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Summary. We generalize a result of Kirchgraber (1986) on multistep methods.
We show that every strictly stable general linear method is essentially conjugate
to a one step method of the same order. This result may be used to show
that general properties of one step methods carry over to general linear methods.
As examples we treat the existence of invariant curves and the construction
of attracting sets.
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In this paper we deal with general properties of integration methods. We show
how such general properties of one step methods carry over to multistep methods
and, even more general, to general linear methods. We discuss the following
two examples of such properties.

Property A. Assume that the differential equation y'= f(y) admits a hyperbolic
periodic solution. Beyn (1987) and Eirola (1988) showed that for every one
step method there exists a hyperbolic invariant closed curve near the orbit
of the periodic solution [see also Brown and Hershenov (1977) and others].

Property B. Assume that the differential equation y = f(y) admits a compact,
uniformly asymptotically stable set A (an attractor). Apply a one step method
with step size h to the differential equation. Kloeden and Lorenz (1986) showed
that for every small h one can find a compact, uniformly asymptotically stable
set A(h) containing A such that A(h)—» A with respect to the Hausdorff metric
as h—0.

Later, these two properties of one step methods were also shown to hold
for multistep methods, see Eirola and Nevanlinna (1988) for Property A and
Kloeden and Lorenz (1990) for Property B.

Our approach is different from the construction of Eirola and Nevanlinna.
We use a result of Kirchgraber (1986) stating that every strictly stable multistep
method is essentially equivalent to a one step method. This equivalence allows
to show that Property A and Property B carry over to multistep methods.

First let us generalize the result of Kirchgraber to general linear methods.
These methods include linear multistep methods, predictor-corrector methods
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in the P(EC)"E and P(EC)™ mode, split linear multistep methods as discussed
in Cash (1983) and Voss and Casper (1989), cyclic multistep methods and many
more. The generalization to general linear methods is not trivial because of
the difficulties encountered when defining the order of general linear methods.
Using the fact that any strictly stable general linear method is essentially conju-
gate to some one step method of the same order, we give a new and more
general proof that Properties A and B hold for these methods.

1. Basic assumptions and definitions

Consider the differential equation

dy

(1.1) 5. =70) yeR?

where f is of class C?** p=1, k=0, and f and all its derivatives up to order
p+k are continuous and bounded. We denote the solution of Eq.(1.1) by ¢(t, ).
A one step method of order p is a map ®: R xR »R? such that the local
error

l(h, y)=®(h, y)~(h,y)

may be estimated by |I(h, )| <ch?*! for some constant ¢ and sufficiently small
h. We consider a general linear method C in its partitioned form, i.e. a map

C:RxR™“->R™

defined as follows. Let y™eIR™ be the vector consisting of the vectors
Yo v, ..., y®eR? The vector y™ is the information passed from step n to
step n+ 1. In order to compute y"*1), s internal stages are performed and some
quantities Y™, Y, ... Y™ are computed. These vectors are not needed again
after the step is completed. The method C is defined by

(1.2) YO =(Cyy ®DAF(YD) +(C, ® 1) y™
y("+ 1)=(C21 ®1I) hF(Y("))'*‘(sz ®1I) y(n)

where F(Y™) denotes the vector in IR consisting of f(Y{™),..., f(Y)eR"
For given y™ and sufficiently small h the first equation uniquely defines Y™.
The second equation then determines y** 1 = C(h, y™). The method is character-
ized by the (s+7r) x (s +r) matrix

C o
C=[ 11 12].
Cyy Cy

As usual we denote the map as well as the matrix characterizing the method
by the same symbol C.
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The method is called consistent with preconsistency vector u and consistency
vector v if

Cu=e, e=(1,1,.. .17
Crou=u
C21 e+ C22 U:u+v.

The method C is called strictly stable if C,, has 1 as a simple eigenvalue and
all other eigenvalues of C,, lie inside the unit circle. To start a general linear
method, one needs a starting method S, i.e. a map S: R x R - IR" providing
starting values 3\, ..., y'» for any given initial value 5 of Eq.(1.1)

(0
,V1)

Sthm=y@={ @ |eR"

0
wo

A linear starting method S is defined similarly as in Eq.(1.2) and may be described
by an (§+r) x (§+ 1) matrix

(1.3) s:(s“ e)

S, u

where e=(1,...,1)T and u is the preconsistency vector of C. The local error
L(h, n) of the method C relative to S is defined as

L(h, n)=C(h, S(h,m))— Sth, ¢(h, n))
The order of C relative to S is the greatest integer p such that
|L(h, p)l < chP™!

