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Introduction

Around 1970, Griffiths introduced the notion of a variation of Hodge structure
on a complex manifold S (see [17, §2]). It constitutes the axiomatization of the
features possessed by the local systems of cohomology associated to a family of
compact Kihler manifolds (esp., smooth projective varieties) parametrized by
S. These are, for a variation of Hodge structure V¥V of weight m:

(0) a locally constant sheaf ¥V of Q-vector spaces [or V¥ of real vector
spaces],

(1) (Hodge filtration; horizontality) a decreasing filtration {#?} of
¥ =054V, by holomorphic subbundles, such that the evident connection
Von ¥ takes F” into Qy®, FP ',

(2) (Hodge decompositions) if & denotes the sheaf of #* functions on S,

and if -
HPI=(E5® o F NN Es® o T )

where the bar denotes complex conjugation with respect to Vg, then

6@V @ #7Y

pta=m

and, easiest (and most foolish!) to omit:
(3) (polarizability) there exists a flat pairing

B:Vy®qVYy—Q  [or VrRpV—R]

such that, when it is extended linearly over &, the formula f(Cv, w) defines a
positive definite Hermitian form. (Here, C is the so-called Weil operator of the
variation; see, e.g., our (3.2)).

In case V,=R"f,Q for some smooth projective [or proper Kédhler] mor-
phism f: X - S, #? is the bundle with fibers

*  Supported in part by the National Science Foundation, through grant MCS-81016350



490 J. Steenbrink and S. Zucker

FPH™(X,, €)= @ H"" (X)),
rzp

where we are writing X, for f~(s), and F denotes the Hodge filtration of its
cohomology; horizontality is a direct consequence of relative de Rham theory;
and a polarization can be constructed from cup-product, using the whole
Kihlerian story: Poincaré duality, hard Lefschetz theorem, primitive decom-
position, and Hodge signature theorem. The preceding situation will be re-
ferred to as the geometric case.

Suppose now that S is a Zariski-open subset of §, a compact complex man-
ifold. According to Hironaka, we may choose § in such a way that Z=S—§
becomes a divisor with normal crossings. During the course of the 1970s, there
were three main developments concerning the behavior of a variation of Hodge
structure along X and its consequences, almost entirely for the case where S is
a curve. In order to state these properly, we find it convenient to first in-
troduce Deligne’s notion of the “canonical extension” ¥~ of ¥ to S [2]. At any
point of X, one has local coordinates in which j: S<»§ is given as the inclusion
of the punctured disc in the disc. Then ¥ < Jj«¥ is characterized by the growth
of the coefficients of sections with respect to a (multivalued) frame for V (see
our (3.7)). We interpret the Hodge filtration as giving a filtration of ¥ |5.

We can now give a summary of the three developments mentioned above.

(A) Singularities of the period mapping (Schmid [97]). As can be seen on each
punctured disc separately, {#*} extends to a filtration {#?} of ¥ on S§. While
this is not so hard to see by other means in the geometric case over a curve,
Schmid’s proof shows that the filtration of ¥~ that has constant value {Z7(0)}
with respect to a standard frame for ¥ is itself a variation of Hodge structure
on some deleted neighborhood of 0; moreover, it carries over to the case of
more variables, i.e., to the general local situation of the normalized problem. In
the case of one variable again, the general variation of Hodge structure is
asymptotic (in a specified way) to a special (locally homogeneous) one as-
sociated to a representation of SL,. This gives rise to asymptotic formulas for
the Hodge norms: [v]?=(Cv,7). In addition, one obtains a clear picture of
the interaction between the filtration {£?(0)} of ¥ (0) and the weight filtration
M, centered at m, (see our (2.1) and (2.4)) of the logarithm N, of the unipotent
Jordan factor of the local monodromy transformation (which acts naturally on
#°(0)). This is the so-called limit mixed Hodge structure, and N, acts as a mor-
phism of type (—1, —1).

(B) De Rham theoretic realization of the limit mixed Hodge structure in the geo-

metric case (Steenbrink [10], Clemens [14]; see also [12]). One considers the

local geometric situation
X¥ero X

If,

A*¥ s 4

S
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with X Kihler, f proper, /' proper and smooth, and X*=f~!(4%*); as usual, 4
denotes the unit disc and 4*=4—{0}. Put Y= {~1(0), a divisor with normal
crossings. It follows from the construction that

¥ =R" 1Q%,4(log Y),
jp:Rmf*FpQ.X/A(log Y):

where F denotes the usual Hodge filtration of a holomorphic de Rham com-
plex; and N
7 (0)=H"(Y,Q,,(log Y)®0y),

on which {#?(0)} is the filtration induced by F. Assuming for simplicity that Y
is reduced (as can always be achieved after a base-change), one constructs a
“resolution” A™" of

Q.X/A(log Y)® 0y

(cf. our (5.5)) that admits two filtrations, which are shown to induce the limit
mixed Hodge structure. An important consequence of the construction is a
proof of the local invariant cycle theorem {posed as a problem in [17, (8.1)]), as
A"’ contains a copy of the cohomological mixed Hodge complex of Y (see also
Part 11, §8).

(C) Hodge theory with degenerating coefficients (Zucker [11]). By using the full
strength of (A) above, and then using the construction for the case X =9, given
by Deligne, as a model, one can construct a filtration F of the complex (resolv-
ing ]*VC) -

V —>VY cQilog 2)®e ¥

by setting F? to be the subcomplex
FroVY)n(Qi(log ) @F 1Y),

It is then proved that F induces a functorial Hodge structure of weight m+i
on H'(S,j + Y). Moreover, in the global geometric case, the Hodge structures are
compatible with those of H'(X), in the sense that the Leray spectral sequence
of f becomes a spectral sequence of Hodge structures. To see this, one must
first realize that the F here is in a certain precise sense induced by that of
Qy(log Y), and then make use of many of the results discussed in (B) above.
There is a companion mixed Hodge theory for H'(S,V), compatible with
HY(X-Y)

It was inevitable that there would be attempts to generalize the preceding
to variations of mixed Hodge structure, corresponding in geometry to families
of varieties that are singular or non-compact. Of course, one must first decide
what a variation of mixed Hodge structure is. We take the natural position, as
before, that it should axiomatize the features of local systems of cohomology
associated to families of varieties. Now, the very first observation is that for
any surjective quasi-projective morphism h: U — S, there is a Zariski-dense
open subset of § over which h is a stratified fiber bundle, and the weight fil-
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tration of Deligne’s mixed Hodge structures [4] on the cohomology of the
fibers is locally constant. Thus, in the definition of “variation of Hodge struc-
ture”, one must first add to (0):

*(0): and an increasing filtration W ={W,} of Vp [or V1,

and then each Gr}''V, with the filtration induced by &, should satisfy (1)-(3). It
is also quickly seen from relative de Rham theory that one should insist on
horizontality for the full filtration %, and not only for each Grff %#. We call
the package of data described above in this paragraph a graded-polarizable
variation of mixed Hodge structure.”

In [5, §1], Deligne posed the problem of distinguishing a good class of
variations of mixed Hodge structure, such that (A) generalizes. This already
presupposes, as he made explicit in [5], the existence of a filtration M on ¥ (0)
that induces on each successive quotient Gr}’ ¥ (0) the weight filtration of
Gr)' N,. As an abstract linear algebra condition on N, it is discovered fairly
easily that there is at most one possibility for M (see our (2.8)). When the
variation of mixed Hodge structure is geometric, M does, in fact, exist, and is
called the weight filtration of N, relative to W. Existence was shown first by
Deligne, in [5, (1.8)], for the analogous assertion for the l-adic cohomology of
varieties defined over a finite field, and it then follows over € by comparison
methods. This may seem ungratifying; however, the generalization of (B) pro-
vides a proof of the existence of M in the geometric case via characteristic zero
techniques, as predicted by Deligne and settled by El Zein [6] and others (see
our (5.7)).

We thus add to the assumptions that the filtration M exists. The generaliza-
tion of (A) would also imply the existence of a limit Hodge filtration {F?(0)},
which, together with M, determines a mixed Hodge structure on ¥ (0), filtered
by W, on which N, acts as a morphism of type (—1, —1). In addition, we wish
to add the natural and seemingly innocuous, but actually quite strong, assump-
tion that {#?(0)} induces, on each

Gry/ (7(0)=(Gry ¥')™ (0),

the limit Hodge filtration of Schmid. These conditions are also satisfied in the
geometric case, as follows again from the generalization of (B).

The conditions concerning M, {#?(0)} and N, in the previous paragraph
are formulated in §3 as Properties (3.13). We take them as a minimal list of
extra conditions on a graded-polarizable variation of mixed Hodge structure.
By some simple examples ((3.15) and (3.16)), we can see that they really do
comprise extra hypotheses, and that there is more than one independent con-
dition.

As a justification for our claim that (3.13) already forms a good set of
conditions, we prove, as one of the two main results in this paper, that they

! Hence also of ¥
2 The prefix “graded-” is omitted in the terminology used by others. We will later give some
indication why we feel that it is a good idea to include it
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allow the generalization of (C). We show, in §4, that H'(§,j*V), H'(S,V) and
H(S,V) all admit functorial mixed Hodge structures, filtered by W, and that
those of dual cohomology groups are dual mixed Hodge structures. (They re-
duce to those in [11] when V is pure.)

It is natural - in fact, essential — to ask whether, when ¥V comes from a
family of varieties f: Z— S, the mixed Hodge theory for H'(S, V) is compatible,
as before, with that of H'(Z). The answer is “yes”, although we found it sur-
prisingly difficult to prove that the weight filtrations are compatible; the gener-
al case is more “entangled” than the pure case. The proof will be given in
Part IL

In §5, we present our original construction of the (filtered) cohomological
mixed Hodge complex A" for the generalization of (B) in the case of a family
of smooth (esp. non-compact) varieties. It coincides with the one that El Zein
gives in [6], but has a somewhat neater formulation. In doing this, we take the
opportunity to clarify the treatment in [10] of the underlying @-structure,
which we adapt accordingly to the mixed case.

In §6, we first give a short exposition of El Zein’s work on filtered coho-
mological mixed Hodge complexes. We discovered that an intriguing feature of
the cohomological mixed Hodge complexes used in Sections 4 and 5 implies
that the complex belongs to both classes of tri-filtered complexes (with nice
Hodge theoretic properties) that are discussed in [16]. Specifically, let
(K", M, F) be a cohomological mixed Hodge complex, with a third filtration W
such that (say) Gr/’K’, with the filtrations induced by M and F, is also a
cohomological mixed Hodge complex for all I. The special feature is

Gry WK ~@ GrY GtVK".
IEL

There is an undercurrent that the time is now ripe for the development of
the theory of variations of mixed Hodge structure. Eight years ago, there seemed
to be only sporadic and casual interest in a general theory, but in the last few
years there has been a flurry of activity in the study of degenerations of singu-
lar or non-compact varieties. As evidence for this, we cite that Usui uses the
concept of a variation of mixed Hodge structure [19] and that, besides El Zein
and ourselves, the following mathematicians have produced constructions simi-
lar to the one in §5: Du Bois; Guillén, Navarro Aznar and Puerta [13, 18].

No, we haven’t forgotten §§1-2; we have only deferred discussing them, as
they are to a large degree independent from the geometry. In §1, we present
some basic facts about filtered vector spaces, including the useful notion in
(1.4) of the convolution LxW of two filtrations L and W.

The notion of the weight filtration of a nilpotent endomorphism N of a
finite-dimensional vector space V, relative to a filtration W of V (denoted
M(N;W)), is recalled in §2. The other main result of the paper involves giving
a direct linear-algebraic condition (2.20) that is necessary and sufficient for the
existence of M (N ; W). It is actually a condition on how strict N and its powers
must be with respect to adjacent W-filtration levels; this gives the criterion for
obtaining M(Nl|,, ; W), given M(Nl,,  ;W). We say that N is an admissible
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nilpotent transformation if N satisfies the condition of (2.20), i.e., if M(N; W)
exists. We list some useful cases:

(1) the following two assertions are equivalent: all powers of N are strictly
compatible with W; M(N; W)= L=+W, where L is the (absolute) weight filtration
of N (2.11).

(ii) if NW, < W, _,, then M(N; W) exists if and only if NW, < W,_, (and then
M(N; W)=W) (2.14).

(ii1) a necessary condition for the existence of M(N; W) is that

N'W,AW,_,cN'W,_,+W,_,

for all k and I; we then say that the powers of N are quasi-strict (with respect
to W) (2.17).

(iv) (as we have observed earlier) M(N; W) exists whenever N is a nilpotent
monodromy logarithm from a geometric variation of mixed Hodge structure
and W its weight filtration. (N.B. - N need not be strictly compatible with W;
see (2.12).)

In the appendix, based on a letter from Deligne, we describe a completely
different approach to the existence of M(N; W). This leads to the observation
that in fact Condition (3.13, iii) is a consequence of (3.13, i) and (3.13, ii). More-
over, it follows that if N, N’ are admissible endomorphisms of the filtered vec-
tor spaces (V, W) and (V’, W’) respectively, then N®1+1® N’ is an admissible
endomorphism of (V@V’, W@ W’).

This finishes the summary of the setting and the contents of the paper. We
would like to conclude by posing some unresolved questions and problems
related to the results we have just discussed:?

1. Given V,W and N, and for each k a weight k Hodge filtration *F on
Gr}'V, give a characterization of when there exists a filtration F of V that
induces all *F, such that NFPFc FP—1,

2. a) Is it possible to eliminate the recursiveness in the necessary and suf-
ficient condition for admissibility given in (2.20)?

b) Give an expression of M, in closed form.

3. Give a proof of (2.20) using the approach in the appendix.

4. Give a good definition of a polarized mixed Hodge structure. (Note, for
instance, that nowhere in the definition of a graded-polarizable variation of
mixed Hodge structure is there any statement that relates the polarizations for
the different Gr)'V’ s.) It is possible that this will be important in:

5. [5, (1.8.15)] Generalize (A) for an appropriate class of variations of
mixed Hodge structure.

