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§ 1. Introduction

Let G be a simply connected semisimple algebraic group over an algebraically
closed field Q. Let B2 T be respectively a Borel subgroup and a maximal
torus. Let W=N(T)/T denote the Weyl group of G. One then has the Bruhat
decomposition of G into double cosets of B parametrized by W ie. G
= | ] BwB.

weW
One also considers the generalized flag manifold G/B which then inherits a

disjoint decomposition into cells, G/B= | ] By-B. (We use the convention of
yeW

writing By- B when it is being considered as a subset of G/B and simply ByB
when considered as a subset of G itself.)

The cell By- B is known as a Bruhat cell and it is algebraically isomorphic
to an affine space Q" where n is the length of y with respect to the set of simple
reflections determined by B. The closure X(y) of By-B is a projective variety
called Schubert variety and it is easy to see that X(y) is a union of Bruhat cells.
This gives a partial order £ on W called Bruhat ordering. Thus, x<y iff
Bx-B< X(y). (This ordering has been studied extensively; see [D1]). For a later
use, we introduce the notation W(y)={xeW|x<y}.

One also has a ‘dual’ decomposition of G and G/B obtained by considering
the opposite Borel subgroup B~ to B (cf. [Bo], [Ste]). Thus, G/B= U B x-B

xeW
(disjoint union). One of the interesting problems now is to describe the in-

tersection pattern of these two decompositions ie. one is interested in de-
scription of By-BnB~x-B.

This intersection comes up in several different contexts e.g. [BB], [K-L1],
[K-L2]. We describe here one such instance. In order to compute the local
cohomology groups of X(w) at point z-B(z<w), one needs a ‘good’ open
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neighbourhood of z- B in X(w). Since the big cell Bw,- B, w, being the element
of maximal length in W, is open in G/B, it is easy to see that zw,Bw,- B~ X(w)
is an open neighbourhood of z-B in X(w). A further analysis of this in-
tersection leads one to several intersections of the form By-BnB~x-B for
suitable x, ye W.

The first result of this paper is concerned with this problem. We have:

Theorem 1.1. The Bruhat cell By-B can be decomposed into disjoint (non-
empty) subsets {D,},.5 (2 is an indexing set which can be described explicitely)
such that

(i) By-B= | D,.

€2

(ii) For each ge%, there exist unique non-negative integers m(g) and n(g)
(which can be determined explicitely) such that D,~ Q™ x (Q*"@(Q* = Q\ {0}).

(i) For each ge9, AxeW such that D,<B~ x-B. This element x, which is
unique, belongs to W(y) and is denoted by mw(g). (Thus one has a map
. D—->W (y)).

Corollary 1.2. By-BNnB x-B= U D,. (In particular, By-BAB~x-B+¢ iff
xeW(y).) oo

As a particular case, one considers a Coxeter element y=s,-...-s; (I
=rank G). In this case, Z turns out to be in a bijective correspondence with
the power set of S. Moreover, m(g)=0 Vge2. If g% corresponds to a subset
J(@)= S, then n(g)=I[—|J(g)|. Further, = is bijective and so By-BnB~ x‘B
=D, ~(Q*~ V@ where ge 2 is the unique element such that 7(g)=x.

It is possible to extend these results to the case when G is a group
associated with Kac-Moody Lie Algebras. These groups have been considered
by several mathematicians ([G], [K-P], [M-T], [S1], [T1], [T2]) and the
structure is described in terms of (infinite) root systems associated to Kac-
Moody Lie algebras. This description closely resembles that in the finite case.
In particular, one has the counterparts of B, G/B and B~. The proof of
Theorem 1.1 goes through with minor changes in this case and hence one gets
counterparts of Theorem 1.1 and Corollary 1.2. We skip the actual details.
These details have been worked out independently by Z. Haddad in his thesis
(CH, § 31).

