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Abstract. Let G be a finite group of order v. A k-element subset D of G is called a (v, k, A, p)-partial difference
set if the expressions gh™!, for g and k in D with g # h, represent each nonidentity element in D exactly )
times and each nonidentity element not in D exactly p times. If e € D and g € D iff g™! € D, then D is essen-
tially the same as a strongly regular Cayley graph. In this survey, we try to list all important existence and nonex-
istence results concerning partial difference sets. In particular, various construction methods are studied, e.g.,
constructions using partial congruence partitions, quadratic forms, cyclotomic classes and finite local rings. Also,
the relations with Schur rings, two-weight codes, projective sets, difference sets, divisible difference sets and
partial geometries are discussed in detail.

1. Strongly Regular Graphs and Partial Difference Sets
A graph ' with v vertices is said to be a (v, k, N, w)-strongly regular graph if

(@) it is regular of valency k, i.e., each vertex is joined to exactly k other vertices;
(if) any two adjacent vertices are both joined to exactly A other vertices and two nonadja-
cent vertices are both joined to exactly u other vertices.

The structure of strongly regular graphs was first studied by Bose [1] in connection with
partial geometries and symmetric association schemes of class two. The general theory
and constructions of strongly regular graphs can be found in Hubaut [2], Cameron [3],
Seidel [4], Brouwer and van Lint [5] and Cameron and van Lint [6].

A Cayley graph is defined as a graph I' = (¥, E) which admits an automorphism group
G acting regularly on the vertex set V (see Yap [7] for background on Cayley graphs).
If we identify the vertices of I' with the elements of the regular automorphism group G,
then I' can be generated by a subset D of G such that two vertices g, & € G are joined
if and only if gh™ € D. Note that e ¢ D since T has no loops, and g™ ¢ D iff g € D
since T' is not directed.

Let G be a group of order v and D be a subset of G with k elements. Then D is called
a (v, k, N, p)-partial difference set (PDS) in G if the expressions gh™', for g and & in D
with g # h, represent each nonidentity element in D exactly A times and represent each
nonidentity element not in D exactly u times. Furthermore, the PDS is called abelian (resp.
nonabelian) if the group G is abelian (resp. nonabelian).

For a subset S of a group G, let S® = {¢’ : g € S} for any integer 1.
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ProposITION 1.1. A Cayley graph I', generated by a subset D of the regular automor-
phism group G, is a strongly regular graph if and only if D is a PDS in G with e ¢ D
and DY = D. n

PDSs were named by Chakravarti [8] but they were introduced by Bose and Cameron
[9] in their studies of calibration designs and the bridge tournament problem. Although
a systematic study of PDSs was started by Ma [10], {11] as a generalization of difference
sets, there were a lot of earlier results written in terms of strongly regular graphs or related
topics, e.g., Delsarte [12]-[14], Camion [15], Bridges and Mena [16]-[17] and Calder-
bank and Kantor [18]. (Readers are warned that the parameters defined in some of the
references are different from the definitions in this paper.)

In view of Proposition 1.1, it is natural for us to concentrate on the case when e ¢ D
and DY = D. In the following, such a PDS will be called regular. For a PDS D with
DD = D, we can count the expressions gh instead of the expressions gh~!. Hence,
regular PDSs are also called partial addition sets, e.g., see Ghinelli and Lowe [19].

Note that the regular condition of PDSs is not restrictive. If D is a PDS with ¢ € D
and D™ = D, then D\{e} is also a PDS. The following proposition shows that D™? = D
is quite common for PDSs.

PrOPOSITION 1.2. (Ma [10]) If D is a (v, k, A, p)-PDS with A # p, then D'V =D. B
A PDS with A = p is just an ordinary difference set and there are a lot of good surveys
on this topic, e.g., see Beth, Jungnickel and Lenz [20], Lander [21] and Jungnickel [22].
Usually, the study of PDSs is carried out using the group ring R[G] where R = Z or C.

First, we have the following notation: for S C G, let § = Lyc5g € R[G]; and for ¢ € Z
and y = L gee € R[G] where g, € R, let Y = Lgag'.

THEOREM 1.3. Let G be a group of order v and D be a subset of G with k elements. Then
Disa (v, k, N\, p)-PDS in G if and only if

DDV = /,cé + (A — y.)D + e 1.1
wherey =k — pife ¢ Dand~y = k — N\ if e € D. Furthermore, if D'V = D, then

D*=uG + (\ — wD + ve. (1.2)
|

The following is another useful form of (1.2):
(2D — Be)* = 4uG + Ae (1.3)
where 8 = A — pand A = 8% + 4. Note that the parameters 3 and A are very impor-

tant in the study of PDSs. As a consequence of (1.2) and (1.3), we have some restrictions
on the parameters.
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ProrosITION 1.4, The parameters of a regular (v, k, A, u)-PDS satisfy

@ (v + B)? — (A — BH(v — 1) must be a square;

G k=[v+p8) +{v+B2—(@A-pW- DI

(c) B and A have the same parity; and

(d)ifD # Pand G\{e}, then0 < A\ < k —1and0 < p < k. [

Suppose D is a PDs with ¢ € D and DY = D. If D has parameters (v, k, A, p, 8, A),
then D' = D\{e} has parameters

(vl) k': x,’ /'L,’ 61’ A’) = (V, k — 1: A - 2: Py 5 - 29 A)

Hence Proposition 1.4 holds for D if we change £ to kX — 1 and 8 to 3 — 2. Throughout
this paper, we shall state most of our theorems in terms of regular PDSs. For a PDS D
with e € D and DY = D, readers have to transform D to D' as above in order to obtain
the corresponding results.

Let G be a finite group. It is easy to see that §, {¢}, G\{e} and G are PDSs with
B, A) = (m, m?), (m + 2, m?), (m — 2, m?) and (m, m?), tespectively, for any interger
m. (For these cases, either A or u is not defined in the definition of PDSs and hence can
be any number.) Also, if H is a subgroup of G, then G\H, (G\H) U {e}, H\{e} and
H are PDSs with (8, A) = (—w, w?), (—w + 2, w?), (w — 2, w?) and (w, w?), respec-
tively, where w is the order of H. In the following, a subset D of G is called trivial if either
D U {e} or (G\D) U {e} is a subgroup of G (it is equivalent to say that the Cayley graph
generated by D\{e} is a union of complete graphs or its complement); otherwise, D is
called nontrivial.

ProrosiTioN 1.5. Let D be a regular PDS with parameters (v, k, N\, u, 8, A). Then D
is nontrivial if and only if —VA < 8 < VA — 2. Furthermore, if D # G\{e}, then D
is nontrivial if and only if 1 = p < k — 1. |

2. Some Examples

In this section, we shall see some nontrivial examples of regular PDSs. The first example
can be dated back as early as Paley [23].

TueoREM 2.1. Let G be the additive group of a finite field IF, where q is an odd prime
power and q = 1 mod 4. Then the set D of all nonzero squares in IF, forms a regular
g.(g—1D/2,(q— 5/, (g — D/A)-PDSinG. Notethat 8 = -1land A =q. M

Theorem 2.1 can be regarded as a particular case of the construction method using
cyclotomic classes which we shall discuss in Section 10.

Let G be a group of order n. A partial congruence partition of G with degree r (an
(n, r)-PCP) is a set @ of r subgroups of G of order n such that U N V = {e} for every
pair of distinct elements U, V of ®. Sprague [24] has shown that an (n, r)-PCP of G is
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equivalent to a translation net, see Example 14.2(2). Readers are referred to Bailey and
Jungnickel [25] for results of PCPs and Jungnickel [26] for a survey of related topics.

THEOREM 2.2 (Ma [10]) Let G be a group of order n® and ® be an (n, r)-PCP of G. Then
D = Uye(U\{e}) is a regular 2, r(n — 1), n + r* — 3r, r¥> — P-PDS in G. Note
that B = n — 2rand A = n*. [ ]

Example 2.3.

1. Let G = H X K where H and K are groups of order n. Then D = {(k, e) : h € H\{e}}
U {(e, 8) : g € K\{e}} is a regular (n*, 2(n — 1), n — 2, 2)-PDS in G.

2. Let G = H X H where H is a group of order n. Then D = {(h, e), (e, k), (h, h) :
h € H\{e}} is a regular (#%, 3(n — 1), n, 6)-PDS in G.

3. Let G be the additive group of a vector space of dimension 2 over a finite field IF,

and H,, H,, ..., H, (where r < g + 1) be r distinct hyperplanes of the vector space.
Then D = (H; U H, U -+ U H)\{0} is a regular (¢, r(g — 1), ¢ + 72 — 3r,
r* — r)-PDS in G. |

THEOREM 2.4. (Bailey and Jungnickel [25]) Let G be an abelian group of order n* with
n = pftpf -+ pls where p,, Dy, ..., P, are distinct primes.

