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§0. Introduction

In Sects. 302 and 304 of the Disquisitiones [5, 6], Gauss gives conjectures for
the average number of properly primitive classes of a given determinant. We
state these conjectures in the more modern form

Average h(D)~-_ - |D|* (D<0),

75(3)

Average h(D)loge,, zm D*  (D>0)

where h(D) is the narrow class number of the order of discriminant D con-

tained in the quadratic field Q(]/B); and for D>0, ¢, is the unit defined by ¢

=%(t+u]/ B), where ,u are the smallest positive integral solutions of 12— Du?
=4. Here, the average is taken over all D=0, 1(mod4) which are not perfect
squares. It is well known that D can always be expressed as D= D, m? where

Dy is the discriminant of the field Q(l/B) and in this case

D) =h(Do)m ] (1= 0, (V) if D<o,
h(D)logey = h(D)1ogenJm [1(1= 1o, p)p), if D>0.

Gauss’ conjecture for imaginary quadratic fields was first proved by Lip-
schitz [14] and subsequently improved upon by Mertens [15]. Vinogradov
[25-28] has the best result at present, namely

4z, 2

0<;)<xh(D)=21¢(3) X3 =g x+ 0T, 0.1)

Other interesting results have also been obtained by [2] and [23].
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Siegel [22] was the first to prove the Gauss conjecture for real quadratic
fields. He obtained the result
2
n
h(D)loge,,=———— x* + O(x log(x)).
o 25,1V 108 =gy X+ Oxlog)

This was further improved upon by Shintani [21] who showed

2

T
h(D)1 = x¥_
o . DY logey=ery X~

(1 —log2n —i—g (2)>
+ 200) x+0(x***). 0.2)

Let D=0,1(mod4) and not a perfect square. We consider the nonprincipal
real Dirichlet character , where

xlogx

D
Ypn)= (;) (Kronecker’s symbol mod|D|), 0.3)

and the Dirichlet L-function
L(s,yp)= Y ypmn==
n=1

In view of Dirichlet’s class number formula [13] the asymptotic formulae (0.1)
and (0.2) are equivalent to asymptotics for sums of the type

Y L,y 0.4)
O0<+D<x
It is curious that until very recently, no one has ever considered sums of type
(0.4) going over primitive characters or equivalently over fundamental discri-
minants.
The main purpose of this work is to consider the more general related
problem of obtaining asymptotic for sums of the type

Y Loy, (Re(p)z3) (0.5)

O<tm<x

where m is squarefree and y,, is the real primitive Dirichlet character defined
by

(%) m=1(mod4)
i (4_m) m=2,3(mod4) 00
n

where the symbols on the right are Kronecker symbols (modm), (mod4m)
respectively. Note that y,, is slightly different from the character defined in
(0.3). Moreover, {(p)L(p,y,,) is precisely the zeta function associated to the

quadratic field Q(ﬂ).
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In Goldfeld-Viola [8] conjectures for the asymptotics for sums of type (0.5)
(going over primitive characters) were formulated. Jutila [12] was the first to
prove the conjecture for (both real and imaginary) quadratic Dirichlet L-series.
He obtained the result

Y LG tm=cixlogx+c,x+0(x319)
O<tm<x
for certain constants ¢, and c,. It is clear that his method also works at a
general complex point p. Takhtadzjan and Vinogradov [24] gave asymptotics

for sums of the type
Y. Lpyy)  (Re(p)z3)

O0<-D<x

where the sum goes over all D=0,1(mod4) and not a perfect square, and with
¥, as in (0.3). They assert that their methods also apply to (0.5) with primitive
characters, but mention that in this case the error terms become less manage-
able.

We now state our main theorems:

Theorem (1). Let ¢>0 be fixed. Let y,, be defined as in (0.6). Then there exist
analytic functions c(p) and c’ﬂ‘_r(p) with Laurent expansions c(p)=c%/(p—%)+c’%
+0(p—73), ci(p)= —c flp—3)+ ¥, +0(p—3) such that

> Lo )

l<tm<x
msquarefree

c(p)x+0(x**9), if Re(p)z1
=] e(p)x+ct(p)xi o+ O(x"+), if p+3,1<Re(p)<1

c;xlogx+(ci+c¥; — %)x+0(x32 Y if p=1.

Here
c(p)=3(1-2729{2p) [[ (1 =p~2—p~ 2" +p 27D,
pF2
=35 [](0=2p~2+p?)
pE2
and
1 . —54y 193
~ 3 if RC(P)>'——17——
| 1943 Re(p) —6 Re(p)’ 1<R L —5+Y193
24+ 16 Re(p) if SSRe(p)s—p——

and all O-constants depend at most on p,¢.

Theorem (2). Let Re(p)=3. The Dirichlet series

Zo(pw)= Y L(p,xm)ml™

tm>1
msquarefree
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converges absolutely for Re(w)>1. It has a meromorphic continuation to the
half-plane Re(w)>% with simple poles at w=1, 3—p unless p=% when it has a
double pole at w=1. For p+3%, the residues at w=1, 3—p are c(p) and c*(p).
Finally, for $<Re(w)<1 and ¢>0, we have the growth estimate

Z(p,w)<[Im(w)|' ~Re 2 [Im(w)|— o0

Where the < constant depends at most on p,&.

Remarks. For technical reasons, we have only computed c* (p) for the modified
sum Y L,(p,%,,) where

l<tm<x
LZ(pv Xm)z(l —Xm(z)zfﬂ)l‘(p’ Xm)’

is the L-series with 2-factor removed. In this case, c%(p) is given in (4.15),
(4.16).

Theorem (1) is an average over fundamental discriminants whereas the
previous results (0.1) and (0.2) go over all discriminants.

The leading terms in Theorem (1), namely c(p)x and ¢, xlogx are the same
for both positive and negative discriminants. This is in contradistinction to
Gauss’ original conjecture.

By use of the Rankin-Selberg method [17, 18] it is possible to obtain a
version of Theorem (1) for the squares |L(p, ). It does not appear as if these
methods can improve Theorem (1).

