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Introduction 

O u r  purpose is to apply deformat ion  theory to prove (strengthenings of) some 
conjectures of Beauville and Catanese concerning the vanishing of  cohomology  
groups of generic topological ly trivial line bundles on a K/ihler manifold. As a 
corollary, we obta in  a bound  - suggested by Enriques - on the dimension of  the 
paracanonical  system of curves on a surface wi thout  i rrat ional  pencils. 

Let  X be a compact ,  connected K/ihler manifold of  dimension n, and let 
Pic~ denote  the identi ty componen t  of the Picard  group of X, which 
parametrizes topological ly trivial ho lomorph ic  line bundles on X. We wish to 
study the cohomology  groups HI(X, L) for a general  line bundle  L e  Pic~ To  
this end, for a given integer i > 0  let SI(X)~_ Pic~ be the analytic subvariety 
defined by 

and let 

S'(X) = {Lr Pic ~ (X) IH'(X, L)* 0}, 

a:  X ~ A l b ( X )  
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denote the Albanese mapping of X. Our  first result is 

Theorem 1. One has the inequality 

codim (S~(X), Pic ~ (X)) > dim a ( X ) -  i. 

In particular, if L~Pic~ is a generic line bundle, then HI(X,L)=O for 
i < dim a(X). 

The second statement of the theorem was conjectured by Beauville in [U, p. 620] 
on the basis of some questions of Catanese [C]. By way of application, recall that 
g(X, ~)x) = ;t(X, L) for every L~ Pic~ thanks to the fact that the Euler character- 
istic of a coherent sheaf is a deformation invariant. Hence: 

Corollary. I f  X has maximal Albanese dimension, i.e. if d ima(X)=n,  then 
( -  1)". z(X, •x)_-> 0. 

We remark that when i>dima(X),  it can happen that Hi(X,L)4:0 for every 
Le Pic~ 

One may view Theorem 1 as a Kodaira- type vanishing theorem for generic 
topologically trivial line bundles. It is then natural  to ask for analogous results fi la 
Nakano.  There are examples where i + j  < dima(X) but Hi(X, ~2Jx| 4 = 0 for every 
Le  Pic~ so we consider instead the invariant 

w(X)~fmax {codim x Z(co)[O ~ co ~ H~ f2:~)}, 

where Z(co) denotes the zero-locus of a holomorphic one-form co. Fo r  instance if X 
carries a one-form to with only isolated zeroes - which is automatic e.g. if the 
Albanese mapping is an immersion - then w(X)=dim(X) .  

Theorem 2. For a generic line bundle Le  Pic~ 

Hi(X, f2Jx| whenever i + j <  w(X). 

If there is a nowhere vanishing one-form on X, then the Theorem holds with 
~ x ) =  oo. 

Suppose now that d imX = 2. We prove a variant of Theorem 1 for surfaces 
which leads to an upper bound on the dimensions of algebraic deformations of a 
canonical divisor on X, as sought by Enriques [EJ. 

Theorem 3. Let X be an irregular surface without irrational pencils. Then the trivial 
bundle (9 x is an isolated point of SI(X), and consequently any (effectively 
parametrized) irreducible family of curves on X containing at least one canonical 
divisor has dimension < pg(X). 

It was this application to surfaces that led Catanese and Beauville to ask about  the 
sort of generic vanishing theorems we prove here (cf. [C]). 

These results are proved by studying the deformation theory of the groups 
Hi(X, L) as L varies, and we are led to consider the following general situation. Let 
M be a complex manifold and suppose given a bounded complex 

E" : ___~ E~_ ~ d~- , El a' E~ + I . . .  ) } ~ . . . .  
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of holomorphic vector bundles on M. For  y ~ M, denote by E'(y) the fibrewise 
complex of vector spaces at y determined by E':  i.e. 

E'(y) = E "| ~F_~(y), 

where IE(y) is the residue field of M at y. We are interested in the cohomological 
support  loci 

si(e')  = {y ~ M I ni(E'(y)) * 0} 

and 

Si(E')  = {y e M ldimH'(E'(y)) > m} ; 

in particular, we wish to understand these loci infinitesimally. To this end, fix a 
point y s M, and a tangent vector v e TyM. Then E" induces a derivative complex 

Dv(E., y) ~ Hi_ 1(E.(y)) Or{d'- 1) Oo~d') ... , ni(E'(y)) , n'+l(E'(y))---~ ... 

of vector spaces in which the differentials are obtained by differentiating the maps 
d i at y in the direction v. We prove 

Theorem 4. Given y ~ S~(E'), let TCy( S~(E')) ~ TrM denote the tangent cone to S~(E ") 
at y. Then 

TCy(S~(E')) c_ { v ~ TrM I dim H'(Dv(E', y)) > m} . 

The theorem immediately yields various criteria which enable one to get a handle 
on the cohomological support loci associated to E':  

(a) Let m=dimHi(E' (y) ) .  If there exists a tangent vector v e  TyM for which 
i either Dv(d i- 1)4:0 or Dv(d )4:0, then SI(E ") is a proper  subvariety of M. 

(b) Suppose there is a point y e M and a tangent vector v e TrM such that 
HI(Dv(E', y))= 0. Then Si(E') is a proper  subvariety of M. 

(c) If yeSi(E') ,  and if Hi(Dv(E',y))=O for every non-zero tangent vector 
v e TyM, then y is an isolated point of Si(E'). 

These generalize well-known results for two term complexes E ~ ~ E  1, which arise 
for example in Brill-Noether theory (cf. [ACGH]).  