@ If r > min{p¥ + 1}, then no (n, r)-PCP exists in G.
(b) Suppose all Sylow p;-subgroups of G are elementary abelian. Then an (n, r)-PCP

exists in G if and only if 1 < r < min{pfi + 1}. [ |
COROLLARY 2.5. Let n = p{t p32- - p% where py, pa, - . ., D, are distinct primes. Then
there exists an abelian regular M2, r(n — 1), n + r* = 3r, r? — P)-PDS whenever
1 <r =< min{pfi + 1}. |

A PDS having parameters (v, k, \, p) = @, r(n — D, n + r2 — 3r, r* — ) is called
a Latin square type PDS. The name comes from the construction of strongly regular graphs
by using Latin squares which yield the same type of parameters, see Chapter 8 of Cameron
and van Lint [6]. All examples constructed by Theorem 2.2 belong to this type. Another
type of parameters which is closely related to the Latin square type is (v, k, A, p) =
W, rn+ 1, —n+ r? + 3r, r? + ). A PDS with these parameters is called a negative
Latin square type PDS.

Let g be a power of a prime and IF, be a field of g elements. A function Q : IF, - TF,
is called a quadratic form if

(i) Q(ax) = ?Q) for all « € IF, and x € IF;, and
(ii) the function B : IFfI X IFfI - IF, defined by B(x, y) = Q(x + y) — Q&) — Q0) is
bilinear.

Furthermore, Q is called nondegenerate if B is nondegenerate, i.e., B(x, y) = 0 for all
y € IF; implies x = 0. The following is a well-known result, e.g., see Calderbank and
Kantor [18] or Cameron and van Lint [6].
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THEOREM 2.6. Let Q : IFg”’ — IF, be a nondegenerate quadratic form. Then D = {x e
IF2™\{0} : Q&) = O} is a regular (", "' + " g — 1) = 1, % +
" g — 1) — 2, 8" % + g H)-PDS in the additive group of IF,ZI’”, where e = +1
and depends on the choice of Q. Note that B = ¢q" (g —2) —2and A = ¢". R

Example 2.7.

1. When ¢ = 1, the PDSs constructed by Theorem 2.6 have parameters (v, k, A, g) =
@™ ri@ — 1), " + r> = 3r,r* — r), where r = ¢""! + 1, which belong to the
Latin square type.

2. When ¢ = —1, the PDSs constructed by Theorem 2.6 have parameters (v, k, A, u) =
@™, r(g" + D, —q" + r* + 3r,r* + 1), where r = g™ — 1, which belong to the
negative Latin square type. B

Some other examples of nontrivial PDSs will be given in Sections 8, 9, 10, 11 and 12.
Here, we give one particular example which has parameters v # A. This is also an exam-
ple of reversible difference sets which will be discussed in Section 12.

Example 2.8 (McFarland [27]) Let V be the additive group of a vector space over IF5 of
dimension 3 and H, H,, ..., Hy be all hyperplanes of the vector space. Let K = {g,
81, .-, g3} be a group of order 32. Then D = {(g;, ) : h; ¢ Hrandi = 1,2, ...,
31} is a (4000, 775, 150, 150)-PDS in G = K X Vand D is regular when K is elementary
abelian and gy = e. Note that 8 = 0 and A = 2500. n

3. Character Values and Duals
For an abelian group G, let G* denote the group of characters of G. For any x € G* the

induced homomorphism from €{G] to € is also denoted by x, i.e. X(Z,ec a,8) = LoecaoX8
where a, € C.

THEOREM 3.1. (Fourier Inversion Formula) Let G be a finite abelian group and y =
Loeca.8 € OG) where a, € C. Then for every g € G,

4 =T 2 0006, G.D
X€G*
]

The proof of Theorem 3.1 can be found in Mann [28]. As a consequence of Theorem
3.1, we have the following results.

CoroLLARY 3.2. Let G be a finite abelian group and y, z € ¢[G]. Then y = z if and only
ifxy = xz for all x € G* |

A character x € G* is called #rivial if xg = 1 for all g € G, otherwise, it is called
nontrivial.
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CoROLLARY 3.3. Let G be an abelian group of order v and D be a subset of G such that
DD = D, Suppose k, \ and p. are positive integers satisfying k> = pv + (A — wk + v
Where y =k — pife¢ Dandy =k — Nife€ D. ThenDisa (v, k, N\, p)-PDS in
G if and only if

_ k if x is trivial;

xD = (3.2)
(B + VA2 if x is nontrivial.

where 8 = N — pand A = (% + 4. |

Let G be an abelian group of order v and D be a (v, k, A, u)-PDS in G with DC? = D,
If D # @, {e}, G\{e} and G, then the dual of D is defined to be D* = {x € G* : x
is nontrivial and xD = (8 + VA)/2}. Note that if ¢ € D, then D* = (D\{e})™.

THEOREM 3.4. (Delsarte [14]) Let G be an abelian group of order v and D(# @ and G)
be a regular (v, k, N, u)-PDS in G. Then the dual D% of D is a regular PDS in G* with
parameters
OF, kTN, w87, AT = (3, [(VA - B)(v — 1) — 2k1/(Q2VA), BT + ut,
[kt — AT + BNV4, (v — 2k + B — VANA, V*/A).

Note that

_ _ _ 2 _ 2
[zp+ - [” S ‘/Z] XO} =XVA- - 17 - 11G* +5x (33
where xq is the trivial character of G. |

Delsarte [14] obtained Theorem 3.4 in connection with his new approach to coding theory.
He had pointed out that Theorem 3.4 could be regarded as a particular case of a theorem
on Schur rings obtained by Tamaschke [29]. Schur rings will be studied in Section 5. Now,
let us see some examples.

Let G be an abelian group and H a subgroup of G. A character x is called principal
on Hif xg = 1 for all g € H. Also, we define

H* = {x € G* : x is principal on H}
which is a subgroup of G* of order v/|H].
Example 3.5.

1. Let G be the additive group of IF?I and H, H,, ..., H, (where r < q + 1) be r distinct
hyperplanes of IF?I. By Example 2.3(3), D = (H; U H, U *++ U H,)\{0} is a regular
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(@, rg—1),qg+r>—3r,r  + »-PDSin G. Note that § = ¢ — 2r and A = ¢.
Since H* N Hi = {xo} where xo is the trivial character, we have

) ro rig—1 if x = xo;
xD = x Z H —re| =< B+ VA2 =g ~r ifxeH"\{x} for some i
i=1 B -VA2 = -r if x ¢ Hi* for all i.

Hence D* = (Hi U Hf U -+- U H>)\{xo} which is a regular (¢°>, r(g — 1), g +
r? — 37, r2 + r)-PDS in G* Note that D" has the same structure as D.

2. Let V be the additive group of IF; Hy, H,, ..., Hy be all hyperplanes of IF; and
K= {gy=e g1, ..., gu} be an elementary abelian 2-group of order 32. By Exam-
ple28 D = {(g, h):he Handi = 1,2, ..., 31} is a regular (4000, 775, 150,
150)-PDS in G = K X V. Note that 8 = 0 and A = 2500. We have the following
observations:

(i) We can identify the elements of G* with elements of K* X V* such that x € G*
is written as (xg, xy) where xx = xlx € K* and x, = x|y € V*

(ii) For any nontrivial character xy, € V¥ xy is principal on exactly one H; fori = 1,
2, ..., 31. Let xq be the trivial character. Then {xo}, Hi \{xo}, H3 \{Xo}, - - -,
H*3\{xo} form a partition of V*

Hence, for x = (xx, xy) € G* we have

31 31
xD = x Z Z (g, )| = Z (xx8)(xvH)
i=1

i=1 hiEHi

775 if x is trivial;
(B + VA2 =25  if xy € H\{xo} and xxg; = 1 for some i;
(B — VA2 = —25 otherwise.

So Dt = UL [<g;>* X (H \{xo})] is a regular (400, 1984, 1008, 960)-PDS in
G*. Note that 87 = 48 and A = 6400. [ ]

Since the parameters of D™ and the coefficients of (3.3) are integers, we have the follow-
ing corollary.

COROLLARY 3.6. If there exists an abelian regular (v, k, N\, p)-PDS D such that D # §
and G\{e}, then v} = 2k — B)* = (8 + 28)v = 0 mod A. |

Let G be an abelian group. For any g € G, we define X, to be a character of G* such
that X,(x) = xg for all x € G* Note that the mapping g ~ X, is a one-to-one cor-
respondence between G and (G*)* the group of characters of G* Thus we can always
identify X, with g for all g € G. The following result is a consequence of Theorem 3.1.



228 S.L. MA

TueoreM 3.7. Using the notation above, if D is a regular PDS in G, then (DY)t = D. R

4. Multipliers

Let G be a finite group and D be a subset of G. An automorphism o of G is called a multiplier
of D if D = D. Note that the definition of multipliers is different from that for difference
sets, see Beth, Jungnickel and Lenz [20] and Lander [21].

Let G be an abelian group of order v and 7 be an integer relatively prime to v. Then
the mapping g ~ g’ is an automorphism of G. If the mapping is a multiplier of a subset
D of G, i.e., D® = D, then we say that ¢ is a (numerical) multiplier of D. As we shall
see in the following theorem, abelian PDSs are rich in multipliers.

THEOREM 4.1. Let G be an abelian group of order v and D a regular (v, k, N, p)-PDS
in G. Then t? is a multiplier of D for any t relatively prime to v. Furthermore, if A is a
square, then t is a multiplier of D for any t relatively prime to v. |

Theorem 4.1 was first obtained by Hughes, van Lint and Wilson [30] but not published
and latter was proved independently by Ma [10]. Also, Bridges and Mena [17] had proved
implicitly the case when A is a square.

Example 4.2.

