /)=1and I, ;(u, £} =1, (x, £)YweW.

(2) (P(u, £), P(v, £)),=0VveP_withv>u(ie.veu+Q,, withQ,=Z,.R,).

As remarked in ([H], Proposition 8.1) one may equally well replace (2) by
the condition that P(u, £) is an eigenfunction of the differential operator L(#£):

L(#£) P(u, £)=(u, p—2p(£). P(u, £),
where
p(A)=1% Y 4.

aeR ¢

and

L= 0X)2— Y A1+ k(1 —F) " a(X,).
j=1

i= acR 4

(We use the symbol d(p) (for peC[h*]) for the constant coefficient differential

operator on H that corresponds with p by considering p as element of the

symmetric algebra on fy; X,€b is the vector such that (X,, Y)=a(Y)V Yebh).
Introduce the following function

Eh*x A -C
r(—,a")+414
GO~ 1 Fom a4y
aeR+ 3 27%3 4
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This function is closely related to Harish-Chandra’s c-function:

A
OAD=E b,

(Note that this definition of the c-function is a considerable simplification com-
pared with our original definition (see [HO], Definition 6.4). We are indebted
to Prof. Macdonald for suggesting this simplification to us). The c-function
plays an important role in the theory of hypergeometric functions and, as we
will see, in particular in this paper.

The following theorem is due to Heckman, and will be used in Sect. 4.

2.1. Theorem. ([ H], Theorem 8.5). The polynomials P(u, £; t), pe P_, are orthogo-

nal with respect to the inner product (+,*),. Moreover

c(—p+p(#)+e A c(—p(£)+woe, £)
W) o Dclimpi)twes A 4 1O DId!

Py, k), P(g, k), =lim

where woe W is the longest element and fi= —wyp. [

3. Properties of shift operators

We now arrive at the important notion of shift operator. A shift operator §
with shift /e is an element of C[H#|® A, (A, being the Weyl algebra of
polynomial differential operators in the variables z;) which satisfies:

S(#)>(L(£) +(p(£), p(AN)=(L£ + ) +(p (£ + 1), p(£ +L))o S(4).

From this definition it is clear that S(#) acts on the Jacobi polynomials as
follows:

S(#£) Pu, Ay=n(S(E) (u—p(£). P(u+p(¢), £+7) (3.1)

for some n(S(£))e C[#] ® C[H*]. Note that #(S) determines S because the Jaco-
bi polynomials form a C-basis for C[z,, ..., z,].
In order to formulate the existence theorem we introduce the following nota-

tion. Let R=]] C; be the decomposition of R in conjugacy classes of roots.
i=1

Let ¢;,e#” be the function defined by ¢,(C;)=d;; (Kronecker’s symbol). Write

2 for the basis of A consisting of the vectors £;=¢; if 2C,nR=¢, and £,=2¢;

—e)if 2C;=C;.

3.1. Theorem (existence of shift operators). ([Op2], Theorem 3.6). (1.) There
exist nontrivial shift operators if and only iftcZ..%.
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(2.) If teZ_ .2 there exists a shift operator G(/, £) such that

C(A £+7)

(G, £)(A)= 204

(3.2)

Moreover, every shift operator S(£) with shift { can be decomposed like S(#)
=G(¢, £)oS'(£), where S'(£) commutes with L(£). [

Among the properties that are derived in [Opl] we mention the following,
which will be used in the subsequent sections of this paper

(A) For PeA, we write P* for the formal transpose of P(i.e.:(Ple)*

0 \* 0
=P} P}, z¥=z;and (62) 6zj)'

j
3.2. Proposition. ([Op1], Prop. 3.4, 3.5). Let £€Z , .%. The differential operator:

G, £)=8(—L —A+1 )0 G*(—, £+2)o (£ —Lo), (3.3)
where e= > ¢, is a shift operator with shift £, and
i2CinR=0
16 OD=nG(~t A+ ON-D= 5 O
Note that we may also write
G(l, £)=8(—L—£)oG* (—1, £+£)>5(£), (3.4)

where G* denotes the formal transpose of G as operator on H (so f* =1 for
a function f on H, and 8(x)* = d(—x)).
(B) The degree of G(/, £)(¢€Z..%) is equal to Y ¢,. The highest order

aeR ¢+
part of G(¢/, £) does not depend on £, and for £=4¢; such that 2C;R=0 this
. . 1 .
highest order part is equal to (on H): G Il o(X,) (because this expres-
2% aeCi+

sion is equal to G(#;, 0) as one can check directly from the definition of shift
operator).