Returning now to the situation of Theorems 1-3, recall that one can construct 
locally on Pic~ a finite complex E" of vector bundles with the property that for 
y ~ Pic~ 

H'(E'(y)) = H'(X,  Ly), 

where Ly is the line bundle on X corresponding to the point y. Then the derivative 
complex Dv(E',y) associated to a tangent vector 

v ~ Ty Pic~ = HI(X ,  Cx) 

takes the form 

(*) ... ~ H i-  l(X,  Ly) ---* Hi(X,  Ly) ~ H i+ I(X, Ly) ---* . . . .  
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the differentials being cup product with the element v ~ Ha(X, r On the other 
hand, since L r is the flat line bundle associated to a one-dimensional unitary 
representation of ~rl(X), one can apply Hodge theory with twisted coefficients to 
interpret this complex. Specifically, v is conjugate to a holomorphic 1-form co, and 
(*) is conjugate to 

(**) ... - - ,  t-/o(x, t ~ - '  @4*) --" H~ x ,  ~'~| - ,  n o ( x ,  t~'~ § @4*) - ~  . . . .  

where here the differentials are given by wedge product with co. Theorem 1 - or at 
least the second statement - then follows easily from criterion (a) above. For 
Theorem 2, we take Ly=r and use (b): we show in the spirit of Carrell and 
Lieberman [CL] that the spectral sequence E~'J=HJ(X, f2~x) associated to the 
Koszul complex constructed from co: (gx~O:~ degenerates at E2, which implies 
exactness in (**) and the analogous complexes for HL Finally, for Theorem 3 we 
simply invoke the classical lemma of Castelnuovo concerning holomorphic 
1-forms on a surface which wedge to zero, and apply (c) at y = 0 ~ Pic ~ (X). We hope 
that some of these techniques may find other applications in the future. 

While the results here are of a somewhat different nature, we remark that the 
classical vanishing theorems and their generalizations have recently received a 
considerable amount of attention. The reader may consult the survey [K] for a 
general overview, and [EV] for a new approach to these theorems. 

The paper is organized as follows. In w we study the deformation theory 
associated to a complex of vector bundles on a complex manifold, and prove 
Theorem 4 above. This is applied in w to prove Theorem 1. The Nakano-type 
Theorem 2 occupies w and finally in w we give the application to surfaces. 

We are grateful to H. Esnault, W. Goldman, and E. Viehweg for valuable 
discussions and encouragement. 

w Notation and conventions 

(0.1) Except when mention is made to the contrary, X will denote a compact 
connected complex manifold on which a K~ihler metric has been fixed. In 
particular, via the Dolbeaut isomorphisms and the Hodge theorem, we may view 
elements in the cohomology groups Hi(X, f21x) as being represented by harmonic 
(i,j) forms. 

(0.2) If V is a complex vector space, and if M is a complex manifold, we denote by 
V M the trivial vector bundle on M with fibre V. 

(0.3) Let u : E ~ F  be a map of holomorphic vector bundles on ranks e and f 
respectively on a complex manifold M. For any integer a > 0, we denote by Ja(u) 
the ideal sheaf on M locally generated by the determinants of the a x a minors of u, 
with the conventions that Jo(U)= OM and Ja(u)= 0 if a > min {e, f}. 

w 1. Deformations of eohomology groups 

Our purpose in this section is to prove an elementary but useful result concerning 
the deformation theory associated to a complex of vector bundles on a complex 
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manifold. The reader will note that everything we do here works just as well for a 
complex of bundles on a smooth algebraic variety over an algebraically closed 
ground field of arbitrary characteristic 4: 2. 

Let M be a complex manifold, and let E ' =  {E ~, d ~} (0< i < N )  be a bounded 
complex of locally free sheaves on M, with rkE:=e~: 

di- 1 di 
E': ... ~ E i-1 ~ E i ~ Ei+ l ~ . . . .  

Given a point y e M ,  we denote by E'(y) the complex of vector spaces at y 
determined by the fibres of E'; in other words, 

E'(y) = E ' /myE'= E'| 

where my C (9 u is the maximal ideal of y, and IF~) = (~u/-my. 
Associated to E" are the cohomological support loci 

SI(E') = {y ~ M IH'(E'(y)) 4= 0}, 

and 

Sk(E') = {y e M ldimH'(E'(y)) > m} . 

These are analytic subvarieties of M. We wish to give Sk(E ~ (and hence also Si(E') 
=S~(E3) the structures of complex subspaces of M. To this end, note first that 

(1.1) dim ni(E'(y)) __> m r rk d i - 1 (y) + rk di(y) < e i - m,  

where we set d -1  = d  N = 0  by convention. It follows that, as sets: 

S~(E')= (~ { y ~ M l r k d ~ - l ( y ) < a - 1  or r k d i ( y ) < b - 1 } .  
a + b = e i - r a +  l 

a,b>=O 

Hence we may take the ideal sheaf of S~(E~ to be 

(1.2) J(Sk(E ' ) )  = • Ja (d ' -  1). Jb(d'),  
a + b = e ~ - m +  1 

a ,b~O 

where as in (0.3) j , ( d  ~- 1) denotes the ideal sheaf locally generated by the a x a 
minors of d i -  1, and similarly for Jb(d~). 

We now turn to the study of the infinitesimal behavior of E'. Fix a point  y E M, 
and denote by T the holomorphic tangent space to M at y. Let d~ = d~yM be the 
local ring of M at y, and m = my C d~ its maximal ideal. The exact sequence of 
complexes 

0 --} -mE'/m2E" ~ E "/m_2E" --~ E'/mE" --} 0 

II tl 
E'(y)|  T* E'(y) 

gives rise to a map 

(1.3) D(d'(y)) : H'(E'(y)) ~ H' + l(E'(y))|  T*. 



394 M. Green and R. Lazarsfeld 

Thus for each tangent vector v ~ T =  TyM, O(di(y)) determines a homomorphism 

(1.4) Dv(d'(y)) : H'(E'(y)) --~ H' + X(E'(y)), 

and these vary linearly with v. More concretely, Dv(di(y)) may be described as 
follows: after choosing local trivializations of the E j near y, d i will be given by a 
matrix of functions. Differentiating this matrix at y in the direction v yields a linear 
map Ei(y)~E i+ l(y) which passes to cohomology, inducing the homomorphism in 
(1.4). 

