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Abstract. A difference set D inagroup G is called a skew Hadamard difference set (or an antisymmetric difference
set) if and only if G is the disjoint union of D, DY, and {1}, where DD = {d~' | d € D}. In this note, we
obtain an exponent bound for non-elementary abelian group G which admits a skew Hadamard difference set.
This improves the bound obtained previously by Johnsen, Camion and Mann.

1. Introduction

We assume that the reader is familiar with the theory of difference sets as can be found in
[3] and [5].

A difference set D in an abelian group G is called skew Hadamard if G is the disjoint
union of D, DY, and {1}. The definition gives:

v—1 v—3 v 1
1¢D, k=2,k=4,n=4
where v is the order of the group G, and  is the size of D.

If we employ the group ring notations, then in Z[G], we have
v+1 v-3
4 + 4

D+D"" = G-1

DDV = G

Applying any non-principal character x of G to the above two equations, one has

___2_@ %))

This is an important property of skew Hadamard abelian difference sets of which we will
make use later.

Skew Hadamard difference sets were studied by E. C. Johnsen [2], P. Camion and H. Mann
[1], and also by Jungnickel [4] in connection with A-ovals. The results of Johnsen, Camion
and Mann were summarized in [3] as follows:

x(D) =

THEOREM A Let D be a skew Hadamard difference set in an abelian group G. Then v
is a prime power p™ = 3(mod4), and the quadratic residues mod v are multipliers for
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D. Moreover, if G has exponent p® with s > 2,then any basis of G contains at least two
elements of order p*, and hence one has m > 2s + 1. In particular, if v = p* for a prime
p. then G is elementary abelian.

The only known examples of skew Hadamard difference sets are the Paley-Hadamard
difference sets formed by the (nonzero) quadratic residues in GF(gq), where g is a prime
power congruent to 3(mod 4) (see [7]). It is conjectured that there are no further examples.
The exponent bound in Theorem A can be viewed as evidence for this conjecture. In this
note, we obtain an exponent bound which improves the one in Theorem A. In particular, we
prove that if v = p°, for a prime p congruent to 3(mod 4), then G is elementary abelian.

2. Main Results

In this section, we first prove a result concerning subsets D in abelian p-groups with the
property that D + D™D = G — 1 and D0 = D for any nonzero quadratic residue ¢ of
(mod p), then we will use it to get a new exponent bound on skew Hadamard difference
sets.

LEMMA 2.1 Let G be an abelian p-group of order p™, where p is a prime, p = 3(mod 4),
m is a positive integer, and let D C G. Suppose that D + D™V = G — 1, D) = D for
any nonzero quadratic residue t (mod p). Then

(25l n
(1) There exists a non-principal character x of G such that x (D) # L%:—l(mod p[‘jzi]).

m-l —
(2) If m is odd, and for any non-principal character x of G, x(D) = M%"l(mod mel),
then D is a difference set in G.

Proof: Since D = D, for any nonzero quadratic residue ¢ (mod p), and note that
t is a quadratic residue mod p if and only if it is a quadratic residue mod p™, we have
g (x (D)) = x (D), where o, is the Galois automorphism &,» +— 51,1'"’ &pm is a primitive
p™-th root of unity, x is any non-principal character of G, by Galois theory, we have
x(D) € Z[w], where = (—1 4+ /—p)/2 and Z[w] is the integer ring of Q(,/—p) (see
[6]). Assume that x(D) = a, + byw,ay, by € Z. Since D+ D™V = G — 1, applying
X to this equation, we get x (D) + x(D"") = —1. Therefore 2a, + 1 = b, and hence
x(D) = (=1 + Qay + 1)/=p)/2.

If x(D) = (p'"F! = 1)/2(mod p™+D/2) for any non-principal character x of G, then
plm+D/2 | (2a, + 1). Let 2a, + 1 = pl" ey, where ¢, is a non-zero integer. We have

I+ pHHI2

=Dy
x(D)x (D7) = 1
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Calculating the coefficient of 1 in DD =" in two ways, one by Fourier inversion formula
(see [3]), the other by direct calculation, we have

mal
((P'" — 1) + PR P Y Ci)
4 4

pm__l
2 T p

1
om

Simplifying this equation,

me.m &l
pr(pn =1 =Py e
X#£Xo

But, this is impossible because 2["‘7“] + 1 > m + 1, we thus deduce a contradiction. This
finishes the proof of (1).
For the proof of (2), we simply let 2a, + 1 = me_ldX, then

