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In this paper we first prove a general existence theorem for homogeneous
Einstein metrics and then we exhibit some compact simply connected homo-
geneous spaces which carry no homogeneous Einstein metric.

A Riemannian metric g is called Einstein if Ric(g)=c - g for some constant
c. If ¢>0 most known examples are homogeneous, see [Be]. Previous con-
structions of homogeneous Einstein metrics were usually achieved by more or
less explicit calculations on special families of homogeneous spaces, see, e.g.
Jel,2], [DZ], or [WZ1].

On the other hand, the Einstein metrics of volume 1 on a compact
manifold are precisely the critical points of the total scalar curvature functional
T(g)sz(g)dvolg on the space of Riemannian metrics of volume 1. This

M

suggests a variational approach to finding Einstein metrics, which so far has
not been successful.

If G/H is a compact homogeneous space, we can restrict T to the subset of
G-invariant metrics of volume 1. The critical points of the restriction of T are
again precisely the G-invariant Einstein metrics of volume 1. In this paper we
examine when T is bounded from above or below and/or proper. In particular
we prove the following

Theorem. Let G be a connected compact Lie group and H a connected closed
subgroup such that G/H is effective. Then the functional T on the set of G-
invariant metrics with volume | is bounded from above and proper iff H is a
maximal connected subgroup of G. For such a G/H, T assumes its global
maximum at a G-invariant metric which must be Einstein.

By contrast, as we will see in §2, it seildom happens that T is bounded from
above but not proper or that T is bounded from below.
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Combined with [Dy2], Theorem A yields immediately, without explicit
calculation, numerous new homogeneous Einstein manifolds. For example,
apart from a short finite list of exceptions, every irreducible representation = of
a compact simple group H gives rise to a homogeneous Einstein manifold

SO(n)/n(H), Sp (g) /n(H), or SU(n)/n(H), depending on whether = is orthogo-

nal, symplectic, or non-self-contragredient.

Next, we exhibit some compact simply connected homogeneous spaces G/H
which carry no G-invariant Einstein metric. These G/H have the property that
every G-invariant metric is obtained from a fixed Riemannian submersion
K/H—-G/H—G/K by re-scaling the metrics on the fibre and base. Hence the
Einstein condition reduces to a quadratic equation in one variable which in
some cases has no real roots. It is amusing to note that the trick of re-scaling
the fibre in a Riemannian submersion has been frequently used in the past to
produce homogeneous Einstein metrics.

Our lowest dimensional non-existence example is the 12-dimensional ma-
nifold SU(4)/SU (2) where SU(2)=Sp(2)=SU(4) and SU(2) is the unique maxi-
mal connected subgroup of Sp(2). We will show that no other Lie group acts
transitively on SU(4)/SU(2). Hence it carries no homogeneous Einstein metric
whatsoever. We do not know if any of these manifolds admit a non-homo-
geneous Einstein metric.

Recall that R. Hamilton showed [Ha] that if g is a metric of volume 1 on a
compact 3-manifold M with Ric(g)>0, then there is a smooth 1-parameter
family of metrics g, of volume | with g,=g which is a solution of the natural
evolution equation

g 5 (Ri 1

’(7_1,‘“_ - ( lc(gr)_qu T(gl)gt)'
Moreover, g, converges as t— oo to a smooth Einstein metric, which must have
constant sectional curvature since the dimension is 3. Hamilton’s equation is a
slightly modified version of the equation for the gradient flow of T. g, is a
solution of the gradient flow of T if

g, ( . 1 )
P 2 | Ric(g) M Stg)e.)-

If dim M >3, short-time existence and uniqueness of solutions of Hamilton’s
evolution equation still hold. However, our non-existence examples show that
in general a solution curve g, will not converge, even if g, has positive Ricci
curvature and non-negative sectional curvature. This is seen as follows. Since
Hamilton’s equation is invariant under Diff(M), by uniqueness,
Isom(g,)cIsom(g,) for all t=0 for which g, exists. f Gcolsom(gy) acts tran-
sitively on M, then g, will also be G-invariant and since S(g,)=T(g,), the flow
of Hamilton’s equation on the set of G-invariant metrics agrees with the
gradient flow of T. Since the set of G-invariant metrics of volume 1 on M is a
smooth finite dimensional manifold, a solution curve g, has the property that if
tme 18 the maximal time for which g, exists, then as t—1¢,, either g, converges
to a G-invariant Einstein metric or g, goes off to oo on the set of G-invariant
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metrics of volume I. Hence any solution curve of Hamilton’s equation with
homogeneous initial metric on one of our non-existence examples will go off to
oo. Moreover, since every compact simply connected homogeneous space car-
ries a normal homogeneous metric with positive Ricci curvature and non-
negative sectional curvature, we may choose such a metric as initial metric.

.0
Exactly the same conclusion holds for any differential equation %:F(gt)

(necessarily invariant under Diff(M)) that satisfies short time existence and
uniqueness, and has the property that all stationary points are Einstein metrics.

§ 1. The scalar curvature functional

Let G be a compact connected Lie group and H a closed subgroup such that G
acts effectively on M =G/H, i.e. H contains no nontrivial normal subgroup of
G. The assumption of effectiveness is not necessary but is convenient. Hence in
giving actual examples of G/H we will not worry about effectiveness. We will
also assume that H is connected, which is automatically the case if G/H is
simply connected.

For a Riemannian metric g on M we denote by S(g) its scalar curvature
and by T(g) its total scalar curvature | S(g)d vol,. Then, on the set .# of

M

Riemannian metrics on M with volume 1, the critical points of T are precisely
the Einstein metrics on M, as follows from the first variation formula ([Hi] or
[Bg] p. 289)

S .
dT,(h)= <Z ¢—Ric(g), h> dvol,,

M

where h is any symmetric 2-tensor on M such that j(trgh)d vol,=0 and
n=dim M. M

Let 4 be the set of G-invariant metrics of volume 1 on M. Note that on
Mg, T(gg=S(g). The set of critical points of T|.#, are precisely the G-
invariant Einstein metrics of volume 1 on M since at a critical point g of

. S .
T\ we can choose h to be the G-invariant symmetric 2-tensor —8 - Ric(g).