(C) It is a well known fact that the polynomial W-invariants on b form
a polynomial algebra €[p;, ..., p.], where the p;, are homogeneous invariants
of degree d; (the d; are determined by R; they are called the primitive degrees
of R). Let R be a reduced root system now. The map

b
X —')(pl(x)» ceey pn(x))
is a |W: 1 covering of ", branched along the set I =0, where I= H o?. The

acR

locus I=0 in €" is called the infinitesimal discriminant of R. Consider the
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map ¢, defined in a neighbourhood of the origin of C", which makes the follow-
ing diagram commute:

[) exp H

|

C—

It is easy to see that ¢ is a biholomorphic map from a neighbourhood of
the origin to a neighbourhood of the identity element. So if Pe A, (z;) we can

) d\¢ .. . .. .
write P=) f; (57)‘) (where k denotes a multiindex), with f, analytic in a neigh-
k

bourhood of the origin. Let ¢(P) denote the lowest homogeneous part of P

. 0 .
with respect to the weighted Euler vectorfield E=Y  d;p; ﬁ We thus obtain
a map: ‘ '

e Bz, ..., 2> B, (P, .-, Po)-

It is not difficult to see that ¢ is actually the same map as defined in ([Opl],
Sect. 4). The eigenvalue of ¢(P) with respect to ad(E) is called the lowest homoge-
neous degree of P (denoted by Lh.d. (P)). From [Op1], Theorem 4.4 we have:

3.3. Theorem. (i) If (€Z, . B then Lhd. (G((, £)=—2 T ¢,.

aeR +

(i) If teZ_ . B then Lhd. (G(¢, £)=0. T[]

3.4. Corollary. Let feZ _.% and let f be a C*-germ at ecH, the identity element
of H, such that G(¢, #) f is again C®-germ at e. Then:

G2, A f (e)=n(G(, O)(—p(£).P(p(?), £+ e).f (e). (3.5)

Proof. Theorem 3.3 (ii) implies (CT denoting constant term):
G, £) f(e)=CT(G(Z, £)e).f (o).

On the other hand, the function 1 is equal to the Jacobi polynomial P(0, £; h).
Hence

CT(G(, H) =G, H)=G(£, AP, £)=n(G(/, £)(—p(£)). P(p(/), £+)

from which we conclude the validity of (3.5). [
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4. The constant term of a certain Laurent polynomial associated with a root
system; proof of the constant term conjecture of I.G. Macdonald

Let R be a (possibly non reduced) root system. Define

s y=T] 1—h)=  (4ex).

aeR

In [M1] Macdonald conjectured that, if £,€Z_ VaeR, the constant term of
the Laurent polynomial ¢(#) should be equal to:

I ((p(£), o)+ £, + 3 £2))!
aeR (Ip(r{), av)‘l'%)é)gl)'

({IM1], Conjecture 2.3). This conjecture is a generalization of a conjecture of
Dyson (the case R= A, in Macdonald’s conjecture), which was already proved
at that time by Gunson [Gu] and Wilson [W] (see I. Good [G] for a short,
elegant proof). Macdonald gives a proof of his conjecture if R=BC, or D,,
by means of a clever change of variables in Selberg’s integral formula (see [S]
and [M1], Sect.2). Finally, it is shown in [M1] that the formula holds for
arbitrary R if £=¢ or 2¢ (recall that e= ) ¢) ([M1], Sect.2 and 3).

