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§ 1. Introduction

The main purpose of this paper is to present a natural and explicit family of
framed manifolds which represent, via the Thom-Pontrjagin construction, ele-
ments of arbitrarily large order in the stable homotopy groups of spheres. In
the course of the proof we also give a complete spectral analysis of the
classical Laplace operator on these manifolds.

Atiyah and Smith [6] have shown that for compact connected Lie groups
of dimension m the e-invariant vanishes for m=3mod4 and m>3. From this
and subsequent work of Knapp, Ossa and others it became increasingly clear
that compact Lie groups are far from sufficient to describe the stable ho-
motopy of spheres.

Therefore we consider a more general situation:

Let G be a not necessarily compact oriented Lie group of dimension m with
a discrete subgroup I' such that G/I" is compact, and let G/I' be endowed with
the parallelization induced by the choice of a Lie algebra basis belonging to
the orientation. We denote by [G/I'] the corresponding element in =5. For G
we select the nilpotent Lie groups with the simplest representation theory, the
so called Heisenberg groups H(n). They can be defined as follows:

I xy ... x, z
' Vi
H(n)=1 [x,y,z]= 0 X Vi, 2€R
0 s
o
In H(n) we consider the arithmetic subgroups I,(n) defined by x;, y,€Z, zelZ

for k in N. k
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Theorem. Let n be an odd integer. Then:
e[Hn)/L(W]=em)k"{(—n)+6(n)

in Q/Z, where { is Riemann’s zeta function and

. §=1 for n=3mod 4 {5 for n=1
z;(n)——{ 1 for n§1m0d4}’ 5(’1)_{0 for n>1{"

Thus e[H(n)/I[}(n)] is a generator of the image of e:n5,, ,—»Q/Z for
n=1mod4 and twice a generator for n=3mod4. This follows from [1] and

B
the formula C(l—2v)=(——1)“2“ for the values of the zeta function at the
v

negative odd integers. By way of contrast, for every arithmetic subgroup I' of a
simply connected nilpotent non-abelian Lie group G the d-invariant of [G/I]
vanishes [15].

The proof of our result is based on the relation between the e-invariant and
the n-function of the Dirac-operator established by Atiyah, Patodi and Singer
in [4]. In general it is hopeless to determine the spectrum of an elliptic
operator explicitly and to calculate the #-invariant directly. Therefore we have
to introduce a modified version of the Dirac operator for which the eigenvalue
problem can be solved completely. This approach is possible because of the
local nature of # and since our manifold is a covering space of itself with an
arbitrarily large number of sheets.

In more detail, the plan of proof is as follows:

We concentrate on the case k=1 and set I'(n)=1I,(n), as the general case
requires only trivial modifications. We start out by finding the eigenvalues and
eigenfunctions of the Laplace operator on H(n)/I'(n) thus obtaining a basis of
L?(H(n)/I"(n)). Unfortunately the Dirac operator D is complicated with respect
to the corresponding basis of the Hilbert space of spinors. We simplify D by
neglecting the constant terms of this first order elliptic differential operator to
obtain an operator D. The square of D is closely related to the Laplacian on
functions studied in §2. Therefore it becomes possible to solve the eigenvalue
problem for D? explicitly. By considering D on the different eigenspaces of D?
we are able to determine the spectrum of D and finally to derive the value of
the e-invariant.

Our interest in this problem was aroused by the work of Seade and Steer
[14] which, incidentally, is completed by the special case n=1 of our result.

Let M(p, g, r) be the Brieskorn manifold

{(zg, 21, 22) € Czf + 21 + 25 =0, 20> +1z, > +1z,|* =&},

£>0 small. It is known [10] that there are diffeomorphisms between H(1)/I;(1)
and M(6, 3, 2), between H(1)/I,(1) and M(4, 4, 2) and between H(1)/I3(1) and
M (3, 3, 3). Brieskorn manifolds admit a canonical framing and with respect to
. 1 . .
this framing e[M(p, q,1)] ='u—2+r where p=(p-1)(g—1)(r—1) is the Milnor
number [13]. The agreement of the e-invariants of the respective homogeneous
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spaces and Brieskorn manifolds makes it plausible that there exist diffeomor-
phisms which respect the natural framings.