There are some related recent developments? in the theory of variations of
{pure) Hodge structure in several variables, i.e., for S=(4*)", where r> 1. (Such
a variation of Hodge structure provides variations of mixed Hodge structure
whose fibers are the limit mixed Hodge structures in given directions.) In [1],
Cattani and Kaplan have proved results on “the uniqueness of the weight fil-
tration” and the weight filtration of one monodromy logarithm relative to the
weight filtration of another (see our (3.12) for the precise statement); these are

3 Also, see notes added in proof
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the Hodge theoretic analogues of results of Deligne on the l-adic cohomology
of varieties over finite fields [S, (1.9)]. It is trivial that “uniqueness” for
M(N; W) holds in the mixed case; we ask (3.18):

6. Is the analogue of assertion (3.12, iii) on relative weight filtrations true
in the mixed case?

Finally, we expect that the relations among the various weight filtrations
provided by [1] will connect up with the solution to:

7. Carry out the analogue of (B) when the dimension of S is greater than
one.

We want to thank Deligne for several helpful conversations, and especially for introducing us
to the notion of a relative weight filtration.

The second-named author thanks the University of Leiden and the Z.W.O.-project “Singu-
larity Theory” for their hospitality during June, 1981 and June, 1982.
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§ 1. Generalities on filtered vector spaces

In this chapter, we work over a fixed, though arbitrary, field of scalars. There
is no difficulty in seeing that the notions introduced carry over to sheaves of
vector spaces.

(1.1) Definition. A vector space of weight k consists of a vector space V and
the assignment of the integer k to V; ie, it is the pair (V, k). We call V also a
weighted vector space.

(1.2) Definition. 1) An increasing filtration W on a vector space V is a col-
lection of subspaces {W,},.z, such that

W, =W, forall keZ;

il) A decreasing filtration F of a vector space V is a collection of subspaces
{F?} .z, such that
FrcFP-1,
A decreasing filtration F on V defines also an increasing filtration F by the
formula .
F,=FF

As such, we will consider only increasing filtrations in this chapter.
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We call the pair (V, W) a filtered vector space.
Given a filtration W on V and neZ, one lets W{n] denote the shifted fil-

tration on V given by
Win], =W,

+n*
The trivial filtration T of V is determined by
T_,={0}, T,=V.

The filtration W of V will be called finite if W, ={0} if k is sufficiently
small, and W, =V when k is sufficiently large. In practice, the filtrations we will
consider are all finite.

As usual, we put
Gr/ V=W/W,_i,

which we shall regard as a vector space of weight k.
For any subspace V' of V, there is an induced filtration WV’ defined by

WV =W.nV'.
Likewise, if V"' <1V’, one defines
W’{(V,/V’/)z mV//IVkV//z Im{IVkV/_) VI/V//}'

In particular, if L is another filtration of ¥V, then W induces a filtration on
Gr}V, and one has

(1.3) GrF GriVaGriGrf V(L W)L W,_ ) +(L,_ A W],

(1.4) Definition. Let L and W be filtrations on V. Then the convolution LxW
of L and W is the filtration with

(LxW)= Y (L,nW).

Jj+k=1i

Clearly, LxW=WxL, T«W =W, and (Lx*W)[n]=L*(W[n]). Unfortunately,
convolution is not an associative operation. The following property of the con-
volution is the motivation for introducing the notion:

(1.5) Proposition. Let C=Lx*W. Then
C,Gt)V~L, ,GtJV

Proof.
CiﬂWk=Wkﬁ§ (LnW)
J =1

_ (ijW,)+[ka (ijw,)]
T<k 12k
Jl=i j+I=i

=[ 2 (L,-mVK)]Jr(Liﬁka) (see (1.12, iii))
ik

= 1;{ (L;nW).

jH+I=i
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Thus also
CnW_y= (L;nW).
B
Therefore,
CO VL oW Lo Wan ¥ Lnw)]
ji—<lii
But
L; ynW,n Z (ijVVl):Li—ka(LiklmVVl)
A
=L;,_nW,_,,

again by (1.12, ii1). We now have

G Gr,’:VVz(Li_kf\ WOAL; W, )
=L, ,Gt]V,
as desired. [
(1.6) Corollary. Grf Gt} V~Gr} , Gr}'V.

In other words, taking the convolution with W shifts the filtration L on Gr)V
by —k:
CGrV=LGr)V[—k].

(1.7) Definition. Let V be equipped with filtration W, and ¥V’ with filtration
W', The linear mapping @: V — V' is called a morphism of filtered vector spaces
if it is compatible with the filtrations:

S(Wo=W,.
We then write @: (V,W)— V', W").
If & is a morphism of filtered vector spaces, then @ defines linear mappings
O, Wy W,
Gr, @: Gry V—-Gr) V',
The following is elementary and well-known.

(1.8) Lemma. Suppose in the above that W is a finite filtration. If Gr, @ is
injective for all k, then @ is itself injective. Similarly, if W' is finite and Gr, & is
surjective for all k, then @ is surjective.

This gives immediately:

(1.9) Proposition. If W and W' are finite filtrations, and Gr, @ is an isomor-
phism for all k, then @ is an isomorphism.

(1.10) Definition [3, (1.1.5)]. A morphism of filtered vector spaces as in (1.7) is
said to be strictly compatible with the filtrations (strict, for short) if

(V)N W/ =d(W)),
ie.,
&~ HW))=W,+Xker @.
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The above definition can be reformulated as follows. The image of & in-
herits the filtration W'. Via the isomorphism

D(V)~V/ker @,
the image of & also gets a quotient filtration induced by W, and
W, Imd<W/Im @

for all k. To say that ¢ is strict is equivalent to asserting that the two fil-
trations coincide.

(1.11) Remark. The composite of strict morphisms need not be strict. In fact,
if @ is an endomorphism of V that is strictly compatible with W, &2 will not in
general be strict. For example, let ¥ be a 4-dimensional vector space with basis
{e,, e,, e3, e,}, and let V'=Span{e,,e,}. Suppose that V' is the only non-
trivial filtration level. Let & be the transformation determined by putting @(e,)
=0, d(e,)=e,, P(e;)=0, and P(e,)=e, +e,+e;. One checks readily that @ is
strict. However, one has that ®?*(e,)=®*(e,)=0, while ¢*(¢,)=¢,€V’, and we
see that ¢? is not strict. It is even easier to see that it is possible for ®? to be
strict (e.g., the zero mapping) when @ is not.

At the risk of appearing frivolous, we have decided to make explicit some
very elementary facts we will make repeated use of; they already appear in the
proof of (L.5):

(1.12) Tautologies. i) If P, Q and R are sets, then PnQcR if and only if
PnQ@c@nR.

ii) If P, Q and R are subspaces of a vector space, and P>(Q, then
Pn(Q+R)=Q+(PnR).

iii) If P, Q,,...,Q,, Ry, ..., R, are subspaces of a vector space, Pc R, and
0,<=Q, for all i, then

Pn ) (@inR)=PnQ,.

P

0

13

§ 2. Relative weight filtrations

Let V be a finite-dimensional vector space, and let N be a nilpotent endomor-
phism of V. The following is well-known:

(2.1) Proposition. There is a unique filtration L=L(N) of V such that

(1) NL,<L,_,

(2) N' induces an isomorphism GrFV ~Gr* V.
Suppose that N?*1=0. Then L is given iteratively (as i decreases) by the fol-
lowing formulas:

(i) L—(q+ 1)=07 )

(i) if i=20, L;={veV: N'*'veL_,_,},

(iii) if i>0, L_,=N'L,.

L
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One interprets (2.1(1)) as saying that N is a morphism from (V,L) to
(V,L[ —2]). From (2.1) and (1.8), one obtains the following useful property of L:

(2.2) Corollary. If i<, then N': L,— L, ,, is surjective,
i) If iz —1—1, then N': V/L, ,,— V/L, is injective, i.c.,

i+ 21

L, =(NY)~'L,.

i

(2.3) Remark. In fact, one has the following explicit formula for L;:

Li: Z .Nl(kerNi+1+21).

120, -
Let now K denote the kernel filtration of V:
K;=ker NN*' (jiz -1
and I the image filtration, determined by
I,=N=*V (k<0).
With the aid of the elementary formula

K;nI,=ker NN*'nN~¥V=N~"¥ker N/*'¥),
one sees that
L=KxI.

One calls L the weight filtration of N. It is in an obvious sense centered at
zero. If V' is of weight k, then it is useful to recenter L at k by setting

(2.4) M=M(N)=L[ —k].

We remark that when N is the logarithm of an unipotent local monodromy
transformation of a polarizable variation of Hodge structure, then M is impor-
tant for mixed Hodge theory (see [9, (6.16)], [11, §13]).

Let N now be a nilpotent endomorphism of the filtered vector space (V, W),
and let *M denote the filtration M(Gr, N) on Gr}' V.

(2.5) Definition. A weight filtration of N relative to W is a filtration M of V
such that

i) NM;cM,_,

i) MGt V=*M.

(2.6) Proposition [5, (1.6.13)]. There is at most one filtration M of V satisfying
the conditions of (2.5).

Thus, if such M exists, we call it the weight filtration of N relative to W,
and denote it M=M(N; W). If N is the logarithm of the unipotent factor of
the local monodromy of the I-adic cohomology of an algebraic variety over a
field of characteristic p, and W is the weight filtration according to the eigen-
values of Frobenius, the existence of M is proved in [5, (1.8.5)]. It follows by



500 J. Steenbrink and S. Zucker

comparison methods that the same holds when N is a local monodromy logar-
ithm for an algebraic family of complex algebraic varieties, and W is the (lo-
cally constant) weight filtration of the mixed Hodge structure of the homology
or cohomology V of a fiber. We will discuss the geometric construction of M in
this latter case, which we henceforth call the geometric case, in §5. It is impor-
tant to have a filtration on V that induces the weight filtration of each Gr,N
on Gr/'V; because of the possibility of the non-strictness of N (see (2.11),
(2.12)), it is not always the case that L(N) induces L(Gr,N).

(2.7) Remark. Suppose that M exists. Then:

i) M[n] is the weight filtration of N relative to W[n].

ii) For any k>1, M(W,/W)) is the weight filtration of the induced endomor-
phism of W, /W, relative to the induced filtration.

It follows that whenever W is finite, then M exists if and only if it can be
built up successively to higher and higher W,. Let ,,M denote the weight fil-
tration of NJ, relative to W. In seeking the existence of ,,M, given that , |\M
exists, we may, in view of (2.7), assume that k=0 and V=W,. We then put

M=_,M.

Proposition (2.6) is proved by establishing the following recursive formulas for
M= oM (cf. (2.1)).

(2.8) Lemma. Suppose that Wy=V, N**'=0. Then
1) i>q, then M_,=M_,,
i) if i20, M,={veV: N*lveM_,_,},
ii) if i>0, M_,=N'M,+M _,.
We can see that {M,}, as defined in (2.8), is indeed a filtration of V, and
moreover NM,; =M, _,, without any further hypothesis on N, by the following
observations:

(29) a) Ifizl, NM,cM _
(2.8, ii).
b) If i=1, then

.. Therefore N‘='(NM,))cM _,, so NM,=M,_, by

i

NM _,=N(N‘M,+M"_)
=N"*'M,+NM'_,cM_

i—2

by (2.8, i) and the properties of M.
c) NM,cM_, by (2.8, ii) directly.
d) By (b), (2.8, i), we get for i= —1 that

M_, ,oM_

-1

i i_3=>M, =M, .

_3=>NM_,_,cM_
e) By (a), (2.8, iii), and the properties of M’, we get for i=1 that

M, ;eM;=NM, ,cM,=M_, <M_;

13 i
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(2.10) Corollary. The weight filtration of N relative to W exists if and only if
the M’s given in (2.8) satisfy:

a) MiW_, =M,

b) M,(V/W_ I)ZOMi'

The existence of M places restrictions on what N might be. We are even-
tually going to give necessary and sufficient conditions for getting M from M’
Before doing so, we would like to present some examples to give the reader
some feeling for the nature of the problem.

(2.11) Proposition. Suppose that for every [>0, N' is strictly compatible with W.
Then the relative weight filtration exists, and is given by

M =L(N)*W.

Conversely, if the above formula for M holds, then all powers of N are strict.

Proof. We claim that if the strictness hypotheses on N hold, then L(N)(Gr} V)
= L(Gr, N), from which the desired formula follows by convolution with W. To
verify the former, it suffices to see that there is an N-invariant splitting of the
filtration W. By induction we may assume that V=W, and W_,=0. To get a
section to the projection m: ¥V —Grl V¥ it is enough to show that whenever
ueGry V and (Gr,N)' u=0, there exists veV with n(v)=u and N'v=0 (for it is
a question of lifting the cyclic factors of an N-invariant decomposition of
V/W_ ). This follows immediately from the strictness assumptions.

Conversely, suppose that M =L(N)*W. It is enough to show that if veW,
and N'*'veW, , for some 120, then in fact veW,_,+ker N'*!. We may as
well put k=0, in view of (2.7, i). Then

n(v)eker(Gry N) "' < L,Gr, N=M,GryN.

Thus, there exists ue M, with
w=v-—-ueW_,

By hypothesis, ue L{N). From (2.3), it follows that we may write
u=u+Nu",
with v'eker N'*!. We now have

v=w+u +Nu"
Nl+1v=Nl+1w+Nl+2u”,

from which we see that N'*2uy”eW_,. Arguing by induction (since N/=0 is
strict for sufficiently large j), we can write

Nl+2 H:NH-Z W/
for some w'e W_,. This yields

NFlp=N"*Yw+ Nw)eN'H1W_,,
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or equivalently,
veW_, +ker N'*1,
as desired. [

The following example shows that one does not have this kind of strictness
in the general geometric case:

(2.12) Example. (Deligne) Let C be a rational curve with one node x,. Let 4
denote the unit disc in the complex line. Take a parametrization o: 4— C of
one branch of C through x, with ¢(0)=x,, and put

X =(C—{x,} x 4%*)—(graph of o),

where 4* is the punctured disc, and x,eC —a(4). The projection f: X — A*
displays X as a topological fiber bundle. For any teA4*, we take X,=f"'(2),
and put V=H,(X,,Q), W its weight filtration. Let
¢_,=homology class of a small loop about a(z),

&, =homology class of a loop in C—{x,,o(t)} that generates H,(C, Z).
Then ¢_, generates W_,, and ¢, projects to a generator of Gr} V. The Picard-
Lefschetz transformation 7 is seen to be given by t(eg)=¢g,+¢_,, t(e_;)=¢e_,.
Thus N =1 —1 satisfies

Ney=e_,, Ne_,=0,

so is evidently not strict.