By breaking up the filtered complex 

E'/m_aE'D=m_E'/m_aE'D=m_2E'/m_3E" 

into short exact sequences, one verifies that Dv(di(y))o Dv(d i- l (y))=0 for every 
tangent vector v e T. Hence for a given v e T, the homomorphisms Dv(di(y)) define a 
complex of vector spaces 

Dv(E, y): ...---~ H i- ~(E'(y))--* Hi(E'(y))--* H i+ ~(E'(y))--*... 

which we call the derivative complex of E" at y in the direction v. Thinking of T itself 
as a complex manifold, these directional derivative complexes fit together into a 
complex of trivial vector bundles on T: 

D(E', y): ... --~ H i- l(E'(y)) r --* Hi(E'(y))r --* H i+ l(E'(y)) r --~ ... 

(cf. (0.2)); we call this the derivative complex of E" at y. In particular, the complex 
subspaces S~(D(E', y)) C T are defined. Note that 

(1.5) v ~ S~(D(E', y)) ~ dimW(Dv(E', y)) > m. 

Observe also that since the differentials in D(E', y) are linear with respect to the 
vector space structure on T, the loci S~(D(E', y)) are cones in T, i.e. algebraic sets 
defined by homogeneous ideals in Sym(T*). 

The deformation-theoretic significance of the derivative complex is illustrated 
by 

(1.6) Theorem. Fix a positive integer m, and assume that y~S~(E'). Then 

TCy(S~m(E')) ~_ S~m(O(E', y)), 

where TCy(S~(E')) denotes the tangent cone to S~(E) at y. 

Since dimy TCy(S~(E')) = dimyS~(E'), one immediately obtains the following 
corollaries. 

(1.7) Corollary. Set m=dimH~(E'(y)). Then 

codimy(S~m( E 3, M) > codim r {v ~ T[Dv(dt(y)) = Do(d'- l(y)) = 0}. 

In particular, if either Oo(di(y)) :0 0 or O,(d i- l(y)) # 0 for some tangent vector v E T, 
then S~(E) is a proper subvariety of M. [] 

(1.8) Corollary. I f  Hi(D,(E', y)) = 0 for some point y e M and some tangent vector 
v e TyM, then Si(E ") is a proper subvariety of M. [] 
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(1.9) Corollary. I f  y e Si(E'), and if Hi(D,(E ", y))= 0 for every non-zero tangent 
vector v e TyM, then y is an isolated point of SI(E'). [] 

Remark. Note that the Corollaries do not involve the structure of S~(E') as a 
complex space. Along the same lines, observe that the Theorem holds a fortiori if 
one wcre to consider S~(E') as a reduced analytic space. 

Proof of Theorem (1.6). Keeping notation as above, we start by establishing some 
conventions. First, given vector spaces V and W, we may view a linear map 
6 : V ~ W |  as being given by a matrix with entries in T*. The (determinants of) 
the a x a minors of this matrix are then elements in Sym a T* = ma/m" + 1. We denote 
by J,(6) the homogeneous ideal of Sym T* spanned by these minors, and by 
ja(6)k c= m_k/m_ k + 1 the degree k piece of this ideal. Secondly, for any ideal sheaf j of 
r set 

Grk(~) = jnm_k/ jnm_k + 1, 

and put G r ( J ) =  @Grk(J). We view Gr(J) as a homogeneous ideal in Gr(~) 
= @ink~ink+ 1 = Sym T*. 

Note now the following 

(1.10) Lemma. Let d : E-~F be a map of vector bundles on M, giving rise as in (1.3) 
to a "derivative" homomorphism 6 : (ker d(y))-~(coker d(y))| T*. Let r = rk d(y). Then 
for k>r:  

(i) Jk(d)_- _m k - '  
and 

(ii) Grk_,(Jk(d))= J,_,(6),_ r. 

Proof. The question being local near y, we assume E and F are trivial. We may 
choose adapted bases vl . . . . .  v, for E and wl . . . . .  w,. for F such that 

d(vl)=wi (mod_m) for l < i < r ,  

and 

d(vl)=b(vi)~m_F (mod(wl . . . . .  w,)+_mEF) for i>r .  

For  multi-indices L, I of length k, denote by A~ the determinant of the k x k minor 
corresponding to L and I of a given matrix. Then for i~ < i 2 < . . . < i ,  and 
E~ < E2 < . . .  < ?k, one has 

Zlr162 Cr+ l,...,r k - r +  1 , ...... ~k,_,=A~ ........ ,~ (6) (mod_m ) 

if il = f~ = 1 . . . . .  i, = / ,  = r, and 

Af~'.'.';'[~(d) = 0 (mod_m k-~+ 1) 

otherwise. The lemma follows. 
Returning to the proof of the theorem, denote simply by 6 i the map D(di(y)) 

defined in (1.3). We assert next: 

(1.11) One has 

Grk- r,(Jark(dl)) = Jk-r , ( t$1)k-  r, for k >-_ ri~frkdi(y). 
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In fact, the differential d i : E i ~ E  i+1 gives rise as above to a homomorphism 
~_i:(kerdi(y))~(cokerdi(y))| T* fitting into a commutative diagram 

keri,(y ) 4' , (cokerii(y))| T* 

Hi(E'(y)) ~ H i+ l(E'(y))| T*, 

where the vertical map  on the left is surjective, and that on the right is injective. 
One verifies that Jk(6i)=Jk(6_i), SO the assertion follows from the Lemma. 