Let B be the negative of the Killing form of g. Then B(X, X)=0 with
equality iff X €3(g). We fix once and for all a biinvariant metric ¢ on g such
that the induced normal homogeneous metric g, on G/H has volume 1.

Next we consider the Ad(H)-invariant decomposition g=h@m with
Q(h, m)=0. Then the set of G-invariant metrics on G/H can be identified with
the set of Ad(H)-invariant inner products on nt.

Let ( , > be an Ad(H)-invariant inner product on m and {e,} be a basis of
m orthonormal with respect to ¢ , >. Then one has the following formula for
the scalar curvature of ¢ , D (see e.g. [Be], (7.39) or [Je2], p. 1130):

(]1) :%ZB(ea’ ea)—zlf Z <[em’ e[{]m’ [ea’ eB]m>
a a,

where [ , ], denotes the m-component.
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We now examine this formula more closely. Let m=m, ®...®m, ®&m, be
a Q-orthogonal Ad(H)-invariant decomposition such that Ad(H)|m,=id and
Ad(H)|m; is irreducible for i=1,...,r. Such a decomposition is not unique if
some of the representations of Ad(H) on m; are equivalent to each other. But
the subspace m, and the numbers d,=dimm,; are independent of the chosen
decomposition.

The structure of .# can be described in terms of a fixed decomposition. By
Schur’s lemma, .#; is diffecomorphic to the positive definite elements in

R'x[ [ Homyg,(m,. m)]xS*(mg)

1gi<jgr

with volume 1. The volume condition is equivalent to requiring the matrix of
an element of .#, (with respect to a Q-orthonormal basis of m) to have
determinant 1. Thus .#, is diffeomorphic to a smooth hypersurface lying in an
open cone in some Euclidean space.

This description of .#,; with respect to a fixed decomposition of m is,
however, rather complicated to work with. Instead, we shall vary the decom-
position of m and study .#; and T this way.

First we decompose m, further into Q-orthogonal 1-dimensional subspaces
me=mt,,; @...®m,. For the rest of this paper we will refer to a Q-orthogonal
Ad(H)-invariant decomposition m=m, ®...Om, ®m,,, D ...Om, as above
simply as a decomposition of m. For each decomposition there is the family of
Ad(H)-invariant “diagonal” metrics: namely, those given by

(1.2) C,o=x0m L. . LxOlm, x,>0.

Every Ad(H)-invariant inner product on m belongs to the family of Ad(H)-
invariant diagonal metrics of some decomposition of m. This is seen as follows.
For a given Ad(H)-invariant inner product { , > on m, we first diagonalize
{ , > with respect to Q to obtain a decomposition of nt into eigenspaces of
{, >, which are orthogonal with respect to both Q and { , >. These eigen-
spaces are Ad(H)-invariant, and so can be further decomposed into irreduc-
ible summands which are orthogonal with respect to Q and < , >. Then {, )
has the form (1.2) with respect to this decomposition, where the x;s are the
eigenvalues of ( , > with respect to Q. Note that it can happen that the same
Ad(H)-invariant inner product can be diagonal with respect to many different
decompositions of m.

For a fixed Q-orthogonal Ad(H)-invariant decomposition of m, the scalar
curvature of the metrics of the form (1.2) has a nice expression. Let {¢,} be a
Q-orthonormal basis adapted to the decomposition of m, i.e., e, m, for some i,
and a<f if i<j. Next set A},=Q([e,,ez], e,), so that [e,, e,], =) Alze,, and

7

k . .
set [ij] ZZ(AZﬂ)Z’ where the sum in taken over all indices o, §, y with e, em,,
k1. .
egem;, and e, em,. Note that [] is independent of the Q-orthonormal bases
)
chosen for m;, m;, and m,, but it definitely depends on the choice of the

. k7. . .
decomposition of . [] is a continuous function on the space of all Q-
)
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orthogonal ordered decompositions of m into Ad(H)-irreducible summands.

Notice also that [k] is symmetric in all 3 indices since A s is skew-symmetric
in all 3 indices.

Let  , > be an Ad(H)-invariant metric having the form (1.2) with respect
to a fixed decomposition of m. Then {ea/]/;ileaemi} is an orthonormal basis
of m with respect to { , ). By (1.1) the scalar curvature of { , ) is given by

(1.3) :i =Z diby -2 Zk [k]ﬁ

X; ijlx;x;

where Bln;=b;Q{m;. We have b,20 with b,=0 iff m,c3(g), and [,k]g() with
)
k
[ij] =0 iff Q([m,, m,], m,)=0.

{(1.4)  Remark. 1If for a fixed decomposition of m we have Ric (m;,m)=0
whenever i=j for all metrics g of the form (1.2) with respect to the decom-

position, then the first variation formula for T implies that the critical points
s

for S in (1.3) on the set [] x{*=1 are Einstein metrics on G/H. But in general if
i=1

n; and ni; are equivalent Ad(H)-representations, then Ric(m,, m; may be non-

zero, and hence the critical points of (1.3) will not necessarily be Einstein

metrics. Nevertheless (1.3) will be sufficient for us to examine the global

behavior of § on 4.

In Sect.3 we will need the following relationship between [k] and the
Lj

Casimir operator C, 5= — Xad z;oad z;, where z; is an orthonormal basis of

b with respect to Qlb. Since m is Ad(H)-irreducible C,, ,,=¢;"Id with ¢;20
and ¢; =0 iff n,cm,,.