The indexing set & in Theorem 1.1 can be described using a reduced
expression s, -...-s, for y (k=I[(y)). It consists of ‘subexpressions’ of this ex-
pression which satisfy an additional property; the elements of 2 are called
distinguished subexpressions (cf. Def. 2.3). This notion is in fact defined for any
Coxeter group and it turns out to be extremely useful in considering problems
associated to the Bruhat ordering. The author had formulated this notion
along with the maps n, m and n while considering the Kazhdan-Lusztig
polynomials F, (q) (cf. [K-L1], [K~L2]). These polynomials are defined re-
cursively in terms of another set {R, (q)} of polynomials ((K-L1, 2.2a]) and it
turns out that the set & describes R, s completely for any Coxeter group.
More precisely, we have
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Theorem 1.3. Fix yeW and a reduced expression y=s,-...-s,. Then for any
xeW(y) (i.e. x<y),
R, @= Y q"Qg-1".

oe?P
n{g)=Xx

We give a uniform proof which is combinatorial in nature. If W is a Weyl
group, then one may deduce Theorem 1.3 from Theorem 1.1 and the following
observations of ([K-L1, A3, A4]): If F is a finite field of g elements then
R, (9)=I|By-BnB~x-B|.

In an earlier paper ([D3]) the author has described the ‘shape’ of the
polynomial R, ,. Theorem 1.3 gives complete information.

Another application of the set & (or rather a subset 2, described in
Prop. 5.3) is to the so-called L-shellability (cf. [B-W]) of the Bruhat ordering
on W and related sets W’/(J<S). Recently a lot of work has been done on
shellable posets and some interesting consequences in algebraic geometry are
derived (cf. [Sta]).

The present paper is arranged as follows: In §2 we give some preliminaries
on the Bruhat decomposition and Bruhat ordering. We also give a formal
definition of distinguished subexpressions. In §3, we give a proof of Theorem
1.1 and Corollary 1.2. In §4 we examine closely the special case of a Coxeter
element. §5 is devoted to a study of some of the properties of distinguished
subexpressions which enables us to prove Theorem 1.3. In §6 we consider the
application to L-shellability of Bruhat orderings.

The author’s sincere thanks are due to T.A. Springer and R.W. Richardson
for many stimulating conversations on this topic. Sincere thanks are also due
to J. Tits and V. Kac for pointing out the fact that Theorem 1.1 can be
extended to affine Weyl groups. The author also wishes to thank A. Bjbrner
for a preprint of his paper written jointly with M. Wachs ([B-W]) where the
L-shellability of Bruhat ordering is proved. On seeing the preprint, the author
realized that the proof rests on the properties of the subset &, of Z and thus
the L-shellability can be proved using only a part of the information contained
in the combinatorics of Z.

Part of this work was done while the author was a Research Fellow at
Australian National University, Canberra and he takes this opportunity to
express his gratitude for the hospitality extended to him by the members of
that department.

§2. Notation and preliminaries

We first expand the notation used in the introduction. Let @ be the root
system of the pair (G, T). Let @* be the set of positive roots corresponding to
B and let 4 be the set of simple roots in ¢*. For ae®, parametrize the one-
parameter subgroup U, in such a way that h-x,(t)-h~'=x,(a(h)-1) VteQ, heT.
Let U* (respectively U~) be the maximal unipotent subgroup of G correspond-
ing to ®* (respectively —®*). Given an order in ¢+, any element ueU* can
be uniquely written as [] x,(t,) with respect to this order.

ac@*
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For aed™, let 5,e N(T) be defined by s,=x,(1)-x_,(—1)-x,(1). One then
has the following:

Lemma 2.1. For teQ* x,(t™Y)-s,-x ()=h-s5,-x,(—t"')-s; ' for a suitable heT.

A proof of this lemma can be easily derived from [Ste, Lemma 19].

By abuse of notation, we write s, for its image in W=N(T)/T.

Fix yeW and a reduced expression y=s,...s, (s5;€S, the set of simple
reflections corresponding to 4). For 1 5j<k, let a; be the simple root corre-
sponding to s; ie. s;=s, . (Note that a;’s need not be distinct) For 1 £j<k+1,

define Uy=U" n% U~ “and Ui= U+ A%SU*, (For a subset A of G and gegG,
gA=gAg‘1). One then has:

Lemma 2.2,

(i) U; is the subgroup of U* generated by 1-parameter subgroups correspond-
ing to the set of roots {pe®*|s,...s(p)e—d"}. This set consists precisely of the
roots {0, 5%, 1) -oes Sjeno8 ()} Further any element ueU; can be uniquely
written as

xa_,(tj)'xsj(zx,»fx)(t,i“F 1)"‘xs,...sk~1(ak)(tk);

thus Uy~ QF=i+1,

() U zsU,z252U,=2...2% U, ,={id}.

(iti) U’ is the subgroup of U™ generated by l-parameter subgroups corre-
sponding to the set of roots {¢peP™ |s;...5,(Pp)ed™}.