i;2CinR=0
Observe that, if £,€Z ,,Va€eR, the constant term of 5(#) is equal to the integral
{ o(4;0)dt. Also note that, if e arbitrary, a(£;0)= [] |-t 5%

T aeR ¢

(=|6(#£; t)] if £ is real), so j (£, t)dt makes sense V£ with Re(£,)=0VaeR.
Moreover, | o(#;1t)dt depends analytically on £(Re(#,)>0). With the aid of
T

shift operators it is easy to prove Macdonald’s constant term conjecture in
full generality:

4.1. Theorem. Let R be a possibly non reduced root system, and £€ 4" such that
Re(4,)=0VaeR. Then
I'(p(4), ")+ £, + 3£+ ) T ((p(£), o¥)— £, — 3 £z + 1)
[o#0di=T] o ? v
T(p(h), &)+ 3 4=+ DI ((p(A), ) — 3 4z + 1)

T aeR

.(4.1)

Proof. Take £, and choose ueP. arbitrarily. Consider the following identity,
which obviously holds if £,€IR . is sufficiently positive (YaeR) (see Sect. 3, pro-

perty A))

(G(— ﬁ,,ff+5z)(P(u+p( i), £+4), P(u, £))
=(=1)==  (Pu+p(), £+6), G(li, H) Pt ))e 14,
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This is equivalent to

(Plu+p(6), £+2:), P(u+p(6), £+8)¢ 44,
(P(u, £), P(n, £))¢
2@ n(G(—4;, £+ 4)(u—p(#)
G, £)(a—p(£)

—(-1)
If we use formula (3.2) and (3.3) of Sect. 3 and Theorem 2.1 this becomes:

fo(£+4;t)dt
T——‘—“—“:(wl):g;(/‘)‘z hm C(p(,€+gl)+b> ’g'{‘gl)
j‘O'(lg; t)dt £50 C(,D(é’)—l-s, )

T

4.2)

(so the dependence on u cancels as should!).

The function

N (o) )~ (& )+ 39 (£, a¥) + 3 A5 +4)
I(—(p(4), &) — (&, a¥) + 5 A=+ £) [ (p(£), 2¥) + 3 £2)

clp(f)+e, A= ]]

aeR +
can be factorized as f(g, £).g(e, £) where f(s, £) is holomorphic on Re(£)>0
and g(e, £) is a meromorphic function which satisfies g(e, £+4;)=

ax
(-1 ZR .g(e, £), by means of the formula I'(z) I'(1 —z) =n/sin 7 z. For instance,
take
I'((p(£), a¥)+ (e, oY) — 3 £z~ £, + D) T ((p(£), &) + 3 A=+ £,)
L((p(£), )+ (e, ")~ A2+ D) T ((p(£), ') + 3 42)  °

fle. A= 1]

acR ¢

and
sinm((p(£), a¥) + (e, &) — 3=~ £,)

sinw((p(£), a¥)+(e, ) — 1 £2)

gle, A= [1]

acR

Put f(£)=1im f (¢, £). So (4.2) takes the form:
=0

Jo+t;0de) [ a#;)dt=Ff(£+4)/f (%),
T

T
or equivalently, the function

h(#)= [ a(#£; )dt/f (£)

T
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is periodic on " with period lattice 4. Consequently, h(#£) is an entire function
(because it is certainly analytic on Re(£) > 0). From Stirling’s asymptotic expan-
sion formula

27\ 1
n[l

[(z)~e *z* (—;) 'IE?+W+"‘] (largz| <m) (4.3)

we see that, if £e.¢” fixed such that £,eR ,, and ze C a complex indeterminate:

fz.H~C* (1+0<§)) 4.9)
for some CelR . ,. On the other hand,
|ja(z.;€;t)dt!§fcr(Re(z).é; t)dt. 4.5)
T T

If we choose # such that £,eINVaeR, then z — h(z.£) is periodic, and thus
bounded as a consequence of (4.4) and (4.5). Therefore, by Liouville’s theorem,
h{#) is a constant:

jo;dt=a.f(£)

T

for some aeC.

