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Summary. In certain spaces of analytic functions the error term of the Gauss- 
Loba t to  quadrature formula relative to a (nonnegative) weight function is a con- 
tinuous linear functional. Here we compute the norm of the error functional for the 
Bernstein-Szeg6 weight functions consisting of any of the four Chebyshev weights 
divided by an arbitrary quadratic polynomial that remains positive on [ - 1 ,  1]. 
The norm can subsequently be used to derive bounds for the error functional. The 
efficiency of these bounds is illustrated with some numerical examples. 
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I. Introduction 

Consider  the Gauss -Loba t to  quadra ture  formula for the (nonnegative) weight 
function w on [ - 1 ,  1], 

(1.1) ~ f(t)w(t)dt  = 2 o f ( -  1) + 2vf (%)  + 2 , + l f ( 1 )  + R , ( f ) ,  
-i v=l 

where zv = z~ ") are the zeros of the nth degree (monic) or thogonal  polynomial  
rc~)(.  ; w (L~) relative to the weight function w(L)(t) = (1 -- t z)w(t). It  is known that 
all weights of (1.1) are positive, and that  (1.1) has degree of exactness d = 2n + 1, 
i.e., R , ( f )  = 0 for all f ~  lPz,+l (see [2, Sect. 2.1.1]). 

Let f be a holomorphic  function in Cr = {z e ( ; : [z[  < r}, r > 1. Then f can be 
written as 

(1.2) f(z) = ~ akZ k, z ~ C, . 
k=O 

* Work supported in part by a grant from the Research Council of the Graduate School, 
University of Missouri - Columbia. 
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Define 

(1.3) 

where 

(1.4) 

S.E. No ta r i s  

X r = { f : f  holomorphic in C, and If[, < o0 }, 

l f i r  = sup{iakl rk:k e No and R,(t k) =~ 0} 

is a seminorm on Xr. The error term R, is a continuous linear functional on 
(C [ -- 1, 1], II �9 I1 ~ ). The continuity of R,, together with the uniform convergence of 
the series (1.2) on [ - 1 ,  1], implies 

R, ( f )  = ~ akR,(tk), 
k=0 

which, in view of (1.4), gives 

(1.5) ,R,(f)]  < [ ~ tR"(tk)' 1 = r ~ I f  It.  
k=O 

Since I R,(tk)l < 2 It will, the series in (1.5) converges, and R, is a bounded linear 
functional on (Xr, [. It). The t1R. H can be used to obtain the best possible estimates 
of the type (1.5) for R,, that is, i f f ~  XR, then for every r s (1, R], 

(1.6) XR.(f)I < It R. It I f  It, 

and consequently 

(1.7) IR,(f)] < inf (I]R. l l lf lr) .  
l <r<=R 

If the weight function w satisfies the additional hypothesis 

w(t) 
(1.80 is nondecreasing on ( - 1 ,  1), 

w ( - t )  

o r  

(1.Sd) 
w(t) 

w(-t) 
is nonincreasing on ( - 1 ,  1), 

then t[ R. I1 is given by convenient representations. We derive those in Sect. 2. 
Here we consider weight functions of Bernstein-Szeg6 type 

(1.9) w( • l /2)( t  ) = (1 - t 2 )  • 1/2 - l < t < l  
p(t) ' 

= ( 1  - t ) •  + t) =~1/2 
(1.10) w(+ l/2,:g l / 2 ) ( t )  - l < t < l  

p ( t )  ' ' 

where p(t) is a polynomial of exact degree 2 that remains positive on [ - 1, 1] (see 
[9, Sect. 2.6]). In Sect. 3, we compute explicitly lr R. tl for (1.9), (1.10), when either 
(1.8i) or (1.Sd) holds. The quality of bounds (1.7), for the error term of the 
corresponding Gauss-Lobatto formula, is demonstrated with a few numerical 
examples in Sect. 4. 
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2. Some general results for the error norm 

T h e  fol lowing t heo rem will be useful in the subsequen t  deve lopmen t ,  bu t  it is a lso 
i m p o r t a n t  in its own  right. 

Theorem 2.1. Consider the Gauss-Lobatto formula (1.1)for the wei9ht function w on 
[ - 1 ,  1]. 