(ivy UlteU?c...cU=U".

(v) For any 1<j<k+1, Ut =U;-% U’ with a uniqueness of expression.

(vi) Any element {cBy-B can be uniquely written as us,...s,-B with ueU,.
Thus By -B~U, ~Q*

A proof of this lemma is straightforward and can be easily deduced from
the structure of the group U* as given in ([Ste, Lemma 17]).

We now consider some fundamental properties of the Bruhat ordering. For
the rest of this section, (W,S) denotes any Coxeter group. One knows several
equivalent ways of defining Bruhat ordering ([D1, Thm. 1.17) and we choose the
following: For yeW fix a reduced expression y=s;...s,. Then x<y iff there
exists a subsequence 1<p,<...<p,<k (¢20) of indices such that x=s,...5,
...§,,...5,. By abuse of language, we say that the above is a subexpression of y
=s,...s, whose value is x. (The correct way is of course to define the sub-
expression as a sequence (p,, ..., p,) of increasing integers.)

There is another way to formalize this notion: A subexpression is a se-
quence g=(0g,...,0,) of elements of W such that (i) o,=id and (ii)

o la €{id,s;} V1 <j<k. The correspondence between these two formulations
is obvious viz g=(06¢,04,...,0,) corresponds to s,...5,..5,...s, where
{p1,....,»}={jloj .} o;=1id}. Let & denote the set of all subexpressmns viewed
as sequences with k+1 elements as above. We note that for €% and 1< <k,
one has a trichotomy: 0;_1<0; Of 6;_;=0; OI 0;_ >0, (This is a con-
sequence of condition (ii) of subexpressions). For ge %, define I{g)={j|1<j<k
and ¢;_ =0} and n(g)=|l(g)|. Also define m(g)=|{j|1<j<k and G, >0}
We will use these maps later on. Finally, let n: & — W denote the projection
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onto the last factor ie. n(g)=0,. It is clear that n(¥)=W(y)={xeW|x<y} (cf.
[D1, Theorem 1.17).

We next come to the key definition of set Z:

Definition 2.3. An element g% is called a distinguished subexpression if it
satisfies the following additional condition:

(iil) 0;S0;_s;V15jsk
Let 2 be the set of all distinguished subexpressions. We denote the re-

strictions of maps n,m,n to @ by the same letters respectively.

Remark 24. 1t is not apriori clear if n(2)=W(y). However, it is true and we
will prove it in Proposition 5.2 by methods independent of the results of §3
and §4.

Example 2.5. Consider s,s'eS such that ss’'#s's. Let y=ss's then I(y)=3 and
the preceding is a reduced expression. The set & consists of 8 elements of
which only one is not distinguished viz. g=(id,s,s,s). In general, however, &
turns out to be a considerably smaller set than &.

§ 3. Proof of Theorem 1.1

Throughout this section, W denotes Weyl group associated to a semisimple
simply connected algebraic group G over Q. We use the notation set in §2. We
begin with the following:

Proposition 3.1. Let ueU, be fixed. For 0=j<k, let a,eW be the unique
element such that u;s,...s;eB~o;B. Then g=(0,,06,...,0,) is a distinguished
subexpression.

Proof. We first note that the following holds for G: For weW and seS§,
wBs< B~ wsBu B~ wB. Moreover, wBsn B~ wB=%¢ = I{ws) =I(w). This is a va-
riant of the ‘usual’ condition (7T'3) satisfied by the Tits system (G, B, N, S) and it
is very easy to prove using Lemma 2.1.

Clearly 6,=id. Consider 1 <j<k. Then u;s,...s;=u,s,...s;_;s;€B~ag;_Bs;.
Hence from above, u,s,...s;6B~¢;_;s;B or B76;_ ;B with the second possi-
bility holding only if I(o;_;5;)2l(c;_,). It is now clear that either 6;=0;_,s; or
6;=0;_, with l(aj_lsj)gl(ajal). In either case, it can be seen that conditions
(ii) and (ii}) are satisfied for the sequence (g, 04,...,0,). Hence ge%. This
completes the proof.

We now have a map #: U, —»2 defined in an obvious way. We take a look
at the fibers. Note that it is apriori not clear if 5 is surjective; we will prove it
in the course of the proof of Theorem 1.1.