(2.13) Remark. Example (2.12) was constructed as the geometric realization of
the motif

Z(1) H, z
T
Z(1) C —2—-C* pw=explnuiw).

We can modify (2.12) by taking C to be of arbitrary genus and still have
non-strictness for N. However, these examples are illustrations of the follow-
ing:

(2.14) Proposition. If Gr,N =0 for all k, then M exists if and only if NW, =
W,_,, and then M=W.

Proof. Since L(Gr, N) is trivial for any k, it is clear that the trivial filtration T
of V induces it, so T*W =W induces ®M for all k. The remaining condition
defining the relative weight filtration is that NW, c W, _,, whence the asser-
tion. [J

(2.15) Remark. If NW,_ & W,_,, the filtration defined by (2.8) will, of course, be
something other than W.
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The next assertion explains why one cannot find counterexamples to the
strictness of N in the local monodromy of families of smooth or complete
curves:

(2.16) Proposition. Suppose that W is of length two, i.e., for some k, V=W, and
W,_,=0. Then M exists if and only if N'is strict for all positive integers |.

Proof. Of course, one direction is contained in (2.11). Suppose, then, that the
relative weight filtration M exists. We may, again, assume that k=0. Suppose
that N'veW_,. Let u=n(v). Then N'u=0 in Gr'V, so

ue’M,_,.

We can therefore find v'eM,_, with n(v)=u. Then =n(v—v)=0; that is,
(v—v)eW_,. Applying N', we see that

NveM_,_,nW_,=M"_,_=L_/(N_,).
By (2.1, iii), we can then write N'v'=N'w, with we W_,. We have now

N'v=N'(v—v)+N'weN'W_,,
as desired. [

Applying the above to all length-two quotients W, /W, _, in the general
case, we obtain:

(2.17) Corollary. A necessary condition for M to exist is that for all integers
>0 and k,
N'Wn W, =N'W,_ +W,_,.

The condition in (2.17) deserves a name:

(2.18) Definition. Let &: (V,W)—(V',W’) be a morphism of filtered vector
spaces. Then @ is said to be quasi-strict if

W)W/ cdW,_)+W,/_,.

The following example shows that the quasi-strictness of all powers of N in
(2.17) 1s not sufficient to give the existence of M:

(2.19) Example. Let V be 3-dimensional, with basis {e,, e,, e}, W=V, W_,
=W_,=Span{e,, e;}, W_;=0. Define N by Ne, =e,, Ne,=e;, Ne;=0. It is
clear that all powers of N are quasi-strict. However, we can see that (2.8) fails
to define the relative weight filtration. Retaining our previous notation, we see
that M _,=M"_, by (2.8, i), so (2.8, ii) gives

M,={veV: NveM _,}=W_;

whereas M, GrY V ought to be equal to Ly(GryN)=Gry V.
We now address the general problem of determining whether M exists,
given that ,_;,M does. We assert:
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(2.20) Theorem. If the weight filtration , ;M of N\, _ relative to W exists,
then M exists if and only if for all integers >0

Nlmcvak—ICvaVk—l+(k—1)Mk—l—1'

The remainder of this chapter is devoted to the proof of Theorem (2.20). Of
course, by our customary reduction, it suffices to consider the case k=0, where
our condition reads

(2.20)% N'WonW_,cN'W_ + _ ,M_,_,.
Since by (2.8, iii), with a shift,
oM__y :N(l— oM+ oMoy,
we can rewrite (2.20)}, as
(2.21) N'WonW_,cN'W_ + _,M_,_,.
This is a condition that visibly lies between strictness and quasi-strictness of all

N', as we should expect.

By (2.10), the existence of M is equivalent to the following two sequences of
assertions about the subspaces defined in (2.8):

(2.22) a) MnW_,=M;
b)) (M, +W_)/W_,="M,.

13

The verification of these, and their relation to (2.20), will go by induction, as in
(2.9).
We begin with the easy steps:

(2.23) Proposition. Without any hypothesis on N,

(b)=(b_,) when i>0.
Proof. Because .
M_+W_ =(N'"M+M_)+W_,

=N'M,+W_,,
we have _
(M_,+W_)/W_,=(GryN)°M; assuming (b))

=M _, by (2.1, iii),
as desired. [
(2.24) Proposition. Also with no additional hypothesis on N,

(a_;_,)=(a) when i20.
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Proof. We have

MAW_ ={veV: N+ veM_,_,}nW_,

={veW :Ni*lveM . ,nW_
{ w 1 Nl+1 M i-2 W 1
={veW_,: N"*'veM', ,}  assuming(a_;_,)

={veW_,: N oeN* M+ M_, .}
by (2.8, iii), with a shift.
We plainly see that M,nW_, > M.. On the other hand:
MW c{veW_[: N"*2veN""*M;+ N_ M _;_,}
c{veW_,: N"*2peM', ,}
=M, by (2.8, ii), with a shift. []
For the remaining steps, we will need to impose conditions on N.
(2.25) Proposition. Suppose that
(2.25)% NVAW_,cN'W_,+M_,
(a condition slightly weaker than (2.20),). Then
{(a)=(a_})
Proof. Statement (a_ ) asserts that
(NM,+M"_)nW_ =M _,.
By (1.12, i1), we can write this as
(NM,n"W_)+M_=M_,
which is equivalent to the statement
NMAW_, cM_,
We compute:
N'M,AW_ =N{veV: N+ veM_,_,}nW_,
={u: NueM _,_,}nNVnW_,
cN-'M_, ,o(N'W_,+M'_ ) by (225),
=(N"'M_,_,nN'W_))+M'_, by (28, iii) and (1.12, ii)
=N{weW_,: N""'weM _, ,}+M ..
=N({veV: N"" veM_,_,}nW_)+ M,
=N{(M;nW_)+M'_, by (28, ii)
=N'M,+M’_, assuming (a,)

=M,
as desired. [
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Finally, the most important ingredient in the proof of (2.20) is the follow-
ing:
(2.26) Proposition. Let i20, and assume that (b_;_,) is true. Then (b)) is true if
and only if (220)5" is satisfied.
Proof. We can write (b)) as
(NHY=IM 4+ W =(N"H"YM_,_,+W_).

Since the left-hand side is obviously contained in the right-hand side, (b;) re-
quires

2.27) (NFTY Y M_,_,+W_)e(NHYTM_,_,+W_,,

or equivalently, as one readily checks,
NHYVAM__,+W_)eM_,_,+N* ' W_)AN*1V.

We perform some manipulations:

N YWAM__,+W_ )=N*VAN*IM, ,+W_,)
=N*2M, ,+ N VAW,

From this, we see that (2.27) is equivalent to

NFYWAW_cM_, ,+N*t'W_,,

which is, by (1.12, 1), the same as

N YWYAW_ c(M_;_,+N*IW_)nW_,
=M_, ,nW_,+N*'W_,
=M'"_, ,+N*'W_, assuming (b_; ,).

This is precisely (2.20);"', so we are done. [

Putting (2.23)-(2.26) together, we get (2.22) for all i if and only if (2.20); is
satisfied for all [, which gives Theorem (2.20). In the proof, we saw that it was
only in the verification of (2.22, b,) for i=0 that the precise condition on N was
needed.

We can view Theorem (2.20) as asserting that the existence of the relative
weight filtration imposes severe restrictions on N. If N satisfies the conditions
of (2.20), we will say that N is an admissible nilpotent endomorphism of V
(relative to W). We stress the following:

(2.28) Corollary. If N is a nilpotent logarithm of a local monodromy transfor-
mation of the cohomology of an algebraic variety, then N is admissible.
§3. Variations of mixed Hodge structure

In this chapter, we discuss the definition of a variation of mixed Hodge struc-
ture. While certain conditions are evident, it is not fully understood at the
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present time what constitutes a “good” variation of mixed Hodge structure, as
Deligne avers in [5, (1.8.15)].
First we recall the definition of a variation of Hodge structure:

(3.1) Definition. Let S be a complex manifold, IF a sub-field of the real num-
bers. A variation of Hodge structure of weight k over S, defined over IF, is the
collection of data (Vy, &), where

a) V. is a locally constant sheaf (local system) of IF-vector spaces* on S,

b) & ={#"?} is a decreasing filtration by holomorphic subbundles of the
bundle (more properly, locally free sheaf) ¥ =03® V..

c) At each seS, # induces the Hodge filtration F, of a Hodge structure of
weight k on the fiber V, of ¥":

i) whenever p+qg=k
V,=Fr@Fit,

where the “bar” denotes complex conjugation,
i) equivalently,

V.= @ H?% where HP?=FPNF4.

p+q=k
d) Under the flat differentiation V in ¥,

VFPcQy®0, P~  forall p.

If f: X—S is a smooth, proper holomorphic mapping, and X is a Kihler
manifold, then R*f, @ is the underlying local system of a variation of Hodge
structure of weight k, defined over @, in which F, is the usual Hodge filtration
of the cohomology of the fiber: H*(X, C). Such examples provided the moti-
vation for the Definition (3.1). One refers to these, and sometimes also varia-
tions of Hodge structure derived from them by standard functorial construc-
tions, as geometric variations of Hodge structure.

A variation of Hodge structure defined over IF gives, merely by extending
the scalars in V[, one defined over [E for any JF cIEcIR. One has, also, an
obvious notion of a morphism of variations of Hodge structure.

(3.2) Definition. A polarization over IF of a variation of Hodge structure of
weight k over IF, is a non-degenerate, flat bilinear pairing:

p: Ve xV,.—TF,
such that f§ is (—1)*-symmetric, and the Hermitian form on each fiber:
B(C.v, W)

is positive-definite. Here, C, denotes the Weil operator with respect to F,
namely the direct sum of multiplications by i# =% on H?"9. A variation of Hodge
structure is said to be polarizable (over TF) if it admits a polarization (over IF).

* IfF =@, it is customary to include a statement about the structure over Z. Such considerations
are extraneous for our purposes
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By adjusting the cup-product on cohomology by use of the Kihler class
and its (flat) primitive decomposition, one obtains a polarization over R for
R*f.R in the geometric case. If X is a family of algebraic varieties, then the
polarization is in fact defined over Q.

(3.3) Remark. 1t is immediate that any subvariation of a polarizable variation
of Hodge structure is polarizable. In particular, the kernel and image of a
functorial morphism of cohomology in the geometric case are polarizable. It is
easy to get confused over this point if one worries too much about the source
of the polarization!

One can now formulate the following:

(3.4) Definition. A variation of mixed Hodge structure defined over IF on the
complex manifold § is the collection of data V =(V,, W, %), where
a) V. is a local system of IF-vector spaces on §,
b) W={WJ} is an increasing fiitration of V. by local subsystems,
c) F={#F} is a decreasing filtration by holomorphic subbundles of
V" =0s@p V,
d) VFFCQyQFP1,
e) with #; denoting O;®@ W, :
i) the data (Gr) Vg, F(#,/#,_,) is a variation of Hodge structure of
weight k, defined over IF;
i) equivalently, on the fiber, (V,, W,, F) is a mixed Hodge structure,
defined over IF.

(3.5) Definition. A variation of mixed Hodge structure will be called graded-
polarizable if the induced collection of variations of Hodge structure (3.4, e, i) are
all polarizable.

(3.6) Example. If f: X —S is a proper flat morphism such that there exists a
hyperresolution X. of X ([4] §6.2) such that all X, are proper and smooth over
S, then R'f, @, is the underlying local system of a natural, graded-polarizable
variation of mixed Hodge structure [13, 18]. The same holds if f is not nec-
essarily proper but its fibres can be compactified in a sufficiently equisingular
way.

Next, we recall a little from the theory of degeneration of Hodge bundles.

Suppose that the complex manifold S is embedded in S, via the mapping j,
such that £=8~S is a divisor with normal crossings. Let ¥V be any local
system of complex vector spaces on S, and ¥~ the corresponding vector bundle.
Then ¥~ admits a “canonical” prolongation ¥~ to S, as defined in [2, p. 91]. It
is easy enough to describe ¥~ as a subsheaf of J«¥~ when the local monodromy
is unipotent. The local picture of Sc8§ is (4*)' x 4"""<= A" We let t,,...,¢t, de-
note the variables on the punctured disc factors, and N, ..., N, the (commuting)
nilpotent logarithms of the associated monodromy transformations of the fiber.
For z,,...,z, in the upper half-plane, the universal covering mapping for (4*)"
is given by

y=exp(2mizy) j=1,...,r.
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Then, as v ranges over the multi-valued sections of V, the formula

(3.7) f=exp (— Y szj) v

j=1
determines sections of ¥~ over (4*)" x4, and these are, by definition, the
generators of ¥~ over A" By construction,

(3.8) VY cQllogZ)®@Y .

Now, let Vo=V ®,C underlie a variation of Hodge structure of weight k
over S. We construe the data of # as describing a holomorphic mapping

Y. S—D(¥),

where D denotes the appropriate flag bundle of ¥". Of course, (3.1, ¢, d) im-
poses some conditions on ¥. One of the important results from [9] can be
expressed as:

(3.9) Nilpotent Orbit Theorem. [9, (4.12)] For polarizable variations of Hodge
Structure,

i) the mapping ¥ extends to
¥:5—D(¥),

i.e., the filtration & of ¥ extends to a filtration & of ¥ ;

ii) in terms of local coordinates “at infinity”, (A*)' x A"~", and the trivializ-
ation of ¥ via (3.7), the “constant” mapping ¥(0) defines a variation of Hodge
structure (of the same weight) on some open set of the form

[ jtoghj|> €, ltj<1-z

(3.10) Remark. In the case of a geometric variation of Hodge structure, the
regularity Theorem [7] already implies the existence of ¥(0) when S is a curve.

In the case of one variable, i.e, S=A4% one can say more about the fil-
tration ¥(0). We regard the fiber V, of ¥ at the origin as a vector space of
weight k. The unipotent monodromy logarithm N, becomes an endomorphism
of V,, namely the residue of the connection at the origin, and we then also
have its shifted weight filtration M(N,) of (2.4). From his SL,-orbit theorem,
Schmid deduced:

(3.11) Theorem. [9, (6.25)] (V,, M(N,), Y(0)) is a mixed Hodge structure. A
polarization of the variation of Hodge structure determines® a graded-polarization
of this mixed Hodge structure.