(1.5 Lemma. ¥ [ ‘]:d,-(b.-—%i)-
jk LLJ

il

Proof. D [lk]]

Jk

Z Z Q([ea’ 6/3], ey)z

exem, B,y

> ZQ Leas eplns Loy, e5],)

exEM,

Y —tr,(pr,cade,)?

eqgem,

Y (—tri(ade,)>+2try(pryade,opr,ade,)

eq ey,

= ). (Ble, a)+2ZQ le, [es 201, 2

egem,

= z (B(ew ea) —2Q(Cm,.Q|b(ea)’ ea)

e em,

=d;(b;—2c). qed

il

It

i
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Notice that one can use (1.5) to collect terms in (1.3). The coefficient of 1/x;
in (1.3) is equal to

% (d"bi% [iii] ‘? [IJ]]) =d; C"% [iii] % j;k [lkj]

which is 20 and =0 iff m;cm, and [m;, m;J<m; for all j.

We also need a formula for the scalar curvature of a Riemannian sub-
mersion. Let 7: M—B be a Riemannian submersion with totally geodesic fibres
F. Let g denote the metric on M normalized so that vol(g)=1. Let S(B) and
S(F) respectively be the scalar curvature of the base and fibre. On M there is a
natural family of metrics: g =tgl|, Lgl,, where V and H are respectively the
vertical and horizontal distributions. Then

i
S(g) =+ S(F)+5(B)—t|l4]}*

where |4l is the norm of the O’Neill tensor computed with respect to g=g,.
(See e.g. [BB], Lemma 14.) If we let f=dimF and n=dimM, then vol(g,)
=t/12, 50 that g§,=t~ /g, has volume 1 and

(16) S@)=" (1 S+ 5B -t 147).

Hence if S(F)>0 then S(g,)— + o0 as t—0.

In applications we will consider compact connected intermediate Lie
groups K with HcK<G. Let g=f@m, and f=h@®m, be Q-orthogonal de-
compositions. For any Ad(H)-invariant metric { , > on m such that {m,, m,)
=0 and such that {, >lm, is Ad(K)-invariant, the natural projection
G/H—-G/K becomes a Riemannian submersion with totally geodesic fibres if
the metric on base and fibre are given respectively by { , >fm, and {, >jm,.
(See [BB], Prop. 2.) The induced family of metrics g, clearly lies in .#,;.

§2. S bounded on .Z

(2.1) Theorem. S is bounded from below on .4 iff the universal cover of G/H
is a product of several isotropy irreducible homogeneous spaces and a euclidean
space R*, k=0. S is in addition proper iff k=0. If k=0, S has a unique critical
point, which is a product of the unique Einstein metric on each factor, and S is
bounded from below by a positive constant. If k=1, S has a critical point iff
G/H is a torus.

Proof. Assume that S is bounded from below on .#. Fix a decomposition of
k

m. If [ ] +0 for some i, j, k with k=i and k ], then (1.3) implies that S— — o
1j

if x;~0, x;—»0 and x,— +00 at suitable rates preserving the volume. Hence.
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. . k
using the symmetry of [ | in all 3 indices, it follows that [ ]zO whenever
L

there are two distinct indices. Thus [m;, m;]=0if i%j and [m, mJ<h®m,.

If we let h;=[m;, m;],, then the biinvariance of Q implies that g,=bh,®m,
are pairwise Q-orthogonal ideals of g. The Q-orthogonal complement of @g; in
g is thus an ideal contained in b, which is 0 by effectiveness. So g=@g,, and

the universal cover of G/H is the product || G,/H,. Note that m,<3(g) and if
i=1

L

m;cmg,, then h,=0. It follows that h= P b, and b, acts irreducibly on m,,
i=1

1 <i<r. Thus, G,/H, is isotropy irreducible if 1 <i<r, and by effectiveness 3(g)
=m,=R* for some k20. The decomposition m=m, @ ... ®m, @, is unique
since the Ad(H)-representations m;, i>0, are pairwise inequivalent. Hence by
{1.3) S on .#,; has the form

d,;b;

i

1
S—2 i; >0,
which is independent of the metric on m,=3(g).

This completes the proof of the first assertion in (2.1). The next two
assertions are immediate consequences of the first assertion and the form of § in
the preceding paragraph. Finally, if k=1, S has a critical point iff G/H is a
torus since Ric is 0 on m, and positive on m,, i>0. q.e.d.

X;

Remark. The homogeneous spaces occurring in (2.1) are precisely the compact
homogeneous spaces of normal type, ie., every G-invariant metric on G/H is
normal homogeneous, see [BB], Lemma 12. Note that Lemma 13 in [BB] is an
immediate consequence of (1.3).

(2.2) Theorem. S is bounded from above and proper on M iff H is a maximal
connected subgroup of G, or, equivalently, b is a maximal subalgebra of g. In this

case S has a global maximum, which must be a G-invariant Einstein metric on
G/H.

Proof. Let us first assume that b is maximal in g. Maximality has the following
consequence: there is a constant a>0 depending only on G/H such that for
any non-empty proper subset I<{l,...,s} and for any decomposition of m

there exist i,jel and k¢ I with [Ik]ga To see this, note first that for any
fixed decomposition of m and fork]any non-empty proper I<{l,...,s} there
exists an i,jel, k¢l such that [ik_] >0 since otherwise hb@ > ni;, would be a
proper subalgebra of g properly ccj)ntaining h. Now for each lrelcl)n-empty subset
fa{1,...,s} let a,=infz [lkj] where the infimum is taken over all decom-

positions of m and the sum is taken over all i,j, k with i,jel and k¢ 1. By the

.. . k
compactness of the set of decompositions of m and the continuity of the [ ,],
1]
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we see that g,>0, and hence for some i,jel, k¢l, [k]ga-; Since there are
only finitely many I’s, the existence of a follows.