Let h = dim H'(E'(y)). Then, according to (1.2), SIm(D(E', y)) is defined in T = TyM 
by the homogeneous ideal 

J = E ja((~i -  1). gb((~i) 
a+b=h-ra+ l 

a,b>O 

in Sym T*. On the other hand, if 

,ca r = ~. J~(d i-  '~.  Jb(d i) 
a+b=ei-m+ l 

a,b>O 

denotes the ideal sheaf defining S~(E') in M, then the tangent cone TCr(SIm(E 3) is 
defined in T by the homogeneous ideal Gr(J)  ~ Sym T* (cf. I-ACGH, p. 62]). Since 
J is generated by homogeneous forms of degree h -  m + 1, the theorem will follow if 
we prove 

(1.12) Jh-m+ 1 C Grh_ m+ l ( J ) .  

To this end, set r k = rkdk(y), and fix integers a, b > 0 such that a + b = h -  m + 1. 
Then by (1.11): 

and 

j . ( a i -  1). _ i -  -Gra(a~a+ . . . .  (d 1)) 

Jb(~$i)b -- Grb(Jb +,,(dl)) �9 

Hence 

(.) {ja(5i- 1). jb(5i)}a + b ~-- Gr, + b(J~ + . . . .  (d i-  1). ~b +,,(di)) �9 

But r i + r,_ 1 = e l -  h thanks to (1.1), and consequently 

( a + r i _ l ) + ( b + r i ) = e i - m +  l .  

Therefore the product of ideals on the right in (*) is contained in J ,  and (1.12) 
follows. This completes the proof of the Theorem. []  

Remark. In fact, one has equality in (*) and in (1.12). It follows e.g. that if 
m = hi(E'(y)), then S~(D(E, y)) is the Zariski tangent space to S~(E 3 at y. 
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w 2. Generic vanishing criteria for topologically trivial line bundles 

In this section we apply the results of w 1 to study the cohomology of a generic 
topologically trivial line bundle on a K~hler manifold, and we prove Theorem 1 
stated in the Introduction. 

We start by fixing notation. Let X be a compact connected K/ihler manifold of 
dimension n, and let Pic ~ (X)= Hi(X, (gx)/HI(X, ~ be the identity component of 
the Picard group of X. Given a point y~Pic~ we denote by L r the 
corresponding topologically trivial line bundle on X. Recall that there exists a 
Poincar6 line bundle ~ on X x Pic ~ (X), i.e. a bundle with the property that for any 
point y e  Pic~ 

ZelX x {y}=Ly. 

When X is a complex torus this is proved e.g. in I-GH, p. 328], and the existence of a 
Poincar6 line bundle for an arbitrary K~ihler manifold then follows from the 
isomorphism Pic~ (X) = Pic ~ (Alb(X)) (cf. [GH, p. 332]). Finally, for given integers 
i, m>0,  we denote by Si(X) and SI,,,(X) the subsets of Pic~ defined by: 

S'(X) = {y ~ Pic~ H'(X, Lr) 4: 0} 

and 

S~(X) = {y ~Pic ~ (X) I dim H'(X, Ly) > rn}. 

It follows from the semicontinuity theorem applied to &v that these are analytic 
subsets of Pic~ It is not necessary for our purposes to give these varieties the 
structures of analytic spaces. 

We wish to apply the results of the previous section to study these loci. To this 
end, the basic fact is that at least locally on Pic~ the groups HI(X, Ly) are 
computed as the pointwise cohomology of a complex of vector bundles. In fact, one 
has: 

(2.1) Let ~ be a coherent sheaf on X x Pic~ fiat over Pic~ and let 
y ~ Pic ~ (X) be a fixed point. Then there exists a neighborhood V = V(y) c= Pic o (X) of 
y, and a finite complex E" of vector bundles on V, with the property that for every 
coherent sheaf ~- on V, there is an isomorphism 

(*) Rip,(~@p*.~) = ni(E'~..~), 

where p : X x V ~ V  is projection onto the second factor. Furthermore, the 
isomorphism (*) is compatible with short exact sequences of dTv-modules, i.e. it is 
an isomorphism of 6-functors in the variable ~-. 

This is a special case of [BS, Chap. 3, Theorem 4.1]. (For the analogous result in 
the algebraic setting, cf. I-M, p. 46].) 

Given y ~ Pic~ fix once and for all a neighborhood V =  V(y) and a complex 
E" for which (2.1) applies to the Poincar6 bundle Ze. Taking ,~ = d)v/m_y, it follows 
in the first place that W(E'(y))=W(X, Lr). Therefore one has set-theoretically 

(2.2) S'(X)nV=S'(E') and S~(X)nV=S~(E'). 
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Furthermore, the derivative complexes defined in w 1 take in the present situation a 
very simple form: 

(2.3) Lemma. Let  v ~ H~(X, (g x) be a cohomology class corresponding to a tangent 
vector to Pic~ at y under the canonical identification 

T r Pic~ ex). 

Then the derivative complex Dv(E', y) o f  E" at y in the direction v is identified with the 
complex 

(2.4) ... ~ H ' -  ' (X, Ly) ~ H' (X,  Ly) ~ H '+ ' (X,  Ly) ~ . . . .  

where the differentials are given by cup product with v. 

In particular, Corollaries (1.7), 0.8), and (1.9) apply to this complex. 

Proo f  of  Lemma (2.3). Let D be the complex space corresponding to the dual 
numbers IE[e]/(e2), and let _n = (e) be the maximal ideal of Cn. A tangent vector 
v e T r Pic~ gives rise to a homomorphism (9v~(9 o centered at y, and one has the 
exact sequence 

a~--: 0--~ _n--~ (9o---~ (go/_n---. 0 

of 6v-modules. Then, as is well-known, ~ |  is identified with the sequence 

0 ~ L r ~ ~ |  o ~ L r ~ 0 

of (_Ox-modules given by the extension class v eH~(X,(gx) .  In particular, the 
corresponding coboundary homomorphism 

b:Hi (X ,  Ly) , Hi+I(X,  Lr) 

II II 
R'p , (~ |  ) R '+ 'p,(Ae| 

is cup product with v. On the other hand, the map Do(di(y)) defined in (1.4) is just the 
connecting homomorphism Hi(E' |  t~o/n_)~H i§ '(E'| determined by the exact 
sequence 

0 --~ E'| ~ E ' |  o ~ E'| ~ O. 