1. Let G be an abelian group of order n%. For any PDS D in G constructed from PCP
as in Theorem 2.2, it is obvious that D) = D for all ¢ relatively prime to n. Also,
in this case, A = n? is a square.

2. Let G be the additive group of the finite field IFq, where ¢ = 1 mod 4, and D be the
set of all nonzero squares. By Theorem 2.1, D is a regular PDS with A = ¢. Let
q = p’, where p is a prime, and let ¢ be any integer relatively prime to p. If r is even,
i.e., Ais asquare, thenzis a multiplier of D. If r is odd, i.e., A is not a square, then

t is a multiplier of D if and only if ¢ is a square modulo p. |

Up to now, there is no multiplier theorem for nonabelian PDSs. On the other hand, Ghinelli
and Lowe [19] have some related resuits. A subset D of a group G is called normal if
D is a union of conjugacy classes of G. Ghinelli and Lowe study when a normal regular
, k, N, 1)-PDS D can be fixed by the mapping g ~ ¢, i.e., D¥ = D, where ¢ is an
integer relatively prime to v. However, for nonabelian groups, the mapping g — g is not
an automorphism. The following is their main result.

TuEOREM 4.3. (Ghinelli and Lowe [19Y) Let G be a finite group of exponent w, D a normal
regular (v, k, N, p)-PDS in G and t an integer relatively prime to w. In the field Q[{],
where ¢ is a primitive wth root of unity, let o be the automorphism which maps { to .
Then D® = D if and only if (VA) = VA. [ |
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5. Schur Rings and Some Nonexistence Results

Let G be a finite group and Dy, Dy, ..., D, be nonempty subsets of G with properties
that

@ Dy = {e}

(i) G=DyU--+UDyand D; N D; = Bifi # j;

(iii) D"V = D; for some j depending on i;

@iv) DD = Xi-0 p,]Dk fori,j=0,1, , d, where pf;’s are integers.

Then the subalgebra S of ¢{G] spanned by Dy, D,, ..., D, is called a Schur ring of
dimension d 4 1 over G. Furthermore, if

WD =p; fori=0,1, ..., 4d.

then S is called symmetric.

Historically, Schur rings were first studied by Schur [31] and Wielandt [32] in their works
concerning permutation groups. For the work done by group theorists, pleas see Wielandt
[33], and Scott [34]. Recently, Schur rings had been found to be useful in constructing
association schemes which are used in coding theory and experimental designs, see Bose
and Mesner [35], Delsarte [14], Bannai, and Ito [36] and Ma [11].

Let G be a finite group. For y € ¢[G], let T, denote the support of y, i.e., T, = {g €
G : The coefficient of g in y is nonzero.}. A Schur ring § over G is called przmmve if
<T,> = {e} or G for all nonzero y € . If S is spanned byDy =e, Dy, ..., Dy, then
S is primitive if and only if each D, i = 1, 2, » d, is not contained in any proper
subgroup of G.

PROPOSITION 5.1. Let D be a subset of a finite group G such that DCY = D, Then D, = e,
D, = D\{e}, D, = G — D, — e span a primitive symmetric Schur ring of dimension
3 over G if and only if D is a nontrivial PDS in G. |

The existence of primitive Schur rings is a main topic for group theorists working on
Schur rings. The following are some of the results.
_ A Schur ring S over a finite group G is called trivial if § is spanned by Dy = ¢ and
D, = G — ¢; otherwise, S is called nontrivial.

Tueorem 5.2. (Wielandt [33]) Let G be a finite abelian group and P be the Sylow p-
subgroup of G. No nontrivial primitive Schur ring exists over G if either (a) P is cyclic and
oG) #por () P = Zys X Zy withs # t. ]

TaeOREM 5.3. (Wielandt [32]) No nontrivial primitive Schur ring exists over dihedral groups.
B

THEOREM 5.4, (Scott [37]) Let H be an abelian group with exactly one element h of order

2 and let G be the generalized dicyclic group generated by H and j where j? = h and

jgi 7t = g7! for all g € H. Then no nontrivial primitive Schur ring exists over G. W
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THEOREM 5.5. (Scott [34]) Let G be a group of order p + 1 where p is an odd prime.
Suppose there exists a nontrivial primitive Schur ring of dimension d + 1 over G. Then
p>3andd = 3. |

By Proposition 5.1 and Theorems 5.2, 5.3, 5.4, 5.5, we have the following nonexistence
theorem on PDSs.

THEOREM 5.6. No nontrivial regular PDS exists in each of the following groups:

() any abelian group G with a cyclic Sylow p-subgroup and o(G) # p;

(b) any abelian group with a Sylow p-subgroup isomorphic to Zys X Z,: where s # t;

(c) any dihedral group;

(d) a generalized dicyclic group G generated by H and j where H is an abelian group with
exactly one element h of order 2 and j is an element of G satisfying j 2=rhandjg !
= g7 for all g € H,;

(e) any group of order p + 1 where p is an odd prime. |

Let G be a cyclic group of order p, where p is a prime, such that there exists a nontrivial
regular PDS D in G. Note that p # 2 since D is nontrivial. Let g be a generator of G.
Then by Theorem 4.1, D is either @ = {g' : ¢ is a nonzero square modulo p} or
(G\Q)\{e}. Also, DD = D implies p = 1 mod 4.

COROLLARY 5.7. Let G be a cyclic group of order v. The following are all regular PDSs in G:

(a) Either D U {e} or G\D is a subgroup of G.
(b) v is an odd prime with v = 1 mod 4 and D is of the form

{g:t=0¥" forj=0,1,2, ..., (v — 3)2}
where g is a generator of G, w is a primitive root modulo v and ¢ = 0 or 1.1

Corollary 5.7 was also proved independently by Bridges and Mena [16] and Ma [10]
without knowing the result on Schur rings. Similarly, Bridges and Mena [17] proved a
particular case of Theorem 5.6(b); Ma [38] proved Theorem 5.6(c) and de Resmini and
Jungnickel [39] proved Theorem 5.6(d) for the case when H is cyclic.

With the results of Corollary 5.7 and Theorem 5.6(b), (c), de Resmini and Jungnickel
[39] conjecture that every regular PDS in a group having a cyclic normal subgroup of in-
dex 2 is trivial. By Example 5.10 below, we shall see that this is not true. However, we
still think that their conjecture is true for almost all such groups, probably with a finite
number of exceptional cases.

Problem 5.8 Determine all groups which have a cyclic normal subgroup of index 2 and
have a nontrivial regular PDS. ]
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The following is a theorem in this direction.

THEOREM 5.9. (de Resmini and Jungnickel [39] and Leung and Ma [40]) No rontrivial

regular PDS exists in any 2-group G with a cyclic subgroup of index 2 except when

G=<g h:g2=W=chgh'=g>andG=<g, h:g"=hr =¢, hgh™! =

g£>. |
Examples exists for the two exceptions in Theorem 5.9.

Example 5.10.

1.For G = <g, h: g8 =h =¢ hgh™ = g’>, the subset D = {g, ¢’ h, gh, g°h,
g’h} is a regular (16, 6, 2, 2)-PDS in G.

2.ForG=<g h:g®=h =e, hgh™' = ¢g’>, the subset D = {g, &°, &°, &°, gh,
g’h} is a regular (16, 6, 2, 2)-PDS in G. E

6. Restrictions on the Parameters

In this section, we shall study some restrictions on the parameters of a regular PDS. First,
let us consider a relation between v and A.

THEOREM 6.1. (Ma [10]) If there exists a nontrivial regular (v, k, \, p)-PDS in an abelian
group, then v, A and v*/A must have the same prime divisors. "

Next, we study the case when A is not a square.

THEOREM 6.2. (Ma [10]) Suppose there exists a regular (v, k, N\, u)-PDS in a group G
such that A is not a square. Then

(a) there is a positive integer t such that
Wk, N p, B,8) =@+ 1,2, — 1,1, —1, 4t + 1);

(b) v = A = u’p where p is a prime such that p = 1 mod 4; and
(¢) |GIG'| is a power of p where G' is the derived subgroup of G. |

When G is abelian, G' = {e}. Thus we have the following corollary.

CoROLLARY 6.3. Suppose there exists an abelian regular (v, k, N, u)-PDS such that A
is not a square. Then

W kN g, B, A) = (PP, (PP = D2, (P& - 5)/4, (PP - 1)/4, pBTHY)
where p is a prime such that p = 1 mod 4. |

For the abelian case, we know more about the structure of such a PDS.



232 S.L. MA

THEOREM 6.5. (Ma [41]) Let G be an abelian group of order v = p™*! for a prime p = 1
mod 4 and D be a regular (v, (v — /2, (v — 5)/4, (v — 1)/4)-PDS in G. Then for any
integer t relatively prime to p, DY = D if t is a square modulo p; and D N D = @
if t is not a square modulo p. n

Example 6.5. By Theorem 2.1, if G is the additive group of the finite field IF2s+1, then
the set of nonzero squares forms a regular PDS with parameters as stated in Corollary
6.3. Note that G is an elementary abelian p-group. Also, for any integer ¢ relatively prime
to p, tD = D if ¢ is a square modulo p; and tD N D = @ if ¢ is not a square modulo p.M

Up to now, all known examples with A not a square are in elementary abelian p-groups.
Ma [42] had asked the following question.