§2. Spectrum and eigenfunctions of the Laplace operator

We begin by describing the irreducible unitary representations of the Heisen-
berg group H(n). Their knowledge goes back to v.Neumann [11]. Of course
they can also be read off from the general representation theory of nilpotent
Lie groups [9]:

For 4, peR" define the one-dimensional representation U; , of H(n) by

Up D%, p, 2]) = exp 2mi({A1xD +<uly>))

where { | ) is the usual scalar product in R".
For 1eR\O define a representation of H{(n) in L*(IR") by

(Udlx . 2]) - N) () =exp2rit(z+{vly))) - f (v +x).

In this way we obtain all classes of irreducible unitary representations of H(n).
Next we consider the “regular” representation R of H(n) on L*(H(n)/I'(n))
given by ((Rg)-N(I'(mgH)=f(I'(n)g g). (We denote by G/I" the cosets I'g.) By
results of [7] or [12],

(2.1) R=Y U+ Y imlU,.

A peldn meZ\0

The Hermite functions are basic for our construction of the eigenfunctions of
the Laplace operator. We adopt the following convention:

v

2 d 2
E@®=(-1ye¢ /Zﬁ(e“) for teR, v=0

and
F{)=0 for v<0.

The following identities valid for v=0 are classical:

(2.2) Fi=tF(n—F, {6
F()=2vF,_,()—tE()
F/ ()=t F(t) ~2v+1) F(1).
We use the F, to construct functions on H(n) which are left invariant under

I'(n) and will also be considered as functions on H(n)/I'(n):
For k, heZ" let

Jen([X, p, 2])=exp Qri(Cklx) +<hlyD))
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and for meZ\0, geZ" and h=(h,, ..., h,)e N} let

g m([X, ¥, zZ)=exp(2ri(mz+<{q|y>))

H [ZF (]/W (xj+%+k)) exp(2nikmyj)].

j=1 LkeZ

For g=q' mod(mZ)" we have g, .. ,=8, m n-
The Lie algebra b(n) of H(n) consists of the matrices

0 w, ... u, w
.. o
[u, v, w]= 0 : s u, v, welR.
s Uy . s i» Vis
0 v,
"0

Our left invariant Riemannian metric on H(n) is defined by considering
[u, v, w] as element of R2"*! with the standard scalar product. We endow
H(n)/I'(n) with the induced Riemannian structure. The volume element on H{n)
is left invariant and thus equals Haar measure which can be chosen to be the
standard Lebesgue measure dxdydz on H(n)xR*"*!, For purposes of integra-
tion we note that a fundamental domain for the operation of I'(n) on H(n) is
the unit cube in R?"*!, The Laplace operator on functions corresponding to
the Riemannian structure is given by:

A=Y (D?+DP)+02
j=1

hereD—a D’—a~|—xa

W "‘ﬁxj’ j_ayj oy

A straightforward calculation based on (2.2) yields:
(2.4) Afiw=—4m*(k]* +1R1?) fin

A8y mn= —2nim|(2h, +...+2hn+n+2n|m|)gq,m,h.

0
and az_g.

(2.5) Theorem. The functions f, , (k,heZ") and g, , (meZ\0; qe(Z/m)",
heIN%) form a complete orthogonal basis of L*(H(n)/T'(n)) consisting of eigen-
Junctions of 4 and 0,.

Remark. This basis is the union of bases of the representation spaces of the
isotypical components U, , and |m|" U, of R.

Proof. The orthogonality assertion can be verified using the orthogonality of
the Hermite functions F, in L*(R). The proof of completeness will be given in
three steps:

First we prove the theorem for n=1 by an explicit spectral analysis of 4. In
step two we establish, for n=1, the connection with the representation theory.
Finally in step three this together with (2.1) is used to derive the theorem in
the general case.
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Step 1. The functions f on H(1)/'(1) can be identified with those f on H(n)
which satisfy:
f(-x_la ¥, Z)=f(x, Y, y+Z),

Sy, 29)=f(x,y+1,2),
Sy, 2)=f(x,y,z+1).