14 pnd;

x(D)x (D) = 1

Similarly,by calculating the coefficient of 1in DD in two ways, we have

PIPT~ D =p" Y dy

X#Xo

This forces d2 = 1 for all x # xo. Hence x(D)x(D™") = I—Zﬂ, for all x # xo. By
Fourier inversion formula, D is a skew Hadamard difference set in G. This completes the
proof. |

LEMMA 2.2 Let G = Zpn X Zpn, where m, n are positive integers, p is a prime, p =
3(mod4), andlet D C G. If D+ D™V = G — 1, DY = D forany t, t = a’(mod p),
for some a, (a, p) = 1, then there is a non-principal character x of G such that x (D) #
P;—l(mod P).

Proof: Define ¢ : G — G viax = x?. It is easy to see that ¢ is a homomorphism and
K =Ker¢ =Z,xZ, LetDg=D—DNK. Then D’ = Dy forany t, 1 = a*(mod p),
for some a, (a, p) = 1. Noting that Dy has no element of order p, we have

DO = UX U1§i§p~].(%)=] xl (xp)’

where x runs through a complete set of representatives of the orbits of Dy under {t | t =
a’(mod p), for some a, (a, p) = 1}, and (xP) # {1}.

Since x ({x”)) = 0 if x is non-principal on (x?), and x ({x”)) = |{x”}| if x is principal
on (x”), we have x (Dg) = 0(mod p), for any non-principal character x of G. If for any
X F x0, x(D) = A”Z;l(mod p), then x(DNK) = f’—;—l(mod p), for any x # xo. But this
contradicts (1) of Lemma 2.1, therefore, there s a non-principal character y of G such that
x (D) # %;'(mod p). This completes the proof. |
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Now we are in the position to state the main theorem.

THEOREM 2.1 Let G be an abelian p-group for some prime p = 3(mod4), and let |G| =
p™, exp G = p°. If G admits a skew Hadamard difference set D, and s > 2, then s < ”‘T“.

Proof: By Theorem A, we can assume that G = G x Zp X Zps. By equation (1), if
X # Xo, then

~1+ . /=p7
m-1
- 4 22— 1 —|—p1"7_l_l :tza/—p

Let Dy = DN (Zp x Zp:), G =1{g1 =1, g2,..., &} Then
D=Dy+Dygr+ -+ Dig (2)

where D; C Zys X Zps, i = 1,2,...,1L

For each non-principal character x of Z p X Z s, we can extend it to G in/ ways, assume
the extensions are X;’ Xé7 . ..x,/, then {X,f lg i=12,...,1}= (G)*~.

Applying these characters to equation (2), one has

X(D) = x' (D) + X (DDx (82 + -+ x (DD x;(gn)
X(D) = X (D)) + x (D) xy(82) + -+ x (DD xa(gn)

XD = X' (D) +x (D) (g2) + -+ x (D) x (gD

Since ZL, xi(g)=0,j=2,3,...,1, we get
!
IG1x' (D) = Y_ x(D)
i=1

_ o Pt
= |G| 5

where 8 € Z[w]. Therefore

’ 2
Xy =E—"—+

Noting that |G'| = p™~%, one has

m-1
' p* —p 25— il pP— 1
DYy = ——m— 7 i

x (D) 5 tp >

By the definition of skew Hadamard difference set, and Theorem A, it is easy to see that D,
satisfies the hypotheses of Lemma 2.2, so by Lemma 2.2, there is a non-principal character
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x of Z, % Zys such that x (D) # E’zll(mod p), therefore 2s — ”‘T“ < 0,505 < ﬂ}l.
This completes the proof. u

COROLLARY 2.2 Ifan abelian group G admits a skew Hadamard difference set, and |G| =
P>, then G is elementary abelian.

The proof of this corollary is immediate from Theorem 2.1 by letting m == 5.

COROLLARY 2.3 If G is an abelian group which admits a skew Hadamard difference set,
and G is not elementary abelian, then p-rank(G) > 4.

This is an immediate consequence of Theorem 2.1.

In view of Theorem 2.1, the first open cases for testing whether an abelian p-group admits
a skew Hadamard difference set or not are: G = Z, X (Z,2)*, and G = (Z,)* x (Z,2)%.
These two cases seem to be more difficult than the case |G| = p°.
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