Some good information about the situation in the several-variable case is
provided by:

> By a well-known procedure: see [9, (6.4)] or [1, (1.14)]
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(3.12) Theorem. [1, §3] For a polarizable variation of Hodge structure on (4*Y
with unipotent monodromy, let, for any non-empty subset J<{1,...,r},

i, ={N=Y A,N;: 4,>0}.
jeJ
Then:
i) for any fixed J, L(N) (or M(N)) is the same filtration for all Net,
i) if J={1,...,r}, then for Net,, (V,, M(N), ¥(0)) is a mixed Hodge struc-
ture,
iii) if Net, and N'et,., then if N"et, ;, L(N") is the weight filtration of N
relative to L{N’); thus,
M(N; M(N")=M(N")®

In [5, (1.8.15)], Deligne poses the problem of defining a notion of a good
variation of mixed Hodge structure, even in one variable, so that (3.9), (3.11)
and (3.12) will have suitable generalizations. We will look briefly at the case S
=4%,

For a variation of mixed Hodge structure over 4*, we have a morphism

Y. A*—D(?V"),
inducing for each k
W, 4*— D(#;),

Gr,¥: 4*> D(Gr¥ v),

where D again stands for a suitable flag bundle. The image of ¥ necessarily lies
in a certain subset of D(¥"), namely the set of flags which induce flags of the
right type on the Gr}¥"’s, which we call D;(¥"). We again have the prolon-
gation ¥, but now it comes equipped with the filtration {#;} by sub-bundles.
The fiber V,, at the origin is naturally filtered by W. One wants the following to
hold:

(3.13) Properties. i) The unipotent local monodromy logarithm N, is ad-
missible (ie., the weight filtration M of N, relative to W exists),
i) ¥ extends to give
¥: A— DY),
such that ¥(0)eDy(¥).
iiiy For each k, (W, M, ¥,(0)) is a mixed Hodge structure, and N, gives a
morphism of type (—1, —1).

We will see in §4 that the Properties (3.13) are sufficient to produce a
mixed Hodge theory with degenerating coefficients, generalizing [11]. In the
geometric case of (3.6), that they are satisfied will follow from the construction
in §5.

(3.14) Remark. i) From (3.13, ii), it follows that ¥ induces
,: 4—D(H),
Gr, ¥: A—DGt7 7).

6 This assertion is slightly misstated in [1]



Variation of mixed Hodge structure. 1 511

i) It will be shown in the appendix that (3.13, iii) is a consequence of (3.13,
1) and (3.13, i), given (3.11). This is not at all trivial: one must be careful when
working with three filtrations. Although

G GV V =~ (W, n M)/[(W, A M, _,)+(W,_, " M))]
~[(Wen M)+ W, +M,_ )W, _+M,_,)

is symmetric in W and M, the filtration induced by F may depend on the
order the quotient is formed. For instance, in the order given above
FPGrY G}’ V is the image of

FPAM + M )oWnM+M,_).

iii} Note that (3.13, iii) contains the assertion that N, is strictly compatible
with M, in the sense that NyV nM,_,=N,M,. This is not, however, implied by
the admissibility of N,. (It is always true in the pure case.) There are even
counterexamples of type (2.14).

The following two examples show that the conditions in (3.13) are, in a
certain sense, independent.

(3.15) Example. Let V be 4-dimensional, with basis {e,, e, e,, e;}, W, =V, W,
=W_,=Span{e,,e;}, W_,=0; and define N by Ne,=0, Ne,=e,, Ne,=e;,
Ne;=0. We have merely added a trivial one-dimensional summand to Exam-
ple (2.19) and shifted W, so the weight filtration of N relative to W does not
exist. With this defining the underlying local system, it is possible to define a
graded-polarizable variation of mixed Hodge structure on A4*, with Hodge
numbers h'®=h% —'=1, such that the limit filtration exists, and behaves well
under passage to Gr”. In fact, we can take a “nilpotent orbit” as the variation:

F2=0,

Fl'=Span{ie,+é,+ué,}, i u¢R
FO=Span{e,, &,, &,+ e},
For=v

(One readily verifies that the conditions of (3.4) and (3.5) are satisfied.)
(3.16) Example. Let V be as in (2.12), and take

F?=Span{&,+f(t)e_,}.

This defines a graded-polarizable variation of mixed Hodge structure for any
analytic function f on 4*. We distinguish three cases:

i) f extends analytically across the origin. Then (V,, W, F,) is a mixed
Hodge structure (recall that M =W here).

ii) f has a pole at the origin. Then F, behaves poorly with respect to Gr"”;
(Vy, W, Fy) fails to be a mixed Hodge structure.

iii) f has an essential singularity at the origin. Then the limit filtration F,
does not even exist.
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We feel that the assumption that a variation of mixed Hodge structure be
graded-polarizable is too weak. In fact, those of geometric origin ((3.6), or vari-
ations on (3.11)) have the property that the polarizations of the Gr) V’s are of
a common source, i.e., are related. An axiomatic understanding of this point
may be the missing ingredient in the theory of variations of mixed Hodge
structure.

The following embarrassingly simple observation contains a touch of the
above complaint, so we mention it now:

(3.17) Proposition. Let V be a complex vector space with real structure with an
increasing filtration W defined over R and a decreasing filtration F. If F induces
Hodge structures of the same weight on each Gr\' V, then (V, F) is itself a Hodge
structure.

The proof of (3.17) is left to the reader. Although one could regard it as a
clever trick that might be useful in constructing Hodge structures, it seems to
us that it should be possible, even desirable, to avoid using (3.17). (We add for
comparison the well-known fact that a filtration of a polarizable Hodge struc-
ture necessarily splits.)

We conclude this chapter with some remarks on the mixed Hodge theoretic
variants of (3.12). Given a graded-polarizable variation of mixed Hodge struc-
ture on (4*), we again have monodromy logarithms N, ..., N,. We define 7, as
before. Suppose that for each Net,, M(N; W) exists. Since M(N; W) induces
M(Gr}Y N), we obtain, from (3.12, i) and the uniqueness of M, that M(N; W) is
constant on 1.

One can raise the obvious next question:

(3.18) Is it true that if Net; and N'et,, that for N'et;  ,

M(N; M(N'; W))=M(N"; W)?

This is asserting that for all i and k

Gt Gt V-2 G GiM'V
is an isomorphism, where we are writing M'=M(N’; W), etc. By (3.12, iii), we
have that

Gty .Gt Gr)f -2 G G GtV

is an isomorphism; moreover, it would suffice to know that

Gr G, GrY VY Grf Gri GV

is an isomorphism, but we face a problem similar to the one in (3.14, ii).

§4. Mixed Hodge theory with degenerating coefficients

Let S be a compact Riemann surface, 2 < S a finite set of points, S=S5—X, and
j: 8 — 8§ the inclusion mapping. Let (Y., W, %) be a variation of mixed Hodge
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structure on S, defined over IF IR, and put V=V ®C. This chapter will
be devoted to the proof of the following theorem, which generalizes the results
in [11]:

(4.1) Theorem. Suppose that (¥, W, #) is graded-polarizable and satisfies the
Properties (3.13). Then the spaces H'(S,V) and H'(S,R¥j V), for all i, k=0,
carry natural mixed Hodge structures defined over IF, such that the Leray
spectral sequence for j becomes a spectral sequence of mixed Hodge structures.
Moreover, the mixed Hodge structure is functorial in both V and S.

We will have to study several extensions to S of the connection
4.2) Vid > QsQ,, A,

where o/ =0s®cAg, for subquotients A of V. We recall that the canonical
extension o/ of .o/ is characterized by the properties that (4.2) extends to

(4.3) V:d - Qi(log2)® A,

and for each oeZ, the eigenvalues of the residue N(g), of (4.3) on the fiber A(o)
of o7 at o, lie in the interval [0, 1). The extensions of (4.2) that we will consider
are complexes of the form

4.4 27 B,

where V.of =« < Q) (log )® /. Such an extension is characterized by (A and)
the image B of # in
A=(P A(o)

oceX

via the residue mappings; we have

B=@ Blo),

oel
with N(o)A(c)c= B(c)= A(o). We let {A, B} denote the complex (4.4).

(4.5) Remark. If one puts B=NA, where N=@® N(o), then {A, B} is a resolu-
tion of j A¢. At the other extreme, if B=A, then the complex {A, B} repre-
sents the object Rj, A in the derived category D*(g_, C).

It is clear that B< A4 is determined by its image B in

HO(S,R'j, A~ A/NA.

We can then see how to make a parallel construction to that in (4.5) for Ap
and D*(S,IF). Let C'(Ay) be the canonical resolution of A (by discontinuous
sections). We claim that the complex

(4.6) 0—j, COAg) —ker {j, C'(Ag) =j, CH(Ag)} —0
represents Rj, A.. Indeed, on S the sequence

0-Ap—C(Ay)
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is exact, and C'(Ag) is a complex of flasque sheaves. Hence, R¥j, C'(Ay)=0 for
k>0. Thus
A (C(AR)~Rj Ap=0

for k>1, so we may cut off the complex j, C'(Ag) to obtain (4.6). This shows
that a complex {A, B} should be said to be defined over IF if the image B of B
in R'j, Ag is defined over IF.

The quotient of two complexes of type (4.4) need not be of the same type.
However, we have the following:

(4.7) Proposition. Let A’ A be local systems on S, and suppose that
A>SDBSNA<NAcCBCA,
so that {A', B’y = {A, B}. Then there is an exact sequence of complexes
0-K —{A,B}/{A . B} > {A/A,(B+A)/A"} -0,

where K'=(BnA')/B'[ —1]. Moreover, if (NAnNA)<=B and Bo(NA+ A4'), the
sequence has a canonical splitting, which is defined over IF if {A, B} and {A’, B’}
are.

Proof. First note that .7/’ is the canonical extension of .«//.s/'. Moreover, K'
is naturally identified with the torsion subsheaf of %/%', for the latter is the
kernel of the natural mapping

BB —QL(log )R A /A’

(whose image contains QL®.o//.o7, so is locally free of the same rank as B/%').
This image is then characterized by its residue in A/A’, namely

B/B > (B+A)/A.

The condition NAnA'cB means that V(#//s/')nK'={0}, and BcNA+ A4’
says that V(o/of')+ K'=%/B'. We see that under both assumptions, V (/7"
is a complementary submodule to K* in /4%, which gives the desired splitting
of {A, B}/{A", B'}. The proof of the rationality of the splitting over IF uses (4.6)
and is left to the reader. [

To prove (4.1), we define filtrations 9 and F on the complex {V, VV}, with
I defined over IF, such that we obtain a cohomological mixed Hodge complex
on S. In analogy with [11, §13], we put

(4.8) Z(0)=N(o)W, (o) +M,_,(a)W,_ (o)
= N(0) Wy(0)+ M,_,(0)Wi(0)  (cf.(221),
Z,=® Z,(0).
ol

Here, W, (o) is the fiber of the canonical extension “//7,( of #,, and M(o) is the
weight filtration of N(o), relative to W(s). Recall that N(o), is the nilpotent
part of N(o) in its Jordan decomposition. We put

(4-9) Emk {V’ V} = {Wo Zk}a
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and let FP{V, V} be the complex
(4.10) 04750l (logZ)@ FP 1 -0,

where %P—“I/m]* FP? is locally free on S by (3.13,1i). Moreover, F is assumed
to be inducing on each V(¢) a filtration F(c) of the right type with respect to
the filtration determined by the #,’s. Because N(s), and also the splitting of
N (o) into nilpotent and semi-simple summands, is defined over IF, the filiration
M is also defined over IF.

We compute Gr'=9M, /M, _,. First, we observe that Z, c NW,+W,_,, and
also NW,nW,_,cZ,_, by Theorem (2.20). Hence we obtain by Proposition
(4.7) a splitting:

(4.11) G~ {W, /W, |, (Z+W,_)/W,_ )} ®K,.
Since
Zy+ W )W =(NW + W, )/W,
=Gr, N(Gr}' V),
the first summand in (4.11) is just the complex resolving j, (W, /W, _,) that was
studied in [11, §7]. The filtration on it, induced by F, makes it into a
cohomological Hodge complex of weight k.

It remains to study the torsion summand K. At this point, we use Hy-

pothesis (3.13,iii): for every g, the filtrations M(s) and F(o) define a mixed

Hodge structure on V(o), filtered by W(g). (We may ignore the non-unipotent
summand, as it plays a trivial role here.) We have:

H'(S, Ky)= HO(S, K)=(Z,"W,_ )/Z, ,
=(NW+(M_ oW DWW ANW_ + (M, 0 W, _y))
=(NW_ 1 +(M_ AW _)INW_ +M,_,nW,_y) by (2.20);
that is,
(4.12) (Ze W ) Zy_ =GRl (W [NV, _)).
(4.13) Lemma. F induces on Gr)! (W, ,/NW, ) a Hodge structure of weight
k—1.

Proof. Ny: W,_,—>W,_, is a morphism of mixed Hodge structures of _type
(—1,—1), as it maps M; to M,_, and F?P to FP~!. Hence, M and F in-
duce on W,_,/NW,_, a mixed Hodge structure. [

_ One can easily check that the isomorphism (4.12) is strictly compatible with
F. Taking into account the shift in the Hodge filtration under the residue
mapping, we see from (4.13) that as a Hodge structure,

Hl(g K;)ﬁGry,l(m_l/Nm_l)(—l)a

where (—1) denotes the tensor product with the Tate Hodge structure Q(—1),
which is of pure type (1,1). Of course, H(S, K;)=0 for i# 1. Summarizing, we
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obtain that for all iz 0,
H(S, Gi®)~ H'(S, W/W, ) ®H'(S,K;)

carries a Hodge structure of weight i+k, ie, MM and F give {V,V} the
structure of a cohomological mixed Hodge complex.