By the regularity theory of elliptic differential operators the eigenfunctions of 4
have the following form:

(2.6) fxy2= % Avl)(

x) eZm(vler vay)
vi,vaeZ (Vz

where A, R—C is a C*-function with:

(2.7) A(:;)(x—-l)zA vzv_lvl)(x).

Partial integration shows that for some constant b and all v,,v,+0 the
estimate |4,(x)| <b(v,v,)~" holds. Together with (2.7) this implies the boundary
condition: .
A, (x)-»0  for x> +oo if v, %0
The function f is a solution of Af =af iff:
Al(x)=(4n*vix?+8n%y v, x+4n?(vi+v3) +a) 4,(x).
For v, =0 this yields the eigenfunctions f, ,. For v, =0 the substitutions t=

(x +Xl) V2=)v,} and C,(t)=A,(x) lead to the differential equation
Vi

o

- (27r|v1|+ +t2) C.(0)=0

2mlvy
with C,(t)—0 for t— +co. This equation is classically studied and appears for
example as the radial component of the Schrodinger equation of the harmonic
oscillator. Its solutions are the Hermite functions (e.g. [8]). This completes the
proof of (2.5) for n=1 since the eigenfunctions of elliptic operators are com-
plete.

Step 2. We continue to consider the case n=1. Let E, (resp. E,) be the closed
subspace of L?(H(1)/T'(1)) generated by the f, , (resp. 8g.mn)- Since € f, , is R-
invariant, E, is also R-invariant. According to step 1, L*(H(1)/I(1))=E, LE,
and thus E, is R-invariant as well. In E, we consider the closed subspace V,,
spanned by the g_,, , with fixed m. For m+m',

CR(@ &y |8y =0 forall acH(1).

Thus every V,, is R-invariant. By R,, we denote the restriction of R to V,,. Since
the U, are determined by their restriction to the center of H(1) it is obvious
that R,, is isotypical of type U,. According to step 1 and (2.1), R,={m|- U,,.
Let V, =V, ,L1...1V, , be a complete reduction of R,.. By W,, we denote the
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vector space of all complex valued functions @ on R? such that e?®™ p(x, y)
lies in V,. Then we have a corresponding decomposition W,
=W, ®...®W, ..

Step3. Now let n be arbitrary and let V,(n) be the closed subspace of
L?(H(n)/T (n)) generated by g, ,, , for fixed m. For ¢, ..., ¢, in W, the function

45((:017 LRRE] (pn): [x’ ya Z]HeZMmz(pl(xl’ yl)"‘(pn(xn’ yn)

is in ¥, (n). For any map o: {1, ...,n}—{1, ..., |[m|} we denote by Y_ the closed
subspace of ¥, (n) generated by all functions ®(¢,, ..., ¢,) with ¢,e W, .. The
{m|* spaces Y, are pairwise orthogonal and invariant under R. To see this
observe that H(n) is generated by the images of the n canonical embeddings of
H(1) in H(n) given by [x, y, z}—[xaq;, ya;, z] where a,, ..., a, is the canonical
base of R". Now the theorem follows from (2.1).

§3. The Dirac operator

Let M be an m-dimensional manifold without boundary and with a tri-
vialization of the tangent bundle given by vector fields X, ..., X,,. They define
on M a Riemannian metric and a spin structure, that is a principal Spin(m)-
bundle P on M. Writing m=2n+2 if m is even and m=2n+1 for odd m we
have an inclusion of Spin(m) into the Clifford algebra C,,,, (see [3]). The
complexification C,,,,®C of C,,, , is isomorphic to End(W), W a complex
2"+ !.dimensional vector space. We make the following explicit choice [2]:

We will henceforth assume n odd. For 1£jSn+1let Q;=ie,; ,e,;. Put W
={aeC,,,,®ClaQ;=a for 1<j<n+1}. Then C,,, ,®C operates on W

from the left. In W we consider the 2"-dimensional subspaces S* ={aeWlwa
n+1

=(—1) 2 a}, where w=e,...¢,,, ;.