(a) I f  w satisfies (1.8i)9 then 

r i 
- 1  

(b) I f  w satisfies (1.8d), then 

r i~(,~(;)w(r)(t)dt (2.1a) IIR. tl = (r 2 _ 1)7~(L) ( _ r) " 
- 1  

Proof. Subs t i tu t ing  f ( t )  = (1 - tz)t  k, k ~ ]No, in (1.1), we find 

- -  - -  - -  "~v ) T v  - (2.2) R,(t k t k+2) = ~ tkw(L)(t)dt 2v(1 2 k 
- 1  v = 1  

T h e  r igh t -hand  side of  (2.2) is the  e r ro r  t e rm R~ (L)(t k) of  the G a u s s  fo rmula  for  the 
weight  funct ion  w (L), thus,  

(2.3) R,(t k - -  t k + 2 )  ~--- R ~ ( L ) ( t k )  . 

(a) I f  w satisfies (1.8i), the s a m e  does  w (L). T h e n  

(2.4i) R~(L)(t k) > 0, k ~ ]N o 

(see [-5, p. 1172]), and  (2.3) yields 

R,(t  k) >= R,(t*+2), 

f rom which  it fol lows by  induc t ion  tha t  

(2.5i) R,(t k) <= 0, k ~ N o  . 

W e  n o w  der ive  (2.1i). First ,  (1.5) gives 

-IR"(tk)[ 
(2.6) II R, 1t =< r k 

k = O  

Let t ing  

I ~ Z k 

- -  - -  9 

(2.7) ~b (z ) -  z r k=O __  r k + l '  Z ~ C r  

we find, by  v i r tue  of  (2.50, 
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which, in conjunction with (2.6), yields 

[R,(t*)l 
(2.8) tt R. 1[ = rk 

k = 0  

Moreover, we have 

(2.9) 
IR~r 

II R~ r II = 
r k 

k=O 

(see [1, p. 536]). From (2.9), by means of (2.4i), (2.3), (2.5i) and (2.8), we find 

If R ~  ~L) II 
( 2 . 1 0 )  I I R .  II - r 2 _ 1 ' 

which, together with (1.70 in [6], implies (2.10. 
(b) If w satisfies (1.8d), the same is true for w (L). In this case 

(2.4d) ( - -  1)kR~n(L)(tk) :> O, k e No 

(see [5, p. 1173]), hence (2.3) gives 

( - 1)kR,(t k) >= ( -- 1)kR,(tk+2), 

from which we get by induction 

( - -1)kR. ( t  k)<=O, k ~ N o .  (2.5d) 

Then considering 

zk  1 _ ( _ l ) k + l  
~b(z)-- r + z k:0 rk+l, z ~ C , ,  

S.E. Notaris 

in place of (2.7), using (2.4d), (2.5d), and proceeding as in (a), we obtain (2.1d). [] 

3. The error norm for weight functions of Bernstein-Szcg6 type 

First we recall the following: 

Proposition 3.1. ([4, Proposition 2.1]). A real polynomial p o f  exact degree 2 satis- 
fies p(t) > O for - 1  < t <- 1 if and only if it has the form 

(3.1) p(t)-= p ( t ; ~ , f l , ~ ) =  f l ( f l - -  2oOtz + 2(~(fl--oOt + o~2 + 82 

with 

(3.2) 0 < a < f l ,  fl4:2c~, 1 8 [ < f l - ~ .  

Lemmn 3.2. (I-6, Lemma 2.2]). (a) Consider the weight functions w r177 with 
p given by (3.1). Then w t •177  is strictly increasing on ( - 1 ,  1) if 

(3.31) f l - 2 c ~ > 0 ,  f l ( f l - 2 6 ) < a 2 + 8 2 ,  a < 0 ,  

o r  

(3.32) f l -  2= <0 ,  6 < 0 ,  
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equal to 1 if 6 = O, and strictly decreasin9 on ( - 1 ,  1) if 

(3.41) f l - - 2 ~ > 0 ,  f l ( f l - - 2 ~ ) < ~ 2 + ~  2, 0 > 0 ,  

or 

(3.42) f l -  2~ < 0, 6 > 0 .  

(b) Consider the weight functions W ( •  with p 9iven by (3.1). Then 
w(1/2, - 1 / 2 ) ( t ) / w ( 1 / 2 ,  - 1/2)( __ t )  i s  strictly decreasin 9 on ( - 1, 1) if either (3.41) or 
(3.42) holds, or (5 = O, and w (-1/2' 1 /2 ) ( t ) /w( - i / 2"  1 / 2 ) ( - - t )  is strictly increasin9 on 
( -- 1, 1) if either (3.31) or (3.32) holds, or 6 = O. 