The order of C is the greatest p such that there is a starting method S such
that C is of order p relative to S. For more details on general linear methods
see €.g. Butcher (1987).

Lemma 1.1. Let f be bounded, of class C***, p21, k20, with bounded derivatives
and let C be a general linear method of order p.
Then for sufficiently small h the local error L{(h, n) of C satisfies

L(h,n)=h"""R(h, 1)
where R(h,*) is of class C*.
Proof. The general linear method C is defined by Eq.(1.2). Put n=0. By the

Implicit Function Theorem Y'? is of class C?** with respect to h and y@.
Hence by the second equation of (1.2)

y(”—(Cn ®I) y(o)
h

=(C ®DF(Y?)
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is of class CP**. Puting y'9=S(h, ) we get

Ch,S(h,m)—(C2,®I) S(h, 1)
h

(1.4) =u(h, n)eCP**

for some function u(h, n) of class C?**. According to Eq.(1.3) the starting method
S is defined by

Y=$ 1 ®DhF(Y)+(e®1}n
YO=Sthn=S @ DhF(Y)+u® 1.

By the Implicit Function Theorem Y is of class C?** with respect to h and
n. Next we want to eliminate the factor (C,, ®I) in Eq.(1.4). By definition
of the starting method we get

(C, ®I)S(h,n)—S(h,n) _ (C22 81 =S, )N EF(Y)+(Cru—uw)® Iy
h h
=(C22 821 —=S20)@ D F(Y)=uv(h, W)Ecp+k

(1.5)

where we have used that the preconsistency vector u satisfies C,, u=u. Finally
let us relate S(h, ) to S(h, @(h, ). To save writing we set 77=¢(h, n) and denote
the internal stages and the starting value corresponding to 77 by ¥ and 3.

One gets

Sth,n)—Sh,a) _y*-5?

(1.6) . ;

-~

=S @DF(Y)-F(Y)+u®])

=w(h, n)eCr*

d

Adding the three equations (1.4), (1.5), (1.6) one gets

Lk, n) _ C(h, S(h, m) —S(h, ¢ (h, n)

A A =u(h,n)+v(h,n)+w(hneC*

The function u+ v+ w may be expanded with respect to h. This leads to
L, p)=h[r"m+h'r'()+...+h"" "~ () +h* R(h, n)]

where R(h,n)eC*. From the assumption that the general linear method C is
of order p it follows that

P =r' )= ..=r"" () =0.

This completes the proof of Lemma 1.1. [

Now assume that the general linear method C is strictly stable. The r x r matrix
C,, has 1 as simple eigenvalue and all remaining eigenvalues A; have modulus
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|4;]<8<1, i=2,...,r. Thus there is a transformation matrix T=(y,...) such
that

with [|Cp, |l <9<1.

Setting

(n)
YO =(T®I) (;‘”) UM eRY, yWeRE D4

y™ is transformed to new coordinates u™, v™. The transformed general linear
method is determined by the matrix

C=[ Ci €T ]
T-1C,, T 'CyT

From now on we assume that the method C has already this special form,
i.e. we assume without loss of generality that

1 0
1.7) Cyy= with [C,,ll<9<1,
0 C,,

that y™ is split into u™elRY, v™WelR¥~Y? and that the preconsistency vector
isu=e, =(1,0,...,0)7.

2. General linear methods are essentially conjugate to one step methods

Let C be a stricly stable general linear method and assume without loss of
generality that C,, has the special form (1.7). For h=0 the method reduces
to

Q.1 D =y

v("+ D = 622 U(").

wrpe)

is invariant under C(0,-) and is exponentially attractive. Note that if feC?**
then the method C is also of class CP** (see the proof of Lemma 1.1).

One may show that the manifold M, persists under perturbations. For our
situation we may use the following

Hence the set

ucRY, v=0€]R""‘”"}

Proposition 2.1. Let the map

P:(x,y)eR"xR"—>(x, ) R”" x R"
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be of the form
f=Ax+f(x,y)
y=g(x,y).