The spinor bundle is defined as E=P xg,,,, W. This is a trivial vector
bundle. The Levi-Civita connection on M lifts to a principal connection on P
which in turn gives a covariant derivative ¥ on E. We consider the tangent
bundle of M as a subbundle of the Clifford-algebra bundle C by identifying the

vector field X; with ¢; considered as a constant section of C. Then the Dirac
m

operator on M is given by D(s)= Y e; Ve,(s) for sections s of E. For oddm we
=1

need another operator D* on E* =P xS < E defined as the restriction of

€3,.,D to E*. Then D* is elliptic and formally self-adjoint.

The spinors in KerD are called harmonic spinors. We set:
h(D*)=1dim(Ker D)=dim(KerD™").

Then the theorem of Atiyah, Patodi and Singer [4], (4.14) which is fundamen-
tal for our paper asserts that

e[M]=x(m)(z(h(D*)+n(D*,0)+1(M)) modZ

in Q/Z. Here [M]end is the element in the stable homotopy obtained from
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the framed manifold M by the Thom-Pontrjagin construction. The n-invariant
n(D*,0) is the finite value at s=0 of the analytic continuation of

sgn A

W, Res>dim M.

nD*, )= 3

Aea(D)
A%0

For our purposes the precise definition of the Chern-Simons invariant I(M) is
not needed; all we have to know is that it is local and thus behaves multiplica-
tively for finite coverings. Finally k(m)=% for m=3mod8 and x(m)=1 for
m=17mod 8.

In addition to our main object of study H(n)/I'(n) we have to introduce a
family of A2"*2 sheeted covering spaces H(n)/I'(n, 2) for 2e N. Here I'(n, 2) is
the subgroup of matrices [x,y,z]eH(n) where xeiZ", yeiZ", zei?Z and the
covering map onto H{n)/I'(n) is the natural projection. For M=H(n)/'(n, A}
the vector fields X; are constructed from the (natural) basis

[a,,0,0],...,[a, 0,01, [0, a,,0], ..., [0, a,, 0], [0,0, 11 of B(n)

by left translation on H{n) and projection to H(n)/I'(n, ). Here a,, ..., a, is the
standard basis of R”".

A vector field X on H(n)/I'(n, /) is called constant if it is induced by a left
invariant vector field on H(n). Correspondingly for spinors; hence the constant
spinors can be identified with the elements of S*. It is clear that D% the
Dirac operator on H(n)/I'(n, A), maps the space of constant spinors into itself
and that:

(3.1) D**(fe)y=fD**c)

+ [ Z (Djfezn+2ej+D}fezn+2en+j)+azfezn+2e2n+1] - C
F=1
for fe C*(H(n)/I (n, 1)) and ¢ a constant spinor.

By D% we denote the operator of order zero defined by DA (fc¢)

const

=fD**c) and by D™* the modified first order differential operator D~*
:D+,l _D+,l

const’

§4. The spectrum of D~*
The aim of this section is the proof of the following proposition:

(4.1) Proposition. For n odd (as always) and L€ N we have:

n—1

n(D~4 0)+dim (Ker D™ *)=(—1) 2 2{(—n)+2"

We fix AeN and consider the diffeomorphism ¢: H(n)/I'(n, A)=H(n)/I'(n) de-
fined by N ;
o AL 3, 2D =100 | 3.5, 7]
By means of ¢ we transport the operator D~'* defined on H(n)/I'(n, 1) to
H(n)/T'(n) by setting
(PEN@ =D (s00) (@~ (3))
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Then ¢(P)=0(D™?%) and for fe C®(H(n)/I'(n)) and any constant spinor on
H(n)/I'(n) we have by (3.1):

l n
4.2) P(fc)zlj _Zl (Djfeln+zej+D}ern+2en+j)

1
+/1—2 0. f€2n12€204 1] €.

A straightforward calculation gives:

i
(4.3) P*(fo)= —4i(f) e—30.f-Q-c
with
1 - 2 ’2 2 1 1 2
A= 3 (D2+D )Jr—‘taz_—2 (A+<——1)8 )
A A
and
Q=73 iee,,;
j=1

In order to find the eigenvectors of P? it is, in the light of (2.5), sufficient to
diagonalize Q- : ST —>S™.