By the compactness of the set of decompositions of m, we can also find a
constant b>0 such that for every decomposition b,<bh, where b, is given by
Bim;=b,Q|m,. Next we fix constants o; s.t. O0=a,<o,<...<o,=1 and
o, >(1+0a)/2. Let

o=min {20, —o;,—1, 1 Si<s—1}>0.
For each fixed decomposition of m, we consider the family of metrics given

by (1.2). If the metric is *Q, we write x,=¢'™ with Z v}=1,:>0,and ) d,v
i=1 i=1

=0 since the volume is assumed to be 1. For a fixed (v,,...,v) let v,

—min {v,}. Then there exists a constant ¢ >0 which depends only on s and {d,}

(and hence not on the decomp051t10n) such that v, < —c<0 for every

(vy5 ..., v,) satisfying Z v?=1 and Z d,v,=
i=1
Given (v, ..., ) as above, we sub-divide the interval (v,,,0] into s—1
intervals (ai+lvmm, % Vmind, i=1,...,5—1. Since at least one v, is positive, at
least one of these intervals does not contain any v;'s, say (%, | Vpins % Vmind-

Let I'={ilv;<; , Vni}. By construction [ is a non-empty proper subset of
. . k .
{1,...,s}. Hence there exist i, j k with i jel, k¢l, and [ ,]ga. Since
Lj

>0 U v;, 0,50 and v, ;. < —c, we have, using (1.3),

io “mins Yi» Yj= 1()+1 mln’

S <Lbn exp( -t Umin) 4a exp (t O(m mm) CXp( 2 t O(lo‘r 1 mm)
xp(—tog ) [2bn—aexp(—tv,;, (2o, ~o;, —1)]
exp(—tvy,)[2bn—aexp(tca)].

Z
<l
<z¢

2nb+4A4

1
Hence given 4>0 we will have S< —A4 if t>710g ( ) We can thus
c a

find constants f3,(A4), f,(4) which depend only on 4 and G/H but not on the
chosen decomposition such that S> — A4 implies that §,(A)<x,<f,(4) for all i.

We claim that this uniform estimate implies that S™![ —A, +0)n.#; is
compact. Indeed, the above inequality says that for a metric { , ) in .#, with
S= — A the eigenvalues of { , > with respect to Q lic between f§,(A) and j,(A).
But the set of symmetric matrices with bounded eigenvalues is compact. Hence
S is bounded from above and proper on .#.

Conversely, let G/H be such that S is bounded from above and proper on
M. If H is not a maximal connected subgroup, then there exists a connected
subgroup K with Ho K< G. If K is closed, then by (1.6) and boundedness from
above, the metric induced by Q on K/H has zero scalar curvature. The same
formula shows that S™![0, + co) is then non-compact, which is a contradiction
to properness. If K is not closed, then either K< G or K =G. We have already
treated the first case. If K=G, then g has a non-zero center. Let L be the
connected subgroup corresponding to @ 3(g). Then L is closed and L/H is a
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torus. If L=+G, then we get a contradiction as before by (1.6). If L=gG, then
G/H is a torus and § is not proper. d.e.d.

(2.3) Corollary. Let H be any closed subgroup of a compact connected Lie
group G. If b is maximal in g, then S is bounded from above and proper on .
Therefore, G/H has a G-invariant Einstein metric which is a maximum point for
S.

Proof. Let H® be the identity component of H. The Ad(H)-invariant inner products
on m form a closed subset of the Ad(H®)-invariant inner products on nt.
On the latter set S is bounded from above and proper by (2.2). Hence the
scalar curvature function remains bounded from above and proper when
restricted to this closed subset, q.e.d.

Examples. To apply (2.2) to concrete examples, we first describe briefly
Dynkin’s classification of the maximal connected subgroups of the simple Lie
groups {see [Dy1,2] and [WZ 2]).

If G/H is isotropy irreducible, then by is certainly maximal in g. But in this
case ./ ; is a point and (2.2) becomes trivial.

It is easy to see that if b is maximal in g, G/H is effective, and if G is not
simple, then G=H x H, where H is embedded diagonally and H is simple. In
this case G/H is an irreducible symmetric space. Hence we will assume that G
is simple.

If rankbh=rankgq, then the Borel-deSiebenthal classification ([BS] and
[Wo, p. 282a,b]) of maximal subalgebras of maximal rank implies that G/H is
either isotropy irreducible or G/H =EZ/SU(5)-SU(5). In the latter case the
biinvariant metric on G already induces an Einstein metric on G/H (see
[WZ1]).

I G is a simple exceptional Lie group and rankb<rankgq, then f) is a
maximal S-subalgebra in Dynkin’s terminology (p. 158 [Dy1]). [Dy1], Theo-
rem 14.1 and Tables 14, 15, 24, 35, contain a list of all the maximal S-
subalgebras of the exceptional simple Lie algebras together with their isotropy
representations. There are 21 maximal S-subalgebras, 11 of which are isotropy
irreducible. To the remaining 10 we can apply (2.2), and only in one case does
the biinvariant metric on G induce an Einstein metric on G/H (see [WZ 1]).