Let the following assumptions be satisfied:

a) The functions f, g are of class C* with bounded derivatives.
b) The matrix A is regular and | A~ || <o
c) fand g satisfy the following Lipschitz conditions

|71, 1) =F (x2, y)I S Lyt %y — X3l + Lya |y — s
1g(x1,y1)—8(x2, YIS Loy Ix; —X,|+ Loy [y — y,l.

d) The Lipschitz constants o and L;; satisfy the conditions

1
Lyt + Ly +2)/Li; Ly <E

and

k
Lyptg——"—— 2Lz Loy <min{1,(é—L“—~~~~—1 L1y Lo, }
L. —L 2.
o Lll 22 o Lll L22

Then there is a function s: R™ —> R" such that the following holds

i) The set M:={(u, v)|ucR™ v=s(x)} is invariant under P.
ii) The function s is of class C* with bounded derivatives.
iii) The invariant manifold M is exponentially attractive with constant

2L12 L21

I
&“‘Ln*Lzz

X=L22+ < 1.

iv) The property of “asymptotic phase” holds, i.e. there is a constant ¢ such
that for every (xq, yo) there is a (X, yo)€M such that for ieN,

f2; — % §CXilJ70—S(x0)[
|yi—J3il §Xi|)’o‘s(xo)|

where (x;, y,-)::Pi(xO, Yo) and (X;, 7)) ’:Pi(fo, Jo)eM.

A detailed proof of this Theorem may be found in Nipp and Stoffer (1992).
For invariant manifold theory in a more general set up see e.g. Hirsch et al.
{1977) or Shub (1987).

In the present case we take h as an additional variable in order to get
differentiability of the invariant manifold with respect to h. We put x:=(h, u),
y=v. The general linear method then has the form
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Hence we have a=1, L,;=L,,=L,;=0(h), L,,=|C,,]| +0(h) and thus the
assumptions of Proposition 2.1 are satisfied for sufficiently small h. As a conse-
quence we get the following

Proposition 2.2. Let fin (1.1) be bounded, of class C***,p=1, k=0, with bounded
derivatives and let C be a strictly stable general linear method satisfying (1.7).

Then there are constants h, and K and a function o*(h,u) of class CP**
with bounded derivatives such that for all he(0, hy) the following holds

i) The set
u
Mh::{y=< )
v

is invariant under C, i.e. y'©e M, implies C(h, y'*)eM,,.
ii) M, is exponentially attractive, more precisely

ueRY, v=o0*(h, u)}

dist(C"(h, y'©), M,)< §"dist (), M))

where dist(y, M,) is defined as dist((u, v), M,):=|v—c*(h, u)].
iii) The property of asymptotic phase holds, i.e. for all y®eR" there is a unique
y*Oe M, such that |y — y*®| < K 9" dist(*?, M,) holds for all neN.

Remark. This proposition states that the behaviour of the general linear method
C is essentially determined by the dynamics of C restricted to M,,.

Theorem 2.3. Let f satisfy the assumptions made in Proposition 2.2 and let C
be a strictly stable general linear method of order p.

Then there is a constant hy, a (nonlinear) starting method S* and a one
step method @ both of class CP** such that for all he(0, hy) the following holds

i) S*(h,meM, for all initial conditions neR®.
ii) Cis of order p relative to S*.
iii) The one step method @ is conjugate to C restricted to M,,, i.e.

C(h, $*(h,n))=5%(h, D(h, n)
or equivalently: the following diagram commutes

R —2% , RY

sy 15,

Mh—C*Mh

iv) The one step method @ is of order p. More precisely: the local error satisfies
I(h, n):=®(h, m)— @ (h,m)=h"""r(h, 1)

where r is of class C*.

Proof. We write the general linear method C as

(2.2) "V =G(h,u™, ") eCr**
pt = H(h, ™, v"")e CP+k,
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Note that for h=0 the map reduces to Eq.(2.1). Let S be a linear starting
method such that C is of order p relative to S. S is as regular as f and hence
of class C?**. One may split S into a u-part and a v-part and we may write

©ON /S, (h,
S(hn) =(:f<o>) =(s,,§h, Zi)

By Eq.(1.3) and our special choice of the preconsistency vector u=(1,0,...,0)T
we have for h=0

S.(0,m=n
5,(0,1)=0.