N o w  we c o m p u t e  the er ror  n o r m  for the weight  funct ions (1.9), (1.10), when 
either (1.8i) o r  (1.8d) holds. Let  R ( •  Rn(.;w(• R(n+l /2"g t /2 ) ( . )  = 
R , ( - ; w  t• 1/2. ~ 1/2)). 

Theorem 3.3. Consider the weight function w ~-i/2), with p 9iven by (3.1). Let 

= r - x / ~ -  1. We have 

(3.5) II R~. - 1/2)II 

8~F'r 2n + 2 

[(fl - -  2~) ' r  2 + 262 + fl] [(fl - 2c~)22(1 - z 2"-2) + 26z(1 - z 2") + fl(1 - z2n+2)]x / r2  -- t '  

n__>l, 

if either (3.31) or (3.32) holds, and the same formula (3.5), with 6 replaced by - 6 ,  i f  
either (3.4i) or (3.42) holds. Also, (3.5) is true when (5 = O. 

Proof  If w (- 1/2) satisfies either (1.8i) o r  (1 .8d)  , then f rom (2.10) (cf. Theo rem 2.1), in 
view of  w (L)(- 1/2)(t) = (1 - t2)w (- 1/2)(t) = w(t/2)(t), we get 

tl R .  ~(i/2) II 
(3 .6 )  It R ~ -  1/2)II - -  r 2 - -  1 

where Rn G(1/2) is the er ror  term of  the Gauss  fo rmula  for the weight funct ion W (1/2). 
T h e o r e m  3.3 follows f rom (3.6) and  Theorem 3.2 in [6].  [ ]  

Remark  1. Since 0 < z < 1, it is easy to show that  (fl - 2~)Z 2 + 262 + fl > 0 if 
ei ther (3.31) or  (3.32) holds. The  remain ing  expression in the d e n o m i n a t o r  of  (3.5) is 
also positive. This follows f rom (3.18) below, with m = n, and  the fact that  
n(1/2) (r) > 0 (all zeros  of  ~tl/2) are con ta ined  in ( - 1, 1)). Hence,  the r igh t -hand  side 
of  (3.5) is positive. 

Theorem 3.4. Consider the weight function W (1/2), with p 9iven by (3.1). Let  

z = r - x/ /~ - 1. We have 

(3.7) 1[ Rt. 1/2) I[ 8rcrz2"+4(z 2 - 2 h z  -- 4 7 2 ) x / ~  - 1 = n > l ,  
[(fl -- 2~)Z 2 + 26z + fl](4yzZ2C0n + 2yi'rCOn+ 1 -- ~ , + 2 ) '  
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where 

0{6 
~)1 = F ( ~  - -  0{) 2 - -  0 2 ]  F/2 "-I- (f12 __ (X2 __ { 5 2 ) n  _1_ O{fl '  

[ ( /3  _ 0{)2 _ 6 2 ] ( n  + 1)2 + (fie _ 0{2 _ 6 2 ) ( n  + 1) + 0{/3 

(3.8) ~'2 = 4{[(/3 - ~)2 _ 62]ne + (/32 _ 0{2 _ 62)n + ~/3} , 

co, = ( / 3 -  20{)z2(1 - z 2"-2)  + 2&(1 - z 2") +/3(1  - 22"+2), 

i f  either (3.31) or (3.32) holds, and the same formulae  (3.7), (3.8), with 6 replaced by 
- 6 ,  i f  either (3.41) or (3.42) holds. Also,  (3.7), (3.8) are true when a = O. 

P r o o f  Assume that either (3.31) o r  ( 3 . 3 2 )  holds. Then by Lemma 3.2(a), W(1/2)(t)/ 
w ( 1 / z ) ( - t )  is strictly increasing on ( - 1 ,  t), and applying (2.1~) in 
Theorem 2.1(a), 

i 7r (L)(1 /2 l ( t  ~ 
r . - ._  __ _ w ,  w ( L ) ( I / 2 ) ( t )  dt 

(3.9) [I R~, 1/2) II = ( r  2 __ 1)~nL)(1/2)(r) r -- t 
- 1  

where w(Lm/Z)(t)  = (1 - t2)w(1/z)(t), and n~, L)"/2) is the nth degree (monic) or tho-  
gonal polynomial  relative to w ~L)~1/2). Using Christoffel's theorem (see [9, 
Sect. 2.5]) we can express n(L)(1/2) in terms of n~/2), the (monic) or thogonal  
polynomials  relative to the weight function W (112), 