If G is a classical simple Lie group and H is not simple, Theorems 1.1-1.4
of [Dy2] imply that G/H is cither a Grassmannian (and hence an irreducible
symmetric space) or (G, H) is one of the following:

I Spg.Sp(p)SO(g),  pzl, q23, q+4; or p=1, q=4

Il (SO(4pq), Sp(p)Sp(a), pzqzl, (p.9+(L 1)

T (SO(pg), SO(p)SO(q)),  pzq23, (p.g)+(4.4)

IV (SU@pg), SUPSU@). pzq22, (p.9)*(2,2)
where the inclusions are given by the obvious tensor product representations.
G/H is isotropy irreducible iff p=1 in casel, g=1 in case ll, or we are in IV.
In all other cases the biinvariant metric on G induces an Einstein metric

on G/H iff p=¢q in casell or p=gq in caseIll (see [WZ 1]). In the remaining
cases (2.2) yields a new Einstein metric on each G/H.
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If G is a classical simple Lie group and H is a simple maximal connected
subgroup, then Dynkin showed that the representation of H induced by the
lowest dimensional representation of G must be irreducible except when G/H
=S0O(n+1)/SO(n). Moreover, he proved (see [Dy2], Theorem 1.5) that the
converse is essentially true. To be more precise, let H be a simple compact Lie
group and 7 an irreducible representation of H of complex dimension N.
Except for a short list of (H, n) (see Table 1, p. 364, [Dy 2]), n(H) is a maximal
connected subgroup of G=SO(N), Sp(£ N) or SU(N) according to whether = is
orthogonal, symplectic, or non-self-contragredient. Moreover, it was observed
in [WZ2] that these exceptions have a uniform description in terms of the
isotropy representations of symmetric spaces. Hence, apart from these excep-
tions, every irreducible representation n: H-G of a simple compact Lie group
H gives rise to a homogeneous Einstein manifold G/=n(H) by (2.2). Of course,
some isotropy irreducible spaces are repeated in this list, but all other exam-
ples are new. Moreover, in these new examples, the bi-invariant metric of G
never induces an Einstein metric on G/=n(H) (see [WZ 1]).

(2.4) Theorem. S is bounded from above on M but not proper iff S'-H is a
subgroup of G and G/H -S' is a compact irreducible hermitian symmetric space
other than the hyperquadrics SO (n+2)/SO(n)- SO(2), n=2.

Proof. Assume that S is bounded from above but not proper. Then H is not a
maximal connected subgroup of G by (2.2).

First let HE K& G be any closed connected subgroup. By (1.6) and bound-
edness from above it follows that Q induces a normal homogeneous metric on
K/H whose scalar curvature is 0. But the formula for the sectional curvature of
a normal homogeneous metric (see [KN] Theorem X.3.5) implies that Q has 0
scalar curvature on K/H iff I=h@®p, Q(b, p)=0, and [p, p]=0. The bi-in-
variance of Q implies that [b, p]=0, so pcm,, and hence m, is a non-zero
sub-algebra of g.  If every K with HE K& G is not closed, then K=G. In this
case, 3{(f)+0 and since Z(K)cZ(G) we also have 3(f)<3(g). Since K is not
closed, 3(f) =3(g), and if we let X €3(g), X ¢ 3(I), then the projection Y of X into
mt lies in m, and Y %0 by effectiveness. Hence again m, +0.

Therefore, let K be the closed connected subgroup with Lie algebra =
h@m,. (K is the identity component of the normalizer of H in G.) We have
Hgz Kg G (the last inequality by the effectiveness of G). Thus by the above
argument, ni, is a non-zero abelian ideal of .

Let 0% X em, and ¢, be the centralizer of X in g. Note that ¢, >f and ¢y is
of maximal rank in g. If ¢, #g, then since the connected Lie group correspond-
ing to ¢, is closed, it follows that ¢, =f. We first claim that there exists some
X em, with ¢y, +g. Indeed if ¢,=g for every X em,, then my<3(g) and the
effectiveness of G/H implies m,=3(g). Hence G/H is finitely covered by (G'/H’)
x T* k=1, with G’ semisimple. But then .# contains the metrics which are
products of a normal metric g, on G'/H’ and an arbitrary flat metric g, on T*
such that vol(g,)-vol(g,)=1. Since S(g)=S(g,), it follows that S is not
bounded from above. Now let X em,, such that I=c, +g. We claim that ¢, is a
maximal subalgebra in g. Indeed, if ¢, £ 15 g, then by the previous arguments,

it follows that L=G. As before this implies 04 3(I)=3(g) and 3(I) +3(g) which is
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impossible since 3(g) <= ¢,. Hence K is a closed maximal connected subgroup of
G of maximal rank. G/K need not be effective, but since G/H is effective this
can only happen if some subspace acm, is an ideal in g. But then a finite
cover of G/H is again a product (G/H'Yx T*, k=1, which we already saw, is
impossible.

Hence G/K is effective and Theorems 8.10.1 and 8.10.9 of [Wo] show that g
is simple, I=bH @R, and (g, h@ R) is an irreducible hermitian symmetric pair.

Conversely, assume that G/H-S' is an irreducible hermitian symmetric
space. The isotropy representation of G/H-S' is [¢ ® ¢p,]g where ¢ is an
irreducible complex representation of H and ¢, is the one-dimensional repre-
sentation of S'. If ¢ is not self-contragredient, the restriction of [¢ ® ¢,]g to H
is [¢]g, which is again irreducible. Hence, in this case the isotropy representa-
tion of G/H is m=m, @ [¢]g where dimm,=1. Hence any G-invariant metric
on G/H is a submersion metric of G/ H—-G/H - S', and .#, is 1-dimensional. By

n+
(1.6), S on .# has the form S=t'"S(B)—~t

1
» || 4|2, where S(B)>0 and ||A] =0
since G/H 1s irreducible as a Riemannian manifold (with metric induced by Q)
by Corollary X.5.4 in [KN]. Thus § is bounded from above but is not proper.
If ¢ is self-contragredient, then by the classification of irreducible hermitian
symmetric spaces (see [Wo], p.283-284) G/H-S'=S0(n+2)/SO(n)SO(2).
However, in this case we also have inclusions SO(n)=SO (n+1)=SO(n+2).
Hence, by (1.6), there exists a family of metrics g, in .#; on SO(n+2)/SO(n)
with S(g)— + o as t—0. q.e.d.