We determine a as follows:

(p(£), o)+ 42)

1=lim [ o(e£; )dt=a.limf(e£)=a. []

eiOT el0 a€eR + ((p(,g)’ av)+%£%+£a)‘
Hence
(04, &)+ 1=+ £,)
a= 1 o =|W|. (4.6)
2eR 4 (o (£), o )+7;€%)
The last equality is obtained in the following way: if we put £=¢= ) 4
i:2C;n"R=0

then YaeRO (p(£), a¥)=(p(e), a¥)=ht(x"), the height of ¥ in the root system

ht(@)+1
0w N = T
(R%)Y. So we have: a aE|R]? Rt

we take the limit t — 1 in the following identity of Macdonald, Bott and Solomon
(see for instance [C], Sect. 9.4 and 10.2):

tht(azv)+1 _ 1 n td,- _ 1
Z o — 1‘[ ( e - ):l (t—l)

weW aeRf i=1

. In order to see that his is equal to |W|

where I[(w) denotes the length of we W and d,, ..., d, are the primitive degrees
of R®. O
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5. Evaluation of Jacobi polynomials at the identity element

In [HO] we conjectured that the value at the identity element eeH of the
hypergeometric function associated with the root system R should be 1, in analo-
gy with the group case ([HO], Conjecture 6.11). In this section we will show
that the existence of shift operators implies a partial affirmation of this conjec-
ture. (For a definition of F(4, £; h), the hypergeometric function, we refer the
reader to [HO], Sect. 6 or {H], Sect. 7).

5.1. Theorem. F(A, £; e)=1if £cZ .. B

Proof. From the determination of the constant a=|W| in the proof of Theo-
rem 4.1 (see formula (4.6)) we see that

hm é(—p(e£), e£)=|W|.
£l 0

Therefore it is obvious that

F(4,0; e)=1V iebh*.

Suppose that F(4, £; ¢)=1for all ieh* and £= Z n,4; with n;eZ . and Z m<N.

i=1

Take £€Z..# with £= Z nj4; and Zn =N+1. Let ie{l, ..., m} such that
n;>0. Then: =t

c(4, £)

(=t HF (A =n(G(—b0, D)D) =5

F(4,(£—-¢); h). (5.1)
This formula (5.1) is the generalization of formula (3.1) to the case of arbitrary
hypergeometric functions (instead of Jacobi polynomials), and can be derived
from the definition of shift operator in a completely similar fashion (recall that,
in general, P(u, £/)=(1/c(u—p(£), £)). F(u—p(£), £) if peP. (see [H], Sect. 8)).
Now evaluate formula (5.1) at h=e, and use Corollary 3.4:

oty PR iy ‘
n(G(—4;, H)(—p(£) (= p b A—F) F(—p(#£), £—4;;€).F(4, £; ¢)
_ c(4, £) .
—n(G(_ﬂw ;{))(A) C()», g_ﬂl) F(ls ;{—ﬂ“ e)

Thus, from the induction hypothesis:

n(G(—4;, £)() c(4£) c(=pWA)£—1)

A £ )= . .
B = G )= ph) chh—2)  c—p(d), A
1
= =1.
(i p Y
5.2. Corollary. P(u, #£; e)=—-1——VueP_, LfeA .

c(u—p(£), £)
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Proof. P(u, £;e)= Y T,(u, £) is a rational function in #. Therefore, this corol-
veC(n)

lary follows from Theorem 5.1 and the remark that Z_.% is Zariski dense in
A O

6. Proof of 1.G. Macdonald’s generalization of a conjecture
of M.L. Mehta

The following formula was also conjectured by Macdonald in his paper [M1]
(Conjecture 6.1)

(G A+ 214z +3(p(4), 2))!
(GAz+3(p(4), )

I D x)ydy(x)= 1] (6.1)

aeR ;

Here R is any (possibly non reduced) root system and £e# such that Re(£,)