~1/2)(t) 
( 3 . 1 0 )  ( t  2 - -  1)7~L)(1/2)(t) = constant ,  n~1/2)(-1) 

~1/2)(1) 

7 • ( 1 / 2 ) . .  (1/2) ~_, 
.+1 it) 7~n+ 2 It) 

'/; 1/2)t '  - -  l )  (1 /2)z  
n + i t  X n + 2 [ - - 1 )  
(1 /2) . , t , ,  ( 1 / 2 ) , , ~ , ,  

nn+l t i) ~.+2 t 1) 

The •(m 1/2)  have been explicitly computed  in [4, Eq. (3.9)], 

(3.11) xa/2)( t)  = Urn(t) + ~ U m - l ( t )  + 1 - Um- z ( t )  , m >= 1,  

where Uk is the kth degree Chebyshev polynomial  of the second kind. This can be 
defined by 

sin(k + 1)0 
(3.12) Uk(COSO) = sin0 , k = 0, 1, 2 . . . . .  

F r o m  (3.11) we find, by means of (3.12), 

(3.13) 

( - -1 )  m 
x~/2)(--1)  -- 2m _l f l  [ ( f l - -  0{ - -  O ) m  + ~ ]  , 

1 
n ~ / 2 ) ( 1 )  _ 2,._ 1 f l  [ ( f l - -  0{ + 6 ) m  + ~] . 

Expanding the determinant in (3.10), and using (3.13), we obtain, after an elemen- 
tary but tedious computat ion,  

1 r (1/2)(t" ~ ~ (1 /2 ) [ t~  ` = (3.14) nCnL)tl/2)(t) = t 2 -- 1 knn+2t~J -- 71'~n+1 t~J -- ~2n~.1/2)(t)], n > 1 
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where 71,72 are given by (3.8). Then the integral on the r ight-hand side of(3.9) takes 
the form 

(3.15) } TZ(nr)(1/2)(t)w(L)H/Z)(Q dt= 72 } rt(nl/21(t)wtl/2)(t) dt 
-1 r - - t  -1 r - - t  

i 7.r(1/2) t~ A + 71 .-,+1 t~)w(1/2)t, 
-i  r - t  

i ~(1/2)/'#~, '~n+ 2 I,~1 W(1/2)(t ) d t  . 
r - t  - 1  

We recall from [6, Eq. (3.17)] that  

(3.t6) i ~/2)(t)w(1/2)(t) dt ~z~+l 
- 1  r - -  t = 2 m - 2 / ? [ ( / ?  - -  2 ~ ) Z  2 q- 2& + f l ] '  m > 1 . 

Thus (3.15) gives 

j~ n(~I')(U2)(t)w(L)(1/2)(t)d t = 722"+1(472 + 2711: -- z 2) 
(3.17) 

-1 r -- t 2"/?[(/? -- 2c0z 2 + 2& + / ? ]  " 

Also, from (3.tl), by means of 

1 - -  ~7 2 t + 2  

Uk(r)=2rk+lN~--  1' k = 0 , 1 , 2 , . . .  

(see [8, p. 10]), we get 

(3.18) rt~/2)(r) = (/? -- 2a)22(t -- z2" -2 )  + 2 & ( 1  - r TM) + fl(1 - r 2 " + 2 )  

2m + 1/?'Cm+ 1X/~- -- 1 

Then (3.14) yields 

(3.19) ZC(nL){i/2)(r) - -  ('On+ 2 - -  271 re)n+ i -- 472220)n 
2"+3/?z"+3(r 2 -- 1)3/2 , 

where co, is given by (3.8). Combining  (3.9) with (3.17) and (3.19) we obtain (3.7). 
Now assume that either (3.41) or  (3.42) holds. If  R(, 1/2)(-) is the error functional 

corresponding to the weight function w(1/z)(-t), using (1.1) we can show that  
R(ni/2)(-)( t  k) = ( - - 1 ) k R ( 1 / Z ) ( t k ) ,  k E ] N  0 .  By L e m m a  3.2(a), W ( l / 2 ) ( t ) / w ( 1 / 2 ) ( - t )  is 
strictly decreasing on ( -  1, 1), hence w(1/2)(-t)/w(i/z)(t) is strictly increasing on 

W(I /2 ) t  * ( - 1 ,  1), and (2.8) implies that  IlR(ni/2)]l = I[R(ni/2)(-)]I .  Also, t - t ;c~,p,  
f i ) =  w(1/2)(t;a,fl,-6), with ~, /?, - 6  satisfying either (3.31) or (3.32). There- 
fore, [[ R(, i/2~(-~ [t, and consequently [I R(, i/2) ]t, is given by (3.7), (3.8), with 6 replaced 
by - 6 .  