The first theorem is not a consequence of the second. Although the main
terms in the asymptotic formula given in Theorem (1) can be derived from
Theorem (2), it is not possible to obtain the same error terms.

In some sense, the exponent of  in the error term of Theorem (1), for the
range -
~5+1/193

~0.74
12

Re(p) >

is best possible without knowledge approaching a generalized Riemann hy-
pothesis. This is related to the fact that [29, 16]

6 —clio x% 0glog X, »: .,
Y  l=—x+0(xte (oexpllogloe ™™y (ynconditionally),
0<m<x n
msquarefree
1_ 6 0 ;E-FE : R H
Y =X+ (") (assuming R.H.).

O<m<x
m squarefree

We conjecture that L should be the correct exponent (for all p, Re(p)=%)
for the error term in Theorem (1).

The proofs of Theorems (1) and (2) make use of the theory of Eisenstein
series of metaplectic type. These Eisenstein series have the interesting property
that their Fourier coefficients involve quadratic twists of the zeta function. It is
clear (see [7]) that our methods can be generalized to obtain mean value
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theorems for quadratic twists of any fixed Hecke L-function with
grossencharakter of any fixed number field. At present, however, we cannot
obtain mean value theorems for quadratic twists of an arbitrary L-function
associated to an automorphic form. We have also been unable to obtain mean
value theorems for twists by cubic and higher order characters as conjectured
in [9]. These appear to be difficult problems and their solutions may ui-
timately involve the analytic number theory of GL(n).

§ 1. Eisenstein series on [,(4)

| AN .
Let I,(4) denote the group of matrices C d) with integer coefficients, de-

terminant one, and ¢=0(mod4). This group has three inequivalent cusps at 0,

1, ico. Let
1 m
F =
o {(0 1) mel}
be the stabilizer of ico.

For y= ((cl Z) el,(4), we define

j,(2)= (2) e (cz+dy}

where

d_{l d=1(mod4) (d>0)

i d=3(mod4),
(2) is the Legendre symbol, and (cz+d)? is chosen so that |arg(cz+d)?| <g. If

d <0, then j (z) is defined by the relation j (z)=j _,(2).
It is well known [19] that j (z) is a multiplier system of weight 1 for I'y(4).
This is equivalent to the fact that j (z) satisfies the cocycle relation

I @D=i,0'2jif2) 7. v'el(4)

b) az+b
, Yz =—.
a) " T czvd

Let k be any odd rational integer. We now construct the Eisenstein series of
weight k/2 for the group I,(4). For z=x+iy; y>0, xeR, and Im(z)=y we
define the Eisenstein series at the cusp ico to be

E (zs,k)= Y  (Imyzfj(z)~ (1.1)

vl \l0(4)

where for y= (a
¢

k
It is easily shown that (1.1) converges absolutely and uniformly if Re(s)>1 7

Since k will usually be fixed, we will frequently suppress it in the notation and
simply denote (1.1) by E_(z, ).
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There are two additional Eisenstein series at the cusps 0,%. These are
defined as follows

Eo(z,5,k)y=2z"Y2E_(—1/(4z),s,k) (1.2)
E,(z,5,k)=Q2z+1) M Ey(z/(2z+1),5,k)
and satisfy the automorphic relations
Efyz,5)=j,(2)E(z,5) (c=0,3,0)
Eo(—1/(42),5)=4z)"?i"*E_(z,s)
E,(z+%,9=2"2Qz+1) " *?E _(2/(2z+1),5)
E,(z,5)=i""E(z+1,5).

For our future purposes, we require a more explicit description of the
Eisenstein series defined in (1.1) and (1.2). Accordingly, let us put

m 2niaim
(-2

n a(modn)

where m,neZ, n+0. This Gauss sum was studied by Hecke over arbitrary
number fields, and he proved [11] a general reciprocity law for it. For our

purposes, it is useful to consider a normalized version of g [—}; namely
n

6 (2)=¢ (2)/[¢ )]

The value of G (n) depends only on the congruence class of m(modn) and

satisfies
L

A deeper result is Hecke’s reciprocity law

where

Sgn(“)z{—l a <.

Here m,n are any pair of integers, not necessarily relatively prime.

The propositions of this section describe certain properties of the Eisenstein
series (1.1) and (1.2). As the techniques by which these results are obtained are
well known we omit the proofs and refer the reader to [20].
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Proposition (1.1). For Re(s)>1—k/4, the following representations hold:

—d\k
Gl——
wik (4C)

Eoo zZ,8)= s+eT S ’
=y g (d,zzc;=1 |4cz+d|**(4cz+d)*
c>0

__U k
Eo(z5)=(y/4 ¥ ( u )8"

(u,2v)=1 |U+uz[25(u+uz)k/2’
u>0

d—2c\¢
zik G( 8d )

E, (z,5)=(y/4)e 4 ;
%( ) (y/ ) € (4,2205:1 |dz+cl25(dz+c)k/2
d>0

We now give the Fourier expansions for E (z,5), Ey(z,5) and E,(z,s). These
expansions are given in the following three propositions.

Proposition (1.2). We have

0

Ey(z,5k)= Y. a,ls,y,k)e* =

m= — o0

where

[ i (e, 8(—m, p")

s =01y T1[ T 2 E | Koo

p+2

In the above

gmn)= (g)e@

3 —2nimx

e
Km(s’ Vs k): —jw (xz + y2)s(x + iy)k/Z dx.