The complex {V, NV} is a subcomplex of {V, V}, and is quasi-isomorphic
to j, V¢ On it, we have the induced filtrations 9t and F. One computes
Gr¥{V, NV} in a way similar to the above. Again, we have a splitting

4.14) Gr{V,NV}=~{W,/W,_\.(Z,nNV)+ W, )/W,_} @5 [-1]

where
Si(Z, ANV AW, _Z, ,ANV).
Since
ZNNV=NW +M_aW_)nNV
=NW +M,_ nW,_ aNV),
we can rewrite (4.14) as

(4.15) Gr™{V,NV}
= {(W/W,_ G NG VI @GRl [ (NV nW,_)/NW,_ (-1 -1].

We see that Gr*{V,NV} is a cohomological Hodge subcomplex of
Gr*{V, V}. Thus, MM and F also give {V, NV} the structure of a cohomologi-
cal mixed Hodge complex.

The long exact sequence of hypercohomology of the exact sequence

0o {V,NV} >{V, V}->0 -0,

where Q" is the quotient (concentrated on ZX), is identified with the Leray
spectral sequence for the mapping j and the sheaf V, which thereby becomes a
spectral sequence of mixed Hodge structures.

For the functoriality of our construction with respect to S, one argues as in
[11, (8.2)]. Proving the functoriality with respect to ¥V comes down to showing
the following:

(4.16) Proposition. Let N be a nilpotent endomorphism of the filtered vector
space (V, W), and N be one of (V, W). Assume that the relative weight filfraiions
M=M(N;W) and M=M(N;W) both exist. Suppose that ®:(V, W)—(V, W) is
a morphism of filtered vector spaces such that ® N=N @. Then
(M) M,.

Proof. One can argue recursively by a straight-forward double induction, using
(2.8). Details are omitted. [
(4.17) Corollary. With Z, and Z, defined as in (4.8), ®(Z,)c Z,.

It is easy to see that this completes the proof of Theorem (4.1).
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(4.18) Remark. i) For any k>I, W,/W, underlies a graded-polarizable varia-
tion of mixed Hodge structure in its own right, and these subquotients are
covered by the functoriality assertion. One might ask whether the filtration I
defined for ¥V (4.9) induces the one correspondingly defined for W,/W,, e.g., the
filtration of [11,§13] for W, /W, ,. This doesn’t seem to be the case; it
involves verifying relations such as

(NW A+, O W_ ) W,=NW,+(M,_ 0 W)

if g<k, and this is clear only for g=k—1. (The inclusion =, which is obvious,
is all one needs in this instance for functoriality.) Note also the corresponding
problem with (4.15).

ii) We can see that (4.11) gives

GV, V}~@ GrP Gt {V, V}
1

as a filtered complex. This is because K, being supported on X, is comprised
of a polarizable Hodge structure at each point a; W induces a filtration by
Hodge substructures, hence is automatically split. The above decomposition of
Gr" seems to be a typical phenomenon in the theory (compare (5.24)).

iii) It is not hard to see that Theorem (4.1) generalizes to the case where § is
a compact Kihler manifold of any dimension and X is a smooth hypersurface, if
we state (3.13, ii, iil) accordingly with parameters along X. In particular, it
holds when X=@, in which case (4.9) reduces to

M, = Q5 (W),
Let s€S. From (4.9) and (4.10), we see immediately (cf. [11, (8.4)]):

(4.19) Proposition. The evaluation mapping
H(S, V) > V(s)

is a morphism of mixed Hodge structures. In other words, the monodromy
invariant subspace of V(s) is a mixed Hodge substructure (independent of s).

As in [9, (7.24)], we obtain the following rigidity theorem, asserting that a
good variation of mixed Hodge structure is determined by the Hodge filtration
at one point and the monodromy representation.

(4.20) Theorem. Let V. be a local system on S, with filtration W. If s,€S, and
F is a filtration of V(s,), there is at most one filtration & of ¥~ such that

i) & gives F at s,,

i) V=(Vg, W, %) is a graded-polarizable variation of mixed Hodge struc-
ture satisfying Properties (3.13).

Proof. Suppose we had two: V, with # and V, with #,. The identity
mapping on V defines an clement

ee W, HO(S, Hom (V. V).



518 J. Steenbrink and S. Zucker

Using &, on the domain and &, on the range, we obtain a graded-polarizable
variation of mixed Hodge structure Hom (V, V); it satisfies (3.13) by (A.10). By
(1), e(sg)eF® Hom (V(s,), V(s,))- By (4.19), it follows that e(s)e F°(s) for all s, i.e.
¢ defines an isomorphism between V, and V, (as variations of mixed Hodge
structure) as desired.

(4.21) Remark. It is easy to see that rigidity fails to hold in the absence of
{3.13). We can even see counterexamples in (3.16), if we let teC and allow t to
approach infinity. The set of all such variations of mixed Hodge structure is
parametrized by the set of all entire functions, but only the constant functions
provide variations that satisfy (3.13).

(4.22) If V is any local system on S, by Poincaré duality the dual of H'(S, V)
with respect to Q(—1) is identified with H2=/(S, V*), where V* is the dual
local system of V. Of course, one may use this fact to put a mixed Hodge
structure on H2 (S, V), but it is more satisfactory to dispose of a construction
as above.

The cohomology groups with compact supports H:(S, V) can be computed
as H'(S,j, V), where j, V is the extension of V by zero over X. One has an exact
sequence

0-j,V =}, V=0 -0,

where Q is the skyscraper sheaf supported on X with @ =ker(N,) as fibers. We
will put a natural mixed Hodge structure on these cohomology groups in such
a way that Poincaré duality becomes a duality between mixed Hodge struc-
tures.

We construct first a cohomological mixed Hodge complex on S that is
quasi-isomorphic to j, V. We will not bother about the rational structure here;
it is treated in a similar way as for j, V. We consider the single complex of
sheaves associated to the double complex

4 ®V,=V
(4.23) J" J”
vy @N,V,=NV.

Because the first column is quasi-isomorphic to j, V, and the second to
Ker (N), the complex as a whole is quasi-isomorphic to j, V. We let F? denote
the subcomplex

Fr Fry
4.24) v N
(FrlQklogZ)nV ¥ FP- VANV,

and MM, the subcomplex



Variation of mixed Hodge structure. I 519

7, Wit M nNTIW_ =T,
(4.25) v N
Z, NWA+M,_ W, .nNV=:Z,,

where Z;=Res ' (Z) N (2L (log 2) ® #;).

(4.26) Theorem. Suppose that VY satisfies the conditions of (3.13). Then the
bifiltered complex defined above is a cohomological mixed Hodge complex.
Moreover, we have

Gr'j, V= {Gr} V,Gr, N(Gr} V)} ® Gr, ;(ker N; V/W)[—-1].

Proof. By (4.15), Z/2,_,~V(W,/#,_)®GIY (NVAW,_,/NW,_,)), and the
second summand injects into Z;/Z, , with quotient Gr, N(Gr} V). Hence in
G,V we discover the acyclic subcomplex

0GRl (NVAW,_)/NW,_) > Gl ((NV AW, )/NW,_)).
Factoring this out, we obtain the complex
A[Vk/nffkq — UJ/U._,
12 N
V#/ W) ———— Gr N(Gr/ V).
Note that
(4.27) M AN (W )+ W =M N (W )+ W,

For let xeM, be such that NxeW,_,. Then NxeW,_;nM,_,. Since the
latter equals N(W,_, nM)+W,_,nM,_,, we can write Nx=Nx'+y
with x'eW,_, "M, and yeW,_,. Then x=x"+(x—x'), where x'eW,_; and
x—x'e M, "N~ (W,_,). Next, observe that

WeaM,,  AN"'W,_ <U,_,,
so U,/U,_, is the direct sum of
Wt U - /U
(which is mapped isomorphically by N onto Gr, N(Gr} V)) and
M, AN W _)+U_)U_,=:T.

This means that after taking the quotient by an acyclic subcomplex again, we
obtain a quasi-isomorphism

Gt™j,V~{Gr"V,Gr, NGr V)} ® T[—1].
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We must therefore show that

T~Gr) (Ker N; V/W)).
We have

T:(Mk+1mN‘1(‘/Vk—1)+ W )M AN (W, _ )+ W,_))
=M ONTHW_ )+ W M N (W, )+ W) by (427)
=Gr¥ (N YW, _ /W, _)=Gr},,(Ker N; V/W,_)).

We wish to replace the W,_, by W, in this expression. We have the com-
mutative diagram with exact rows

0-Gr GV — G, (V/W,_))—— G [ (V/W) -0

N ‘{N N
0—Grlt  Grl' Vs Grlt ,(V/W, ) Grlt (V)W) =0,

in which the left vertical N is an isomorphism. Hence (by strictness of mor-
phisms of Hodge structures),

Grl, | (Ker N3 V/W,_)=Ker(N: Gry’, ; (V/W,_ ) > Gril ((V/W, _1))
=Gr}l  (Ker N; V/W,)

by the snake lemma. [

(4.28) Remark. Analogous to (4.19), we have for any seS a natural map-
ping 5
V(s)>H(S, V),

which is a morphism of mixed Hodge structures of type (1,1) and identifies
HZ(S,V) with the largest quotient space of V(s)(—1) on which =, (S,s) acts
trivially.

(4.29) Example. Let V=@ . Then the resulting Hodge structure on H2(S, V)
is just the Tate Hodge structure Q(— 1), purely of type (1, 1).

(4.30) Theorem. Let V be a variation of mixed Hodge structure as in (4.1) with
quasi-unipotent monodromy (this is the case whenever V¥V can be defined over a
number field, e.g. in the geometric case). Then for all i, the mixed Hodge
structures on H.(S, V) and H*>~(S, V*)(1) are dual to each other.

The proof of this theorem will occupy the rest of this section. We may as
well assume that all local monodromy transformations of V are unipotent. For
if this is not the case, we can find a Zariski-dense open subset S" of S and a
finite unramified covering n: § —S" such that the local monodromy of V¥
=7%*V|s) is unipotent everywhere, and obtain morphisms of mixed Hodge
structures
(431) H(S, V)= H (S, Y),

H.(S, V)« H.,(S, V)
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This reduces us to the unipotent case. (It should be possible to avoid this
reduction step and give a direct argument along the lines which follow, which
would work even in the case of general monodromy.)

We observe that the connection V: ¥~ —>Q§®"V has a dual connection on
¥"*=Hom, (7, Us) given by

(o, V*¥u*> + Vo, v*) =d{v, v*)
as sections of Qg. The canonical extensions of ¥~ and ¥™* are related by
(¥*) =Hom(¥, Oy).

If V is a variation of mixed Hodge structure, the same holds for V* and the
dual Hodge filtration on ¥"* is given by F*FP=(F P~ 'Y~ Moreover, if V¥
satisfies the conditions of (3.13), the same is true for V* The relative weight
filtration on V* is just the dual of the relative weight filtration on V.

We concentrate on the duality between H!(S,V) and H'(S,V*) as the
remaining cases are easy consequences of (4.19) and (4.28). We must show
that under the pairing

H{(S, V) x H'(S, V¥) - HZ(S,IF)=IF (—1)
we have for all p, k:

(4.32) FPH!(S, Vo)=(F PH'(S, V&)*;
(4.33) W H, (S, V)= (M, _ H' (S, V&))"

To do this we first give an explicit description of this pairing. Observe that
H'(S,V¥) can be computed as the cohomology of the single complex as-
sociated to the double complex

@ CUU, (V) @ Qf(log X))
p.q
for an affine open covering U of S. A similar result holds for F?H'(S, V¥).
Thus a class [v*]e FPH' (S, V) is represented by a pair
(v}, v3)e C' U, FP(¥™*)) @ CO(U, F7~1 () ® Qi (log ).

For cohomology with compact supports we observe that the double complex
(4.23) is quasi-isomorphic to the complex

IV ®Qk

(take cohomology sheaves in the horizontal direction). Similarly the filtration
level #4}, ¥, is quasi-isomorphic to the complex

S, F 1@ QL
hence a class [v]e F4HL(S, V) is represented by a pair
(v, 1,)€ CL(U, £, FND COQU, F1- 1 ® Q).
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The element [v] A [v*]e H?(S, C)~H" (S, Q}) is then represented by
<Ul > U§> + <027 Dik>€ Cl (ua Qé)

By the relation between % and #* and this formula we can conclude that
FPHY(S, Vo)< (F~PHY (S, V)" To verify (4.32) it remains to be checked that
the induced pairing

GrZH!(S, Vo x Gr¢ H' (S, ¥¥) - C

is nonsingular for p+g=1. But these two spaces are the hypercohomology
groups of the @g-linear complex Gr% j, V¢ and its dual complex

Hom, (Gr%j, V¢, 25),

so the required duality follows from Serre duality.
By a similar argument, we obtain that the pairing

H' (S, M, j, Vo) x H' (S, M {V* V*}) > C
has zero image if k+1<0. By passing to subquotients we also get that
M H(S, Vo) x M H (S, V&) - C
is the zero pairing for k+1<2. We are led to show that the induced pairings
Gt (HNS, Vo xGr™, | H'(S, V&) >C
are nonsingular. We recall that these are the E,-terms of the spectral sequences

(4.34) E;katk~HS, Grl, Vo) = HY(S, V);
(4.35) *E;kav ko HYS, Gr{V*, V*}) = HI(S, V§).

By (4.26) we have
E;k Rk HY(S,j, Gl Vo) @ G | (Ker N; V/W,),
and by (4.11) and (4.12)
*ER1-kx H'(S,j, Gt V@ G™,_ (W, V¥NW , [ V*)(-1)
Because Gr}' V is polarizable,
Gr¥, V*~(Gr) V)*~Gr) V(—k),
and it follows from [11, § 7] that the pairing
H'S,j, Gy V)x H'(S,j, Gt" V¥ - IF(—1)
is nonsingular. Also it is obvious that

Gr}’ (Ker N; V/W,)=Hom(Gr™,_ (Coker N; W_,_, V*), IF(—1)).
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It is easy to see that the “cross-pairings” are trivial, so
Epkl+kx s pkl-k,q

is a nonsingular pairing. To conclude the same about the E,-terms, we must
understand the d,-maps in the spectral sequences (4.34) and (4.35). The map

~1-k1+k. p—1—k1+k ~k,1+k
d; D E] —E;

decomposes into

uy: HO(S,j, Gry, Vo) > H'(S, ), Grf V),
uy: H°(S,j, Gry. Vo) » Gy, (Ker N; V/W).