Remark 1. If we have a space G/H as in (2.4), then the proof of (2.4) shows that
although S is not proper, S~ '[a, w]N.# is compact for any a>0. Hence S
still has a maximum. Indeed, S has a unique critical point on .#; at ¢

S(B
:*(—1—2-. Note that G/H is the canonical circle bundle over the hermitian
(n+1)[lA]

symmetric space G/H - S'. The unique G-invariant Einstein metric on G/H was
discovered by Kobayashi (see [Kob]).

Remark 2. The results in this section clearly have the following consequence. If
S is a proper function on .#, then either G/H is one of the spaces studied in
(2.1) and (2.2), or m has two inequivalent irreducible copies, m,=0, and b is
not maximal in g. In the latter case we will see that § may fail to have a
critical point.

§ 3. Nonexistence

There are many examples of non-compact homogeneous spaces G/H which
carry no G-invariant Einstein metric, e.g., if G is nilpotent, see [Mi]. If G is
compact and =,(G/H) is infinite, then G/H cannot carry an Einstein metric
with positive Einstein constant since by Bonnet-Myers there is not even a
metric with positive Ricci curvature. If Ric<0, Bochner’s theorem implies that
every Killing vector field is paralle! and hence G/H is flat. Therefore, if G is
compact, n,(G/H) is infinite, and if G/H is not flat, then G/H carries no G-
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invariant Einstein metric. But if G is compact and G/H is simply connected,
there is always a metric with Ric>0 and no further obstruction to the exis-
tence of an Einstein metric is known. In fact, since Einstein metrics have
always been found on the many examples that have been studied, the question
was raised whether or not every compact simply connected homogeneous
space carries a homogencous Einstein metric. To settle this question, we
examine (in view of (2.2)) the case where there is a unique closed connected
subgroup K with HE K£ G, and find numerous examples that have no G-
invariant Einstein metrics. We do not know whether there are non-homo-
geneous Einstein metric on these examples. At the end of this section we will
also give an example of non-existence where Hg K, £ K, ZG.

Let G/H be a homogeneous space and for simplicity we will assume that G
is a compact simple Lie group. We choose for the fixed biinvariant metric Q
the negative of the Killing form, denoted by B. Then b,;=1 in (1.3). We will
examine the situation in which m has only two irreducible summands m, and
nt,. Since we are interested in non-existence, we will assume that m, and m,
are inequivalent representations, since otherwise Bjm is an Einstein metric on
G/H by [WZ1], (1.1.7). By (2.2) we can assume that H is not maximal in G.
Without loss of generality, let T=b @ m, be a subalgebra of g with correspond-
ing closed connected subgroup K. Then every G-invariant metric on G/H is
given by (x; Blm,) L(x,B|m,), and can be viewed as a submersion metric for
the fibration G/H—G/K. The homogeneous space K/H need not be effective in
general. So let K’ be the quotient of K acting effectively on K/H. For sim-
plicity we also assume that K’ is semisimple and B, =oB|¥ for some a>0,
where B, is the negative of the Killing form of f. Note that if ¥ is simple, this
last condition is automatically satisfied.

2 1 1
N i i 1 h = = =0.
ow since f is a subalgebra, we have [11] [21] [12] 0. We can

assume that [12] +0 since otherwise we are in the situation of (2.1). By (1.5),

d, ——[111] —[122] =2d,c,. We can also apply (1.5) to G/K to obtain d, — [222]

=2d,c%, where c% is the Casimir constant of the T representation m, with
respect to B|f. Notice that the { representation m, and the by representation m,
have different Casimir constants. If ¢f is the Casimir constant of m, with

2
respect to B, |} (instead of B|h!), we have ¢, =u-c}. We also observe that [12]
=d (1 —a) since

2 2
[1 2]_ Y —tr, (pra,ade)

e, emy

= Y (—try(ade)*+1r(ade)?)

e, emy

= ). (Blese)—Byle;, e))=d, (1 —a).

e emy

Combining the above with (1.3), we get

1 x,

S—ld (*+1>+1d(*+1> d,(1—0a)
oy, S\ Ty e\ Ty T g Al T
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The critical points of S subject to x4 x%2=v, where v™' is the volume of the
metric gz on G/H, are given by the solutions of the quadratic equation

1 1 | 2d
o (CT‘}—E) 12 - ((;k+§) 1—5(1 —CX) (1 +Tzl) ZO,

where t=x,/x,. Note that ¢f=13 iff the corresponding space is (locally) sym-
metric (see Corollary [.1.6 in [WZ 1]). Therefore, we have

(3.1) Theorem. Assume that G is a compact simple Lie group, m decomposes
into two inequivalent irreducible summands, and that t=h@®m, is a subalgebra
with B =aB|;, a>0. Then there exists no G-invariant Einstein metric on G/H

iff

1\2 24, .
2) - (1 +72~) OC(I -‘OC)(ZCI + 1)<O,

D= (63‘ +
where c¥, c% are the Casimir constants of K'/H' and G/K with respect to B, |b
and Bl,. If G/K and K'/H' are both symmetric, then

D=1-2a(l —a) (1 +%dgi)

2

If D>0 (resp. D=0) there exist precisely 2 (resp. 1) G-invariant Einstein metric
on G/H.

We now give a number of examples without G-invariant Einstein metrics.
Observe first that under the conditions in (3.1) both base G/K and fibre K'/H’
are isotropy irreducible homogeneous spaces. Conversely, if in G/H—G/K the
base and fibre are isotropy irreducible and if the irreducible f representation
m, restricts to an irreducible representation of b, then G/H is a candidate for
(3.1), where we only have to verify the additional conditions that m, and m,
are inequivalent and that B, =oaB|,. Now, if T is simple, then the requirement
that there exists some subalgebra by for which the f-representation m, remains
irreducible, is a very strong one. In fact, Dynkin ([Dy1], Table 40, [Dy2],
Table 5) classified those irreducible representations of simple Lie groups which
restrict to an irreducible representation of some subgroup. Using this classifi-
cation, one can easily compile a complete list of all homogeneous spaces G/H
for which m has only two irreducible summands. However, we will not do this
here. Instead, we will give a number of simple examples which show that D<0
occurs quite frequently. For the computation of the constants « and for other
notation we refer the reader to [WZ1].