Finally, it is clear that  (3.7), (3.8) remain true when 6 = 0. [] 

Remark 2. As in Remark  1, (/? - 2~)z 2 q- 262 + / ?  > 0 if either (3.31) or (3.32) 
holds. Here  the remaining expression in the denomina to r  of (3.7) is negative 
(cf. (3.19)), but it can be shown that  so is z 2 - 2 h z  - 472 for 0 < z < 1. Thus, the 
r ight-hand side of  (3.7) is positive. 
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Theorem 3.5. Consider the weight  func t ions  w ~• 1/2,-T-1/2), with p given by (3.1). L e t  

= r - w / ~ -  1. We have 

(3.20) 

iI R~ 1/2' - 1 / 2 ) I t  = 

where 

87+rr2"+3(+ + 2~) (r  + 1"] 1/2 
[ 0 3 -  2~)z ~ 72&-~ 7} ] (27oL  + o~ .+1) \ r -  1 ]  ' 

n > = l ,  

(,8-~+5)(n+ 1)+c~ 

(3.21) 2[(/~ - c~ + 6)n + c~] 

o3. = (fl - 2c0~2(1 - ~2 , -2 )  _ 23~(1 - ~2,) +/~(1 - r 2 "+2 ) ,  

i f  e i ther (3.41) or (3.42) holds, or 5 = O. The II R~,-1/2"1/2) 1I is given by the same 
formulae  (3.20), (3.21), with 6 replaced by - 5 ,  i f  ei ther (3.31) or (3.32) holds, or 5 = O. 

P r o o f  First  we c o m p u t e  11R~n 1 / 2 "  - 1/2) [l" If  (3.41) o r  ( 3 . 4  2 )  holds, o r  ~ = 0, then by 
L e m m a  3.2(b), w (1/2' -1/2)( t ) /w(1/2,-  1 /2 ) (  _ t )  is strictly decreas ing on  ( --1,  1), and  
using (2.1d) in T h e o r e m  2.1(b), 

r 
(3.22) [I R~ x/2, - 1/2> II = (r 2 _ 1)r~)(i /2 ' _ 1/2)( _ r) 

" i n~nL)(t/2'-l/2)(t)w(L)(1/2'-l/2)(t)dt' 
-1 r + t  

where w ~L)~ - 1/2)(0 = (1 - t 2) w ~ - 1/2)(t) = (1 - t) w ~1/2)(t), and  n~, L)~ - 1/2) 

is the nth degree (monic) o r t h o g o n a l  po lynomia l  relative to w ~L}~1/2"-1/2). F r o m  
Christoffel 's  t heorem we can  get a fo rmula  for n~, L)~1/2" - 1/2) in terms of n~/2),  

~1/2)(t) ,~.+-"/2>1 tt)'I 
(t -- 1)n(nL)tl/2"-l/2)(t) = cons tan t  �9 n~l/z)(1) nn+l(1/2)r'x~,l) [ " 

E x p a n d i n g  the de te rminan t  above,  and  using the second equa t ion  in (3.13), we find 

i ~ (1/2),., (3.23) n ~ L ) ( t / 2 " - t / 2 ) ( t ) = ~ _ l L n , + l t t ) - - y n ~ l / 2 ) ( t ) ] ,  n >  1 

where  ? is given by (3.21). T h e n  the integral  on  the r igh t -hand  side of  (3.22) takes  the 
form 

i i ~r~ ~(L)(1/2,  - 1/2)(t  ) W (L)(112" - 1/2)(t) d t =  T (3.24) - "  '+ 'w  t l /2)(t)dt 
-1  r + t  -1 r + t  

- i =r dt" 
-1 r + t  

We have  w ~ 1 / 2 ) ( - t ; ~ , ~ ,  6 ) =  w " / 2 ) ( t ; ~ , ~ ,  - 5 ) ,  and  using (3.11), (3.12) we can 
show tha t  rc~/2)( - t ;  ~, fl, 6)  = ( - 1 ) " ~ / 2 ) ( t ; ~ ,  B, - 6 ) .  Therefore,  replacing t by 
- t  in the lef t -hand side of  (3.16) yields 