The Lemma is thus a consequence of  the functoriality of the isomorphism (*) in 
(2.1). []  

Remark.  The discussion so far is not  specific to topologically trivial line bundles 
on a K/ihler manifold. In fact, suppose quite generally given a compact complex 
space X, a complex manifold M, and a coherent sheaf g~ on X x M, flat over M. Fix 
a point y ~ M, and let P denote the restrictuon o f :  to X = X x (y). Then locally on 
M, there is a finite complex E ' o f  vector bundles which computes the cohomology 
of ~ as in (2.1). On  the other hand, a tangent vector ve TvM determines a class 
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eve Extl(P, P), which in turn gives rise in a natural way to homomorphisms 

~v: H+(X, V) --'Hi+ I(X, V). 

Then just as in Lemma 2.3, the derivative complex Dv(E', y) of E" at y in the 
direction v is identified with the complex 

... ---* H i- I(X ' P) ~ Hi(X, P) ~ H i+ '(X, P) ~ .... 

the differentials being the maps 6v. 

The complex (2.4) becomes particularly tractable if it is reinterpreted Hodge- 
theoretically. To this end, we draw upon the following version of the Hodge 
theorem: 

(2.5) A Kfihler metric being fixed on X, let F be the flat unitary vector bundle on 
X obtained from a unitary representation of z,(X), so that F carries in a natural 
way a flat Hermitian metric. Then conjugation of harmonic forms determines via 
the Dolbeaut isomorphisms a complex anti-linear isomorphism 

(*) H'(X, t}Jx| --~ HJ(X, O~| 

Furthermore, if v ~ Hi(X, (9x) is conjugate to a holomorphic l-form (o e H~ g}~x), 
then one has a commutative diagram 

H,(X, iJx| ) uv , H,+I(X, iJx| 

HJ(X,Q~| F*) ^~ ' H~(X, t2~+~| *) 

This is proved by doing Kodaira harmonic theory using the given K/ihler metric 
on X, and the flat metric on F. (Cf. Appendix D of [EV] for a more general result.) 

Recall now that any line bundle L on X corresponding to a point in Pic~ is 
in fact obtained from a unitary character of n,(X): this is well-known when X is a 
torus (cf. I-M, p. 20]), and as above the general case follows. Hence: 

(2.6) Lemma. Fix a point y e Pic~ Then under the anti-linear isomorphism (*) 
in (2.5), the derivative complex (2.4) is identified with the complex 

(2.7) ... ---, H~ X, fJ~x- ' |  --* H~ X, IJ~x | I~ * ) ~ H~ X, D~ + ' | I** ) -+.. . ,  

where the differentials are given by wedge product with the holomorphic 1-form 
(oeH~ fJJ~) conjugate to v~Hl(X, Cx). [] 

Note that an anti-linear isomorphism between two complexes of vector spaces 
induces an anti-linear isomorphism of their cohomology groups. In view of (2.2), 
Corollaries (1.7)-(1.9) then yield: 

(2.8) Proposition. Fix a point y ~ Pic~ and set m=dimHi(X, Lr). 
(a) Let N C=H~ I2~:) be the subspace consisting of all 1-forms ~o such that 

o g ^ ~ = ~ o ^ f l = 0  for every ~eH~ t2ix-~| and fleH~174 

Then codim~(S~(X), Pic~ codim(N, H~ f2~)). 
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(b) I f  tl~ere exists a point y~ Pic~ and a holomorphic 1-form co on X for 
which the sequence 

(2.9) H~ Ox~-' | ^~, H~ O~x | L~*) ^'~, H~ s +' | 

is exact, then SJ(X) is a proper subvariety of Pic~ 
(c) I f  m > O, and if the sequence (2.9) is exact for every non-zero holomorphic 

1-form co ~ H~ Ok), then y is an isolated point of St(X). [] 

We are now set to prove 

(2.10) Theorem. Let X be a compact Kiihler manifold, and let a : X~Alb(X)  be the 
Albanese mapping of X. Then 

codim (St(X), Pic ~ (X)) > dim a ( X ) -  i. 

Proof. Let k=dima(X), and let Y be an irreducible component of Si(X). Fix a 
point yo e Y at which dimH~(X, Lr) achieves its minimum on Y. Setting 
m=dimHi(X, Lyo) , it is enough to show that 

" i codlmyo(Sm(X ), Pic ~ (X))> k -  i. 

Fix next a non-zero section f leH~ Oix| this is possible since 
m = dim H~ Oix | L~*0) ~ 1. By (2.8) (a), it suffices in turn t o prove: 

(2.11) The space Wd~r{coeH~ Olx)]co^ fl=0} has codimension > k - i  in 
H~ 

To this end, for any x e X let W(x)C TffX be the subspace defined by 

W(x) = {v ~ T ' X  Iv ^ fl(x)-- 0}, 

and consider the evaluation homomorphism 

e : H~ I21x)|162 x - ,a~  . 

If co ~ W then evidently co(x) ~ W(x), and hence 

dim W -  dim ker(e(x)) ~ dim W(x). 

On the other hand, e is just the codifferential of the Albanese map, and 
consequently at a general point x ~ X, ker(e(x)) has codimension k in H~ O~). 
Thus 

k -  codim (W, H~ O~)) < dim W(x) 

for general x e X ,  so for (2.11) we are reduced to proving 

(2.12) If x e X  is a sufficiently general point, then dimW(x)<=i. 