Example I. G=SO(2n), K=U(n), H=SO(n)- U(1), K=SU(n), and n=3. The
base and fibre are symmetric spaces and m, =(5?p,~1d)®1d. The t represen-
tation m, is [A?p, ]z, which restricts to [4?p,® ¢]g. So all the conditions in

(3.1) are satisfied. We get d,=3(n+2)(n—1), d,=n(n—1), oczz—n—l. Hence D
=(B—n)(n—1), and so D<0 if n24, D=0 if n=3. (n—1)

Example 2. G=SU(n+m), K=S(Un)U(m)), H=5(SO(n) U(1) U(m)), K=SU ()
and n23, mx1. The base and fibre are again symmetric spaces and m, =(§%p,
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—ld)®Id®Id. The I representation m, is [u,® u*]g, which restricts to
[0, ® ¢ ® *]g. We obtain d, =1(n+2)(n—1), d,=2mn, o= i
m+n

=(m?~n+2)/(m+n)®. Thus D<0 if n>m?+2, D=0 if n=m*+2, and D>0 if
n<m?+2.

, and hence D

Example 3. A straightforward but lengthy computation shows that the only
other examples for which both fibre and base are symmetric spaces and D <0
are:

G K H

E¢ Spin(10) - SO(2) Spin(3) Spin(7) SO(2)
E, Spin(10) - SO(2) Spm(S) Spm(5) SOQ2)
E;  E5-50(2) Sp(4)-S

E, Spin(12)- Sp(1) Spin(5) Spln (7)Sp(1)

Example 4. We now describe some large families of examples of non-existence
where the base is symmetric and the fibre is isotropy irreducible but non-
symmetric. Since the T representation m, must restrict to an irreducible repre-
sentation of b, this mostly occurs when G/K is a Grassmannian. First, let G/K
=S0(n+m)/SO(n) - SO(m), n=2m=1, and H=L-SO(m) such that SO(n)/L is
isotropy irreducible but not symmetric. Then K'=SO(n) with n=5 and nt,
=(isotropy representation of SO(n)/L)® Id. The t representation m, is p, ® p,,,
which restricts to n® p,, where n is the inclusion L—SO(n). The quotients
SO(n)/L can be uniformly described in terms of symmetric spaces, see [WZ2].
One knows that = is irreducible, A2nr=ad, ®m,, and if L is simple and L
2 dim L
T n(n=2)
for the fact that in [WZ1] the Casimir constant was defined with respect to
the normalized Killing form and hence the constants in Table 5 have to be
n-—2
n+m=2’

*G,, then (see [WZ 1], Table 5). Note that here we have to adjust

divided by gy, =2(n —2). Since a= we get

D=1—(mn+nn—1)—2dimL)(4 dim L +n(n—2))/n*(m+n—2)2.

4dimL
If m=1, one easily shows that D <0 by using the inequalities n(lvmz)<l and
n_—
n

2dimL<1, which follows respectively from c¢¥<3 and from the fact that

SO(n)/L is constructed from a symmetric space and the quotient of the Killing
forms in the symmetric space must be positive (see [WZ 1], 11.3(C)). Similarly
one checks that if L is not simple, i.e., L=Sp(1)- Sp(k) with k=2, and if m=1
we have D<0. Hence we conclude that SO(n+ 1)/L has no SO(n+ 1)-invariant
Einstein metric if SO(n)/L is isotropy irreducible but not symmetric and L+G,.
Explicit calculations for each L show that for some values of m>1, one still
has D <0, even for infinite families.
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Similarly, if G/K=SU(n+1)/S(Un)U(1)) and H=S(L- U(1)- U(1)) where
SU(n)/L is isotropy irreducible but not symmetric, then G/H has no G-in-
variant Einstein metric. Finally, if G/K =Sp(n+1)/Sp(n) Sp(1) and H=L-Sp(1)
where Sp(n)/L is isotropy irreducible but not symmetric, then G/H has no G-
invariant Einstein metric unless either Sp(n)/L=Spn)/Sp(1)SO(n) with
3=n=6 or Sp(n)/L=Sp(2)/SU(2).

Example 5. The lowest-dimensional example that we obtain from (3.1) is the
following 12-dimensional manifold. Let G/K=SU(4)/Sp(2), which is a sym-
metric space isometric to S°, and let H=SU(2) where Sp(2)/SU(2) is isotropy

6 1
irreducible (Sp(2)/SU(2) is a rational 7-sphere). Then m,; =0 and m,=@=0,
4

so that nt,},=0O. One easily obtains ¢} =73, c¥=%, =3 and hence D <0. Thus
M'2=SU(4)/SU(2), which is an Sp(2)/SU(2) bundle over S°, carries no SU(4)-
invariant Einstein metric.

For this particular example we will show that SU(4) is the only compact
connected Lie group acting transitively on M'2. Thus, M!2? carries no G-
invariant Einstein metric for any Lie group G acting transitively on it. (Although
this will most likely be true in most of the above examples, it is usually quite
difficult to verify that no other Lie group acts transitively on a given homo-
geneous space.)

We give only an outline of the proof here since the arguments needed for
the first half of the proof can be essentially found in [On]. Assume that G’ acts
transitively on M2 If G’ is simple, then it follows from [On], Theorem 7, that
G'=SU(4) and H'=SU(2). If G'=G, xG,, then it follows easily from [On],
Theorem 11, Lemma 10, and Lemma 11 that this is only possible if M'*=G'/H’
=G,/H, xG,/H,.