Hence the near identity map S,(h, ) is invertible for small A. Now we define
the starting method S* as

ymm%ﬁwﬂ_(sﬂm )

S¥hm)) \o*(h, S,(h, m),

where o* is the function given in Proposition 2.2. Note that S*(h,) is a diffeo-
morphism from IR? to M,. We therefore may define

@:=5*"1-CoS*

By our definitions of S* and @ clearly assertions 1) and iii) hold.
Next we show that S*—S is of order h***. Set

o(h,u)=S,(h, S, " (h, u))
and similarly to S$* the starting method S may be written as

Su(h,m) )

Swm:@m&mmr

Now we transform the coordinates (u) in Eq.(2.2) to new coordinates (u) by
setting v W

v=o(h,u)+h"* 'w.
The general linear method C is transformed to

(23) u('l+ D G(h, u(n)’ O'(h, u(n)) + hp+ 1 w(,.))
BPH L@+ D = H(h 4™, g (h, u™)+ hP* 1 w®)
— O'(h, G(h, u(n)’ o-(h, u(n))+ het 1 W("))).

Since C is order p relative to § we know by Lemma 1.1 that for some R(h, 1) C*

24 C(h, S(h,m))—S(h, @(h, m)=L(h,n)=h"""R(h, )
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or equivalently

(2.3) G(h, S,(h, 1), So(h, m)—S,(h, @(h,m)=h"* U (h, 1)
H(h, S, (h,n), S,(h, )— S, (h, @(h,y) =h"" 'V (h, 1)

for some functions U(h, ), V(h,n)eC*. S, being invertible one may choose 7
such that S, (k, n)=u". Hence

Su(h, @(h, 1) =G (h,u™, o (h, u™) —h** 1 T (b, u'™)
S,(h, (h, )= H(h, u™, o (h, u™)) —h?* ' V(h, u'™)

where we put U (h, u™):=U (h, S; ' (h,u™)), V (h, u™):=V(h, S, ' (h, u™)). Combin-
ing these two equtions we have

Hhu™, 6)—h?* ' V—o(h, G(h,u™,6)—h?* 1 U)=0

where we have omitted the arguments (h, u™) in the functions o, U and V.
Subtracting this last equation from the w equation in (2.3) one gets

hptlyplnt “=H(h, u(n), O.+hp+1w(n))__H(h, u(n)’ 0’)+h"+1 V
+a(h, G(h,u", 0)—h** ' Oy—a(h, G(h, u™, c+h"" 1 w™)).

Defining the functions 6G, 6H, do as
1
8G(h, u, v;z)zzj Z—i(h, wv+tz)dt
1
SH(h,u,v;z): f (huv+tz)dt
0
da(h,u;z) jé (h,u+tz)de

we readily obtain the general relations

Ghuv+z)—Ghuv)=6G(h,u,v;z)z
H(h,u,v+2z)—H(h,u,0)=0H(h,u,v;2) 2
o(hu+z)—a(huy=d0a(h,u;z2)z.

Note that G, §H, o C?**~ !, Now the general linear method C in u, w coordi-
nates may be written as

U V=G (h,u™, g+ ho* L w)
wrt D=8 H(h,u®, 0; h? T w™) w + ¥
—8a(h, G(h,u™,6); —h**  0) T —b0(h, G(h,u™, 0); i**1 4) 4
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where A=06G (h,u™, a; h?* ' w™) w™, This map is of class C*. It is easy to verify
that for h=0 the map reduces to

Yt D

wrt D = C22 w4 7(0, u(n))

where again C,, denotes the matrix in Eq.(1.7). Hence for i =0 the manifold

A

is invariant and exponentially attractive. It follows from Proposition 2.1 that
for small h there is an invariant manifold I, near I, which may be described
by some function ¢ of class C* as

{0

By uniqueness the two manifolds I, and M, describe the same invariant manifold
of the method C, but in different coordinates. It follows that

ueR?, w=(I—C,,) 'V(0, u)}

uclR?, w=éd(h, u)}.

o*(h, u)=a (h, u)+h?* 1 6 (h, u)

or that S*(h,n)—S(h,n)=h"*'Ry(h,n) is of order O(h”*"). This means that S*
is O(MhP*Y) Ctclose to S. Hence Eq.(24) implies that Cth,S*(h 1))
—S*(h, @(h, n))=L*(h,n)=0(h** ") holds. This proves assertion ii) of the Theo-
rem.