} ~t2/2)(t) ( - 1) , .zr  ,.+1 
- I  r + t w~l/z)(t)dt  = 2 " - 2 f l [ ( f l  - -  2~ ) 'C  2 - -  25z + / ~ ] '  m > 1 , 
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in view of which (3.24) gives 

i ( - 1)"rcT"+~(~ + 27) (3.25) - x  n(nL)(1/2'r+t-1/2)(t)w(L)(1/2'-l/2)(t)dt = 2"- lfl[(fl  - 2~ ) ' c  2 - 26T + fi] " 

Also, from (3.18) we get 

( - 1 ) ' [ ( f l  - 2~)z2(1 - z 2" -2)  -- 26T(1 - z2,,) + fl(1 - z2m+2)] 
= ~ i 2 ~ ( - r )  = 

2"+ I/7T'+ 1,d/-r5- 1 

which, inserted into (3.23), yields 

(3.26) n(L)(1/2, - 1/2)( _ r) = ( - 1)"(2?zoO, + &,+l )  

2"+2flT"+2(r + 1 )x /~  - 1 

where o3, is given by (3.21). Combining (3.22), (3.25) and (3.26) we derive (3.20). 
We now compute ]l R(. - 1/2.1/2)I[ assuming that either (3.31) or (3.32) holds, or 

6 = 0. Let R(, -~/2'1/2)(-) be the error  functional corresponding to the weight 
function w(-1/2"1/2~(-t). Similarly as in the proof  of Theorem 3.4, we can 
show that l[R(-1/2"l/2)I[ = [IR(-1/2'l/2)(-)][. Since W(-1/2'l/2)(--t;O~,fl, 3)= 
w(1/2"-l/2)(t; ~ , f l , -  6), with a, fl, - 6  satisfying either (3.41) or (3.42), or 6 = 0, 
It Rtn -1/2"1/2~(-) It, and consequently ll Rtn - 1 / 2 ' I / 2 )  II, is given by (3.20), (3.21), with 
6 replaced by - 6. [] 

Remark 3. Similarly as in Remark 2, we can show that the right-hand side of (3.20) 
is positive. 

Remark 4. Let F = OC, = {z 6 ~ :  }zJ = r}, r > 1. I f f i s  a function holomorphic in 
Cr and continuous on Cr, then we can obtain a bound for the error  term of (1.1) of 
the form 

l(r) 
(3.27) 1R. ( f ) ]  < ~ - n  max 1K.+2(z)l max If(z)[ 

I z l = r  Izt=r 

(cf. (1.8) in [3]), where l(F) = 2nr is the length of F and 

(3.28) Kn+ z(z) = R n ( z ~ .  ) 

is known as the "kernel". If w satisfies (1.80 or (1.8d), Gautschi has shown in [3, Eqs. 
(2.1) and (2.4)] that 

1 
(3.29) max tK,+2(z) l = ~ max t KG,(L)(z)] , 

i z l = r  r - -  1 izl=r 

where KG, (L) is the "kernel" of the Gauss formula for the weight function w (L~. 
Moreover,  by (3.26) in [6], 

(3.30) max I K.G(L)(z)t = It R~ (L) I1 
i z l = r  r 



39O 

It is now immediate  from (3.29), (3.30) and (2.10) that  

I1 g .  II (3.31) max  tK,+2(z)[ - 
I z l = r  r 

Then (3.27) implies 

S.E. N o t a r i s  

(3.32) tRn(f)[  < ]l R, ]t max I f ( z ) / ,  
I z l = r  

and if f is ho lomorphic  in CR, 

(3.33) I R , ( f ) l ~ <  inf (llR, Ilmaxlf(z)l). 
1 <r<R [z[=r 

Therefore, the max I z i=r [K,  + 2 (z) f for the weight functions (1.9), (1.10), when either 
(1.80 or (1.8d) holds, has also been computed.  