Left multiplication in S* with ieje,, ; will be denoted by «; for 1 <j<n.
The a’s are commuting involutions, hence there is a decomposition of S* in
the form: S* =@V, for ge{+1, —1}" and

Vg:{veS*lcxjvzajv for 1<j<n}.
Setting
Y= ] e if 3 {jlg;= —1} is even
1,

e_—l

and
Y=( 1 epresnsn if # {jle;=—1} is odd,

we obtain isomorphisms from V, to V; by v—Y, ;-v. Hence all V, are one-
dimensional and choosing nonzero vectors v, in V we get a basis {v} of §*

with Qu, = ( Y e j) v,. Applying (2.4) and (4.3) yields:

j=1

2 4n’ 2 2
(4.4) P (ﬁ,hv§)=7(llkll + 17 1%) fi w0,

2.2

P2(g, o a0)= (2"""‘ (2 >yt ) i’%}”—

/12
2nm )
+55 (2,5)) gomare
=1

'M= ‘

/12

It
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(4.5) Lemma. Let &, and ¥, denote the closed subspaces of the I*-spinors
generated by the f, ,-c and the g, - c respectively with constant spinors c.
Then ¥, and ¥, are P-invariant and the following holds:
a) If & is any eigenspace of P*| ¥} then
Trace(P|&)=0.
b) If & is any eigenspace of P2|e9; then

2
Trace(Pldg’)e;L—va.

Proof. For 1<£j<n, e,,,,¢,v.€V; and e,,,,¢,, ;v,€V; where g differs from g
exactly in the j-th place. Assertlon a) thus follows from @, f, ,=0. Similarly b)

follows from 0,(g, ny=27mimg,,, and e, ,e,,, v,=*iv, since
i€,,, 1€, 18 an involution on V.

Proof of (4.1). From (4.4) it is clear that the kernel of P? (and hence of P)
consists of the constant spinors and hence has dimension 2"

If & is as 1n (4.5) and if Trace (P|&) happens to be zero then #(P|&,s)=0 for
all s. Hence:

n(P,s)= Y n(P|&,s) for large Res.

&
Trace(P|&) 0

According to (4.5)a) it suffices then to consider an eigenspace & of P*|.,. For
Trace (P|&)+0 we have by (4.4):

o (52 o ) 222 5

with ae Z\0. On the other hand by (4.5)b)

2nb
Trace(Plco@):f—z with beZ.

Equating gives: a*m?=b* and |m| (2 z h, +n)+m Y. &;=0. Since ;20 and
j=1

Iy ¢,/ <n this is possible only for m>0 h 0, e=(—1,..., —1) or for m<O0, h
=0, ¢=(1, ..., 1). Moreover for m>0:

47%m?
2 —
P(gq,m,OU(—l ..... = P 8amol—1

and for m<0:
472 m?
2 -
P(gq,m,ov(l,...,l))— e 8a.moba,..., 1)

Thus the only eigenspaces & of PZI% with Trace(P|&)+0 belong to the

2,2

eigenvalues for me N and are given by:

14
6= <{gq,m,0v(— 1,..-1) 8¢, —m, 0V, ..., 1)!‘1 e(Z/m)"}> for meN.
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Using the definition of S* and V| we find that:

ju— _."
€ 2€anp 1V, = "V 01, —
and

—
€anr2€2n+100,... y= 8V V, .1
Hence a consideration of (4.2) reveals that for meIN:

2 n—1
Trace (P|8,)=2m" (—/’1‘7"1>(—1) 2

Since dim(&,)=2m" and since the eigenvalues of P|&, have absolute value

2 . . . .
%n_ it follows from this equation that they are in fact all equal to

We conclude that for Res large:
n—1 /12 s 1
= — — 2 —_— _
1P9= 3 PlEn =217 (5] T Lo

Hence by analytic continuation:

n(P.O)=2(=1) 7 {(—n).

§5. Determination of the e-invariant

Returning to §3 we introduce for every AeIN a C® one-parameter family of
elliptic self-adjoint first order differential operators on H(n)/I'(n, A) by setting
(5.1 D*=D™*+uDX:t  for ueR.

const

By construction these operators for different 1 and fixed u come from one and
the same operator D on the common universal covering H(n). The projection
operator prt onto Ker(D;* is a self-adjoint pseudo-differential operator with
C*-kernel. Defining

Fi=D>*+pr;
we thus obtain for every AeIN a C* one-parameter family of invertible elliptic

pseudo-differential operators on H{(n)/I'(n, 1) with the same complete symbol as
D% Clearly

5.2) n(F: 0)=n(D;>* 0)+dim(Ker D;%).
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is a local
5=0

By the remarks preceding (2.12) in Atiyah etal. [5] iﬂ(Ff, 5)
invariant and hence: du

1
n(leaO)'_n(F(;I’O)‘_‘g

=422y (F{, 0)—n(Fy, 0)).