We now show that ®(h, ) is O(h** ') C*-close to @(h, ). From the definition
of the integration method & and from the definition of the local error L(h, #)
we get

=h(C; @ D(F(Y*)—F(Y))+(C22 ® I)(S*(h, 1) — S(h, 1) + h*** R(h, n).

We already showed that S* is C* O(h?*!)-close to S. Hence Y* is also C*
O(h** )-close to Y. We restrict ourself to the u-part of the equation above.
Since S¥ =S8, holds we obtain

(2.6) S.(h, @(h, ) — S, (h, @(h,m)=h?* 1 T(h,n)
for some function T(h, n) of class C*. Note that S,(h, 1), ®(h, n) and ¢(h,n) are
of class C?** and that S,(0,y)=y. It follows that S, '(h y) (satisfying
S:1(h, S,(h, y))=y) is of class CP**. From Eq.(2.6) we get
D(h,n)=S, ' (h, Su(h, @(h, M)+ h** 1 T(h, n)) =@ (h, 1)
1
+h* % S, (h, S, (h, @(h,m)+th? " * T(h, n) T(h,n)dt
0

The integral is of class C* since all ocurring functions are at least of class
C*. This completes the proof of Theorem 2.3. []
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Remarks. 1) In the proof of Theorem 2.3 we showed that if C is of order p
relative to some starting method S, then dist(S(h, ), M,)=0(h?*') holds. This
means that S approximates the invariant manifold M, up to order p. The con-
verse is not true. It is also not true in general that C 1s of order p relative

to the starting method
h
(et <

See e.g. the section on the “effective order of Runge-Kutta methods™ in Butcher
(1987).

2) The starting method S* of Theorem 2.3 is not at all uniquely determined.
Is there an “optimal” choice of $*? Is there a simple way to find S$* such
that the associated one step method @ has minimal local error in some reason-
able sense? We do not know the answers to these questions.

We give a condition under which the general linear method C is essentially
equivalent to a one step method (not only conjugate). For the precise statement
see Corollary 2.4 ii) below.

The information passed from step to step is the vector y™eR"™ consisting
of i, y9, ...,y™. In many cases one of these vectors, say y{”, approximates
the solution directly, i.e. ¢ (h, y{) =yt P+ 0O (h** ). (This holds e.g. for multistep
methods, for predictor-corrector methods, etc.). Under this assumption one may
choose the starting method to satisfy y¥=g.

Corollary 2.4. Let f satisfy the assumptions made in Proposition 2.2. Let C be
a strictly stable general linear method of order p relative to the starting method
S. Assume that S satisfies Y0 =1.

Then there is a starting method S*(h,n) with y¥'® =y and a one step method
@ of class CP** such that for sufficiently small h

i) The assertions of Theorem 2.3 hold.
ii) For the first d components y*™ of the vector y*™:=C"o§*(h, n)e M,, the equali-
ty

y*erD=p(h, y*™) holds for all n=0.

Proof. Construct S* and @ as in the proof of Theorem 2.3. Hence i) holds.
By assumption we have S,(h, #)=S¥(h, n)=# for all h. According to the definition
of @ we therefore have ®(h, n)=G(h, n, S¥(h, n)). Thus ii) follows at once. [

In order to easily formulate the next corollary, we use so-called “finishing
methods” as in Butcher (1987). A finishing method F: (h, y)eR x Ry, eR?
is a L-Lipschitz map which undoes the work of a starting method S, at least
up to order O(h**1), i.e.

2.7 F(h,S(h,m)=n+0(Hh"*").

For given initial value nelR? the general linear method C with starting method
S and finishing method F defines a numerical orbit yg, y;, y,, ... defined by

(2.8) Yo=H
Yuo=FoC"S(h,n) n=12,...
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Corollary 2.5. Let C be a strictly stable general linear method of order p with
starting method S and finishing method F.