But we may certainly assume that fl(x):~O for general x. Therefore (2.12) - and 
hence also the Theorem - are consequences of the following elementary point of 
linear algebra: 
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Let V be a finite dimensional vector space, let fle AiV, and let el . . . . .  em e V be 
linearly independent vectors such that eu ^ fl = 0 for 1 < # < m. If m > i, then fl = 0. 

In fact, let n = dim 1/, and complete e l , . . . ,  em to a basis e l , . . .  , en of V. If fl ~ 0, then 
there exists an element ~ e A n- i V such that  ct A fl ~ 0. Since n -  i > n--  m, every term 
of ct must  involve one of the eu (1 < # < m). Therefore ct ̂  fl = 0, a contradiction. []  

Remarks. (1) By essentially the same argument, one can prove a "twisted" variant 
of Theorem 2.10. Specifically, let F be a fiat unitary vector bundle on X, and 
consider the analytic subvariety S~(X, F) =z Pic~ (X) defined by 

Si(X, F) = {y e Pic ~ (X) IHI(X, F| 4= 0}. 

Then codim(Si(X, F), Pic~ > d i m a ( X ) -  i. We leave the details to the interested 
reader. 

(2) An argument similar to the one used to prove (2.10) has an amusing 
consequence for an arbitrary line bundle A on X. In fact, for y e  Pic~ consider 
the cup product map 

6y: HI(X, A|174 (fix) --~ Hi+ l( X, A| 

Then for any A, the map 6y is zero for general y e Pic~ Indeed, it follows from 
Corollary (1.7) that this holds for every y ~ Pic~ at which hi(X, A| achieves 
its minimum on Pic~ 

w A Nakano-type generic vanishing theorem 

We now apply the results of w 1 to obtain criteria for the vanishing of the groups 
HI(X, fFx| for generic y e Pic~ As before, X denotes a compact connected 
K/ihler manifold, and L r is the line bundle on X corresponding to a point 
y e Pic ~ (X). 

We are aiming for the following 

(3.1) Theorem. Assume that X carries a holomorphic 1-form co e H~ f2~) whose 
zero locus Z = Z(~o) has codimension > k in X. Then for generic y e Pic~ 

H'(X, I2~| whenever i+j<k .  

We adopt  the convention here and below that if o9 is nowhere vanishing, then 
k = 0o. By "generic y" we mean all points in the complement of a proper analytic 
subvariety SC Pic~ 

Remark. One might be tempted to hope that the conclusion of the theorem is valid 
under the hypothesis i+j<dima(X), but  this is not the case. In fact, let A be an 
abelian variety of dimension 4, let C C A be a smooth algebraic curve of genus g > 2, 
and let a : X ~ A  be the blowing up of A along C. Then a is the Albanese mapping of 
X, and  in particular any line bundle in Pic~ is of the form a*Ly for some 
y e Pic~ Denote by N the normal bundle to C in A, and by p:P(N)--* C the 

A~a*E)I ...~ ()1 __~ ()1 r~ canonical projection. Using the exact sequence . . . .  A -ox ~or(~)/c~U, the 
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isomorphism 1 1 _ R p.f2~,(m/c-(9 o and the fact that H~(A, Oaa| for i > 0  and 
0 4: y e Pic ~ (A), one sees that for all 0 .  y EPic ~ (A): 

n2(x, O k | a*L~) = H'  (C, L r | (Pc). 

But Lr |  (Pc is a line bundle of degree 0 on C, and hence H I(C, L r |  (Pc) 4= 0 for every 
y e Pic~ We remark that in this example, the zero-locus Z = Z(co) of a generic 
1-form co e H~ f2~) has codimension 3 in X. 

To prove the Theorem, we apply the results of w to study the analytic 
subvariety 

Si( X,  (2ix) ~f {y ~ Pic~ ( X) I H'( X,  OJx | Ly) 4: 0} 

locally in a neighborhood of the origin 0 ~ Pic ~ The set-up is much the same as 
in w Specifically, for a fixed integerj we apply (2.1) to the vector bundle ~| x 
on X x Pic~ where q : X  x P ic~  is the projection. Then there exists a 
neighborhood V C Pic ~ of 0 and a bounded complex E" of vector bundles on V 
such that 

S'( X,  agc~ V = S'( E" ) . 

As in Lemma 2.3 one verifies that the directional derivative complex Dv(E',O ) 
corresponding to a tangent vector v ~ Hi(X,  (Px)= T o Pic~ takes the form 

(3.2) ...---,H'-'(X,12Jx)---~H'(X, f2Jx)---, H'+I(X, f2~x) . . . . .  

where the differentials are given by cup product with v. Using the Hodge 
conjugate-linear isomorphism H~(X, f2Jx) ~- Hi(X, Oix), (3.2) is in turn identified with 
the complex 

(3.3) ... ___. HJ(X, Q~- x) ^ ~, HJ(x, f2~) ^ o, HJ(X ' f2~x + 1) __~ ..., 

where o~ ~ H~ 12~) is the holomorphic 1-form conjugate to v. Theorem 3.1 is thus 
a consequence of Corollary 1.8 and the following 

(3.4) Proposition. Let ~o~H~ O~) be a holomorphic 1-form whose zero-locus 
Z = Z(og) has codimension > k in X. Then the sequence 

Hqx, a~, -1) ^% 14qx, a~) ^% HJ(X,~ +~) 

is exact whenever i +j < k. 