The index of SU(2) in Sp(2) is 10, hence n;(SU(2))—n4{Sp(2)) is multiplica-
tion by 10, and so 7ny(SpR)/SUQ2)=nr,(M'*)=2Z/10. It follows that
H*(Sp(2)/SU(2),Z)=Z if k=0 or 7, Z/10 if k=4, and 0 otherwise. The Serre
spectral sequence for Sp(2)/SU(2)—»M'2-5> then implies

H*(M'2, Z)=H*(Sp(2)/SU(2), Z) ® H*(S°, Z)
=H*(Sp(2)/SU(2) x S°, Z)

with Poincaré polynomial (1 +¢7)(1+¢°). Hence if M'? is a product, it follows
from [On], Table 2 that this is possible only if M'?=(Sp(2)/SU(2)) x S°. Now
let y; be the generator in H*(M'2, Z/2). Then the Steenrod square Sq*(y;)=0
if M'? is equal to this product. On the other hand, by considering the Gysin
sequence of the fibration p: SU(4)-»SU(4)/SU(2)=M!? with fibre SU(2)~S?,
it follows that p*(y;)=u, is the unique generator of H*(SU(4), Z/2). Finally,
since it is well-known that Sq*(u,;)*0, (see e.g. [Wh], p. 410), it follows that
Sq*(y;)+0, showing that M'2+(Sp(2)/SU{(2)) x S°.

Example 6. (3.1) can also be used to produce many new examples of homo-
geneous Einstein metrics on G/H’s not covered by the theorems in §2. One
interesting one is obtained as follows. One easily sees that on the symmetric
space SO(2n)/U(n) the subgroup SO(2n—1}<=SO(2n) acts transitively with



192 M.Y. Wang and W. Ziller

isotropy group U(n—1). We can then apply (3.1) to the groups G=SO(2n —1),
K=S50(2n—-2), and H=U(n—1). Notice that K/H—->G/H—G/K is a fibration
whose base and fibre are symmetric spaces and G/H is diffeomorphic to
SO(2n)/U(n). We have m,=p,, , and so m,|,=[u, ,]g. Furthermore, d,=

2n—4
(h—1n-=2), d,=2(n-1), a_2n—3
obtain two Einstein metrics on SO(2n—1)/U(n—1) one of which is isometric
to the symmetric metric. The other one is a new Einstein metric on G/H.

and hence D=1/2n-3)>>0. By (3.1) we

Example 7. We finally construct some examples of G/H which have no G-
invariant Einstein metrics and which have 3 irreducible summands in m. Let
HcK,cK,cG be connected closed subgroups and write g=bh@m, ®m,
@®m;, where I, =hb®m,, {,=h®m, Pm,. We assume that m;, are mutually
inequivalent irreducible H-representations. Therefore,

[n]=[0)=[a) =Ll =
1 L) bz 2
By (1.3), a G-invariant metric of volume 1 has scalar curvature

LA, 4, A3) 1([2]x1 [3]x1 [3]x2)
S_Z(x‘+x2+x3 s\l2le izl sl

with x{! x% x4 =v and
Iri 2 3
Ay=di— [11] _[12] _[13]’
172 3 173
Ar=dyi—5 [22]—[23]’ and Ay =d,— [33]'

2
Let us assume further that [lz]zo, which is the case if H=H, xH,,

H,cL,, H,cL,, K,=L,xH,, K,=L,xL,. Suppose that G is semisimple
and that By, =a, B|l), B,=a,B|l), «;>0, where L/H; is the effective homo-
geneous space corresponding to L,/H;. By (1.5) we get

1 173 i 173
A= (C“LE) di—5 [13]’ A= (CZ+§> 23 [23]’
A3=(c3+l)d +[3]+[3].

2/ 7213 23

. . . 3
As in the discussion before (3.1), we have [133] =d,(1—ay), [23] =d,(1—0a,).

Let c¥ be the Casimir constant of the f, representation m, with respect to
B, and c* be the Casimir constant of the f, representation i, with respect to
By, |b,. Clearly, we have

1 /13 3 1
c,=0,c% and 1 ——2c3=d— ([13] + [23]) =d~(d1(1 —oy)+d, (1 —ay)).
3 3
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x X,
Let t,==', t,="2. Then a routine computation shows that t,>0, t,>0
X3 X3
corresponds to a critical point of S on x4 x2x% =v iff

d 1 A A

i(l_“z)t1t2:_d1(1 1)( 74 )t%+75t1_jf
d, (1 1 ) L Ay A,
— I —a)t t,=—d,(1 - —t ==, =
ds( o)ty 2(1—ay) d3+2d2 +d a,

Since the left hand side must be positive, a necessary condition for the exis-
tence of a G-invariant Einstein metric is

() a0 (g )20

2d . .
In other words, (c3+9*—(1—a,) (H—TZ) a,(1+2¢%)=0. Comparing this
3

with the expression for D in (3.1), we see that if G/H has a G-invariant Einstein
metric, then so does G/(L, x H,). So whenever G/(L, x H,) does not have a G-
invariant Einstein metric and L,/H, is isotropy irreducible, we obtain a new
example of non-existence.

As a concrete example, let G=SU(m+n), K,=S(U(m)x U(n)), K, =S(U(m)
xSO(m)x U(1)) as in example2. Let H=S(Rx U(1)xSO(n)x U(1)) where
SU(m)/R is isotropy irreducible (possibly symmetric). Now m,=[u*®@p, ] as a
f,-representation. Upon restriction to [, m;=[{7n*®¢®p,®Y¥]g where
¢:U()»U(m), ¢:U()»U(®n) are the inclusions of the centers, and
n: R—SU(m) is the embedding of R into SU(m). By the above argument, G/H
has no G-invariant Einstein metric and m consists of three irreducible repre-
sentations of H.
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