Question 6.6. Is it true that elementary abelian p-groups are the only abelian groups which
consist of regular PDSs such that the parameter A is not a square ? ||

There is a result related to Question 6.6.

THEOREM 6.7. (Davis [43]) If there exists a regular (v, (v — 1)/2, (v — 5)/4, (v — 1)/4)-PDS D
in an abelian group G where v = p™*! for a prime p = 1 mod 4 where s = 1, then the
exponent of G cannot exceed p*. |

Finally, we consider the case when A is a square. Most of the known examples are of
this type, e.g., Examples 2.3, 2.7 and 2.8. Note that if G is abelian, then by Theorem 4.1,
a PDS D in G with DY = D has the property that D® = D for all 7 relatively prime
tov = |G|.

THEOREM 6.8. Suppose there exists a regular (v, k, N, p)-PDS in an abelian group of order
v = p® where p is a prime. If A is a square, then k is a multiple of p — 1. |

THEOREM 6.9. (Ma [41]) Let G be an abelian group of order v and exponent w. Let p be
a prime such that p’ strictly divides v and p” strictly divides w. If there exists a nontrivial
regular (v, k, \, p)-PDS in G such that A is a square then p*" divides A and p**"*Y does
not divide A. |

By Theorem 6.9, if 2r > ¢, then no nontrivial regular PDS exists in G with A being
a square. Hence this gives another proof of Theorem 5.6(a) and (b) for the case when A
is a square.

7. Subsets of Abelian Partial Difference Sets

In this section, we study a very interesting phenomenon about abelian PDSs—some subsets
of a regular PDs are themselves PDSs.
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THEOREM 7.1. (Ma [44]) Let D be a nontrivial regular (v, k, N, u)-PDS in an abelian
group G. Suppose A is a square, say A = 82, If N is a subgroup of G such that g.c.d.(|N|,
|G|/|N|) = 1 and | G|/|N| is odd, then D; = D (\ N is a regular (v,, k;, \;, p;)-PDS
with

v =INLBi=N—p=8=-20mA =8 +4k — ) =7

and

k = % [(Vl + 8 \[(Vl + B8 — (A - BH(v — 1)]

where © = g.c.d. (|N|, 8) and § is the integer satisfying 20 — H)r < 8 < (26 + Dx. B

Example 7.2.

1.

Let G be an abelian group of order n* and ® be an (1, r)-PCP of G. By Theorem 2.2,
D = UyeU\{e}) is a regular (n%, r(n — 1), n + r* — 3r, ¥> — 1-PDS in G with
B=n—-2rand A = nr2 Suppose n = uw where g.c.d.(u, w) = 1 and w is odd.
Let N be the subgroup in G of order u?. Since [U N N| =uforall Ue @, @, =
{UNN:Uce¢®}isa(u, r)-PCP of G. By Theorem 2.4(a), wehave | < r <u + L

(i) Suppose 1 =< s u. Then D; =D NN = Uy, (U\e}) is a regular W2,
r(wu—1,u+r?>~=3rr>— )-PDSin Nwith 8; = u — 2r and A, = 4. Note
that 7 = gcd.(u, n) = uand 6§ = (w — /2.

(ii) Suppose r = u + 1. Then D; = D N N = N\{e}. Since there is no nonidentity
element in D¢ not contained in N, the value g, is undefined from the definition of
PDSs. Thus we can always regard D; as a (W%, w?> ~ 1, u* — u, u> — 2)-PDS in
Nwith8; =u — 2and A, = u®. Note that * = u and § = (w — 3)/2.

. Let V be the additive group of IF3; H,, H,, ..., Hy be all hyperplanes of IFZ and
K= {go =e, g, -.., g} be an elementary abelian 2-group of order 32. By Exam-
ple28 D = {(g, h) : i, € Hrandi = 1,2, ..., 31} is a regular (4000, 775, 150,

150)-PDS in G = K X V with § = 0 and A = 2500. Let N = K X {0} which is
a subgroup of G of order 32. Since D; = D N N = N\{(e, 0)}, it can be regarded as a
(32, 31, 30, 30)-PDS in N with 8; = OQand A; = 4. Here, 7 =2and § = 0. W

Theorem 7.1 can be used as a nonexistence theorem, see Theorems 12.3, 13.1, 15.1

and Table 15.3. Now, let us have a theorem describing the structural relation between D
and Dl‘

THEOREM 7.3. (Ma 44]) Let D be a nontrivial regular (v, k, N, p)-PDS in an abelian group
G. Let p be an odd prime divisor of v, say v = p'u and A = p”x° where u,  are relatively
prime to p. Let P and N be the subgroups of G of order p' and u, respectively, and let
Dy, = D N N which is a regular (v, ki, \;, #1)-PDS in N.
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(a) Let p : G — N be a projection with Ker p = P. Then
pD = D; mod (p — 1) (7.1)
and
20D — Be = p'laN + 2eD; + be) (7.2)
where ¢ = 41 and a, b are integers. If D; # @ and N\{e}, thena = [2k — §) —
@' (2ky — B)V(P'w) and b = —eB;.
(b) Regard the subgroup P+ of G* as the group of characters of N. Let R = D" N P+
and p’ : G* » P* be a projection with Ker p’ = N*. Then
p'DT = Rmod (p — 1) (7.3)
and

20'D* — Btxo = PP — € — 200PL + 2eR + dxg) (7.4)

where xg is the trivial character of N, d is an integer and ¢ is the same as in (7.2).
Furthermore, if D; # @ and N\{e}, then

R ife =1

-1

(P\R)\{xo} ife

(c) If p = 5 and D; # @ and N\ {e}, then the value of ¢ in (7.2) is equal to 1; and either
() risevenand @ = O0mod (p — 1) or (ii) risoddand§ = (p — 1)/2mod (p — 1).H

Finally, we want to point out that not too many examples of regular PDSs are known
when v is not a prime power. All of them are either of the PCP type (see Section 2) or
related to reversible difference sets (see Section 12).

8. Two-Weight Codes

In this section, we study the relation between regular PDSs and error-correcting codes.
Readers are referred to MacWilliams and Sloane [45], van Lint [46] and Pless [47] for
an introduction to coding theory. Let g be a power of a prime p. An (n, s)-linear code
C over IF, is a s-dimensional subspace of IF;. Vectors in C are called codewords. The dual
code of C is the (n, n — s)-linear code C* = {u € IF;: u-v = O for all v € C}. The
weight w(x) of a vector x € IFy is the number of nonzero entries in x. The distance d(x, y)
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of two vectors x, y € IFj is the number of coordinate positions in which x and y differ.
Note that d(x, y) = w(x — y). The minimum weight of a code C is the minimum weight
of all nonzero codewords in C. If C is a linear code with minimum weight d, then C is
an a-error-correcting code where o = | (d — 1)/2| . A code C is called a two-weight
code if |{w(u) : u € C\{0}}| = 2.

Let C be an (n, s)-linear code over IF,. Then there exist y, y3, .- ., Y, in IFfI such that
C= {(x'yl:x'yZ’ “')x.yn) 1X € IFZ}
We say that C is generated by yy, y,, . . ., ¥, If no two of the vectors y;, y,, ..., y, are

dependent, then the code C is said to be projective. Note that C is projective if and only
if the minimum weight of the dual code C* is at least 3. The following theorem gives
the relation between a two-weight projective code and a PDS in an elementary abelian group.

THEOREM 8.1. Let yy, ¥, - - ., ¥, be pairwise independent vectors in IFy. Then y,, y,, . . .,
Y. generate a two-weight (n, s)-projective code C if and only if

D={ty:teFN\{0} and i =1,2,...,n}

is a regular PDS in the additive group of IF;. Furthermore, if the two nonzero weights of
C are wy and wy, then the parameters of the PDS D are

(V, ka >\, s Bs A) = (‘Is, ”(q - 1)’ k2 + 3k — ‘I(k + 1)(W1 + WZ) + q2W1W2,
K2+ k — gk(w; + W) + @wiwy, 2k — glw; + wy), @w; — wp)?). W

Theorem 8.1 was first proved by Delsarte [12]-[14] in terms of strong regular graphs
and it was written in terms of difference sets by Camion [15].

Given a vector x € IFj, the sphere S, (x) with center at x and radijus r is given by S, (x)
= {ve IF; : d(v, x) < r}. If C is an a-error-correcting code, then the S, (x), u € C, are
pairwise disjoint. The code C is called perfect if the union of the spheres S, (), u € C,
covers IFg.

THEOREM 8.2. (MacWilliams [48], [49]) Let C be an a-error-correcting code. Then C is
perfect if and only if C* has exactly a nonzero weights. |

Example 8.3.

1. Let C = {00000, 11111} be a binary repetition code. Then C* is generated by 1000,
1100, 0110, 0011, 0001 over IF,. The PDS corresponding to C* has parameters
sk, N, w) = (16, 5, 0, 2).

2. Golay [50] constructed a perfect 2-error-correcting (11, 6)-linear code C over IF;.
Since C* is a two-weight (11, 5)-projective code with nonzero weights 6 and 9, by
Theorem 8.1, a regular (243, 22, 1, 2)-PDS D exists in the additive group of IF3. Note
that (IF\D}\{0} is a regular (243, 220, 199, 200)-PDS. =
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Perfect codes have been classified by Tietavainen [51] and van Lint [52]. The only perfect
2-error-correcting codes are the binary repetition code and the ternary Golay code men-
tioned above.