To prove (3.4), we use a degeneration argument in the spirit of Carrell and 
Lieberman I-CL]. Specifically, a holomorphic 1-form o2 e H~ f2~) determines a 
Koszul complex 

K':O-'-~(Px A,~,f2~ ^ ,o . . .  ^~, X_._~O 

of vector bundles on X, where n = dimX. Index K ' b y  setting K~= f2~, and denote 
by ~ ( K ' )  the jth cohomology sheaf of K'. Then one has two spectral sequences 

(3.5) 'Ei/j = Hi(X, K') ~ H*(X, K') 
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and 

(3.6) "E~ j = H'(X, 9ffJ(K 3) ~ H*(X, K 3 

abutting to the hypercohomology of K'. We prove below 

(3.7) Proposition. For any holomorphic 1-form ~oeH~ f2~), the first spectral 
sequence 'E] 'j = H~(X, f2ix) degenerates at E2, i.e. 'E 2 ='Eoo. 

Granting this for the time being, the next point is the elementary 

(3.8) Lemma. Let F be a vector bundle of rank n = dimX on X,  and let s ~ H~ be 
a section of F whose zero-locus Z = Z(s) has codimension > k in X.  Denote by K" the 
Koszul complex constructed from s: (gx~F,  indexed so that KI=AiF.  Then 
g i ( K ' )  = 0 f o r j < k .  

Proof. Since the sheaves ~ J ( K  3 are supported on Z, it is enough to show that the 
stalks J~f~(K')x vanish when j < k for any given point x E Z. To this end, let Cx 
denote the local ring of X at x, and _m its maximal ideal. Upon trivializing F near x, 
the section s will be given by n functions f l  . . . . .  f ,  ~ _m which generate the ideal of Z 
in d~ x. Since Z has dimension < n - k ,  after possibly transforming the vector 
(fl . . . . .  f,) by an element of GL(n, rE), we can assume that f l  . . . . .  fk locally cut out 
near x a subvariety of dimension n -  k. Since (fx is a regular local ring, it follows 
that f l  . . . . .  fk is a regular sequence. On the other hand, the complex of (gx-modules 
determined stalkwise by K" is isomorphic to the Koszul complex K(f l  . . . . .  f ,)  
constructed from the sequence of elements f l  . . . . .  f ,  ~ _m. And since k of these 
elements form a regular sequence, it is a consequence of standard arguments (cf. 
[Mt, p. 135]) that HJ(K(fl . . . . .  f , ) )=0  f o r j < k .  []  

Still granting Proposition 3.7, Proposition 3.4 follows at once. In fact, suppose 
given a holomorphic 1-form co ~ H~ f2~) whose zero-locus has codimension > k 
in X. Denoting by K" the corresponding Koszul complex, one has g J ( K ' ) = 0  for 
j <  k by the preceding lemma. It follows from the spectral sequence (3.6) that 
H'~(X, K 3 = 0  for m<k.  On the other hand, the first spectral sequence (3.5) 
degenerates at E2 thanks to (3.7), and therefore 'E~ j = 0 for i + j  < k. But this means 
precisely that the sequence 

HI(X, f2~x- t) ^ '~  HJ(X ' f21x ) ^ o, HJ(X ' a~ + 1) 

is exact whenever i + j  < k. 
It remains to give the 

Proof of Proposition (3.7). Denote by Ai'I(X) the space of all smooth (i,j)-forms on 
X. We give a direct argument based on the following version of the principle of two 
types: 

(3.9) Let b e A i" J(X) be a smooth (i,j)-form on X which is both 0- and 3-closed. If b 
is either a-exact or ~--exact, then 

b = d~c = - ~ d c  

for some c eA  t- t,~-I(X). (Cf. ID, Corollary 5.4]). 
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We first show that the E2 differentials of  the spectral sequence (3.5) vanish. To 
this end, let b ~ A~'J(X) be a harmonic form representing an element in 

ker{HS(X ' O~x) ^ o, HJ(X ' t2~x + 1)}. 

Then b ^ 09 = O-b2 for some b2 ~ A i + 1.i- I(X), and the E2 differential dz([b]) of [b] is 
represented by the class [bE ^ co] ~ n j -  t(X, t2~+ 2); i.e. 

ker {H j -  l(X, f2~ + 2) A to) H ~- t(X ' f2~+ 3)} 
(*) a2(Eb]) = Eb2 ̂  o9] e ~ q~,, ~ r~ _x~s hT: , ~ ,  b~; ~ , 

this being independent of the choice of b E. Now since b is harmonic and o9 is 
holomorphic (and hence harmonic), one has 

a(b ^ 09) = O-(b ̂  o)  = 0. 

And since b ^ m is 3--exact by assumption, (3.9) applies to give 

(**) bAog=o-act for some cteAi'J-t(X). 

Then we can take b2 = act in (*), so it is enough to show that act A co is 0--exact. But 
note that 

(***) Oct ^ o9 = 0(ct ^ o9), 

and hence Oct ^ 09 is 0-closed. It follows from (**) that Oct ^ o9 is O--closed, and so 
(3.9) applies thanks to (***) to yield 

OC t A (D = O-aC 2 

for some c2 e A  t+ I'J-2(X). In particular Oc t ^ o9 is O--exact, and thus d2([-b']) =0 .  
Assume now inductively that dk( [b] )=0  for 2 < k < - r - 1 ,  and that one can 

construct forms Ck e A s- ~ +k'J-k(X) such that 

OCk-  t A CO = O-aC k 

for 2 < k < _ r - 1 .  Then d,([b]) is the image in Ei ,+'J- '+t=E~ +r'j- '+l of the 
cohomology class [0cr- t ^ o9] ~ H J-r+ t( X, t2/x+0 �9 Now 

0c,- t  ^ co= 0(c,_ 1 ̂ o~), 

and it follows as above that 0c,_ t ^ co is both 0- and O--closed. Thus 

OCt_  l ^ Og = O-aCr , 

and in part icular l'0c~_ t ^ o9] = 0. This completes the induction. []  

Remarks. (1) Let F be a flat unitary vector bundle on X. Given a holomorphic 
1-form 09 e H~ t2~), one can construct a twisted Koszul complex 

A ~  A ~  A ~  
K ' |  O---~ F , F| , . . .  , F| 
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Then Proposition 3.7 remains valid for this complex, and it follows from (3.8) that 
~,~i(K'| = 0  for j < codimx(Z(co)). This has two consequences. First, consider 
the analytic subvariety Si(X, t2ix| of Pic~ defined by 

S'( X, Oix | F) = { y e Pic~ ( X) l n'( x ,  f2Jx | F | Lr) # 0}. 