This equality holds in R and not only in IR/Z.
Applying (5.1) and (5.2) this gives

n(D*>* 0)+dim (Ker (D**) —(n(D~* 0)+dim (Ker (D~ })) =2c A"+
where ¢ is a real constant independent of A.
Invoking (4.1) we get
n+ 1

7(D*%,0)+dim (Ker (D H) +(—1) 2 2{(—n)—2"=2cA?"*+2,

Since on the other hand the manifolds H(n)/I'(n, A} are framed diffeomorphic
for different A they have the same e-invariant and hence by the theorem of
Atiyah, Patodi and Singer quoted in §3:

-1

e[Hn)/F(n]=x@n+1)(cA?"+2 4271 +(—1)17C(—n)
+ I(H(n)/T'{n, A))) mod Z

n—1

=x2n+1)((=1) 2 {(—=n)+2""H+A*" 2 mod Z

for all A and some real constant ¢’ since I is local as well.
A trivial argument implies:
n—1

e[Hn/TW]=x@n+1)(=1) 2 {(—n)+2"""YmodZ.

This concludes the proof of the theorem on the e-invariant.

References

—

. Adams, L.F.: On the groups J(X) - 1V. Topology 5, 21-71 (1966)

2. Atiyah, M.F., Bott, R.: A Lefschetz fixed point formula for elliptic complexes —~ 1. Appli-
cations. Ann. Math. 88, 451-491 (1968)

3. Atiyah, MLF,, Bott, R, Shapiro, A.: Clifford modules. Topology 3, (Suppl. 1) 3-38 (1964)

4. Atiyah, M.F., Patodi, V.K., Singer, I M.: Spectral asymmetry and Riemannian geometry. IL
Math. Proc. Camb. Phil. Soc. 78, 405-432 (1975)

5. Atiyah, M.F., Patodi, V.K., Singer, [.LM.: Spectral asymmetry and Riemannian geometry. IIL

Math. Proc. Camb. Phil. Soc. 79, 71-99 (1976)



112 Ch. Deninger and W. Singhof

6. Atiyah, M.F., Smith, L.: Compact Lie groups and the stable homotopy of spheres. Topology
13, 135-142 (1974)

7. Howe, R.: On Frobenius reciprocity for unipotent algebraic groups over Q. Amer. J. of Math.
93, 163-172 (1971)

8. Kamke, E.: Differentialgleichungen. Losungsmethoden und Losungen, Bd. 1, 5. Auflage. Leipzig:
Akademische Verlagsgesellschaft 1956

9. Kirillov, A.A.: Unitary representations of nilpotent Lie groups. Russian Math. Surveys 17,
(No.4) 53-104 (1962)

10. Milnor, J.: On the 3-dimensional Brieskorn manifold M(p,q,r). In: Knots, Groups and 3-
Manifolds, p. 175-225. Neuwirth, L.P. (ed.). Ann. of Math. Study No. 84. Princeton: Princeton
University Press 1975

11. Neumann, J., v.: Die Eindeutigkeit der Schrodingerschen Operatoren. Math. Ann. 104, 570-578
(1931

12. Richardson, L.F.: Decomposition of the L*-space of a general compact nilmanifold. Amer. J. of
Math. 93, 173190 (1971)

13. Seade, J.A.: Singular points of complex surfaces and homotopy. Topology 21, 1-8 (1982)

14. Seade, J.A., Steer, B.: The elements of n represented by invariant framings of quotients of
ﬁ.z(R) by certain discrete subgroups. Adv. in Math. 46, 221-229 (1982)

15. Singhof, W.: The d-invariant of compact nilmanifolds. Invent. Math. 78, 113-115 (1984)

Oblatum 13-1V-1984