Corollary (1.3). We have

k Yy {4s+k=2) (1—2-%s-k+2)
ao(S,y, )_E C(4S+k-—1) (1-—-2—48—k+1)

KO(Sa Vs k)

and for m not divisible by an odd square

k—1
PR k—1
ysL(”* 2 ’X'") (1—1a(22 7" 7)

am(sayak)=E C(4S+k'—1) (1_2—4s—k+1) Km(snyak)

where y,, is the real primitive Dirichlet character associated to the quadratic field
Q(l/,ukm), where ‘uk:(_l)(kq)/z’
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Proposition (1.4). We have

E_(z,s)= ) b,ls,y,k)ye*™m=

where ==
wik
bo(s, ¥, k)=y*+e 4 4cy(s,k)ay(s, v, k)
Cols, k) =Yg (k)2 45K+ H(1 —2—4s—k+2)-1
and for m+0

bou(ss y, k)= (1 + )4 c,,(s, k) a,n(s, y, k)
where for m=0(mod4)

P (—1)%=D2m =% 1(mod4)
Cm(s, )= 2_4s—k+‘//8(m)2—6s—(3k/2)+(3/2) (_1)(k—1)/2m51(m0d4)

and for m=4'm,, m,=%=0(mod4)
(1 __2—t(4s+k—2))

Cls, k)=27%"F (12— @s+i-ny

—t4s+k—-2)
+27EsTE=De (s, k).

Here, o denotes the real primitive Dirichlet character (mod 8).

Proposition (1.5). We have

E,4zs,k)= Y d,(syke*rm=+H

where o
(1 —i%a,(s,y, k)27 27 %% m(—1)*"Y2=1(mod8)

dm(57 ¥ k): [_(1 —ik)am(s5 Vs k)z‘ls—k+% m( - 1)(k_1)/2 = S(mOd 8)
0 otherwise.

Before giving the functional equations satisfied by the Mellin transforms of
Eisenstein series on I)(4) it is first of all necessary to obtain the transformation
laws of the Eisenstein series at the cusps.

1 0 -1
Proposition (1.6). Let «, ,= (0 ul/r), T,= (4r2 0 ) where reZ* and (u,r)=1.

Then for r=1(mod?2) and a chosen so that —4ua=1(modr) we have

EO(du,rTrZ7 S) =(4rz)k/2(i8r)_k (g) Ew(aa,rz’ S)

and

ur*r

E (o, ,7,2,8)=(rz)"?e * (g) Ey(a,,,2,5).

Proposition (1.7). Let 1, and «,, be as in Proposition (1.6). For a chosen so that
au= —1(mod4r)

4rz\K2 a\\ k
EO(au,‘l-rTZrZ’ S)= (T) (G (I;)) EO(aa,4rZ’s)‘



Eisenstein series of 1-integral weight 193

Proposition (1.8). Let 7,, a, , be as in Proposition (1.6). Then for r=1(mod2) and
a chosen so that au= —1(mod2r) we have

2 k/2 _ k
EO((xu 2,2 S) (?) (G (8_:1)> E%(aa,Zrzﬂ S)

2 k/2 _ —k
Byt 59= () (6(5)) Eoa a2

1

and

We now introduce the Mellin transforms of Eisenstein series on I'y(4). Let

el )

®,(w,afr;s, k)= | (E(a,,iy,5,k)—bo(s,y, k) y* 1 dy,
0

as before. Then we define

b (w,afr;s, k)= j( (%, 1,8, k) —ay(s,y, k) y*~ 1dy,
0

@, (w,afr;s, k)= j (0, iy, 8, k)y*~*dy.

Since we are subtracting the constant term from the Eisenstein series it is
clear that the above three integrals converge absolutely for Re(w) sufficiently
large.

The following propositions give the functional equations and locate the
poles of the Mellin transforms of our Eisenstein series.

Proposition (1.9). Let r=1(mod?2) and let a,u be chosen so that —4aqu=1(modr).

Then
u a k a
¢0 (W’S;_’k):/lw (W’_,k) Qoo (__W’S;#’k)
r r 2 r

A, (w, g k) = (@nNED=2W( )2 gk (9)
r r

where

k
Moreover @, ( w, ,E, k) is holomorphic except for simple poles at w:s+§,
r

k
1—s, s+§—1, with corresponding residues equal to A (S+§’ %, k),
¢\(s, k) A, (1 -5, k), (5, )Y (k) ()72 225 K= 3 (1 — 245K+ 2) ywhere

We(k)i**{(4s+k—2)K,(s,1,k)

1( k) 24s+k éC(4S+k 1)( 2‘4s—k+1)'
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Proposition (1.10). Let a,u be chosen so that au= —1(mod 4r). Then

u a k a
(DO (W,S,E,k) ——AO (W’Z_r’ k) @0 (E—W,S,E, k)

a a\k
oo k) =22 (2]

where

4r

u
Moreover, @, (w,r;s, k) is holomorphic except for simple poles at w=1—s, s
r

k
+§—1. The residue at w=1—s is A, (1—s,f;,k)cz(s,k)i,’(4s+k—1)‘1 where

¢,(s, k) is given by
Co(s, kY=g (k)i~*2 224+ k=2 f(4a+ k—1)(1 —2"**"**2)¢, (a, k).

Proposition (1.11). Let r be odd and au= — 1(mod2r). Then

u a k a
D, (w,s,—z—;,k) =4, (W,Z,k) D, (E_W’S’E;’k)

a —a\k
A —k/2) - 2w (kj2)— 2w ( )
3 (W’2r’k) 2 r G 3

where

u
Moreover, @, (w,s; 2—,k) is holomorphic except for a simple pole at
r

=s+-—1.
w S+2

§2. Whittaker functions

We now investigate the Whittaker functions K,(s, y, k) occurring in the Fourier
expansions of the }-integral weight Eisenstein series we have been considering.
It will be shown that the Mellin transform of K, (s, y,k) is essentially a hyper-
geometric function.

k
Proposition (2.1). For Re(w)>Re(s)+5— L, m=+0
nik ( k)
< was_ e 4 Fi(w,s,
(j)Km(s,y,k)y " 1dy=22w—k/2nw—s—k/2imlw+1—s—k/2

where
1
F(w+s,w—s+1—§,w+1—§;§>
? X m>0(+)
Fi(w,s,k)=1"(w——s+1—§>l“(w+s) -
F(w+s,w—s+1~—k,w+1;1)
2 2
m<0(—)
rs)r(w+1)
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and
I'(¢) E IT'a+n)I'(b+n)

I'(a@)I'(b) ngo T'c+n)n!

n

F(a,b,c;2)=

is the Gaussian hypergeometric function.
Proof. An easy consequence of the relations given in [1, 15].