Let C be an w-error-correcting code. For x € IF], let d(x, C) denote the minimum
distance of x from the codewords of C; and let B(x, i), where i is a nonnegative integer,
denote the number of codewords in C with distance i from x. As a generalization of perfect
codes, Semakov, Zinovjev and Zaitzev [53] introduced the concept of uniformly packed
codes. C is called uniformly packed with parameters a and b if the followings hold for
all x € IF,.

(i) if dx, C) = a, then B(x, a + 1) = a; and
i) ifdx, C) =2 a+ LthenBlx,a + 1) = b

where a < (n — a)(g — D/(a + 1). Note that for an arbitrary a-error-correcting code,
a counting argument proves that if d(x, C) = o, then B(x, a + 1) < (n — a)(q — )/
(o + 1). Also, Goethals and van Tilborg [54] have proved that C is perfect if and only
if (i) and (i) hold and @ = (n — a)(g — D/(e + D).

TueoreM 8.4. (Goethals and van Tilborg [54]) Let C be an a-error-correcting code. Then
C is uniformly packed if and only if C* has exactly « + 1 nonzero weights. |

Van Tilborg [55] proved that there are no uniformly packed a-error-correcting code for
o = 4 and the extended binary Golay code is the only binary uniformly packed 3-error-
correcting code. However, many examples exist when o = 1.

CoroLLARY 8.5. Let C be a l-error-correcting code over IF,. Then C is uniformly packed
with parameters a and b if and only if C* is a two-weight projective code with nonzero
weights w; and w, where

2a
2b

I

(n — (g — 1) + [P(w) + 1}][P(wy) + 1] and
n(g — 1) + P(w))P(wy)

with P(x) = n(q — 1) — gx. (If Cis a uniformly packed (n, s)-linear code with parameters
a and b, then the corresponding PDS as in Theorem 8.1 has parameters (v, k, \, p) =
(qn_s, n(q - 1)5 q — 2 + 2(1, 2b)) |

Example 8.6

1. Let D = IF\H where H is an r-dimensional subspace of IFg with 1 < r < m. Note
that D is a trivial (¢, 4" — ¢', ¢" — 2¢’, ¢" — ¢')-PDS in the additive group of IF7

with tD = D for all ¢t € IF\{0}. We choose vectors y;, ¥y, --., ¥, € IFg, where
n = (" — q)/(g — 1), by picking one representative from each of the sets {zy :
t € IF\{0}}, y € D. Then yy, y,, . . ., ¥, generate a two-weight (n, m)-projective code

with nonzero weights ¢’ ! and "' — ¢"~!. The dual code is a uniformly packed code
with parameters a = (¢" — 24 — q + 2)/2and b = (" — ¢)/2. When r = 1, the
uniformly packed code obtained is a shortened Hamming code, see van Lint [46].
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2. Let q; = ¢™ where q is a prime power. By Example 2.3(3), there exists a regular (¢3,
r(gs = 1), . + r* — 3r, r? + r)-PDS D in the additive group of ]Fg1 = ng”’ of PCP
type for each r < g; + 1. Note that 1D = D for all # € IF,\ {0} C IF, \{0}. Regard-
ing D as a subset of IFg'", by the same method as above, we obtain a two-weight
(r(g" — /(g — 1), 2m)-projective code with nonzero weights (» — 1)¢™ ! and rg™ !
The dual code is a uniformly packed code with parameters a = (¢" — g + r> —
3r +2)/2and b = (2 ~ D/2.

3. Delsarte [12] has constructed a two-weight (276, 11)-projective code with nonzero weights
128 and 144 obtained from the extended binary Golay code, see also Calderbank and
Kantor [18]. The dual code is a uniformly packed code with parameters a = 22 and
b = 18. The corresponding regular PDS has parameters (v, k, A, u, 3, A) = (2048,
276, 44, 36, 8, 1024). ]

Readers are referred to Calderbank and Kantor [S6] for a list of two-weight codes. In
Sections 9 and 10, we shall also study other construction methods of two-weight codes
and regular PDSs. The following result is a consequence of Corollary 3.6 and Theorems
6.1, 8.1.

THEOREM 8.7. Let q be a power of a prime p. Then a two-weight projective code in IF;
has nonzero weights w, = p’t and w, = p’(¢t + 1) for some integers j and t. "

9. Projective Sets

Let g be a prime power. An (n, s, hy, hy)-projective set O is a proper, nonempty set of
n points of the projective space PG(s — 1, ) with the property that every hyperplane meets
O in either A, or h, points. (In some articles, © is also called a two-intersection set in
PG(s — 1, q) or an n-set of type (hy, hy) in PG(s — 1, ¢g).) The complement of O is a
(g’ — D/(g — DIn, s, [(¢" = D/(g = D] = hy, [ — DI(g — D] — hy)-projective
set. Calderbank and Kantor [18] have a detailed discussion of projective sets. In the following,
for y € IF;, we use <y> to denote the point {Ay : \ € IF,} in PG(s — 1, g).

ProposiTioN 9.1. (Delsarte [13]) Let O = {<y,> :i = 1,2, ..., n}, where y; € IF},
be a set of nn points in PG(s — 1, ¢). Then O is an (n, s, h;, k,)-projective set that spans
PG(s — 1, g) if and only if y, y,, ..., ¥, generate a two-weight (n, s)-projective code
with nonzero weights wy = n — hyand w, = n — hy. ]

By making use of Proposition 9.1, we can construct two-weight projective codes by some
known results in projective spaces. By results in Section 8, new regular PDSs are constructed.

Examples 9.2.

1. Let O be a hyperoval in PG(2, 2™) (see Hirschfeld [57]), i.e., O isa set of n = 2™
+ 2 points, no three collinear, and with the property that |[L O ©| = 0 or 2 for any
line L in PG(2, 2™). There are unique examples when m = 1, 2 and 3 but many
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different examples for larger m. The code over IFy= obtained from O is a two-weight
(2™ + 2, 3)-projective code with nonzero weights 2™ and 2™ + 2. The corresponding
regular PDS has parameters (v, k, \, p, 8, &) = 2>, @™ +2) 2" — 1), 2™ — 1),
2" —2,2" + 2, —4, 222,

2. Let O be an ovoid in PG(3, q) (see Dembrowski [58] and Hirschfeld [57]), i.e., Oisa
set of ¢ + 1 points, no three collinear, and with the property that |[H N O} = 1 or
q + 1 for any plane H in PG(3, q). The code over IF, obtained from O is a two-weight
(¢ + 1, 4)-projective code with nonzero weights q2 — gand ¢*. The correspondmg
regular PDS has parameters (v, k, \, u, 8, &) = (¢*, r(¢® + 1), —¢* + r* + 3r,
r? +r, —q* + 2r, g%, where r = q — 1, which belongs to the negative Latin square
type.

3. LetQ: ]Fé”’ — IF, be a nondegenerate quadratic form. By Theorem 2.6, 0 = {<y>
: Q(y) = 0}, which is called a quadric in PG2m — 1, q), is a projective set which
gives us a two-weight ((g" — (g™ + €)/(g — 1), 2m)-projective code with nonzero
weights "2 and ™2 + eg™ ! where ¢ = +1. Elliptic quadrics in PG(3, q) are
ovoids which is a particular case of (2), see chapter 16 of Cameron and van Lint [6].H

TaEOREM 9.3. (Denniston [59]) Let Q : IF3n — IF,m be a quadratic form such that Q(x)
= 0iff x = 0, and let K be a subgroup of the additive group of IF, with 2" elements where
l=<r<mThnO = {<l,a,b)>:0(,b)eK}isa™ —2" +72,3,2, 0)-
projective set that spans PG(2, 2™). n

Example 9.4. The regular PDSs constructed above have parameters

VN, B A) =@ QM - 2m YR - 1), 2" -
+ (2m+r —m 4 2r) (2r _— 2), (2m+r —m
+ 2r) (2r _ 1)’ _2m+r + 2m+1 _ 2r+1, 22m+2r)'

When r = 1, this yields the PDSs in Example 9.2(1). ]

Letg; = ¢g"form = 1. Regard F,as 2 subﬁeld of IF,. Letsr: IF, — IF, be the
trace map, i.e., tr(x) =x + x4+ ... + x7"' Let Vbe the vector space of d1mens1on
d over IF, and ¥, be the same vector space but now regarded as a vector space of dimen-
sion dm over IF,. Note that if @ : V = IF, isa quadratic form on V, then tro Q is a
quadratic form on V.

THEOREM 9.5. (BROUWER [60]) Use the notation above. Let Q be a quadratic form on
V such that tr © Q is a nondegenerate quadratic formon Vy. Let © = {<y> 1y €V
(= V), Q(y) # 0and tr(Q(y)) = O} be a set of points in PG(dm — 1, q). If d is even,
sayd = 2t, then O is a (n, 2tm, n — wy, n — wy)-projective set that spans PG(dm — 1,
q) with

n=("' - D@ " - ™™g - 1),
=@ D@ Land wy = (@™ - D™ — g™ !

where ¢ = 1 and depends on the choice of Q. |



A SURVEY OF PARTIAL DIFFERENCE SETS 239

Example 9.6.