Next we have the following:

Proposition 3.2. Fix g and an integer j (1 <j k) Define a subset Q(a,j) of Q
as follows.
Q if 0,_y>0;
Qo,)={0}  if 0;,_, <0,
Q* if 6,_y=0;
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Then one has:

(1) There exists an injective morphism f;: Q(g,j) x U,

w17 U; such that

crj_lfj(t,14j+l)sj-...-s,‘=bj‘<7juj+lst-...-sk-ujJrl *)

for suitable by e B~ and v; ,eU/*".

(i1} The image of f, is a locally closed subset of U, and f; is an isomorphism
onto its image.

Proof. Case (a). 6;_,>0a;.
In this case, o, —oj_ls w1th a(zx JEDPT and Q(g,j)=L. Define f;: @ x U;, -,

by fit,u;, 1)=x,(0)s; uJ +15] It is easy to verify that (i) and (11) hold m thxs
case w1th Image f

Case (b). 0;,_,<0;.
In this case 0;=0;_,s; and Q(a,j)={0}. Define f;: {0} x U +1—>U by f{0,u;, )
=S;U;,S; Agaln it is easy to check that (i) and (ii) hold in this case. We
note that the image of f; is the closed set %
o,

Case (c). 0;,_y=0;.

In this case, Q(o,j)=0* Also, l(s;_,s)zl(s;_,) and so ¢;_,(a)ed*. Given
teQ* and u;, €U, ;, Lemma 2.2(v) gives a unique &, , U 1 and v, €U’
such that

J+1-

- tot
X (8) Uy g =5, 185, oS 07 s s (**)

Define f;: Q* x Uiy by filt.u;, J=x, (¢ 1)-s; 6, -s; €U, where i, is
the element in U, given by (*). It is easy to see that f is 1nJect1ve Since
t~t=! is a morphism from Q* to ©* it can be checked that J; is a morphism
too. The 1mage of f; is the open set U\*U, ,. To see this, consider

Xo (d) " S; Uy 157 w1th d+0 and #;, €U, ,. By (**),

Lot -1
x%( —d” ) Uit 1 =Uj 185401k Vjp1 "S- -.8541

with u;, €U, . It is easy to check that fi(d ', u;, ) =x,,(d) s;ii;,;-s;'. This
proves (ii). Next,

O 1 St Uy 1) 58, =0, X, (870) 8,0, (o571 058,

_ —-1 ~
. =05 % (67 ) ST 18y S
Using (**), we get
t
Oi g S uy 1) S 8 =0,_ 1 X, (677) 8, X, (O Ujy 1S4 87044
=aj_lhija”(—t‘l)-sj‘1uj+lst...sk-vj+1 for some heT

(This follows from Lemma 2.1).

_b O'J—Iuj+lsj+1 Sk vj+1

where by =0g; hs;x, (—t~")s; 67} €B~ since g;_,(a)eP*. Since 0;_,; =0, in
this case, (*} is satisfied and ) IS proved. This completes the proof of this
proposition,
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We now come to the proof of Theorem 1.1. We take the set 2 of distin-
guished subexpressions (cf. §2) as the indexing set. Recall the map n:Uy»92
given by Proposition 3.1. For ge%, define D,={u,y-BeBy- B|y(u,)=g}. (Note
that By -B~U,). It is then clear that

(i) By-B= | D,, a disjoint union.

geP

(i) Let ge2 be fixed. Define subsets 4,2 U; (1=j<k+1) by downward
induction on j as follows: 4, ,,=id and 4;=f{(Q(g,j) x 4;, ) for 1 Sj<k, f; as
in Proposition 3.2. It is clear that 4; is a locally closed subset of U, Wthh is
isomorphic to a product Qm’@)X(Q*)"’(“) where m(g)=|{pli<p<k and Q(a,p)
=Q}| and njg)=|{pliSp=k and Q(g,p)=0Q*}| Note that m,(g)=m(g) and
n,(g)=n(ag). Thus A~ QMO x (Q*"@ we claim that 4, =n"'(g).

Let u;eA; then by definition, there exist sequences {u;},.;<,,; and
{t;}1<;<x such that for each j, (a) u;e4;, (b) t,€Q(g,j) and (c) u;=f(t;, u;, )
Using (*) of Proposition 3.2, it is easy to see that u;s,...s;eB~¢;-BVj and so
by definition n(u,)=g or 4, =n~'(g).