It will be convenient, at this point, to change notation and let
p=2s5+k—1)/2,

w=s+k/2+0.
We now define
_ p 1 k p 1 k)
G (p,8)=F, (2+4+4+5,2+4 1
1 k 1k @1
—F (Pi2 K . sP 2K
G_k(p,é)—F_(2+4+4+5,2+4 4).

It is clear that there is no ambiguity in this definition since it is easily checked
that

Gk(p7 5)= G—(—k)(p’ 6)
Proposition (2.2). Let G,(p,0) be defined as in (2.1). Then for p fixed, |0| large

1
sratatr (—" +1+5+5) .
1+o(_))
( H

27474

r(p+1+k>
27373

Gylp,0)=

where the O-symbol depends at most on p and k.
Proof. Using the transformation ([1], 15, 3.6)
_TI(eI(c—a-b)
"T(c—a)l(c—b)
(1=zF " *r)r{a+b—c
I(a)I'(b)

F(a,b,c; 2) F(a,b,a+b—c+1;1—2)

F(c—a,c—b,c—a—b+1;1-2),

valid for |arg(1 —z)| <, and applying this to (2.1), we see that

5 p k 1 P k)
r(grosag)r(-g-0-5-

Glp,d)= p(£+l+l‘.)p(§_8_5) ~(p,9)
2 4 4 4 2 4
1 o4l 4k 1 k
2—+6+»+~—I«(£ I & 5)
SRR P2kl k3 p kD) oy
4 2 4472 44 2 4

F(p+1+k)
27373
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For large |d], the function F in (3.11) is 1+ 0 <| 51) and the proposition follows

by substituting (2.2), with k replaced by —k, for G_,{p,d) in (2.2), and solving
the resulting expression for G,(p,9). Q.E.D.

Proposition (2.3). Let
Di(p,0)=G(p, 0)G_;_ 4(p,0) — Gy, 4lp, 0) G _,(p, J).
Then for fixed p,k and |6|— o0, we have

p 5 k ( i k
(6+2+4+4> 5+2+4 Z)

S
F(2+4+4)F 2747

Dy(p, 8)~ 224+

Furthermore, if p,6 are fixed there exist infinitely many integers k=1(mod4)
and also infinitely many k=3(mod4) such that D,(p,8)+0.

Proof. The first part of the proposition easily follows from the asymptotics
given in Proposition (2.2).
For the second part, we combine (2.1) and Proposition (2.1) to get

5 1
F(p+ +51+6’2) 4+4+5-2)
Gik(p,5)=F(1+5)F(p+—+5> . (23)
2 r(f’+1+5)r(f’ > "+5)
273%3) 2732

k
p F-+0¢Z it is easily seen that

Now, for p,d fixed and k— 4 o0, 5+Z i

1
(,0+~+5)(1+5)
1
F(p+ +0,1+6,5+ 2 §+5-1)=1+1 2 +0(—).

2 2 0 5k K2
5
(2+4 4+)

Then by Stirling’s formula, one checks that for infinitely many k the two terms
in the definition of D,(p,d) do not cancel. Q.E.D.

k 1 k
F(S+§~§)F(2S+‘i—l)

T2s+k—1)Is)

Proposition (2.4). We have

—nik

0(5 y,k) y1 25— k/22k/2l/ne )

Proof. See [20].

§3. Growth estimates

Recalling the Fourier expansion given in Proposition (1.2), namely

o0

EO(Z9Sa k)= Z am(ssy’ k)eznimx

m=—c
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we now define A,,(p, k) by the relation
an(S, ¥, k) =(y/4) A,,(p, k) K, (5, ¥, k) 3.1)

k-1
=254+
I s+ 5

where

In view of Proposition (1.2) we also have
& (ep) g(=m,p)
Ao, k)= [] (Z T )
p+2 M—o0 14

When m is squarefree it follows from Corollary (1.3) that

Lo, 1) (1 = xm(2)277)
{2p)1—272%%)

A, (p. k)= (3.2)

where y,, is the real primitive Dirichlet character associated to Q(]/ w,m), where
w,=(—1)*"Y2 Note that this field is either real or imaginary according to
whether p,m is positive or negative.

Now, for Re(p)=1 and Re(8) >0, we define the zeta function

Zi(pvéar’k)z Z Am(p!k)|m|\176' (33)

tm>0
m= 0(modr)

The series on the right side of (3.3) converges absolutely for Re(d)>0. This
is easily verified because the Rankin-Selberg zeta function

2 Ao R m| ==

m+0

has its first pole at 6=0.
The function A4,,(p, k) satisfies

An(p,k)=A,(p,kE4)=A_,(p,k+2).
Therefore Z . (p, 3, r, k) satisfies
Zi(ps 53 r, k)zzi(p’ 5’ rski4)=Z$(ps 5,T,k+2)-

For simplicity we shall henceforth assume that k=(1 mod4).

The main purpose of this section will be to shown that for fixed p,k the
zeta function in (3.3) has a meromorphic continuation to the entire complex o-
plane and satisfies certain growth estimates uniformly in 6 and r.

Proposition (3.1). Let m be squarefree. Then for Re(p)=1, Re(w) sufficiently

large, we have

{W)lw+2p—1)(1=2"7—2¢+1
Lip+w, 4 (1 = 7,(2)27°77)

Z Amnz(pv k)n—w= Am(p’ k)
n=1

where ., is the real primitive Dirichlet character associated to Q(]/ wm).

Proof. See [20].
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Proposition (3.2). Let m=myn* where m, is squarefree. Then for Re(p)=1
|Am0nl(p’ k)l é |Am0(p’ k)l O-(n)zww)

where w(n) is the number of distinct prime divisors of n and o(n) is the number of
divisors of n.

Proof. Equating coefficients in the Dirichlet series occurring in Proposi-
tion (3.1), we have

A0 K)=A,0(0.0) 3 Ay 2Py, (d3) pulds)d5”

didadz=n
(2,d2d3)=1

where p is the Mobius function. The proposition then follows immediately.