1. If ¢ = 1, then the corresponding regular PDSs have parameters (v, k, A, u, 8, A) =
@™, r(g™ — 1), g™+ r? = 3,1’ — 1, g™ — 2r, ¢*™), where r = ("' — g™ ™,
which belong to the Latin square type.

2. If ¢ = —1, then the corresponding regular PDSs have parameters (v, k, A, u, 8, A)
= (@™, r@@ + 1), — q™ +r*+3r,r% +r, —q™ + 2r, ¢*™), where r = (g™
— 1)g™ ™™, which belong to the negative Latin square type. ]

Tueorem 9.7. (de Resmini [61], [62]) and de Resmini and Migliori [63] ((m+q)
(@ — q+ 1,3, m+ q, m)-projective sets in PG(2, q?) exist in each of the following
cases:

(@) qisasquareand m = s(q + Vg + 1) — gwheres = 1,2, ..., q — Vq.
(®) (g, m) = (3, 2) and (4, 2).

The corresponding PDSs have parameters (v, k, \, p, 8, A) = (45, rig + 1), ¢ +
+3nrr+r - + 2r, ¢%), wherer = (g — 1) m + q), which belong to the negative
Latin square type. |

There are some other sporadic examples of projective sets, see Calderbank and Kantor
[18] For example, Segre [64] and Hill [65] had studied a (56, 6, 20, 11)-projective set
in PG(5, 3) which gave us a (729, 112, 1, 20)-PDS.

The following are some characterization theorems of projective sets.

THaeOREM 9.8. (Calderbank [56]) Let s = 3 and O be an (n, s, n — wy, n — w,)-projective
set in PG(s — 1, q). Suppose no three points of O are collinear.

(a) If ¢ = 2, then either
1. O is the complement of a hyperplane in PG(s — 1, 2), or
2. O is an ovoid in PG(3, 2).
(b) If g # 2, then either
3. g is a power of 2 and O is a hyperoval in PG(2, q),
4. O is an ovoid in PG(3, q),
5.n(q — 1) =t(g™ + 1), w, = g2, w, = (t + 1)g® > where 1 is a positive
integer and (2t + 3)> = 4¢"% + 49 + 1, or
6.2n(g — 1) = 2t + Dg" V2 + (g — 2) = (* + )ig, w; = 1g" D2 w, =
(¢ + 1)g“ " where ¢ is a positive integer and (2t + 2g + 1) = 44¢+D2
+ 49 + 1. |

Tzanakis and Wolfskill [66] solved the diophantine equation x> = 49*? + 4 + 1 which
appeared in (5) and (6) of Theorem 9.8 and gave us the following result,
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THEOREM 9.9. (Tzanakis and Wolfskill [66]) Let s = 3 and O be an (n, s, n — wy,
n — wy)-projective set in PG(s — 1, q). Suppose no three points of O are collinear. Then
only the following values of k, n, w|, w, are possible:

(@ Forany g, s =2, n =2, w; =1, w, = 2;
s=4,n=q2+1,w1=(q—1)q,w2=q2.

M) Forg=2,n=2, w =22 w, =271,

(¢) Forg=3,s =5, n=11,w =6, w, = 9;
s=6,n=5,w =1, w, =2.

(d) Forg =4,s = 6,n =178, w; = 56, w, = 64,
N =7,ﬂ =430, wy = 320, Wy, = 352.

e Forg=2"s5=3,n=2"4+2,w =2", w, =27 + 2. ]

The next two theorems consider (n, s, h, i)-projective sets with a given integer i. The
readers are reminded that an (n, s, h, 0)-projective set is the complement of a hyperplane
if s = 4.

Tareorem 9.10. (Thas [67]) If O is an (n, s, h, D)-projective set in PG(s — 1, q) where
s = 4, then O is either a line in PG(s — 1, q) or an ovoid in PG(3, q). |

THEOREM 9.11. (Calderbank and Kantor [18]) If O is an (n, s, h, i)-projective set that
spans PG(s — 1, q) wherei = lands = 4, thens < (g+ Di + 1, h < (g + i,
and h = (g + )i if and only if O is an ovoid in PG(3, q). |

10. Cyclotomic Classes

In this section, we consider the construction of PDSs using cyclotomic classes in a finite
field. Readers can obtain the background knowledge from Storer [68]. Let ¢ = p¥ =
af + 1 where p is a prime and let w be a primitive element in IF,. Then the azh cyclotomic
classes Cy, Cy, ..., C,_; are defined by

C={™":j=01...f- 1}

In particular, the elements of C, are called the ath power residues. The cyclotomic numbers
of order o are the numbers

(i9j)a= !{(x’y)ecix C]':x+ 1 =y}|

wherei,j =0, 1, ..., a — 1. Storer [68] had listed the values of (i, j), for @ = 2, 3,
4, 6 and 8.

THEOREM 10.1. Use the notation above. Let I C {0, 1, ..., a — 1} and D = U, C;.
Ifforeachm =0, 1, ..., 00 — 1,



A SURVEY OF PARTIAL DIFFERENCE SETS 241

AN ifmel
D=, i =g =
i jel p ifmél,

then D is a (g, k, N, p)-PDS in the additive group of I, where k = f \I|. Furthermore,
if f is even, then D is regular. |

Example 10.2.

1. When o = 2 and fis even, (0, 0), = (f — 2)/2 and (0, 1), = f/2. Hence the set C;
of the 2nd power residues is a regular (g, (¢ — 1)/2, (g — 5)/4, (¢ — 1)/4)-PDS. This
gives us the result of Theorem 2.1.

2. When o = 4 and fis even, by the values of (0, m), from Storer [68], we know that
the set Cy of the 4th power residues is a regular (g, (¢ — /4, (¢ — 11 — 6s5)/16,
(@ — 3 + 25/16)-PDS if and only if g = pz'” for a prime p = 3 mod 4, where
s = (—p)". |

Baumert, Mills and Ward [69] has obtained an interesting result that gives us the values
of the ath cyclotomic numbers when —1 is a power of the characteristic p of IF, modulo .

THeoREM 10.3. (Baumert, Mills and Ward [69] Let q be a power of a prime p and
a = 3 be a divisor of ¢ — 1. Suppose —1 is a power of p modulo o. Then either p = 2
orf=(q — Dla is even; and g = s* with s = 1 mod o such that

(0! O)a = 772 - (e - 3)7’ - 1’

(0, i)a = (la O)a = (l, i)a = 172 + U] for i # 0,
G )e =n*fori,j # Oandi # j
where 7 = (s — 1)/a. -

CoroLLARY 10.4. (Calderbank and Kantor [18]) Let g be a prime power and Cy, Cy, . . .,
C, be the (q + 1)th cyclotomic classes in E2m. Forany I C {0, 1, ..., g}, D = Uy
C; is a regular (™, u(g*" — Ditg + 1), u?9* + Bu - g — Oy — 1, u®49? + un)-PDS
in the additive group of Y pm where u = |I| and v = [(—q)™ — W/(g + 1). Note that
B=Qu~—-q— Dy —1and A = g*. [ |

Example 10.5.

1. If m is odd, say m = 2t + 1, then the PDSs constructed by Corollary 10.4 have
parameters (v, k, A, g, B, A) = (g¥2, r(g@ — 1), g% + r* — 3, r2 — 1, g¥*!
— 2r, ¢**1), where r = u(g%™! + 1)/(g + 1), which belong to the Latin square type.
2. f mis even, say m = 2t, then the PDSs constructed by Corollary 10.4 have parameters
kN p, B, A) = (¥, r(@® + 1), —q% + r? + 3r, r* + 1, —¢* + 21, ¢*), where
r = u(g® — 1)/(g + 1), which belong to the negative Latin square type. |
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Calderbank and Kantor [18] proved Corollary 10.4 directly using arguments concerning
projective sets, see Section 9. Note that Example 10.2(2) is a particular case of Corollary
10.4 since the 4th power residues is a union of (p + 1th cyclotomic classes whenp = 3
mod 4. Examples constructed by Corollary 10.4 also cover other known families of PDSs,
e.g., the family found by van Lint and Schrijver [70].

The following are some PDSs constructed by using cyclotomic classes which do not belong
to examples from Corollary 10.4.

Example 10.6.

1. (van Lint and Schrijver [70]) D = C, U C; U C;, where the C; are the 8th cyclotomic
classes in IF34 is a (81, 30, 9, 12)-PDS, see also Example 14.2(4).

2. (Hill {71} D = Cy U (5, where the C; are the 35th cyclotomic classes in IF,12, is a
(4096, 234, 2, 14)-PDS. |

Other constructions of PDSs using cyclotomic classes has been reported by de Lange
[72]. In particular, new PDSs are constructed with (v, k, N, u) = (6561, 2296, 787, 812),
(6561, 2870, 1249, 1260), (4096, 273, 20, 28) and (4096, 1911, 950, 840). The last two
are dual of each other.

11. Finite Local Rings

In Sections 8, 9 and 10, we have seen a lot of examples of PDSs in elementary abelian
p-groups. Now, let us see a construction method for PDSs in abelian p-groups which are
not elementary abelian. Let p be a prime and R be a finite local ring of characteristic p
with its maximal ideal I generated by a prime element 7. Note that R is a finite evaluation
ring such that every element in R can be written as 7’u where u is a unit in R.