Conversely, let u,en~'(g). We prove by induction on j that there exist
sequences {u;}; < <, (starting with the given u;) and {t;}, _;, such that (a)
t,€Q(a,)) and ( ) u f(tj, u;, ). To see this, observe that the image of f; is U,
(respectxvely Uiis U\ Y Vil 0;_,>0; (respectively a;_, <0, 6;_;=0)). It
is easy to see that u,en~'(g) implies u,eImage f,. Thus 3 unique ¢,€Q(g, 1)
and u,eU, such that u,=f,(t,,u,) Having defined u,,...,u; and t,,...,t;_,, it
can be proved that u;elmage f; (or else u,¢n"'(¢)). The definition of t; and
u;, is now clear. Since u, , €4, ,, and u;= f|(t;,u;, ), it is clear that u;e4,V,;
and so u,;€A,. Thus A,=n""(g). Now D,=A,y-B~A, ~Q"D x(Q*)"® pro-
ving (ii). Note that this also proves that D, —#(b\?’ae@

(iii) Fix ge% and let u;y-BeD_. Then 71(“1) . Also, u;s,...s,eB~g,-B by
definition of map #n and so u,y- BeB g, B. Thus D, =B o, -B. It is also clear
that g, e W(y). )

This completes the proof of Theorem 1.1.

Proof of Corollary 1.2.
By-BnB~x-B=(|{)D,)nB~x-B

e
= U D
137
n(g)=x

g

by Theorem 1.1 (iii).

Since w(g)eW(y), it is clear that By-BnB~x-B#+® only if xeW(y). As
mentioned earlier, it can be proved independently of this section (Prop. 5.3)
that n: 9 ->W(y) is onto. Hence xe W(y)=By-BnB " x-B+4¢.

§ 4. The special case of a Coxeter element

In this section, we consider the case when y is a Coxeter element of W (or that
of a parabolic subgroup of W). Thus y has a reduced expression y=s,...s, with
s;*s; for i#j. In this case, a lot of simplifications take place and one gets a
very simple description of the sets D,’s that occur in Theorem 1.1.
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First of all, every subexpression in & is a distinguished one ie. ¥=9.
Next, the map n: ¥ —W(y) is bijective and the Bruhat ordering in W(y) is
simply given by: x<z(Zy) iff I~ (x))2I(z~(z)). It can be easily seen that
P ~P(A) in this case.) Further, m(g)=0 for all ge2 so that [(n(g)) =k —n(o).

Let xeW(y). Since m is injective and m(n~(x))=0, By-BnBx-B
=D, -1y~ (2%, Unlike the general case (where the description is com-
plicated), this isomorphism is quite simple to describe and this is done as
follows: Identify U, with Q* as given in Lemma 2.2(i). Then

D,={(ay,...,a)|a;=0 for j¢I(g) and a;#0 for jel(g)}.

This can be seen by taking a closer look at the proofs of Theorem 1.1 and
Proposition 3.2. Since m(g)=0, case (a) of Proposition 3.2 doesn’t occur and
hence a;=0 for j¢I(g). Next, we look at relation (**) of Proposition 3.2. Since
a;’s are distinct, (**) gets simplified and @, , =u;,,. From this it follows that
a;#0 for jel(g).

Remark 4.1. Consider the element ide W(y). Then =~ '(id)=¢® =(id,id, ..., id).
Then from above,

By-BnB~id-B=D,0,={(ay,...,a)eQ"|a,+0V,}.

This description is basically the same as given in ([L, Prop. 2.2]).
Remark 4.2. The closure of D (ce9) in the affine space U, is very easy to
describe. One has:

Di= {J D.={(ay,...,a)la;=0 for j¢I(a)}

Kg)>1(»)

In other words, for xe W(y),

ﬁf[fi(x)=xksszn_,(z)=By-Bm \UB~z'B

x=z

Remark 4.3. One can also consider the closure of Dg(g=n‘1(x)) in the pro-
Jjective space G/B. It can be shown that

D’.y= |J (Bz:BnB-z-B)
x

sz'2zs5y

A

In particular, for x=id,

DY iqy= (Bz-BNnB~Z'-B).
y

‘<7<

HA

Since D, -, is a torus, one gets a toroidal imbedding (cf. [Ke]).

Remark 4.4. The closures in the general case of a non-Coxeter element are
more subtle to describe and we take this up in another paper.
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§5. Proof of Theorem 1.3 and structure of &

For this and the next section, (W¥,S) is any Coxeter group.

For yeW fix a reduced expression y=s,-...-s,. As explained in §2, we then
have sets & and & of subexpressions and distinguished subexpressions respec-
tively. We also have maps n: S->W(y) (={xeW|xZy}), m: ¥—>Z* and
n: S-4L".