Remark 5. We could not  compute  the no rm of the error  functional of the 
Gauss -Radau  quadra ture  formula  relative to the weight functions (1.9), (1.10), when 
either (1.81) or (1.8a) holds. The sign of the error  functional, when applied to the 
monomia l s  t k, k ~ No,  does not  seem to follow a pat tern like the one described by 
(2.4i)--(2.4d) or  (2.5i)-(2.5d), which is essential in the derivation of Theorem 2.1. 
Consider,  e.g., the weight function 

wg- '~) ( t )  = (1 + ~)2 
(1 - t2 )  - 1/2 

(1 + #)2  _ 4#t 2, 
- l < t < l ,  0 < [ / z l < l ,  

which is of  the form (1.9), with p given by (3.1), and ~ = 1, fl = 2/(1 + #), 6 = 0. 
Clearly, w~- 1/2) (t)/w~- 1/2) ( _ t) = 1 on ( - 1, 1) for all 0 < [/~ I < 1. If  R R is the error 
term of the Gauss -Radau  formula for w~-1/2), we have found numerically that  
when 0 < # < 1, the sign of RR,(t k) does not follow the same pat tern  for all k ~ No.  

4 .  E x a m p l e s  

All computa t ions  in this section were performed on a MicroVAX II  compute r  in 
quad  precision (machine precision approximate ly  33 decimal digits). 

Example 4.1 
1 (1 - -  t 2 )  - 1/2 COSt  

_ 6 ~ d t ,  
~1/~(/~ - 2~) t  2 + 2,~(/~ - ~)t  + ~2 + 

where ~, fl, 6 satisfy (3.2). 
The  integral can be approx imated  by the Gauss -Loba t to  formula  (1.1) for the 

weight function w (- 1/2), with p given by (3.1). Since (1.1) has degree of exactness 
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k Z2k 
d = 2n + 1, and  f(z) = cos z = ( - 1) ( ~ .  is entire, one  easily finds k=O 
I f  tt 

f r2n+ 2 (2n + 2)!' 1 < r < x/(2n + 3)(2n + 4), 

= r2"+2k+2 x/(2n + 2k + 1)(2n + 2k + 2) < r < x/(2n + 2k + 3)(2n + 2k + 4), 
(2n + 2k + 2)!' = 

k = l , 2  . . . . .  

Thus,  f e  X ~ ,  and  an e r ror  b o u n d  can be ob ta ined  f rom (1.7), with II Rt, - t/2)l} given 
by (3.5). 

Ano the r  er ror  b o u n d  can be found if I f [ r  is es t imated by max  I zl =r If(z) I (see [7, 
Fq. (4.2)]). Then  (1.7) takes the form 

tR~,-1/2)(f),< inf ( [ tRt -1 /2 ' l lmaxl f ( z ) . )  (4.1) l<r<~ \ , / I z I=r  
which is the same as the b o u n d  ob ta ined  by Gautsch i  (cf. 
cosz  = �89 iz + e-iz),  we find, for Izl = r, 

If(z)l  = �89176 i . . . .  0 + e~Sln0e-i . . . .  0] 

�89 rsi"0 -q- e -rsin~ = c o s h ( r s i n 0 )  , 

f rom which it follows that  

(3.33)). Us ing  

max  [ f ( z ) l  ~ c o s h r  . 

Since for 0 = rt/2, I f(z) l  = coshr ,  we finally get 

max  If(z)  t = c o s h r ,  
izl=r 

hence (4.1) becomes  

(4.2) [R~,-1/2)(f)[ < inf (lIRa, -1 /2 ) [ I cosh r ) .  
l < r < o o  

O u r  results are shown  in Table  1. (Numbers  in parentheses  indicate decimal  

exponents .)  W e  have chosen  two sets of  values for e, /3, 6. The first c~ = x/5,  

/ 3 = 3 + x / ~ ,  ~ =  - 1  satisfies (3.31), while the second ~ = 2 ,  / 3 = 2 + x / - 3 ,  

6 = 1 /x /~  satisfies (3.42). The inf imum for each b o u n d  was a t ta ined at the value of  
r given before that  bound.  In the last co lumn  we give the modu lus  of  the actual  
error.  The true value of  the integral  was c o m p u t e d  using the Gauss  formula  for the 
Chebyshev  weight  funct ion of the first kind. Whenever  the actual  er ror  is close to 
mach ine  precision, the actual  e r ror  could  be larger than  the er ror  bound .  In this 
case we enter  "m.p." (for mach ine  precision) in the last column.  