2
T‘{T a(x)

£a
= ] l&(x)|*= The measure dy(x) den-

aeR 4
otes the Gaussian measure on a, i.e. dy(x)=(27) e #*’dx, where dx is the
ordinary Lebesque measure on a. One might think of this formula as the Lie
algebra counterpart of formula (4.1), and this idea leads to a proof of (6.1)
if # corresponds to the multiplicity of a symmetric space with reduced root
system R (see [M 1], Sect. 6.b). Formula (6.1) is Macdonald’s “root system gener-
alization™ of an older conjecture due to Mehta (the case R=A4,), which can
be proved using Selberg’s integral formula ([M1], Sect. 4). In ([M1], Sect. 6)
Macdonald establishes formula (6.1) for all other classicals root systems, again
by making use of Selberg’s integral formula.

The shift operators enable us to prove (6.1) in a uniform way, as we will
se¢ in Theorem 6.4. First of all, let us formulate two facts (Lemma 6.1 and
Theorem 6.3) that are needed in the course of the proof of Theorem 6.4.

20VaeR, and D(£; x)= []

xeR +

6.1. Lemma. Let ic{l, ..., m} such that 2C;~ R=0. Then (recall that & denotes
the lowest homogeneous part ) :

£G4, 4))e'%'*'2=( 1 ) ot 62)

Proof. From Sect. 3B) and C) we know that &(G(4;, £))eA,(p;, ..., p,) (the p;
being a set of fundamental polynomial W-invariants), and this operator has

degree Z (4),, while its homogeneous degree { with respect to the weighted

aeR ., a 2
Euler vector field E= d;p; a—p~> equals —2 Y (#4),. Choose p; = __|_>€2|_. The

aeR +
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only summands of ¢(G(4;, #)) that do not annihilate the function e are those

B
) (with a=(ay, ..., a,)e(Z )" a multiindex and BeZ ). But

of the form p* (6—0—
deg (p ( >> B Y (4 (6.3)

D1

and

hd( ( c )ﬂ) =Z =—2 Y (£), (6.4)

apl ®eR ¢+
These relations imply that = Y (4;), and a=0, which shows that e?' is indeed

aeR ;.

an eigenfunction of &(G(4;, #£)). In order to determine the eigenvalue, observe
0 (AN
that f(#) (51)—) ZR +  occurs, for some f(£)e C[# "], as a summand of the highest
1

order part of £(G(4;, £)). The highest order part of &(G(4, £)) does not depend
on £, as we remarked in Sect. 3B). Consequently, f(#) is a constant, f say,
and we may determine this eigenvalue by calculating &(G(4;, 0))(e**). According

—1 fecs |
to Sect. 3B) we have: e(G(4;, 0))=£——)—$ [T a(X,). Hence:
[T @ BeC,
aeC,y
(—Dylees [T (=¥
[ R N - ANX v em):(_l)lcml aeCy v -
= Lo ” -
aeC; 4 aeC,

6.2. Remark. If C; is a conjugacy class such that 2C;=C;<R then one can
show that (if £,=2e;—e¢)):

S(G(ﬁi, ;{))e‘%|x|2=( H '_agl—z_) e-,ﬂxlz.

aeC; 4

This calculation is similar to the calculation above, but more complicated be-
cause there is not such a simple formula for G(4;,0) available in this case.
Moreover, this result is not necessary for the proof of Theorem 6.4. []

6.3. Theorem. (Carlson, see [T] Theorem 5.81). Let f'be a function of one complex
variable z, and suppose that
(i) fis analytic and bounded on Re(z) 20,

(ii) f(z)=0forz=0,1,2, ...
Then f(z)=0 identically. []

After these preparations we can prove
6.4. Theorem. Let R be a root system and £€ A" such that Re(£,)20VaeR. Then:

(At} st 3 (p(4), 2)!
D(£: = :
Jpud= 11 =0 i a
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Proof. Consider identity (3.4) on A4:
G (4, £—16)°0(£)=8(£—£)oG(—£;, £)
and let this act on the function 1= P(0, £):
G* (61, =)0 =1(G(—&;, EN(—p (AN P(—p(£), £—£).0(£—1).
Now take the lowest homogeneous part of this equation (see Sect. 3 C)):
e(G* (6, £~ 4N (28)=n(G(— b1, )= p(£) P(—p(b:), £—£;; €). T1(2(£ —£)

where I1(£; x)= [] la(x)|*= (so in this formula we assume that £,eR ,, suffi-

aeR +
ciently positive. Note that the map ¢ we used here us an extension to the localiza-
tion of A,(z,, ..., z,) at 4240 of the map we defined in Sect. 3C)). Use the
expression (3.2) for 1(G(—4;, £)) and Cor. 5.2 to write this as follows:

(—p(£—2), £—14)
¢(p(£), £)

Observe that ¢(G*)=¢(G)*, where + denotes the formal transpose on 4 and
a respectively. Hence, if £ is real and sufficiently positive, we have:

(G (4, A6 (24)=

124 —56).

[DQU—4); x)e " 2m)tdx

k=) ,

=J] PR IH(2(;€ £); xye P 2m)~idx
aeR ;

— H 2(‘ #a C(—p(é)), éJ)

B R e Y )
e(G (i, A—4))" (ITQ24; x) e @m) 2 dx

-] 204740 E(—p(£), £)
wer, [P E7 = E(—p(h—£), £—1)

(24; %) (G, k— ) (e 1) 2m) 2 dx. (6.5)

At this point we assume that ie{l,...,m} is such that 2C;nR=0, and we
apply Lemma 6.1. Formula (6.5) becomes:

c(=p£), £)
L—pt—2), £=4);

IDQR£—4); x)dy(x)=—~ [ D2#4; x)dy(x),

m

where we assume 2 C;~ R=0. Therefore, if £€ ) Z, .¢;, we have
i=1

a(#)

_ 6.6
Eph), B’ (6.6)

[ D@4 x)dy(x)=
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where a(#) is a function that (only) depends on #, with 2acR. However, it
is obvious that the left hand side of this equation is in fact a function only
1
&(—p(4), £)
has the property that f(z.¢)=f(z.¢)VzeC, if 2C;=C;. So a(£) is a constant,
also denoted by a.
The arguments so far establish the theorem (up to the constant a) for

£e ) Z. .. In the remaining part of the proof we will see how this implies
i=1

the general case Re(#,)=0. Consider the following functions of the complex

variable z: (fix £€) R ¢.¢)

depending on £yt £s, and it is an easy calculation to see that f(£)=

()= [ D224 x)dy(x)= [ DA 0 dy(x)

1 F(z(£,+ 34+ (p(£), o¥)))

PO C2apth 20 L TeA A+ 0, 1)

First we study the asymptotic behaviour of these two functions. From its explicit
expression, it is clear that (use Stirling’s asymptotic expansion for I'(z) (see (4.3)))

(£)).z
Y(z)~(N.z) x

for a certain NelR , ; and |z| large (with Re z>0).
As for ¢, if zeR ., o then

(Y K)).z+in
aeR

P(2)=z f(D@4; y).e tPlye 22 =iy

and this identity holds for all z with Rez>0 because of analyticity in z. The
function D(24; y).e #*I” is bounded on a, and we choose N'eR. , such that
D(24;y)e " <N on a. Hence:

(3 fztdn
lp@)slz == [HNY]

1 | 2 n
(Rez) FA

So on the half plane Re(z)=1 we have

£)z+4n

@ISV 2

for some N"eIR . . Thus, for a suitable constant N'”"€RR ., the function

—( 2 A)z—%n

a(z)=(N"z) == Lo(z)—ay(2)]
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is analytic and bounded on Rez>1. If we take £€) Ny, then, by virtue of

(6.6), a(z)=0 for zeIN. Consequently, by Carlson’s theorem (Theorem 6.3), the
equality ¢(z)=ay(z) holds whenever £€) Ne;. This, in turn, implies immediate-
ly that: i