We begin the proof of Theorem 1.3 by a simple lemma:

Lemma 5.1. For ge¥, l(n(g))=k —n(g) —2m(g).
The proof of this lemma is easy to derive from definitions of maps =, m and n.

Next we introduce some subsets of ¥ and 2 as follows: For xeW(y), let
F(x)=n"'(x) and D(x)=F(x)nD. For ieZ™*, let F(x)=S(x)nm~ (i) and
Px)=Sx)nD.

We want to compare these sets with sets defined analogously for the
element ys, and the reduced expression s,...s,_4 for it. Let &', &', F/(x), 2i(x)
denote these sets and m’,n’ denote corresponding maps. We have a natural
map 6: ¥ - given by 8((64,0,,..-,6))=(G4,04,...,0,_4). It is easy to see
that 8(2)=P'. Let xe W(y). Then we have the following lemma for “compari-
sons”:

Lemma 5.2.
(a) If xs,Zx then (1) xs,eW(ys,),
(i1) k¢l(o)VgeD(x) so that NP (x) =D '(xs)),
(iii) n{g)=n'(6(0))VocP(x} so that 8(D,(x)) = D;(xs,)Vi and
(iv) 0: 9,(x) — D;(xs,) is bijective Vi.
(b) If x<xs, but xs, ¢ W(ys,) then (i) xe W(ys,),
(i) kel(g)VgeZ(x) so that (2 (x))= D' (x),
(iii) n(g)=n'(0(g))+1VgeP(x) so that 0(D,(x)) = Z;(x)Vi and
(iv) 0: 9,(x) > 2!(x) is bijective Yi.
(¢) If x<xs, and xs,eW(ys,) then define subsets «/(x) and %B(x) of D(x) by:
A(x)={geD(x)|k¢1(g)} and B(x)=D(x)\H(x). Then one has: (i) n(g)=n'(6(c))
Vagesl(x) so that (A (x)ND(x)=D;_(xs)Vi, (1) O: L(X)ND(x)>D;_1(x5y)
is bijective Vi, (iii) n(g)=nr'(0(g))+1VaeB(x) so that O(B(x)ND(x) S D (x)Vi
and (1v) 0: B(x) "D, (x)>DUx) is bijective V1.

The proof of this lemma is not difficult; we prove parts c{iii) and c(iv) as
an illustration.

Proof of c(iii) and c(iv)

Since AB(x)=D(x)\A(x), kel(g)VoeB(x), ie. 6,_,=0,=xVge#(x). Hence
0(e)eZ'(x). Also, n(g)=n'(6(g))+1 as is clear and so m(g)=m'(6(g)) by Lemma
5.1. Thus HB(X)ND ()= D(x)Vi. Also, 0 is clearly injective on #(x) Z,(x).
Finally, given ¢'€2j(x), let g={(g’,x) then ge#(x) since o, ;50,1 and
kel(g). Also geP,(x) as is clear. So 6 is surjective on #(x)n % (x). This proves
c(iti) and c(iv).

Now we can give
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Proof of Theorem 1.3
Using notation introduced by us, we have to prove that

R,,@= Y (-1 q".

ageD(x)

We proceed by induction on I(y).

If I(y)=0, y=x=id and the above formula is trivially true. So let k
=l(y)=z1

We have the following recursive relations ([K-L1, §2]).

Case (a). If x5, <x then R (9)=R,, .. (9.
Case (b). If x=xs, but xs,¢ W(ys,) then R, (q9)=(q—1)-R_ ,, (9.

Case (c). If x=xs, and xs,eW(ysy) then R, ,(@)=(@—DR, (9
+q- Rxsk,ysk(q)'

Clearly these cases correspond respectively to the three parts of Lemma 5.2
which enables us to establish the induction step. We give details of case (c) as
an illustration. By induction,

Rx,ysk(q) = Z (q - 1)"’(9',) . qm'(g")

o'eD(x)

=Y( Y (@=1"“)q

i o'ePi(x)

=20 Y  (@-9hHe

i geB(x)NDi(x)

— Z (q——l)"@)“l‘q"'(g).

oeR(x)

Similarly, R,, ,.(@)= Y (q—1)"®-¢™®-'. Hence it is clear that R, (q)

gesd(x)

= Y (qg—1)"@-g™@ This establishes the induction step in this case. The
ged(x)
proof of Theorem 1.3 is now complete.