Proposition (3.3). The function {(2p)Z .(p,d,r, k) defined in (3.3) has for fixed p
with Re(p)=1 a meromorphic continuation to the whole complex 6-plane. More-
over, it has simple poles at 5=0,5—p, —1.
Proof. For Re(d)>0, the series on the right hand side of (3.3) converges
absolutely and defines a holomorphic function. It is, therefore, now necessary
to consider the case when Re(4)<0.

We recall the Mellin transform

@, (w,s;g,k) = [ [Eq(a,,iy;s.k)—aqs, v, k)1y" =" dy.
4]
In order to simplify notation, we set
. .‘_’) (Plk(spklek)
% (p"s’r’k P\ttt T ey
for ¢=0, 00,1.

Now, using Propositions (1.2), (2.1) together with (2.1) and (3.1) it follows
that

a R
@5 (0,0:5,K) =P, DG, 0) T Aylp. ke merlm] 1~

m>0

+G_ip,0) 3. Anlp,K)e*™ ™ im|~1=7] (3.4)

m<0

where
(p 5):i~k/2n~62k/2—2p—25-1
R .

We now define

dolp.6:rk)=r" Y &3 (p,a, ",k) (3.5)

a(modr)
and summing (3.4) we obtain

¢0(p5 55 r; k) = Ck(p9 5) [Gk(pa 5)Z+ (p’ 5) ra k) + G7 k(p’ 5)2_ (P: 5> r, k)] (36)
Substituting k and k+4 into (3.6) we can then solve for Z, (p,d,r, k) to get

Z,(p, 6,7, k)= +D,(p, 5)_1 Loo(p, ;1. k)G T(k+ 4)(p, S)cil(p, 0)~ !
—do(p, 651,k + 4G5, (p,0)cy, 4(p,0) 7], (3.7)
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where
Dy(p,0)=G(p,0)G _, _4(p,0)— G, 4lps 0)G _,(p,0)

is the discriminant.

The representation (3.7) gives the meromorphic continuation of Z_(p,d,r,k)
to the whole complex §-plane. The only possible singularities are the zeros of
D.(p, ) and the poles of ¢,(p,d;r, k). By Proposition (1.9) and (3.5) we see that
¢o(p,0;r, k) has three simple poles at =0,1—p, —1. Now, since

Z.(p,o;1r,k)y=2Z,(p,0;r,k+4)

it follows that for & fixed and +0, $—p, —1 and & a singularity of
Z,(p,d,r,k,) then D,(p,0)=0 for k=k,(mod4). By Proposition (2.3) this is
impossible. Q.E.D.

Proposition (3.4). Let ¢>0, Re(p)=1 be fixed. Let r>0 be squarefree. Let =0
+it satisfy |8]>¢, |0 —3+p|>¢ |6+ 1|>¢ and —Re(p)—1—e=<o<e. Then there
exists a positive function h(r) (independent of t, 6) such that

1Z.4(p, 8,7 K)| <r =202 21|~ o 42 r)

where the < constant depends at most on p, o, k, &. Moreover, the function h(r)
satisfies the condition

Y h(r)r-1-c<l
1

where the above <-symbol depends at most on e.

Proof. For ¢>0, it follows from (3.3) that

1Z 1+ (p,e+it,r? k)| <r= 2 2 hy(r)
where
h(r)=3 1A, )] [m| =" 5.
m+0
Let m=m0n2 where m, is squarefree. Then by Proposition (3.2)
lAmrl(ps k)l é IAmo(,D, k)] G(n r)2w‘"')
<|A,, (p, k)| (nr)"?

since o(n)<n®* and 2™ <n®*, Consequently

c hr &
Z 11-(I—8)< Z z Z IAmO(P,k)l'|nr|£/2~|m0n2r ~l-z
r=t T r=1 mo n*0
< Y A0 k) mgl
mgsq. free
<l (3.8)

This proves the proposition when o=¢.
In order to estimate the growth of Z,(p,d,r* k) when Re(d)<e we shall
apply the functional equations of section (1) to the Mellin transforms of the
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appropriate Eisenstein series. This will give growth estimates when Re(d)=
—Re(p)—3—¢. The standard Phragmen-Lindelof principle will then be applied
to give bounds within the critical strip.
Now, choose
d=—p—3—ce—it

where p, ¢ satisfy the conditions in the statement of the proposition.
For r odd, we rewrite (3.5) as

bol0,0,r7 ) =r2Y Y &% (p,(s;f,k). (39)
d|r? t;(mod‘d) d
By the functional equation given in Proposition (1.9) it follows that for
p 1 k
w="=— d
s+atzt
o) oo e
P (p,é,d,k A, 3 W’d’k ¥ p,s—Ht,d,k (3.10)
where
—4au=1(modd)
and

a wa i [
A, (w, - k) =Q2d)}2 -2 (=20 ek (2)
Now, by Proposition (1.4), we have, for ¢’ =g+t

0% (pot it 5, k) =2 42121+ ), )

k1 .
Am(p,k)c" (B—*_Q__ k) elmma/d

2 44
G.(p, o
k(p’ ),,;;O Imll+5
k1 ‘
Am(p, k)cm (%—Z+Z’ k) e21tlma/d
+G_y(p.5) % ier e
m<0

It is easily seen by Proposition (1.4) that

k1
——— 1 .
(2 ity k)< oglm|
So if we substitute (3.11) into (3.10) and sum over u(modd), (u,d)=1 on the left

(which is the same as summing over a(modd), (a,d)=1 on the right side of
(3.11)), we obtain

Y o (p,é,d )<[G (poe+it) T 14,(p, bl Iglm, d)ljm| =2 =2

u(mod d) m>0
{n,d)=1

+G_(p.e+it) Y |A,(p, k)l |g(m, d)||m| =1~ c2]de+3+20 (3.12)

m<0
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where the <-constant is independent of d,¢, and
—_ E 2riam/d
g(mv d)— Z €
a{mod d)
is the imprimitive Gauss sum which satisfies the bound
0 rAm
lgm,d)| =4 | (m ) (3.13)
i \— 1 r\m