We will describe u#; and u, explicitly. The other non-trivial d,-maps and *d,-
maps have a similar description, and it will follow from this that the *d,’s are
the dual maps of the d,’s.

Because of the admissibility of V all maps N, are quasi-strict (see (2.18)). It
is not hard to see that this implies that the following sequence is exact for all
k:

(4.36) 0-j,Gr¥V ) (W,  V/W, ,V)—j, G, V0.

The mapping u, is nothing but a connecting homomorphism in the long exact
cohomology sequence of (4.36). To compute u,, we observe that the decom-
position of d, into u; and u, is functorial in V, hence u, factors as

HO(S,j, G, Vo> Gr¥  (Ker N; Grl, | V)5 G | (Ker N; V/W));

here u; is obtained from the inclusion Gr},, V = V/W,, and we can see that u),
is the natural mapping

() Ker (Gry, | N,) »@ G, Ker (Gr,_ , N,).

(Because Gry,;V is pure of weight k+1, each Ker(Gr,, ,N,) is contained in
M, ) By the complete reducibility of polarizable variations of Hodge struc-
ture ([3,(4.2.6)]), it suffices to check this for a constant local system, in which
case it is obvious.

§5. The geometric case

In this chapter, we show that a family of algebraic varieties f': X* — A* gives
rise to a variation of mixed Hodge structure over 4* that is graded-polarizable
(see also [19]) and satisfies the conditions of (3.13). We restrict ourselves here
to the case of smooth varieties, for which we had worked out most of the story
from a slightly different angle from the one that El Zein takes in [6]. For a
construction in the general case, we refer the reader to [6], in which the case of
a family of varieties with normal crossings is taken as the point of departure.
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(5.1) Notation. Let X be a complex Kédhler manifold, A the unit disc in the
complex plane, f: X -4 a proper mapping, D= X a divisor (we write D as
U D;, the union of its components), Y= f'(0). We suppose that DuUY is a
divisor with normal crossings, and that f and its restriction to each intersection
Di,n...nD; (pz1) are flat over 4 and smooth over the punctured disc A*.
Moreover, we assume here that Y is reduced (the non-reduced case can then be
handled as in {10]), and thus the monodromy will be unipotent.

(52) We put U=X—(DuY). We are interested in the cohomology of the
fibers of the restriction f": U —» A* of f, which we study in a way similar to the
method of [10]. (We remark that for any smooth quasi-projective morphism
Z — A, one sees that there exists, perhaps after shrinking 4, a manifold X as in
(5.1), with Z|,,~ X —(DuUY), by using Hironaka’s resolution theorem. By semi-
stable reduction, we can arrange that Y is reduced, after taking a finite
covering of 4.)
Let m=0 be an integer, and

VQ: Rm(f/)* (DU-

We obtain an increasing filtration W on V;, by consideration of the spectral
sequence
ER1=R"(R'g, Qy) = R* [ Qy,

where g: U>X—Y and f”: X—Y — 4*; we have
Gr,WVQ:E';"”.

By the results of [3,§3] applied to the fibers of f, we conclude that E_~E,
and W indeed gives a filtration by local subsystems; in other words, the mixed
Hodge theoretic weight filtration of the fibers is locally constant.

Again imitating [3], we see that

V' =04QcVYV=R"f/Qx_y,(logD)
is filtered by its locally free subsheaves

FP=R"fF*Qx_y,»0gD),
and
FFPT =R IQl ) e (logD)

is also locally free.
As in [7], one sees that the connection V on ¥ is the connecting homomor-
phism in the long exact sequence of relative hypercohomology associated to

0= (f")* Qe ® Qix_ vy 4o(log D)[ 1]
~@y y(ogD) >y (l0g D)0,

and hence maps #* to Q4. ® #? .
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(5.3) Next, we assert that the canonical extension ¥ of ¥ is given by the
formula N
¥ ~R"f, Q% ,(log(D+Y)).

To prove this, it is enough to check the following:
i) R"f, 2, ,(log(D+Y)) is locally free on 4,

ii) ¥ extends to a connection with a logarithmic pole at 0 on
Rmf* ‘Q.X/A(log (D+ Y))7

i) Res, (V) is nilpotent.

We proceed along the lines of [10, §2]. Let X, =X x ,4*, where 4* is the
universal covering of 4*, and let k: X — X and i: Y — X be the obvious maps.
Put D, =k~*(D), U ,=X,—D,. Then U, is homotopy equivalent to any fiber
of f', and

H™"(U,, C)y~H™(X ,, Q% _(logD,)).
As in [10, (2.5)], this is isomorphic to
H"(Y,i 'k, Qy_(logD,)).
We have quasi-isomorphisms of complexes of sheaves on Y:

i1 Q% (log(D+Y))[logt] — i*lk*Q'xw(long)
and
i7' Qy(log(D+ Y)[logt] —» 2, ,(log (D +Y) R4, Oy,

where 1 is a coordinate on A. Therefore
H"(Y, @y, ,(log (D+ Y)® 0)~H"(Y, i~ 'k, 2y _(log D))~ H"(U,,, ©).

As a similar formula holds for the other fibers of f, one concludes that
R"f, QY ,(log(D+7Y)) is (locally) free on 4 and commutes with base-change.

The extension of V is obtained as the connecting homomorphism in the
long exact sequence of relative hypercohomology associated to

0—/*Q;(log0) ® Q, ,(log (D + Y))[ - 1]

—Q%(log(D+Y)) - Q, ,(log(D+Y)) -0
SO
V:R"f, Q% (log(D+Y)) > Q24 (log 0) @ R™f, Q% ,(log (D + Y)).

The fact that Res, (V) is nilpotent follows directly as in the proof of [10,
(2.20)], because Y is reduced.

(5.4) We define a filtration W(D) on Qy(log(D + Y)) (the weight filtration with
respect to D) by:

W(D), Q% (log (D + Y))=Q(log (D + Y)) A 24~'(log ¥)

We also denote by W(D) the induced filtrations on QY ,(log(D+Y)) and
Qy,4(log(D+ Y)® Oy, or on H™(Y, £, ,(log(D+ Y))® Oy). From (5.3) we obtain
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the isomorphism (which depends on the choice of t)
Y1 H"(U,, ©)—=>H"(Y, @} ,(og(D+Y)® 0,)

On the left-hand side we have the monodromy transformation T and the
weight filtration W from mixed Hodge theory, and on the right-hand side we
have the endomorphism Resy(V) and the filtration W(D). Under the identifi-
cation ¥ we have (cf. [10, (221)]) T=exp(—2niRes,(F)) and W=W(D).
Hence T is unipotent, and the admissibility of N=1logT relative to W is
equivalent to the admissibility of Res, (V) relative to W(D).

(5.5) The complex Qy(log(D+Y)) also carries the filtration W(Y) (weight
filtration with respect to Y), defined analogously to W(D). We use this to
replace Y, ,(log(D+Y))®,, Oy by the following double complex. Let (compare

[10, (4.14)])
API=Q8 1 (log(D+Y)/W(Y), (p.q20),

d': AP%— AP+14 be ordinary differentiation, d”': AP¢— AP7+! be cup product
with the 1-form 0= f*(dt/t). Cup product of forms with 0 defines a quasi-

1Isomorphism
¢: Qy,(log(D+Y)®,, Oy — sA”

(cf. [10, (4.16)]), where s denotes the associated single complex of a double

complex.
We put
W(D), A" 4 =image of W(D),Q4 4 (log(D+Y)) in A"
FrA"=P A",
rzp
M AP =W, ket Qi+l (log(D+Y)/W(Y),

(this can be shown to coincide with the definition in [6, II, (3.1)]). Then ¢ is
even a bifiltered quasi-isomorphism with respect to the filtrations W (D) and F;
if one grades for W(D), one obtains the situation of [10].

Let ¥ be the endomorphism of sA™ given by the canonical projections
v: AP%— AP~ 14*+1 Then ¥ is a lifting of Res,(V) to the level of complexes.

(5.6) Theorem. With the same notations as above, (sA”", M, F) is part of a
cohomological mixed Hodge complex, filtered by W (D).

The proof of this theorem is rather involved, and we postpone it till the end
of this chapter.

(5.7) We show how the Properties (3.13) follow from the theorem.
As to the existence of the relative weight filtration M (N, W (D)), we observe
that

Y(0)=H"(Y, 2,,(log(D+ Y) ® Oy)=H"(Y, 47)
and put (introducing the customary shift)

M, ¥ (0)=Image of H"(Y, M,__A") in ¥(0).
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To show that this defines the relative weight filtration, first observe that ¥
maps M, A" to M, _, A", hence Res, V shifts M by 2. It remains to be checked
that M induces the monodromy weight filtration on Gr}'® ¥ (0) for each L
From [10, §5], it follows that M induces the monodromy weight filtration on
H™(Y, Gr"® A”") for each [, hence we are led to consider the spectral sequence

(%) Ertm=H"(Y,Gr P A") = H"(Y, 47).
This has an analogue for each te A*:
E;Mrm=H™(X,, Gr" Qy, (log D))= H"(X,-D,, C),

which degenerates at E, for each reA*. As its d,-mappings are horizontal over
A*, the sequence (x) also degenerates at E,.

The next step in the argument is due to ElZein [6]. The d,-mappings in (x)
are morphisms of mixed Hodge structures (because W (D) extends to a filtration
of cohomological mixed Hodge complexes), hence are strictly compatible with
the filtrations induced by M7 on the E, terms. Because, for fixed g, M, induces a
single L-weight filtration level on E79 it follows that M induces also the
monodromy weight filtration on the terms

E;I,Hm:E2—1,1+m;Ger‘D)H"'(Y, A7)

From this, we also obtain (3.13, iii) and the graded-polarizability at once.
As for the extendability of the Hodge filtration, we conclude from the
theorem again (compare [12, §2]) that the spectral sequence

EP4=Hi(Y, Q% ,(log(D+Y))® Oy) = H (Y, 2, (log(D+ Y)) ®, Oy)
degenerates at E,. This implies that the sheaves
Rif, Q% 4(log(D+7Y))

are locally free on 4. Moreover, strictness of the d,-mappings in the spectral
sequence® with respect to the Hodge filtration implies that the various fil-
trations induced by F on E,, directly and from E,, coincide (see [3,(1.3.16)]).
Thus, we have checked (3.13, 1i) also.

(5.8) We now prove Theorem (5.6). To do this, we have to imitate the
construction of the double complex 4™, with its filtrations M and W (D), on the
level of complexes of Q-vectorspaces. As [10] is a bit obscure (though essen-
tially correct) about this, we use the formalism of [8,§1].

For any space Z, we let C'(Z) denote the complex of sheaves of germs of
rational-valued singular cochains on Z; it is a fine resolution of the constant
sheaf @ on Z, hence H"(Z, C'(Z))=H™(Z, Q). Let j: X*=X —~ Y= X, and put

K (X*)=i"'j,C(X*, KX =i "k,C(X,)

7 More accurately, Dec M (see (6.2))
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Then one shows as in [10, (2.4), (2.5)] that

H"(Y, K'(X*))= H"(X*, Q),

H"(Y,K'(X )=H"(X,, D).
The monodromy transformation T on H™(X _,®Q) is induced by the automor-
phism (x,u)—~(x,u—1) of X =X*x,H, where H={ueC|Imu>0}~A* is

mapped to 4* by ursexp2niu. Hence T lifts to an automorphism of K'(X )
such that

K'(X*)={0eK (X ) To=0}.

Let B, =Ker(T—I)"*'<K'(X,) and B'= | | B,

mz0 "
(5.9) Lemma. The inclusion B"— K'(X ) is a quasi-isomorphism.

Proof. Let By, K'(X )¢ etc. be the sheaf complexes obtained by replacing @ by
C in the above definitions. One obtains a morphism

s:i ' Qy(log Y)[logt] - Bg.

Let 1 denote the image of logr under s, so B, ¢= Y AFK'(X¥) As
d(A™eB,,_, ¢, one obtains a quasi-isomorphism k=0

A K.(X*)q:‘f—’ B;n,C/B;nAl,C'
This shows that s is also a quasi-isomorphism. Because the complex
i~1Qy(log Y)[logt] is quasi-isomorphic to K'(X )¢ (see the discussion in (5.3)

or {10], §2) the inclusion By« K'(X )¢ is a quasi-isomorphism. This suffices to
conclude that B« K'(X ) is also a quasi-isomorphism. []

We thank Navarro Aznar for pointing out an error in a previous version of
the proof of Lemma (5.9).

(5.10) Remark. The advantage of working with B’ rather than with K'(X ) is
that every local section of B’ is killed by some power of T—1.

(5.11) Definition. If K* 1s a complex of @-vector spaces and reZ, we put K'(r)
=Q2nif K'c K ®qC. We define 6: B — B'(—1) by
1
o0=——1ogT.
2mi o8

(Note that log T makes sense on B’, by (5.10).)
(5.12) We let p(B) denote the mapping cone of the morphism 6, i.e.
p(BY =B*@®BP~'(-1),
d(x, y)=(dx, —dy+5(x)).
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One defines 8: p(B) — p(B)y (1)[1] by 8(x, y)=(0, x). We finally let

p(BY i+ (g+1) if p20;
Cri=1p(By(q+1)/Ker(d if p=~1;
0 if p<-—1.

We provide @ CP? with the structure of a double complex by defining
d': CP4— CP*14 a5 the differentiation in p(B), and d": CP9— CP*! by d"(z)
=0(z).

(5.13y Lemma. The inclusion x+—(0,(—1)’x) from BF into CP° induces a quasi-

isomorphism
B —s(C).

Proof. 1t is easy to see that the sequence 0 — B? - C»%-% C?! — . is exact for
every p=0. It remains to be shown that the complex C~!* is acyclic: let
(x, »)eBi(q+1)@® B *(g) such that d0(x, y)=0. Then dx=0. Because § acts as
the zero map on #%(B’), there exists neB? *(q) such that 6(x)=dn. Then
dix,n)=0, so (x,))=(x,n)+0(y—n,0elml+Kerd, ie, (x.y) represents a
coboundary in C~%% [

(5.14) Lemma. Let 6:s(C")—>s(C”)(—1) be given by §(x,y)=(x,dy), and
vis(C)=s(C)(—1) by vix, y)=(=1FT*1(x,y) for (x,y)eCP4 (x,y) is
canonical image in CP~19%%. Then § and v are homotopic.