Rewriting the expression on right hand side of Theorem 1.3, we get:
R, ,(@)=12,(x)}-(q—1) "' +|2,(x)|- (g = 1) ¥~ 2 q+ ...

However, this gives no information about vanishing of terms ie. when |2 {x)|
=0 or 2,(x)=¢. Our next proposition brings out this aspect and we get a
sharp description about the “shape” of R, ,(g) which was stated by the author
in [D3, Rem. 2.2]:
Proposition 5.3. Let xe W(y). Then one has:
1) Fx)FEP=>2igk—I(x).

(i) S(x)*+¢=>D(x)*¢.

(i) L(x)*£¢ and i£0=_,(x)F¢.

(iv) Do(x) consists of exactly one element.

WV If 2,= D o(x) then n: D — W(y) is a bijection.

xeW(y)
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Proof. (i) Follows from Lemma 5.1.

(ii) For ge¥(x), recall that the set I{g)={j|o;_,=0,} has n(g)=k —1(x)—2i
distinct integers. We arrange them in the increasing order and consider these (k
—1(x) —2i)-tuples along with the lexicographic order on them induced from the
set of all (not necessarily increasing) (k —I(x) —2i)-tuples of positive integers.
Choose ge ¥ (x) such that the corresponding (k —I(x) —2i)-tuple is the smaliest.
We claim that ge%(x) in that case. If not, 3jel(g) such that o;_,20;_;s; (cf.
§2, Def. 2.3). By the strongest version of exchange condition for (W, S) ([D2,
Prop. 3.1(iii)]), 3r such that (a) 1<r<j—1, (b) rél(g) and (¢) o,_,s,0 Y
=0;_,5;0;",=t, say. We also note that o,=0,_,s, since r¢I(g) and o,=0;_,
since jel(g). Consider now a sequence z={t,,...,7,} given by: t,=tg, for
r<psj—1 and t,=0, otherwise. It is easy to check that ze¥. Also 1,=0,=x
so that n(r)=x. Next, I(z)=I(g)u {r}\{j} so that n(z)=n(g) and so 1eF(x).
Since r<j—1, it is clear that the (k—I(x)—2i)-tuple corresponding to 7 is
smaller than the one for ¢ which contradicts the choice of g. Hence ge2(x) as
claimed. Thus 2,(x)+ ¢.

(iii) can be proved using the strongest version of exchange condition in a
way similar to one in (ii).

(iv) Since xeW(y) and = is onto, ¥(x)*¢. Thus F(x)*+¢ for some i=0.
Using (ii1) repeatedly, S(x)* ¢ and hence 2 ,(x)=*¢ by (ii). We have now to
show that g,1e€Z,(x)=g=1. We achieve this by showing I(g)=1I(z). Let, if
possible, I(g)*+1(z). Consider the maximum integer j belonging to the sym-
metric difference of these two sets. Thus, for j+1Zp <k, pel(g) iff pel(z). It is
then clear that ¢,=t, for all j+1=<p<k (This can be proved by using
downward induction on p and the fact that 6, '0,,, =1, '1,,; Vj+1Zp<k—1)
Now let jel(g) but j¢I(z) (for the sake of definiteness). Then ;=0 ,=1;,
=1;8;,,. Since m(r)=0, t;, ;>7;. But this means that ¢;>¢;s;,; which is a
contradiction since ge9. Thus I(g)=1(z) and g=z. This proves (iv). (v) follows
from (iv).

This completes the proof of Proposition 5.3.

Remark 5.4. With reference to the proof of (ii) above, it can be proved that

ge¥(x) with Y p minimal must also belong to Z(x). However, these two
pel(o)
minimality conditions for elements of %(x) are independent of each other.

Remark 5.5. One may sharpen the statement (i) above as follows:
(i)Y F(x)+¢=2i<k—I(x)—2 unless (a) x=y or (b) x~"'ye|) wSw~' In
w

case (a) i==0 and H(x) is a singleton set. In case (b) k—I(x)~1 is even and

Fr_1m-1(x) is a singleton set. We thus recover Lemma 2.1 of [D3].
2

Remark 5.6. If one considers the natural order on & given by g <z iff g,=1;
Y1<i<k then it can be proved that for any x, £x,eW(y) and any 1e%(x,),
p <z where u is the unique element in 2,(x,). In particular, n: 2, - W(y) is an
order-preserving bijection. The above order on 2 is related to the closure
problem mentioned in Remark 4.4.
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§ 6. L-Shellability of Bruhat Ordering

As mentioned in the introduction, the set Z,= () Z(x) enables us to prove
xeW(y)

L-shellability of Bruhat ordering. We refer the reader to [B-W] for the defini-
tion of this concept. Here we prove a proposition regarding 2, which is the
crux of the matter. This even proves the “relative version” viz. any interval
[x,y] in W’ for any J<§ is L-shellable (see below for definitions).