[ D@45 0 dy ()= ¢ VéeA with Re(£)=0VaeR

(—p(#), £)°

If we take the same type of limit as in the proof of Theorem 4.1 (see formula
(4.6)) we get:
(£, +1 4=+ (p(£), o))

(4 +(p(h), 2)

a=Wi=T]

acR

This completes the proof of Theorem 6.4. [

6.5. Remark. Macdonald also generalized Mehta’s conjecture to the case of an
arbitrary finite reflection group on a (see [M 1], Conjecture 5.1). From the classi-
fication of finite reflection groups (see [B]) we know that, apart from the Weyl
groups or crystallographic finite reflection groups, there exist the following non
crystallographic types: H; and H,, with Coxeter diagrams

.—.—5——. and *r————0— @

respectively, and the dihedral groups I,,(r=35, r=7) with Coxeter diagram

r
*r—=

Our methods do not apply to these non crystallographic groups, but the dihedral
case can be verified by means of a direct calculation (see [M 1], Sect. 5). Summar-
izing, Conjecture 5.1 of [M 1] remains unproved for the groups H;, H, only. []

7. The Bernstein-Sato polynomial of the infinitesimal discriminant;
proof of a conjecture of T. Yano and J.Sekiguchi

The following theorem was conjectured by Yano and Sekiguchi in their paper
[Y.S]. In this section we will show that this theorem is an easy consequence
of the previous section of this paper.

7.1. Theorem. Let R be a reduced root system and put I= [] «® Interpreted

acR ¢

as an element of the polynomial algebra C[p;, ..., p,] of polynomial W-invar-
n d;—1

iants, the Bernstein Sato polynomial b of I equals b(£)=[] I (£+%+§),
where the d; are the primitive degrees of R. i=1 j=1 i
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Proof. We derive from formula (3.3) that

H—ph=1)£=1) s
{=p(#), ’

just as we did in the proof of Theorem 6.4. Here we identify R..<#" with

s(G(1, A—)*I* 4= (7.1)

1
————— reduces, in this special case
{—ph) A) P

of equal multiplicities for all roots, to the expression

R by sending ¢ to 1. The expression

rd, ,s’

1

Hence, if we use Gauss’ multiplication formula, (7.1) becomes:

n d;—1

dGL A+ I =M [] d:(£+H+)HI“

i=1 i=1

It is easy to see that G(1, £+ H*=(—1)!*+!G(1, 1 —4), so

n d;—1

sGLI—ANI T =DM T [T d#+H+P)I- (7.2)

i=1 j=1

n d;—1
Define b(#)= IT TT d:(£+%)+)). If b(£) denotes the b-function of I, the relation
i=1 j=1
(7.2) implies that

bib (7.3)

In order to prove that b is actually minimal (so is equal to b) introduce the
following notations: if f is a meromorphic function on €, we define the following
multiplicity function

m(f: C-7Z

zon  if f(w=) aw-—z)* with a,+0.

k=n
For any polynomial PeC[z] we define
ms(P): C—-Z

z— Yy m( )(z+n)

neZ ¢

Note that m(P)(z)=myz(P)(z+ 1) —mz(P)(2).
So (7.3) implies

my(b) 2 my(b). (7.4)
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But from the Bernstein equation
BI**'=b(£) I*(for some BeC[A ] R A,(p;, ..., P,)

it is obvious that
m(§ I**%(x)dy(x)) 2 mg(b).

On the other hand, from the explicit formula (6.1) for j I*(x)dy(x) we see that

a

m(§ I3 (x)dy(x)) =mx(b).

a

Hence my(b)=my(b) and thus b and b are equal up to a multiplicative constant.
This completes the proof of Theorem 7.1. [

7.2. Remark. Yano and Sekiguchi actually conjectured that the formula for the
b-function of the infinitesimal discriminant should hold for non-crystallographic
finite reflection groups as well. Unfortunately, our methods are restricted to
the Weyl group cases (see also Remark 6.5). [
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