2
where d=r,r; and (r;,r,)=1.
Now, by Proposition (2.2) it follows that for [t] sufficiently large

+8+it). (3.14)

R

1
Gik(p,s+it)<r( +4t

IR

Combining (3.9), (3.12), (3.13) and (3.14) we obtain

1 |k
Golp, 6,12, k) <r2r=t=4ep (g+z+%+8+it) h,(r) (3.15)

where
ho(r)= Y P72y 2071 N A, (o, k) () | =192 (3.16)
n*¥0

rirara=r

In order to estimate the right side of (3.7) we use (3.14), Proposition (2.3)
and Stirling’s formula

Itla‘%e‘("/z)ltl<F(a+it)<|t|"*%e_("/2)|’|, (t]— o0)
in conjunction with (3.15) to obtain, for k>0, the bounds

4)0(,0’ 55 r2, k)G—k~4(p’ 5)
Dk(pa 5)

bolps 5,r21,)k(:‘:3))G_k(P, %) Qrie-lvde|pprli2+2ep ()
\Ps

This can be put into (3.7) to yield

<r2p41+4slt|p—3/2+ 2£h2(r),

Z (p, —p—L—e—it,r2 kygro=1+4e|fo+ 24 2ep (r), (3.17)

Since Z, depends only on the congruence class of k(mod4) the bound (3.17)
must hold for all k. In an identical manner, it is also easily shown that

Z _(p,—p—5—e—it,rt k) <r?r 1T ppr it 25 h (),
Finally, to summarize, we have obtained the growth estimates
Z  (p,e+it,r* k)<r= 22 h(r)

Zy(p,—p—5—e—it,r? k)Pt Fdepprit2ep(y) (3.13)
where
h(r) <hy(r)+ hy(r).
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By the Phragmen-Lindelof principle [10] if follows from (3.18) that
Z, (p,o+it,rr kygr= 2022 moF e p(r)

which gives the first part of the proposition.
To prove the second part of the proposition it is enough to show (in view
of (3.8)) that o
Y hy(r)riTe<l. (3.19)

This is easily proved by substituting (3.16) into the left side of (3.19) and noting
that

. . _ . Z |A4,,,(p,k)l(n,1y)
Zh(r)r1 <Zr"”2r“’“ ) ZWZ“

ry=1 ra3=1 n+0 ra=1
|4,,(p, k)| (n,7)
<Y Z e
n*0 r=

Ly oy ueidd) (5:20)

m*0 didz=m ]!+
Writing m=mgn® with m, squarefree it is clear that (d,,d,)|n. Hence
(dy,dy)ym=t =2 <mgt—e2p=1 -2 (3.21)

Since Y 1<m, it follows from (3.20), (3.21) and Proposition (3.2) that
dida=m
(3.19) holds. This completes the proof of Proposition (3.3) in the case that r is

odd.
When r is even, the proof is similar to the above, with Propositions (1.10)
and (1.11) used in place of (1.9). We omit the details.

§ 4. Proof of main theorems

It was shown in Proposition (3.3) that for Re(p)=%, the function
{2p)Z .(p,d,7* k) has a meromorphic continuation to the whole complex 6-
plane whose only singularities, for p#3, are simple poles at §=0,3—p, —1.
For p=1, it has a double pole at §=0 and a simple pole at §= —1.

We now give the residues at 0 and 1 —p. The residue at —1 is <1 and is
independent of r.

Propesition (4.1). For r>0 and squarefree, Re(p)=4, p+1, let R (p,a,r*k)
denote the residue of {(20)Z ,(p,5,r* k) at §=a. We have

(2pyr=2)d ?"1¢@d*)  (r2)=
R.(p,0,r%, k)= <
OO ot S a gy r=2n,
dlro
2+igd=rp=2% 420 3@ hy(p, i —p, k) (r,2)=1
dir
23t 2N @20 3P hi (k-0 k) r=2r,,

diro

Ri(p’%_p’rz’k)z
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where
hi(p,5—p,K)= 1Dy (p,5—p)  [c(0. )G 3y 4(0, 5 — )~ o, k+4) G 4 (0. 3~ p)],

and
k 1
2y (2o —1)K (g 7+ 4,1,k)

c(p,k)= 22p+%(1_2 29)

Proposition (4.2). For r>0 and squarefree and p=% let R, (r* k), R, (r*k)
denote the coefficients of 6~ and §°' of the Laurent expansion of
{2p)Z L(p,d,r% k) about 6=0. We have

LY d 29y (r2)=1
2 5y dir
R T SR YC S Y

dlrg
and
-2 2 2y 2p-2 2 2 (r,2)=1
e (kyr=2Y d=2¢(d?) —2r"2 Y. d~2(logd) $(d?)
R/+ (7'2, k) dir dir
) (ce(k)—log2r=2 Y d=2¢(d*)—=2r 2 Y d~*(logd)p(d?), r=2r
dlro dirg
where c . (k) is given by
1 1 1gf (1\ 183, (1)
= —-1 "‘*1 —_ T2 ) —— = - .
cy(k)=y+5logn—-log2— 2 g7, (2) 262, ) @.1)

with
gEp)=£Dup. 3 =) Gy, 0(0s3—P)— Gl 5— )]
gZik(p)= ka(psl_p)_l[Gjr'(k+4)(p’%_p)bk—G$k(pa%_p)bk+4]’

T (1)__' (%%) '% (%%) +4%(0)—1010g2.

Proof of Propositions (4.1) and (4.2). Recall from (3.10) that the residues of Z,
can be obtained from the residues of ¢,. These in turn are given in terms of
the residues of @,, which are described in Propositions (1.9), (1.10) and (1.11).
The proposition then follows after a long but routine calculation.

We now give the proofs for Theorems (1) and (2) of the introduction.
Firstly, asymptotics are obtained for sums of type

Y Alp 1)

O<tm<x
m= 0(modr2)

by use of the analytic properties of the function Z.(p,d,r% 1) as given in
section (3). The reduction to sums over squarefree m

Y A

O<tm<x
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is a consequence of the simple linear sieve

2 AueD)= 3 A1) Y ou)

O<tm<x O<tm<x r2|lm
msquarefree

where u(r) is the Mobius function. We, of course, use the fact that for m
squarefree, 4,,(p, 1) is essentially a Dirichlet L-series.