Proof. See [8,(1.7)]. O

. 1
(5.15) Because o is a lifting of i log T to the level of complexes, v induces
i

Res, (V) on hypercohomology. We now first finish the proof of Theorem (5.6)
for the case D=0, and afterwards indicate the modifications that have to be
made in the general case. Assuming D=0, we let for keZ:

M, CP?=the image of <, ,,, , p(BP*9* (g+1) in CP4,

Here, for a complex K,

Kr if p<r,
1, KP={(kerd)nK? if p=r,
0 if p>r;

GriK' ~#"(K)[ —r].

(5.16) Lemma. The map x+(x,0) defines a quasi-isomorphism K (X*)— p(BY.
Proof. This is a general fact about cones: we use the fact that §: B - BP(—1) is
surjective, with Ker (§)~K?(X*). O

(5.17) Observe that 0: p(B)— p(B)(1)[1] maps t,p(B) to 7., p(BY*'(1), and
hence M, C>% to M, ,C™%*'. As a consequence, in the complex Gry! C™, 6
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induces the zero map. We obtain a splitting of the double complex

Grif C"= @ GrfC [ ~ql= @ (Griy,,,pB) @+ I1]
920 920
qz —k qz —k

= @ (Grig 20 K (XH)(g+1)[1]

~k

el
IIVI v
o

q

Moreover, from [3, (3.1.4)] we know what the cohomology sheaves of K'(X*)
are: if Y@ is the disjoint union of all g-fold intersections of the components of
Y, and a,: Y Y is the natural map, then we have a canonical isomorphism

HK (X)) —(a,), Qy(—q) (g21).
Hence we obtain [10, Lemma (4.13)]:
Gr! C"= @ @ 2g0 )5 Qyocrzarn(—k—g)[—k—24].

qz0
qaz—k

(5.18) To connect the filtered complex (C”, M)®,,C Yvith the complex (4™, M)
as defined in (5.5), we use an intermediate complex (C', M), which has filtered
quasi-isomorphisms:

(CM)QC 4~ (C, M)-2> (4™, M).

One obtains € as a subcomplex of C”"®T by performing the same con-
struction which transforms B’ into C™, but now starting out with the complex
B'=i"1Qy(log Y)[logt], with its endomorphism T: logt+—logt+2ni. If we put
u=1logt/2ni, the endomorphism 0 is given by

r r—1
~27id ( a)juj/j!)z Y o wjl

j=0 j=0
It is easily proved that BB ®C is a quasi-isomorphism which is d-equi-
variant, hence the natural inclusion C"—>C"®C is a filtered quasi-isomor-
phism with respect to the M-filtrations.

The map ¢: C"— A™ is induced by

(x, Y= x,—2miduny,
for

x= Y xu//j!, asection of i~' Q%"+ (log Y)[u],
j=0

y= 3 yu/jl, asection of i~' Q5 (logY)[u].
j=o

One checks easily that ¢ is a morphism of double complexes, compatible with
M, such that GrY(¢) is a direct sum of mappings

Grip(B)—£ Gr¥ @ (log Y).
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By an argument as in Lemma (5.16) the inclusion
i1 2y(log V) p(B)

is a quasi-isomorphism, hence a filtered quasi-isomorphism if both are equipped

with the canonical filtration t. Because (Q%(logY), r)—ﬁ(ﬂ'x(log Y),W) is
a filtered quasi-isomorphism [3, (3.18)] and ¢(x,,0)=x,, we may conclude
that ¢ is a filtered quasi-isomorphism. Thus Gr¥ C* becomes a direct sum of
Hodge complexes of weight k.

(5.19) 1In the general case D@, we modify the previous construction a bit.
From now on we will write C"(X), B"(X) etc. instead of C”, B’, and use the
fact that we can apply the same formalism to the composition of f with the
natural mappings

b,: D@ Xx

where D@ is Qefined anal~0gous to Y@ (see (5.17)). Hence it makes sense to
speak of C*(D9) or B'(D'?) as well. We put X'=X~D; j: X'<» X is the
inclusion map. We define

K'(X)=i"'j,C(X) and
K'(U)=K(X*)®uK'(X); K(Uy)=K(X,)®,K (X')
B (U)=B'(X)®.K (X) =K (U)[A]<K'(U,).

For a tensor product K'®,L of complexes we have partial canonical fil-

trations
(K ®L)=(,K)®L;

(K ®L)=K ®(t,L).

This applies in particular to K'(U), B'(U) and K'(U,). Observe that we have a
filtered quasi-isomorphism

(B(U), 1) > (K'(U,), 1")
because Gr} B (U)= B (X)®,Gr;K'(X') and similarly for K'(U,,).
(5.20) Proposition. We have a canonical isomorphism
H™(U,,Q)->H™Y, K (U,)).

Proof. We have a commutative diagram

Because C{X") is a resolution of Q,., we have a quasi-isomorphism
k,C(U,) -k, C(U,)®,C(X'). Moreover we have a natural morphism of
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double complexes
o K'(X,) @K' (X') =i i (ky C'(Uy) ® C' (X))

We claim that o is also a quasi-isomorphism. This is easily checked using local
coordinates (z, ..., 2,) on X such that f(z,,...,z,)=z, ... z,, and D is given by
Z, .4+ 2, ¢=0 (for suitable r and s). The claim can be reduced to the state-
ment that for such a polydisc coordinate neighborhood V, the map

¢ (k)T (V) =k~ (V)< ()1 (W),

defined by ¢(x)=(x,k"”(x)) is a homotopy equivalence, and application of the
Kiinneth formula.
As a consequence we obtain

H™(U,,, Q)= H"(Y,i" 'K, C (U ) =H"(Y,i~',k,C'(U,))
xH"(Y,i'j, (K, C'(U,)®,C(X)=H"(Y,K'(U,). O

(5.21) We define the double complex C"(U) by

p(BFF I (U))(g+1) if p20;
CrAU)={pBU)g+1)/Ker(@®1) if p=—1;
0 if p<-—-1.

The filtration W(D) on C"(U) is induced by the filtration 7" of B'(U), and we
define M, C”4(U) as the image of THZHIp(B””“(U))(q«{—l) in C»I(U).
(522) Lemma. i) G/ ?' C"(U)=(b), C (D"} —N[ 11,

11) Grllcw C”(U)g @ @ (Czq+k+ 1)* QY(s)mﬁ(quw 1 -s)( “k —q)[—k —2(]]

qz0 s>¢q
9= —k

Here c,: (YOD)- X.
Proof. From (5.19) we have
Gr;"B'(U)2B(X) ®(Gr;K'(X")
=B(X)®(b), Qpa(—[ 1]
=B(D")(-)[ 1],

because for any 4 =X one has C'(X)|,—— C’'(4). Applying the construction
of C” to both sides we obtain the first equality. The second one is a con-
sequence of the splitting

Grif C"(U)x @ G CY(U)[ —4]

q
q

Wy

—k
and the isomorphisms

Gr¥ CUU)[ —ql= @ Gri K(X*) @ Grhyps 1 K'(X)),

s>q

QY:r\...nY,®QxQD;r\...nthQYlr\.l.anr\D“\...nD,' -
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(5.23) The isomorphism between (C(U)®C, M) and the complex (4™, M), as
defined in (5.5), is defined in a similar way as in the case D=0. One uses the
intermediate filtered double complex C"(U)< C(U)®C, starting with

B(U)=s(i~ "(@x(log Y)[log 1] ® 2y (log D)).

which is in a natural way a subcomplex of B(U)®C. Then C(U) carries
natural filtrations M and W(D) such that its inclusion in C'(U)®C is a
bifiltered quasi-isomorphism. To end the story, we define the mapping
CPr4(U)—2¢— 474, Recall that by definition, C7%U) is a quotient of

@ it (log Y)[u] ®c 25 (log D)

r+s=p+1

® @ i~ QlogY)[u] ®cL%(logD).

r+s=p

We put ' _
¢(Z X, @x, Z Vi ®yy)

to be the image in A”? of
Y Xl AXY=2midunY Yo A VL.
The remaining details are left to the reader.

(5.24) Remark. The change of index from s to I=2g+k+1—s in (5.22, 1i)
gives
Gr’Ic\/IC'-g @ @ (62q+k~1)*Q7(2q+k+1~1)m1‘)(1)-
gzmax{—k, 0} I <qg+k

Analogously, for 4™ we get

Gr¥ 4"~ (—ID GrY Gr}'® 4™

(5.25) Proposition. The natural mapping
H™Y —D,C)»H™"(C'QC)x=¥(0)
is a morphism of mixed Hodge structures.
Proof. As in [10, (4.27)], we show that
D7 =ker{i: A" — A"}

(see (5.5)) is naturally isomorphic, as a bifiltered complex, to the one which is
used to define the mixed Hodge structure on Y —D. One has

DPI=Grih Q41 (log(D + Y)) = Q. y(log(Dn T+ V),

with d" inducing differentiation, and 4" inducing restriction. For the induced
filtrations,
F DP9 F Q% ., (log(Dn Y+ Vy),

MkDp,q =~ W(D)k+qglfjl(q + 1)(10g(D~ N f/(q+ ”)).
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From this, we see that we have recovered the mixed Hodge complex for Y —D
(one checks that the above is also compatible with the structure over Q). O

As an application of the fact that Conditions (3.13) are satisfied for varia-
tions of mixed Hodge structures coming from geometry, we give a neat proof
of [15, Lemma (2.6)], which is related to the extension of Abel-Jacobi map-
pings. Our assumptions will be less restrictive than those in [15]. The same
kind of reasoning was independently known to Donagi and Griffiths.

We first state an easy consequence of the existence and functoriality of the
limit mixed Hodge structures:

(5.26) Lemma. Let 0>V’ >V —>V"—0 be an exact sequence of variations of
mixed Hodge structure over the punctured disc A*, all of which satisfy the
Conditions (3.13). Let the canonical extensions of their sheaves of holomorphic
sections be denoted by ¥, ¥ and ¥ respectively. Then for each p the sequence

0 FPy " FPf —FPf " -0
is still exact.

Proof. Because ¥, ¥ and ¥ are locally free on the disc 4 and each F” is a
subbundle it is enough to show that the sequence

0— FP¥7(0)— F*¥ (0)— F?¥"(0)— 0

is exact for each p. But this follows immediately from the fact that we have an
exact sequence of the limit mixed Hodge structures, as morphisms of mixed
Hodge structures are strictly compatible with F. [

(5.27) Remark. A priori, i.e. without (3.13), one knows only that elements of
FP¥™" can be lifted to j FP¥" and to ¥~ separately.

(5.28) Proposition. Let X be a complex manifold, f: X — A a projective map-
ping which is smooth outside the fiber over 0. Let (Z,),., be a family of algebraic
(m—1)-cycles on X with |ZJ=X,=f"'(t). Let Y/=H*"~'(X,,C) and let  be a
section of F™ ¥, Let (y(1)),.4 be a continuously varying family of relative cycles,
y(O€H,,,_(X,, |Z), Z). Then the Abel-Jacobi integral | w(t) is a multivalued
Sfunction on A* of the form 70

(5.29) Y fo D t*(log 1)

a,q
with f, . holomorphic on 4,and f, ,#0=>0=<q<2m~—1, aeQ, 0<a<l.

Proof. For te A* one has the exact sequence of mixed Hodge structures
H?"(|Z )~ H*" X, |Z )~ H*" " 1(X) > H* Y(Z)).

Because |Z,| is analytic of dimension m —1, H*™~2(|Z)) is purely of type (m—1,
m—1) and H*™~(|Z,))=0. Hence if V,=image of u,,and V,=H*""'(X,, |Z))),
we obtain an exact sequence of variations of mixed Hodge structures on A4*:

0->V->VY—-V'—-0,
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all of which come from geometry, so they satisfy the Conditions (3.13). Because
F"¢" =0 we get F"¥" =F"¥" by Lemma (5.26). Hence w lifts uniquely to a
section of F™¥ . The proposition now follows from the observation that sec-
tions of ¥ are characterized by the fact that their values on multivalued
horizontal sections of V* are of the form (5.29). To see this, observe that ¥,
has an @ ,-basis e,,...,e, on which the operator V4 has a constant matrix U

([2], proofs of Prop. 11.5.2 and IL1.5.4). A basis ‘gf multivalued horizontal
sections of V¥V is given by f,=exp(—logt-U)e, i=1,...,n ([2], Lemma

n

I1.1.17.1). Thus ve ¥} if and only if v= Y g exp(logt-U) f;, with g; holomorphic.
i=1

The claim is easily deduced from this. [

§ 6. On filtered mixed Hodge complexes

Let M be an increasing filtration of a complex K" We first recall the following
definition, adapted from [3, (1.3.3}], of the increasing filtration Dec M :

(6.1) (Dec M), K'={xeM,_,K':dxeM,_, ,K'*'}.

Except for a shift depending on i, M and Dec M define the same filtration on
the cocycles of K, hence on cohomology; precisely,

6.2) (Dec M), H'(K")=1image of H'(M,_,K").

(In other words, the use of Dec M instead of M effects the shift that one sees in
the definition, in mixed Hodge theory, of the weight filtration on cohomology:
convolution with degree.)

The spectral sequences of Dec M and M are related by

(6.3) 1) peessEo 18 quasi-isomorphic to ,E,,
11) DecMErEMEr+1 (rgl)

[3, (1.3.4)]. In particular, if the spectral sequence of M degenerates at E,, that
of Dec M degenerates at E,.

In [13], the notion of a filtered mixed Hodge compiex is introduced. We
recall the definition (including the “optional” axiom AIV of El Zein), adopting
the abuse of language of [12, p. 126]:

(6.4) Definition. A filtered cohomological mixed Hodge complex is a coho-
mological mixed Hodge complex (K', M, F) defined over IF, together with a
third (increasing) filtration W of K, also defined over IF, such that

i) For each I, Gr'K’, with the filtrations induced by M and F, is a
cohomological mixed Hodge complex,

ii) For each I, Dec(MGr) and (Dec M) Gr}¥ coincide on K'=RI'(K"),

iii) The spectral sequence of W on K' degenerates at E,.