Then there exists a constant K, a one step method @, a starting method S*
and a finishing method F* such that the following holds:

For every numerical orbit y,,y:, Vs, ... defined by (2.8) there is a y¥ such
that

yE=@"(h, y§)=F*-C"-S*{h,y§) n=0,1,2,...
and
lyn_yrflélzhp-*l'

Proof. We choose S* as in Theorem 2.3 and define F* as
2.9) F*(h, y):=S¥""(h,u)=8, " (h, u).
For the definition of S, and S} see the proof of Theorem 2.3. By definition
of F* we have F*(h,S(h,n))=# and a comparison with Eq.(2.7) yields |F* — F|
<c, h?*! for some ¢, in a O(h**')-neighbourhood of M,.

Now consider the sequence y™:=C">S(h, y,),n=0, 1,2, ... By the property
of asymptotic phase, Proposition 2.2, there exists a y*®eM,, such that

|y — y*®| < K 9" dist(y'?, M,,).

In the proof of Theorem 2.3 we showed that S—S*=0(h**"'), we therefore
have

dist(y'”, M) <|S(h, yo) — S*(h, yo)l Sco h**’
for some constant ¢, and hence
YO —y* IS K ¢ §"hP* 1
F being Lipschitz with Lipschitz constant L we get

|Va—y¥I=|F (h, y) = F*(h, y**)|
<|F (b, y™)—F (, y*™)| +|F (b, y*®)— F* (h, y*)
éLK CQ 9"hp+ 1 +cl hl’+ 1

and the corollary follows with K:=LK cy+c¢;,. [J

3. Applications

Property A: Invariant curves

In this section we show how the existence of invariant closed curves carries
over to general linear methods by means of Theorem 2.3

Theorem 3.1. Assume that feCP***1 and that the differential equation (1.1)
admits a hyperbolic periodic solution. Let C be a strictly stable general linear
method of order p and let S* and F* be as in Corollary 2.5.
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Then for sufficiently small h there exists a closed curve L,eRRY, O(h?) C*-close
to the orbit of the periodic solution such that for every y&el, the points

yE=F*(h, C"(h, S*(h, y§)) = F*>CoCo...c CoS*(h, yd)eT,

lieonI', for all n=0.

Proof. By our assumptions Theorem 2.3 applies. Thus there is a starting method
S* and a one step method @ of class p+k+1 such that the assertions of Theo-
rem 2.3 hold. We may apply the main result of Eirola (1988) for the one step
method &. Thus there exists a closed curve I invariant under @ and O(hP)
C*-close to the orbit of the periodic solution. The claim of Theorem 3.1 follows
atonce. [

Property B: Attractive sets

Here we show how the result of Kloeden and Lorenz (1986) may be generalized
to general linear methods.

Theorem 3.2. Assume that f and its first p derivatives are uniformly bounded
and that the system (1.1) admits a compact, uniformly asymptotically stable set
A.

Then for all sufficiently small h there exists a set A(hy>A with A(h)—> A
with respect to the Hausdorff metric as h— 0. Moreover, there is a bounded open
set U, independent of h containing A(h) and there is a time To(h) such that the
following holds: Every numerical orbit y,,¥,, Vs, ... starting in U, (i.e. yoeU,)
and defined by (2.8) satisfies y,e A(h) for all n with nh> T, (h).

Proof. By our assumptions we may apply Corollary 2.5 and the result of Kioeden

and Lorenz (1986) holds for the one step method &. Hence there is an open

set U, and for small & there is a set A(h) with AcA(h)< U, and iim Ah)y=4
-0

such that whenever y§eU, and nh> Ty(h) then y}:=0"(h, y§)e A(h) holds. Let

B(Kh?*') be the closed Ball with radius Kh”*!, K as in Corollary 2.5. Now
define J(h)=A(h)+ B(Rh**1), ie.

A(hy={x|dist(x, A(R) <K h** 1)
and U (h):=U, — B(Rh**1), i.e.
Uh)={x||x—y|<Kh**' implies yeU,}.

There is a hq such that for h<h, the inclusion A (h)< U (k) holds. Set U, =T (hy)
and now Theorem 3.2 follows immediately from the estimate |y,—y¥|
<Kh*' O
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