Example 4.2 
1 t 2 ( 1  _ tz)-l/2 f 
J1 (4 + t2)[fl(fl  - 2e)t z + 26(/3 - ct)t + ~z + 6z] 

where  c~, fl, 6 satisfy (3.2). 

dt ,  
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Table 1. Error bounds (1.7), (4.2) and actual error for Example 4.1 

c~ fl c5 n r Bound (1.7) r Bound (4.2) Error 

3 + , ~  --1 

2 2+,/3 

2 x ~  2.169(-5) 6.169 6.960(-5) 1.918(-5) 
5 ~ 4.899(-13) 12.079 2.160(-12) 4.582(-13) 

10 ~ 1.998(-28) 22.042 1.182(-27) 1.923(-28) 
15 ~ 8.267(-46) 32.028 5.883(-45) m.p. 
20 ~ 1.505(-64) 42.022 1.226(-63) m.p. 

2 ~ 4.236(-5) 6.162 1.357(-4) 3.771(-5) 
5 ~ 9.597(--13) 12.075 4.229(--12) 9.016(-13) 

10 ~ 3.921(-28) 22.039 2.319(-27) 3.785(-28) 
15 ~ 1.624(--45) 32.026 1.156(--44) m.p. 
20 ~ 2.958 ( - 64) 42.020 2.409 ( - 63) m.p. 

As in the previous example,  the integral can be approx imated  using the 
Gaus s -Loba t t o  formula (1.1) for the weight function w ~- 1/2), with p given by (3.1). 

Z 2 Z 2k 

T h i s  t ime f (z )  4 --~ z 2 ~ ( - 1)k- l is holomorphic  in C2, a n d  
- - - k =  1 

r2n+2 
[ f i r - 2 2 . +  2, 1 < r < 2 .  

Thus,  f e  X2 ,  and an error  bound can be obtained f rom (1.7), with I[ R~, - 1/2)tl given 
by (3.5). 

Moreover ,  for Iz l  = r ,  

If(z)] = 

f rom which it follows that  

/.2 

x/16 + r 4 + 8r2cos20 ' 

r 2 
max ]f(z)[ - 1 < r < 2 
Izl = ,  4 - -  r 2 '  " 

Hence, est imating I f  I, by maxtzl=,  If(z)l, we find another  error  bound  

(4.3) [Rtn-a/2)(f)[ <= inf (,[R~n-1/2)l, A r2~_.2). 
1<r<2 

Our  results are shown in Table  2. We have picked the same sets of values for e, 
fl, 6 as in Example  4. I. The  true value of the integral was again computed  using the 
Gauss  formula  for the Chebyshev weight function of the first kind. 

In  contras t  to the previous example,  bounds  (1.7) and (4.3) overest imate the 
actual  error  by a few orders  of magni tude  when n is large. This happens  because the 
infima in bo th  bounds  are at tained at  relatively small values of  r. It  is easy 
to see that  z ~ 0 as r --* oo, while z -~ I as r -~ 1. Consequently,  the magni tude of 
~2, + 2 / x / ~  _ 1 (cf. (3.5)), for n large, is substantial ly larger in the latter case than in 
the former, which accounts  for the contras t  between the two examples.  



The error  norm of Gauss -Loba t to  quadra ture  formulae 

Table 2. Error  bounds  (1.7), (4.3) and actual error  for Example 4.2 
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c~ /3 6 n r Bound (1.7) r Bound (4.3) Error  

x / 5  3 + x / 5  - 1  

2 2+.A 1/,A 

2 2.000 4.753 ( - 4) 1.736 4.357 ( - 3) 1.408 ( - 4) 
5 2.000 1.758 ( - 7) 1.861 3.252 ( - 6) 2.435 ( - 8) 

10 2.000 3 . 3 5 4 ( - 1 3 )  1.923 1 . 1 4 6 ( - 1 1 )  1 . 3 0 9 ( - 1 4 )  
15 2.000 6.399( - 19) 1.946 3.189( - 17) 7 . 0 3 6 ( - 2 1 )  
20 2.000 1.221 ( - 24) 1.959 8.000 ( - 23) 3.782 ( - 27) 

2 2.000 9.268 ( - 4) 1.737 8.536 ( - 3) 2.727 ( - 4) 
5 2.000 3.432 ( - 7) 1.861 6.365 ( - 6) 4.720 ( - 8) 

10 2.000 6.547 ( - 13) 1.923 2.239 ( - 11) 2.537 ( - 14) 
15 2.000 1.249( - 18) 1.947 6.231 ( - 17) 1.364( - 20) 
20 2.000 2.383 ( - 24) 1.959 1.563 ( - 22) 7.330 ( - 27) 
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