Proposition 11.1. Let R, I and = be as defined above. Then

(@ R/II = Fp for some integer d;

®) |FY = p where s is the smallest positive integer such that I*

(©)if p = w'u;and s = gt + s', where u; is a unitin R and 0 <
ZZ;,‘;, X Z;S}“ ) as an additive group.

’<tth R

[ | Ill

Let ¢ be a mapping from R to R such that ¢(x" u) = 7'u T wherer =0, 1, ...
s — 1 and u is a unit in R. Let A be a subset of R such that |4 N (@ + IFY)| = m for
all a € R where m is a positive integer less than p?. Such a subset A of R can always be
found since {a + I’ : a € R} is a partition of R with |a + I°"!| = p? for every a € R.

TaeoreM 11.2. (Leung and Ma [73]) Using the notation above,

D = {(a,b) € R X R: ¢(a)b € A}
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is a PDS in the additive group of R X R with parameters

(n2,r(n— 1),n+r2—3r,r2-—r,n—-2r,n2) if0¢g A4
Wk, N, u, B,4) =

(n2,n +r(n—1,n +r2—rrP+r,n —2r,n?) if0 € A,
where n = p* and r = mp®~4, =

When 0 ¢ 4, the PDSs constructed above are regular and they belong to the Latin square
type.

Example 11.3.

1. Let R = Zg. Then I = (3), R/l = IF; and I?> = (0), i.e., d = 1 and s = 2. Since
F1=1=1{0,3,6}. 4= {l,2,3} satisfies the required condition with m = 1.
Note that

@b =1e(ab)eS={11,022,44,65,5, 7,7, 8, 9}
p@b=2¢(@b)es={12,2,4,48,6,1),7,5), 8 N}
d(@b =3 ¢ (@, b)es ={(1,3),2,6),(3,1),3,4, 3,7, 43),
(S, 6), (6,2), 6, 5, 6, 8, (7, 3), 8, 6)}.
Then D = §; U §, U §; is a regular (81, 24, 9, 6)-PDS in zy X Z,.
2. LetR = Z£V(2¢) = {0,1,2,3, 8, 1+£, 2+E, 3+E} where £2 = 2. Then I = (%),
RI=TF,and P = (0),i.e.,d =1and s = 3. Since ! = |2 = {0, 2}, the
subset A = {2, 3, 2+£, 3+£} satisfies the required condition with m = 1. Note that

@b =2 s (a, b) €S = {(T,2), 2, 1), 2 3), 2, 1+)), 2, 3+9),
3,2, ¢ D, G, 2+5), (I+£,2) 2+E, B),

B @+E, 2+D), B+E, D)
$@b =3 & (ab)eS ={(1,3), 3 1), A+E 3+), G+§ 1+5H};
$@b = 2FE & (a,b) € 5 = {4, 2+5), G, 27D, G 1+B), G T+d);

o (+% ), @FE, 1), @FE, 3), GFE D)
@b =3+¢ & (a, b) € Sy = {(1, 3+§), G, 1+§), A+E, 1), G+E, I)};
Then D = §; U 5, U 8; U S, is a regular (64, 28, 12, 12)-PDSin (R X R, +) =
(Zy X Zy) X (Z4y X Zy). - |

Dillon [74] proved a special case of Theorem 11.2 when R = Z,s and m = 1. The PDSs
in this case have parameters (v, k, A, p) = (2%, 2571 4 2571 2272 | 9571 7252 4 sy
and hence each of them is a reversible difference set in Zys X 2,5, see Example 12.4(3).
Let C be a regular (p*, mp(p? — 1), p* + mp? — 3mp, (mp)* — mp)-PDS in Z,2 X
Z,2, where 1 < m < p — 1, obtained by Theorem 11.2. We can always find a (p*, #(p?
~ 1), p* + #* — 3t,4> — t)-PDS E of PCP type in Z,2 X Z, (see Theorem 2.2), where
l<tr=<=p+Lsuchthat CNE=@andD = CU EisaPDS:
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TueoreM 11.4. (Davis [43]) There exists a regular (p*, r@* =0, p*+r2 =312 —r)-
PDSinZy X Zy, wherer =t +mp, 1l =t <p+landl =m=p— 1

As pointed out by Davis [43], other PDSs in the additive groups of R X R can be con-
structed in a similar manner.

12. Reversible Difference Sets

Let G be a group of order v and D a subset of G with & elements. Then D is called a
(, k, N)-difference set in G if the expressions gh !, for g and h in D with g # h, repre-
sent each nonidentity element in G exactly A times, i.e.,

DD =AG + ne (12.1)

where n = k — X\ is called the order of D. Note that D is a (v, k, N)-difference set if and
only if D is a (v, k, A\, \)-PDS. Difference sets are well-known combinatorial configura-
tions and have applications in various fields of studies. For detailed descriptions of dif-
ference sets, please consult Beth, Jungnickel and Lenz [20] and Lander [21]. Jungnickel
[22] has a survey of the recent development.

Let D be a difference set in a group G. Then D is called reversible if DV = D. A
reversible difference set D with ¢ ¢ D is a regular PDS. Here, 8 = O and A = 4n. A
lot of work has been done on this topic, especially when G is abelian (see Jungnickel [22]).

First, we examine some nonexistence results on abelian reversible difference sets.

THEOREM 12.1. Let D be a nontrivial reversible (v, k, N)-difference set in an abelian group
G. Then one has the following results:

(a) v is a multiple of 4, N is even and n is a square.

(b) v and n have the same odd prime divisors.

(¢) If p is a prime divisor of n such that p*|n, then p’ |k, p"|\ and p"*|v.

(d) D® = D for any integer t relatively prime to v. [ |

Theorem 12.1(a) was first proved by Johnsen [75]. Theorem 12.1(b), a particular case
of Theorem 6.1., was given by Ghinelli [76] in terms of difference sets. Theorem 12.1(c)
was independently proved by Jungnickel [77] and Lander [21]. Finally, Theorem 12.1(d)
follows from Theorem 4.1 and » is a square. All these results are well-known and various
proofs are provided in the literature, e.g., see McFarland and Ma [78].

By Theorem 12.1, we can set n = u?, N = ua, k = ub and v = uc for some integers
a, b, c. Substitute into the parameter relations n = k — A\ and k? = \v + n. We obtain
the following corollary.

COROLLARY 12.2. (Johnsen [75]) Suppose a nontrivial reversible (v, k, N)-difference set
exists in an abelian group. Then
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W, kN n) =@+ a— D+ o+ Dia, u(@ + @), uo, u?)
where o, u are positive integers of opposite parity and « is a divisor of -1 n
As a consequence of Theorem 7.1, we have a result on subsets of reversible difference sets.

THEOREM 12.3. Suppose there exists a nontrivial reversible difference set of order n in an
abelian group G; and let N be a subgroup of G such that g.c.d.(IN|, |G|/|N|) = 1 and
IN| is even. Then there exists a reversible difference set in N of order n; = g.c.d.(|N|?,
n). ]

Theorem 12.3 was first proved by McFarland [79] for abelian reversible difference sets
with parameters (v, k, N) = (4u>, 2u® — u, u* — u), u € Z. Later, Ma [80] generalized
it to all abelian reversible difference sets. Now, let us see some examples of abelian revers-
ible difference sets.

Example 12.4.

1. Let G = Z% or Z,. Then D = {x}, where x € G with 2x = 0, is a reversible (4, 1,
0)-difference set and G\D is a reversible (4, 3, 2)-difference set.

2. Let G = Z% = z} X Z3. By example 2.3(2), D = {(x, 0), (0, x), (x, x) : x = 1,
2, 3, 4, 5} is a reversible (36, 15, 6)-difference set and G\D is a reversible (36, 21,
12)-difference set.

3. In Theorem 11.2, if p = 2 and m = 2471, then D is a reversible (22, 2241 1 9sd-1,
224-2 4 2s4-1)_difference set in the additive group of R X R. In particular, there exist
reversible (2%, 2271 + 2571 222 4 257N djfference sets in Z3s.

4. The set D in Example 2.8 is a reversible (4000, 775, 150)-difference set in G =
Z3 X Z% and G\D is a reversible (4000, 3225, 2600)-difference set. ||

Note that Example 12.4(1), (2) and (3) have parameters of the form (v, k, \) = (4u?,
2u® — u, u® — u) where u is an integer. A difference set with these parameters is called
a Menon difference set (in some literature, it is called a Hadamard difference set.)

For Menon difference sets, we have further construction methods.