We first need some notation. For xeW(y), consider a chain C:y
=yo=y,2...2y,=x of elements in W(y) such that I(y)=k —i. It is then easy
to see that there exists a sequence {p,,...,p,) of distinct integers and elements
aPe % (y,) such that I(e¢®)={p,,...,p;}. We denote this sequence of integers by
¢(C). Note that this sequence need not be increasing. Now consider all chains
between y and x and corresponding sequences of r integers equipped with the
lexicographic order. We then have:

Proposition 6.1

(i) 3 a unique chain C:y=§,27,=...27,=x for which $(C)=(p,,...,p,) is
increasing. Moreover, the corresponding elements ¥ belong to 9 o(5,) respective-
Iy.

(ii) For any chain C from y to x, p(C)< ¢(C).

(iti) If J<=S is such that x and y belong to WY, the set of minimal coset
representatives of W/W” (cf. [D1, §37), then y,e W’ Vi.

Proof. (i) Let p=(uq,py,-.., ) be the unique element of P y(x) (cf. Prop.
5.3(iv)). Let I(u)={p,, D5, ---, D,} With p,<p,<...<p,. Define elements 3, 6 <i<r
as follows: j,=y and Vi=Hp S5 M5 Fioy VIZiZr. Since py=p, Vi,
it is easy to see that y,=x. Also I(J)<l(¥,_,) since l(u; -s,)2!(n;) and

l(l‘;?,-lj’i—ozl(sﬁ,l‘;;lj’i-1)‘ Thus r=l(5)0)_—l(jjr)=z (I9;_1)— Uy zr. Hence
izl

I )=UF)=1V1<i<r and so I(j))=k—i. Thus C: y=§o2§5,=...2§,=x is
indeed a chain. Also, ¢(C)=(p,,...,p,} and hence is an increasing sequence. It
can be proved that the elements 6 corresponding to C belong to 2(j;). Note
that ¢”'=p.

Now given any chain C:y=y,2y,2...2y,=x such that ¢(C)=(p,,...,p,)
is increasing, it can be checked that corresponding elements g”€%(y,). (The
property of increasing ensures that) Thus ¢”eZ(x) and so ¢”=pu. Hence
{pis....0,} =Ha")=I(w={p,,...,P,}. Since both these sequences are increas-
ing, p,=p,¥i. So C=C. This proves (i).

(i) Let, if possible, 3 chain C such that ¢(C)<¢(C). Consider g€ %(x)
corresponding to C. Then the r-tuple corresponding to g (cf. proof of Prop.
5.3(ii)) is a rearrangement of ¢(C) in the increasing order and hence is smaller
than it (¢(C)) in the lexicographic order. Therefore the r-tuple corresponding
to ¢ < that corresponding to u (which is (5, ..., ,)). Now as seen in proof of
Proposition 5.3(ii), 319 ,(x) such that the r-tuple corresponding to z <r-tuple
corresponding to g®. But 1=p as PD,(x) is a singleton set. This gives a
contradiction. This proves (ii).
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(iii) Let J<S such that x,yeW’ We use the following fact regarding
elements of W’ ([D1, Lemma 3.2]): If w<w'eW are such that (a) we W’ and
(b) I(w)=1(w)+1 then either w'e W’ or w'=ws for some seJ.

Consider the chain C constructed in (i). We prove by downward induction
that §,eW’Vi. For i=r, J,=xeW’ Next, assume j,eW’. Then the pair
(J;, 9,_,) satisfies conditions (a) and (b) mentioned above. Hence either
Ji_1€W’ or 5715, €J. Let, if possible, the second possibility hold. It can be
checked that y; '3, ;=s,-...-55 558, 4178 Hence y-(3; '-J,_)=s,...5,
..8, which is a contradiction since I(ys)2I(y)VseJ whereas I(s, e85,

s)<<l(y). This proves that J;_ e W’. This proves (iii) by induction.
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