By virtually the same argument as above, one shows that if X carries a 
holomorphic form o9 whose zero-locus has codimension > k  in X, then 
Si(X, g2Jx| is a proper subset of Pic ~ (X) whenever i+j < k. Secondly, suppose 
that m(X) is is the least codimension of the zero-locus of a non-zero holomorphic 
differential co on X. Then by applying Corollary 1.9 to the analogue of(3.3) with f2~ 
replaced by f2ix| * one sees that: 

Si(X, f2~) consists of finitely many isolated points whenever i +j < m(X). 

For example, let A be an abelian variety, and let X C A be a smooth subvariety with 
ample normal bundle. Then every non-zero o9 e H~ f2~) vanishes at only finitely 
many points, i.e. m(X)=dim(X). (In fact, on the zero-locus of any non-vanishing 
one-form, the normal bundle NX/A has a trivial quotient.) Hence SI(X, f~) is finite 
for i +j < dimX. 

(2) When X is a surface, I. Reider has proven the injectivity of the map 

H~(X,(Px) ^~', H ' ( X , ~ )  

under the assumption that co does not pull back from a curve C of genus > 2 via an 
irrational pencil f :  Y~C. It was this result that led us to suspect that Proposit- 
ion 3.4 should be true. 

w An application to surfaces 

In this section we take X to be a compact, connected K/ihler manifold of dimension 
2. Recall that an irrational pencil of genus g on X is a surjective holomorphic 
mapping f :  X ~ C ,  where C is smooth algebraic curve of genus g > 1. We denote 
by ogx the canonical line bundle on X, and as usual we set pg(X)= dimH~ ogx) 
and q(X) = dimn~(x,  ~x). 

(4.1) Proposition. Assume that q(X)>0, and that X does not carry any irrational 
pencils of genus > 2. Then the trivial bundle (9 x is an isolated point of 

S'(X) = {y ~ Pic ~ (X) I H ' (X,  Lr) :~ 0}. 

Proof. By Proposition (2.8)(c), it is enough to show that the sequence 

Ato 0 
H~ Ox) ^ ~, H~ t2~) , H (X, ogx) 

is exact for any non-zero holomorphic 1-form co e H~ t2~). But this follows 
immediately from the hypothesis and a classical lemma of Castelnuovo (eft [BPV, 
Proposition IV.4.1]), which asserts that if o9 and x are linearly independent 
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holomorphic 1-forms on X such that ~ A ~ = 0, then ~o and ~ pull back from a curve 
C of genus > 2 under an irrational pencil f :  X--,C. [] 

Let Pict~ denote the component of Pic(X) containing the point 
[~Ox] ~ Pic(X), and let Divt~'J(X) denote the space of all effective divisors on X 
associated to a line bundle in Pict'~ Thus one has a natural map 

p: Divt~'~(X) ~ Pict~ 

One then defines the paracanonical system {Kx} of X to be the union of those 
irreducible components of Divt~ which contain the complete linear system 
p-1([COx])= IKxl of all canonical divisors on X (cf. I-C] or [E-I). Enriques [E, 
pp. 354ff.] raised the question of finding criteria under which dim{Kx} <pg(X). 
Proposition 4.1 immediately leads to the following solution of Enriques' problem, 
as conjectured by Catanese [C]. 

(4.2) Theorem. Assume that X does not carry any irrational pencils of genus g > 2, 
and let Z c= Div t~ (X) be any irreducible family of curves on X which contains at least 
one canonical divisor. Then 

dim Z < pg(X). 

In particular, dim {Kx} < pg(X). 

Proof. Given z e Z, denote by Dz_--- X the corresponding effective divisor on X, and 
let q:Z~Pict~ be the natural map. The hypothesis on Z means that 
[COx] e q(Z). If Z c= IKxl then the assertion of the Theorem is clear. Otherwise, since 
O~x(-D~) lies in Pic~ it follows from Serre duality and Proposition 4.1 that if 
z ~ Z is a general point, then 

dim n l(X, (gx(Dz)) = dim n l(X, Ogx( - D~)) = 0. 

Furthermore, if q(z) ~ [~Ox] then evidently h2(X, (gx(Dz)) = h~ ogx(- D~)) = O. 
Hence for general z e Z:  

dim H~ r = z(X, (gx(D~)) = z(X, ~Ox) = 1 - q(X) + pg(X). 

But for any z e Z, one has 

d imq-  ~(q(z)) < dimlD d = dim H~ (gx(D~))- 1, 

and since dim Pict'~J(X)= q(X), it follows that dim Z < pg(X), as required. [] 

Remarks. (1) BeauvillehasgivenaconstructionofsurfacesXoffixedirregularity,  
without irrational pencils, on which there exists a line bundle r/~ Pic~ with 
H~(X, rl) arbitrarily large. This leads to examples where the inequality in 
Theorem 4.2 fails for some irreducible component of Divt~'J(X). (Of course the 
component in question doesn't contain any canonical divisors.) Beauville's 
examples are discussed in [C, pp. 103ff.]. 

(2) We suspect that ifX doesn't carry any irrational pencils, then SI(X) is finite. 
More generally, for an arbitrary K/ihler surface X it seems plausible that any 
component of St(X) of positive dimension consists of line bundles L~Pic~ 
pulled back from a curve C of genus g > 2  under an irrational pencil f :  X--*C. 
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Oblatum 17-XI-1986 

Note added in proof 

Beauville has answered affirmatively the questions raised in Remark 2 at the end of {}4. 