Proposition (4.3). Let p=p+it+3 with B=3. Let £>0 be fixed. Then for x=r?
with r squarefree

{2p) Y Ao, D)=R (00,7, )x+R (p,5—p,r}, )x**
=0 (modrd) + O((x/r)E®+ 5 X h(r))
where R, (p,a,r*,1) is given in Proposition (4.1) and h(r) is given in Proposi-
tion (3.4). Moreover,

_JB+) TG+ B—3)  d=psL
g(ﬁ)_{(ﬂ'f'%);l B>1.

The function g(P) is monotonically decreasing with g(3)=33 and g(o)=1% with «

—5+71/193

Proposition (4.4). Let £¢>0 be fixed. Then for x 2r? with r squarefree, we have

im{2p) Y Ao, )=R. (% Dxlogx+ (R, (>, 1)-R (r* 1)x
3% O<tm<x
m=0(modr?)

+ 0((x/r2)%“x€h(r))

where R, (r*,1) and R'.(r*,1) are given in Proposition (4.2) and h(r) is given in
Proposition (3.4).

Proof. We now prove Propositions (4.3) and (4.4). Let, for ¢>0 and 1 £ T <x/r?

146

=L [cenZ.p0r2 ) do

2mi 5 146

where # is the rectangle with corners ¢+iT and —p—3—e+iT, f=Re(p),
traversed in a counter clockwise direction. By Cauchy’s theorem, I can be
computed by summing the residues of Z,. It then follows from Propositions
(4.1) and (4.2) that

ch(pa(),rza 1)x+Ri(p’%—pa rZ, 1)x%ﬁp’

p
—{Ri(rz, )xlogx+ (R, (r% 1)~ R, (P2 1)x, p=%. “2)

On the other hand, the contribution to I from each of the sides of # can be
computed in a manner similar to [4], p. 104. Using the estimates of Pro-
positions (3.4) and (3.2) together with Burgess’ estimate [3], L(p, x,,) <|mPP®**,
B(p)=%(1 —Rep), and setting
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x \(3+B(p)+Re(p))/(3+ Re(p))
r

the propositions follow.

Proof of Theorems (1) and (2). Recall that

(2p) Y AupD= X u) Y 2p)A.p. 1)

O<+tm<x r<yx O<tm<x
msquarefree m= 0(modr2?)

By Proposition (4.1) (i.e. p#3)

205

(2p) Y Aup,D= Y p)[R.(p,0,r", )x+R(p,3—p.r* x* 7]

O<tm<x r<yx

msquarefree x 2B +e
+O( Y [(‘E) x%(r)]).
r<Vx r

x \&B)+¢ hir ,
o e s B
reyx VW revx b

If g()<7 then

by Proposition (3.4).
On the other hand, if g(f)>1

y (%)g(mgxah(r)«xg“’”“ ) k) < xEW*2e,
v

288y +2¢
r<yx r reyx

Letting w
(xi(pa a)= Z I'L(r)Ri(pa a9r2a 1)

r=1
it is easy to verify by Proposition (4.1) that
24(p,0=3(2p)27 2 P2p +1)

wy(p, s —p) =P 2HP — 230Dk, (p,4—p,1)PG-2p),  (Re(p)<1)

where
Pw)=[[A=p~2=p~™+p™7").

p¥2

In view of (4.3) it is necessary to estimate

Y u(r)R,(p,0,r3, 1)< Y ro2tegx ite

rzVx rzvx
and
Y uRi(p3—pr’ 1)< ) rifoivegxfoteen
rzvx rzvx

since f=Re(p)<1—e.
Consequently, it follows from (4.3), (4.7), (4.9) and (4.10) that

Y {2pALp D=0s(p,0)x+0:(p,3—p)x* P+ E(X)

O<tm<x
msquarefree

4.3)

(4.4)

@.7)

(4.8)

4.9)

(4.10)

(4.11)
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where

N
II/\

Il/\ lIA

xg(ﬁ)+e’
E(x)< e

and a=(m~5)/12z0.74, and moreover, the term o, (p,3—p)x*~* must be
omitted when Re(p)=4=1.

In the case when p=3, we obtain, in a similar manner using Proposi-
tion (4.2)

B
B

lim Y (@2p)A,(p, 1)=a,xlogx+(o, —oci)x+0(x;_2) (4.12)

=% O<tm<x
msquarefree

where

Z HER.(2,1)=5 PQ)
oy = Z )R (2,1)

4.13)

—P(2)[ C+(1)+11 242 Zw].

2,5, p"—2p+1
Recall that (see 3.2) if m is squarefree

{(2p) A(p, 1)=(1=2727)"1 Ly (p, 1.

Thus to obtain Theorem (1) with L(p, x) replaced by L,(p, ) we simply multiply
(4.11) and (4.12) by 1—2-2¢, In the special case p=1 it is also necessary to
remove the term corresponding to m=1.

We then obtain

c(p) x+0(x**9), if Re(p)=1
Y Ly ={c(Px+ci(p)x*0+0("), i p+3, 3<Re(p)<1
l<itm<x 19
msquarefree C%XIOgX+(C%+C+J_——C%)x+0(xﬁ+s), (414)
where
A (P)=(1-2"29a,(p,3—p) (0F3) (4.15)
cyHcty —c =3 —ay), (4.16)

and c(p), 0, are given in the statement of Theorem (1). Here a,(p,%~p) and
oy, a, are given in (4.7), (4.13).

We now indicate how the proof of (4.14) can be modified to yield Theo-
rem (1) proper; that is to say, to obtain asymptotics for

> Lo

l<tm<x
msquarefree



Eisenstein series of 4-integral weight 207

Firstly,
Y Lipw= Y (1=2a@27°) L(p, k)
l<tm<x l<im<x
msquarefree msquarefree
l<tm<x l<tm<x l<tm<x
msquarefree T m= 1(mod8) tm=5(mod8)
msquarefree msquarefree

since 0 if m31(mod4)

Ia2)=44+1 if m=1(mod8)
—1 if m=5(mod38).