The notion of a cohomological limit mixed Hodge complex is obtained by
replacing (ii) in the above definition by

ii"). For each I, W,K", with the filtrations induced by M and F, is a
cohomological mixed Hodge complex.
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(6.5) Proposition [13, 1(2.5)]: Let K' underlie a filtered cohomological mixed
Hodge complex (or a cohomological limit mixed Hodge complex). Then

i) The filtration induced by W on H'K') is a filtration of mixed Hodge
Structures.

ii) The induced mixed Hodge structure on Gr) H(K') coincides with the one
coming via the isomorphism

(6.6) wE (R~ E,(R)~H(H(Gr"K'), d)).

Proof. According to [4, (8.1.18)] (cf. our (3.17)), (i) is equivalent to the assertion
that Gr}¥ H/(K") becomes a mixed Hodge structure under the filtrations induced
by M and F. In other words, we need only check, to prove the proposition,
that the “recursive” filtrations induced on , E,(K’) by M and F, which provide
a mixed Hodge structure by (6.4, i) coincide with the induced filtrations under
the above isomorphism (6.6). Now, with the spectral sequences associated to F
degenerating at E,, the filtration F satisfies the conditions of the lemma on
two filtrations [3, (1.3.17)]; whereas (6.4, ii) implies that Dec M does likewise,
given (6.4, iii). Thus, we are done. (In the “limit” case, the hypothesis (ii') allows
one to bypass the lemma on two filtrations and use a more direct argu-
ment.) [J

Concerning the somewhat cumbersome condition (6.4,ii), we note that
(Dec M), Gt K" is represented by elements of W, that represent cycles in
W,GtM K", and Dec(M Gr”), K" is represented by elements providing cycles
in G G K. It follows that one always has

6.7) (Dec M), Gr¥ K' < Dec(M Gr*), K,

as is remarked in [13]. One obtains rather easily the following criterion:
(6.8) Proposition. If Gr)! W K'~@ Gr}f Gr}' K, then (6.7) is an equality, ie.
(6.4,11) is satisfied. Also, (6.4, i) ajiill (6.4, i) are equivalent if the isomorphism
is of F-filtered complexes (cf. (3.14, ii}).

In view of (4.18, ii) and (5.24), we get:

(6.9) Corollary. The complexes {V,V} of §4 and A of §5 are filtered coho-
mological mixed Hodge complexes, as well as cohomological limit mixed Hodge
complexes.

(6.10) Remark. In the proof of (6.5), one does not make use of condition (6.4,
iii). In fact, the second assertion of the theorem is valid in the “filtered” case
independent of where the spectral sequence of W degenerates, for the differen-
tials become morphisms of mixed Hodge structures (see [3, (1.3.13)]).

Appendix

In this appendix, we give the proof, due to Deligne, that Condition (3.13, iii) is
in fact a consequence of (3.13, i) and (3.13, ii). We will also derive from his
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method a proof of the fact that the category of variations of mixed Hodge
structure on a smooth curve which satisfy these conditions is closed under
tensor product and Hom.

Deligne’s approach is as follows. Let n be the one-dimensional Lie algebra
over the ground field IF with generator N, and let .4 denote the category of
nilpotent n-modules.

Given V,, V,e A", we get an action of n on V, ® ¥, by

(1) N, ®v,)=N(v;)®v,+v, ® N(v,)
and on Homy(V,, V) by
2 N(p)=Nop—g@oN.

This corresponds to (1) under the isomorphism Hom(V,,V,)=V*®V,. In
particular, N(@)=0 if and only if peHom ,(V,, V).

In N we have the usual notion of extensions of V, by V,, the isomorphism
classes of which we denote by Ext (V, V).

(A.1) Proposition. There is a canonical identification

(3) Ext (Vy, Vo) =Homy(V,, V,)/N Homg(V}, V).
Proof. Let
4) O—>V2—>V———p———>V1—>0

be an extension in A". Let s: V/;—V be an IF-linear section of p. Then
c(s)=Nos—so NeHomg(V,, V3)

is a measure of the failure of s to be a splitting in 4. Any other section of p
differs from s by an element ¢ of Homg(V,, V), and the corresponding homo-
morphism c{s+ ¢) differs by Nop —¢@o N, so

c(s+ @)=c(s)+ N(p).
The remaining details are left to the reader. [

We need to consider extensions when (finite) filtrations are imposed on the
vector spaces in question. Suppose that ¥, and V, each have an increasing
filtration denoted M and that

0-V,-»V-—L-5V,—0

is an exact sequence of IF-vector spaces. The choice of a section s of p
determines a filtration M on V by

(5) M V=MV, +s(M;V,),
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with the property that it induces the given filtrations on V, and V,. This
implies that the sequence remains exact after taking Gr¥. Every such filtration
on V arises in this way (choose s compatible with M).

We also have a natural filtration M on Homy(V,, V,) given by
(6) M ;Homg(V,, V))={p: V> V|Vj: o(M; V)= M, ;V,}.

i+

Now suppose that V|, V,e4” have increasing filtrations M such that
NM;,cM,_,, and that V is an extension of V, by V, in A"

(A.2) Proposition. On V there exists a filtration M, inducing the given ones on
Vi and V,, with NM,cM,;_,, if and only if there exists a section s of p: V-V,
such that c(s)eM _, Hom(V,, V,).

Proof. Suppose s is such a section; then we can define M as in (5) on V. With
respect to the decomposition V=V, ®V, the map N has the form

Ny, 0
(C(S) NV2>
so NIM,V)aM,_,V,.
Conversely, if M is given on V, choose s compatible with M. Then
NM;=M,;_, ifand only if c(s) M, V, <M, _,V,. O

In order to remove the shift in indices, we make what we call some-
what prematurely a Tate twist, and view N as a morphism of filtered vector
spaces; for Ve A" with filtration M:

N:VoV(-1)

where V(—1) is V with filtration M,V(—1)=M,_,V. This applies as well to
Homp(V;, V,) with the filtration induced by M, and we rewrite (3) as

(7) Ext,(V,, Vy)=Homy(V,, V;)(=1)/N Homg(V,, V,).

We give Ext,(V,,V,) the induced filtration. Thus, the set of extension classes
admitting a lifting as in Proposition (A.2) is exactly M, Ext ,(V,, V)).

Now we prove the result about the tensor product alluded to in the
beginning of this appendix. We first have:

(A.3) Lemma. Let

0-V,—»V-—L57V -0

be an exact sequence in N. Suppose W is a finite increasing filtration on V,
inducing filtrations W on V, and V,. Suppose that N acts as an admissible
nilpotent endomorphism on (V,, W) and (V,, W). Let M denote the corresponding
relative weight filtrations of N. Suppose that there exists a section s of p
compatible with W such that ¢(s)=Nos—so N satisfies

(W V)eW,_V, and c(s)(M; V)M, _,V,

for all i. Then N is an admissible endomorphism of (V, W) and its relative weight
filtration is given by (5).
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Proof. As s is compatible with W, it provides sections s, of the sequences
(8) 0—->GrY V,—»Grf V—L Gy V,—0,

which are obviously exact in 4". Because c(s) maps M, to M;_,, the filtration
M on V given by (5) satisfies N(M,V)cM,_,V. As c(s}(W, V)W, _,V,, we
have ¢(s,)=0, so (8) splits in 4. Therefore, M induces on Gr}'' V the filtration
L(Gr,N)[—k], and M is the relative weight filtration of N on V. [

(A.4) Theorem. Suppose that V,, V,e A" carry finite increasing filtrations W
such that N acts as an admissible endomorphism on (V,, W), i=1, 2. Define

I/Vk(Vl ® Vz): Z (VV; V1 ® VVsz)-
i+i=k
Then N1+ 1®N is an admissible endomorphism of V,®V,, and its relative
weight filtration is the filtration induced by those of V, and V.

Proof. By induction on the length of the filtration W on V. If the length of W
on V; and V, is one, then V, ® V, is also “pure” and there is nothing to prove.
Suppose that [ is such that 0 WV, £ V,. Because M exists on V,, it exists
on V,/W,V, and on WV, and there exists a section s: V,/W,V,—V, which is
compatible with M and satisfies c(s) M, (V,/W, V)= M,_,V,. Observe that auto-

matically O Wew
sy W 1

because the weights of W,V are smaller than those of V,/W, V.
Consider the exact sequence in A"

0->WV)RV,—» V@ V,— =V /W 1)®V,—0.

Observe that at the ends we may assume by induction that M exists; i.e. N is
admissible there. The section s®1 of p has c{(s®1)=c(s)®1 and determines
the induced filtration. As it satisfies the requirements of Lemma (A.3), the
theorem follows. [

Let us turn to uniqueness of M in (A.2):

(A.5) Proposition. Let V be an extension of V| by V, in A, where V| and V,
have an increasing filtration M with NM;c M,_,. Suppose that the extension
class of V lies in MyExt  (V,,V,). Then the set of liftings of M to V with
NM,c=M,_, is canonically parametrized by

{peHomy(V,, V,): N(p)e M, Homy(V,, V,)(—1)}
M,Homg(V,,V,) '

Proof.

We obtain M on V by choosing a section s with ¢{s)e My Homg(V;, V)(—1).
When we change s by peHomy(V,, V,), we will have c(s+¢)eM, if and only
if N(p)eM,. Moreover the filtrations for s and s+¢ are the same if and only
if peM,Homg(V,,V,). O
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(A.6) Corollary. Let Ve M Ext (V,,V,). Then the filtration M on V is uniquely
determined if and only if the mapping
Hom(Vy, V) N Hom(V, V)(—1)
M, Hom(Vy, V) M, Hom(V,, V,)(—-1)

induced by N is injective. [
(A.7) Corollary. M is uniquely determined on V if the mapping

N: Hom(V,,V,)—Hom(V,, V,)(—1)

is strictly compatible with M, and Ker Na M, Hom(V,,V,). [

From now on the ground field will be €, and the filtrations M will have to
be defined over a subfield IF of R.

We suppose that V, and V, have a second, decreasing, filtration F, such
that the mappings N: V- V(—1) (i=1,2) are compatible with F, ie. we let
FPV(—1)=FP~'Vso N(FPV)cF?~'V, By the arguments used to prove Prop-
osition (A.2) we see that F admits a lifting to the extension V with
N(FPV)c FP~'V if and only if the class of V lies in F°Ext ,(V;, V,). With that
said:

(A.8) Proposition. Suppose that V represents an element of FCExt (V,,V,)
MM Ext (V,,V,), and let F be a fixed filtration on V with NFF < FP~*, extend-
ing those of V, and V,. Further assume

(@) the filtration M on V (compatible with N) is uniquely determined;

(b) (M, F) define a mixed Hodge structure on V, and V,.

Then
1) there exists a splitting V=V, @V, over C compatible with both F and M ;
il) (M, F) define on V a mixed Hodge structure.

Proof. Let 5: V,— V be a section compatible with F. Then c(s)e F° Hom(V,, V).
We are given that the extension class also lies in M Ext(V,,V,). Now,
Hom(V,, V,) inherits from (b) a mixed Hodge structure, and N is a morphism
of it to its Tate twist, whence it follows that Ext ,(V,, V,) gets an induced mixed
Hodge structure. From this, it follows that

1) the extension V can be represented by an element of
(F°nMy)[Hom(V,,V,)(—1)];
2) the kernel of the mapping
F°Hom(V,, V,)(—=1)—>Ext (V;, V,)
is NF° Hom(V,, V,) by strictness.

Thus, c(s) differs from an element of (F°n M) [Hom(V,, V,)(—1)] by N(g) for
some peF° Hom(V,,V,). On the other hand, we know (cf. Prop. (A.5)) that the
splittings of ¥V compatible with F are principal homogeneous under
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F°® Hom(V,,V,). Therefore, the splitting s+¢ defines both a lifting of M and
the given lifting of F on V. With assumption (a), this gives (i).

We wish to conclude that the filtration F induces a Hodge structure of
weight k on GrMV from the fact that the same holds for V, and V, by
appealing to (3.17). Here, one must proceed carefully. In general, given F on V,
it induces two a priori different filtrations (see (3.14, ii)) on Gr¥V, and GrMV,
(we view V,cV as a little filtration, playing the role of W in (3.14)). For
instance, for ¥, they are induced respectively by the subspaces
(10) a) (FP+V,)n(M,+V,), or equivalently

(FP+V,)nM, or FPn(M, +V,),
b) FPnM,.
The first, which gives the filtration induced by F on Gr}'V, as written, is the
one which enters in the mixed Hodge structure; it is the second, however, that
is induced by F on GrV. Thus, we want to know that the two filtrations
coincide. This follows immediately from (i), for we have a bifiltered isomor-

phism
VeV, @V,

under which
FPV+V,~F?V,@V,, M\\V+V,=2M, V,®V,;

then it is clear that (a) and (b) in (10) are equal modulo V,. The treatment of
GV, is similar, and we get (ii).

(A.9) Corollary. If a variation of mixed Hodge structure on a smooth curve S
satisfies Properties (3.13, 1, ii) at infinity, then it also possesses Property (3.13,
iii).

Proof. Apply (A.8) to successive quotients of the filtration W. [

(A.10) Corollary. If variations of mixed Hodge structure V| and V, on a smooth
curve both satisfy Properties (3.13), then the same holds for V,®V, and
Hom(V,, V,).

Proof. For (3.13,1) see (A.4). For (3.13,1i) there is no problem as the local
monodromy is assumed to be unipotent, so taking canonical extensions com-
mutes with tensor product and Hom. [
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Note added in proof

a) Concerning the list of problems at the end of the Introduction:
1. Compare (A.2).
3. It is not hard to see directly, by explicit use of a splitting, that the condition of (A.2) implies
that of (2.20).
b) We call the reader’s attention to two recent manuscripts:
1. Cattani, E., Kaplan, A., Schmid, W.: Degeneration of Hodge structure
2. Kashiwara, M.: The asymptotic behavior of a variation of a variation of Hodge structure.
In 4 1, the SL,-orbit theorem of [9] (see (4) of our Introduction) is generalized to variations of Hodge
structure inseveral variables, and estimates for the Hodge norm are obtained. Thelatter are derived alsoin
#2, from a somewhat different point of view.