Let S denote the bracketed difference of two sums above (coefficient of 27).
To complete the proof, it is enough to show that for Re p <1, 0 as above,

S=ay,(p)x} P+ 0(x*9), (4.18)

for some constant o ,(p).
In order to show (4.18) we consider

E}(z,5)=Qz+ 1" E ( ,s>=2“"/2E%(z+%,s).

z
2z+1

It can then be shown that E%(z,s) satisfies the transformation formula (for (r,2)
=1, —4au=1(modr))

r—2u

u,rr

k
E¥(a,,7,2,8)=i"" @z}’ G ( ) Eo(o, ,z2—3,5) 4.19)

which is analogous to Propositions (1.6), (1.7), (1.8).

Now, taking Mellin transforms and using Proposition (1.5) it can be shown
that the same procedures used previously yield (4.18) when applied to E(z,s).
Also, note that there is no main term corresponding to x in (4.18). This i1s due
to the fact that by (4.19) E¥ transforms to E, and not E,.

Finally, Theorem (2) follows immediately from Proposition (3.4) and (4.11),
(4.12) together with the above remarks. Q.E.D.

References

. Abromovich, M.: Handbook of Mathematical Functions. New York: Dover 1965

. Barban, M.B.: Linnik’s “large sieve” and a limit theorem for the class number of ideals of an
imaginary quadratic field. Izv. Akad. Nauk SSSR Ser. Mat. 26, 573-580 (1962)

. Burgess, D.A.: On character sums and L-series, II. Proc. Lond. Math. Soc. 13, 524-536 (1963)

4, Davenport, H.: Multiplicative Number Theory. Second Edition, pp. 105-106. Berlin-Heidelberg-

New York: Springer 1980
5. Gauss, C.F.: Disquisitiones Arithmeticac. New Haven-London: Yale University Press 1966
6. Gauss, C.F.: Werke I, Zweiter Abdruck. Gottingen (1870), 369 and 466

[N

w



208 D. Goldfeld and J. Hoffstein

7. Goldfeld, D., Hoffstein, J., Patterson, SJ.: On automorphic functions of half-integral weight
with applications to elliptic curves. Number Theory Related to Fermat’s Last Theorem, pp.
153-193. Boston: Birkhduser 1982

8. Goldfeld, D., Viola, C.: Mean values of L-functions associated to elliptic, Fermat and other
curves at the center of the critical strip. J. Number Theory 11, 305-320 (1979)

9. Goldfeld, D., Viola, C.: Some conjectures on elliptic curves over cyclotomic fields. Trans. Am.
Math. Soc. 276, 511-516 (1983)

10. Hardy, G., Riesz, M.: Dirichlet Series, p. 15, Cambridge: Cambridge Univ. Press (1952)

11. Hecke, E.: Lectures on the Theory of Algebraic Numbers. Berlin-Heidelberg-New York:
Springer 1981

12. Jutila, M.: On the mean value of L(3}, x) for real characters. Analysis 1, 149-161 (1981)

13. Landau, E.: Elementary Number Theory. New York: Chelsea 1958

14. Lipschitz, R.: Sitzungsber. Akad. Berlin, pp. 174-185 (1865)

15. Mertens, F.: Uber einige asymptotische Gesetze der Zahlentheorie. J. Math. 77, 312-319 (1874)

16. Montgomery, H., Vaughn, R.C.: The distribution of squarefree numbers. Recent Prog. Analytic
Number Theory 1, 247-256 (Durham 1979). London-New York: Academic Press (1981)

17. Rankin, R.A.: Contributions to the theory of Ramanujan’s function t(n) and similar arithmetic
functions. Proc. Cambridge Philos. Soc. 35, 357-372 (1939)

18. Selberg, A.: Bemerkungen iiber eine Dirichletsche Reihe, die mit der Theorie der Modulformen
nahe verbunden ist. Arch. Math. Naturrid 43, 47-50 (1940)

19. Shimura, G.: On modular forms of half-integral weight. Ann. Math. 97, 440-481 (1973)

20. Shimura, G.: On the holomorphy of certain Dirichlet series. Proc. Lond. Math. Soc. 31, 79-96
(1975)

21. Shintani, T.: Zeta functions associated with the vector space of quadratic forms. J. Fac. Sci,
Univ. Tokyo, Sect. 1A 22, 25-65 (1975)

22. Siegel, C.L.: The average measure of quadratic forms with given determinant and signature.
Gesammelte Abhandlungen, 11, pp. 473—491. Berlin-Heidelberg-New York: Springer (1966)

23. Stepanov, B.V.: On the mean value of the k™ power of the number of classes for an imaginary
quadratic field. Dokl. Akad. Nauk SSSR 124, 984-986 (1959)

24. Takhtadzjan, L.A., Vinogradov, A.L: On analogues of the Vinogradov-Gauss formula. Sov.
Math., Dokl. 22, 555-559 (1980)

25. Vinogradov, IM.: Reprinted in his Selected Works. Izv. Rossiiskoi Akad. Nauk 11, 1347
(1917). Izdat. Akad. Nauk SSSR, Moscow, p. 3, 1952

26. Vinogradov, LM.: Reprinted in his Selected Works. Soobsc. Har'kov. Mat. Obsc. 16, (1918);
izdat. Akad. Nauk SSSR, Moscow, p. 29, 1952

27. Vinogradov, LM.: Reprinted in his Selected Works. Izv. Akad. Nauk SSSR, Ser. Mat. 13, 97
(1949). Izdat. Akad. Nauk SSSR, Moscow, p. 366, 1952

28. Vinogradov, ILM.: Izv. Akad. Nauk SSSR, Ser. Mat. 27, 957 (1963)

29. Walfisz, A., Weylsche Exponentialsummen in der neueren Zahlentheorie. Berlin: VEB Deutscher
Verlag der Wissenschaften 1963

Oblatum 1-X-1984