TheoreM 12.5. (Xia [81]) Let p be a prime such thatp = 3mod 4; g = p¥ = 4m + 1
and q° = af + 1 where o« = 8m + 4 and f = 2m. Let © be a primitive element in IF 2
and C; = {w"‘j+1 j=01 .., f—1},i=01, ..., a — 1, be the ath cyclotomic
classes. Let G be the additive group of F2; K = {g1, g5, 83, 84} be a Klein four group
and

D = (g;, G\E) U (g, 0*"E) U (g3, ©*"2E) U (g4, «>*"E),

where



246 S.L. MA

2m m—1 m—1
E=|U G| U | U Cireny| U | U Cironss
i=0 i=0 i=0
Then D is a reversible (4q%, 2q°> — q, q* ~q)-difference set in K X G. |

THEOREM 12.6. (Menon [82]) Let Dy and D, be reversible Menon difference sets in groups
G, and G,, respectively. Then

D = (D; X Dy U (G\D; X Gp\D,)
is a reversible Menon difference set in the group G = G, X G;. |

TuroreM 12.7. (Turyn [83]) Let K = {g1, &, &3, 84} be a Klein four group. Let D, =
UL, (g, 4) and D, = UL, (g;, B;) be reversible Menon difference sets in groups
G, = K X Hy and G, = K X H,, respectively, where A; C H; and B; C H,. Define

D = (g1, V(4y, 43; By, By)) U (g2, V(4y, 4y; B3, By)) U
(g3, V(A43, Ay; By, By)) U (g4, V(d43, As; By, By))

where

VW, X, Y,Z)=[(WNX)x YU [WNX)x Y]
UWNX)XZIU W NX) X Z]

with W = H\W, X' = H\X, Y' = H\Y and Z' = H)\Z. Then D is a reversible Menon
difference set in the group G = K X H; X H,. |

Example 12.8. By applying Theorems 12.6 and 12.7 to Example 12.4(1), (2), (3) and
Theorem 12.5, reversible (4u?, 2u®> — u, u®> — u)-difference sets are constructed in
abelian groups

G =1z x z§ x [zggllx ngggj x z3¢ x [zﬁf‘lx xz},‘;‘r]

with u = £20Fbrat +6m1. 3d. plog p2e, where p; = 3 mod 4 are primes; a, b,
¢, d, oy, s, t are nonnegative integers; and if d + oy + -+ + o, > 0, thena > 0. Let
D be such a reversible difference set. It can be checked that there exists elements x and
y in G such that 2x = 2y = 0 and x € D while y ¢ D. Hence D + y is an abelian regular
4u?, 2u® — u, u? — u, u* — u)-PDS in G and (D + x)\{0} is an abelian regular (4u?,
2u? —u— 1, u? —u — 2, u® — u)-PDS. Note that a @u?, 2u® — u, u* — u, u> -
u)-PDS belongs to the Latin square type if # > 0 and belongs to the negative Latin square
type if u < O. |
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The following is a restriction on the parameters of an abelian reversible Menon dif-
ference set. Readers can compare it with Theorem 7.3(c).

THEOREM 12.9. (McFarland [79]) If the square free part of u is not equal to +2°3°, then
no reversible (4u?®, 2u® — u, u® — u)-difference set exists in any abelian group of order
4u?,

With Example 12.8, it is natural to ask the following question.

Question 12.10. If u has a prime factor p = 1 mod 4, does there exist a reversible (4u?,
2u® — u, u? — u)-difference set in any abelian group of order 4u?? In particular, does
there exist a reversible (dp*, 2p* + p?, p* + pD-difference set in any abelian group of
order 4p* if p = 1 mod 4 is a prime? [ ]

We have a theorem on the structure of the groups.

THEOREM 12.11. (Ma [42]) Suppose G is an abelian group which contains a reversible
Menon difference set. Let q be the exponent of the Sylow p-subgroup P of G. If q # 4,
then P contains a subgroup isomorphic to Z, X Z,. |

For non-Menon type reversible difference sets, Example 12.4(4) is the only known non-
trivial abelian example. The following is the McFarland Conjecture, see Arasu [84] or
Jungnickel [22].

Consecture 12.12. If a nontrivial reversible difference set of order n exists in an abelian
group of order v, then either v = 4n or v = 4000, n = 625. (When v = 4n, the difference
set belongs to the Menon type.) n

McFarland and Ma [78] and Ma [80] have shown that Conjecture 12.12 is valid for
n < 10% By a result by Mann [85], all nontrivial difference sets in abelian 2-groups
belong to the Menon type. Together with Theorem 12.3, we have the following theorem.

TaeoreM 12.13. (Ma [80]) Suppose there exists a nontrivial reversible difference set of
order n in an abelian group of order v. If 2*° strictly divides n, then either a = 0 or 22612
strictly divides v. [

By applying Theorems 12.1 and 12.13 to the case when v has only one odd prime divisor
and using the observation that v2 + 4n(v — 1) is a square, Ma [80] proposed the follow-
ing conjecture which implies Conjecture 12.12.

CoNIECTURE 12.14. Let p be an odd prime, a = 0 and b, ¢, r = 1. Then
() Y = 2%*2p% — 224257 4 | is a square if and only if ¢ = r (i.e., ¥ = 1);

(i) Z = 2%*%p% — 26%¥2p™*7 1 1 is a square if and only if p = 5, b = 3, ¢ = 1,
r =2 (ie., Z = 2401). [ |
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For Case (i) of Conjecture 12.14, ¥ = 1 corresponds to the parameters of the Menon
type. For Case (i), Z = 2401 yields the parameters of Example 12.4(4).

It is interesting to see that the nonabelian case is completely different from the abelian
case. For example, we have a reversible (4u?, 2u® — u, u? — u)-difference set for u = 5
which violates Theorem 12.9.

Example 12.15. (Smith [86]) Let
G=<abc:a>=b=c*=[a,bl=cacla?=cbc™h?=¢>.
Then

D=[e+a+ay+(+ad+(+a®+d®+a"?+
(e +a+a®+ adb® + (e + aHhpY +
[@% + a*) + a®b + a®? + (e + a®b® + (@ + a®> + &® + aHb*c +
[a* + (@ + &% + a4)b + (@ + ayb? + (e + a® + ahb? + a*pfe? +
[@® + a% + (e + a®b + a®b? + (a + a% + a*® + a*b® + ab?lc?

is a reversible (100, 45, 20)-difference set in G and G\D is a reversible (100, 65, 30)-
difference set. B

Also, we have a family of non-Menon type reversible difference sets which do not agree
with Theorem 12.1.

THEOREM 12.16. (Miyamoto [87] and Ma [88]) Let E be the additive group of IFss+1. Sup-
pose 2 strictly divides (3*' — 1)/2. Let M be an elementary abelian 2-group of order
2" and K be the cyclic subgroup of the multiplicative group of order (3**' — 1)/2'*! in
IF3+\{0}. Define G = {(x,y,2) : x € M, y € E and 7 € K} to be a group with the opera-
tion (x1, y1, 21) (%2, Y2, 22) = (pxp, Y1 + 212, 2122) Jor all (xy, Y1, 21), (%2, Y2, 22) € G.
Let Hy, H,, ..., Hy be hyperplanes in IF3s+1 such that for i # j, H; # gH; forall g € K.
Let M = {hy, hy, ..., h,} and K = {g1, g3, ..., g} where w = 2" and r = (3**! —
D2, Then

D = (h, ENHy, e) U U (y, &H;, 2P
i=1,2,...,r
j=12,...w
W=,
is a reversible (313 — D2, 3G + 172, 35(3° + 1)/2)-difference setin G. W

Finally, we conclude this section with a generalization of some of the results in theorem
12.1 to the nonabelian case.
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Tueorem 12.17. (Ghinelli [89]) Let D be a reversible (v, k, N)-~difference set in a finite
group G. Then

(@) n (= k — \) is a square, say n = m?,

®v=*Fkk= \modm; and
(c) for every g € G, |Cg(@)||D N gC| = k mod m where C;(g) and g€ denote the cen-
tralizer of g in G and the conjugacy class of g, respectively. |

13. The Case When A — p = -1

In Section 12, we have seen PDSs with A — u = 0 and —2. It is natural to ask what will
happen if A\ — p = —1. In fact, this kind of PDSs is closely related to certain types of
divisible difference sets which we shall discuss later in this section. By using Theorems
7.1, 7.3(c) and some results concerning diophantine equations, we have the following char-
acterization of abelian regular PDSs with A — p = —1.

THEOREM 13.1. (Arasu, Jungnickel, Ma and Pott [90]) The following are all possible
parameters for a nontrivial abelian regular (v, k, N\, u)~-PDS D to exist with A — p = ~1:

@ W, k, N\, p0) =@, (v— 12, (v— 54, (v — 1)/4) where v = 1 mod 4,
®) (v, k, \, p) = (243, 22, 1, 2) or (243, 220, 199, 220). n

As to existence, Theorem 2.1 gives us regular (v, (v — 1)/2, (v — 5)/4, (v — 1)/4)-PDSs
when v = 1 mod 4 is a power of an odd prime. Also, Example 8.3(2) yields regular (243,
22, 1, 2) and (243, 220, 199, 200)-PDSs.

Let G be a group of order mn with a normal subgroup N of order n. An (m, n, k, A4,
\)-divisible difference set in G with respect to N is a k-element subset B of G such that
the expressions gh ~!, for g and & in B with g # h, represent each nonidentity element
in N exactly A; times and each element in G\N exactly A, times. It is known that a divis-
ible difference set is equivalent to a symmetric divisible design that admits a normal Singer
group, see Jungnickel [91]. An (m, n, k, N;, \y)-divisible difference set is called proper
ifN; # N, m # L,n # 1land \, # 0, 2k — mn. A divisible difference set B is called
reversible if B™? = B. Two divisible difference sets B; and B, are called equivalent if
B, = gB, for some g € G.

Divisible difference sets satisfying k — \; = 1 were investigated by Arasu, Jungnickel
and Pott [92], [93]. In particular, they showed that any proper abelian divisible difference
set with &k — \; = 1 is either reversible or has (up to complementation and equivalence)
parameters

-1 -1 g-—3
(m,n,k,)\l,)\z)=(q,n,n[q2 ] +1,n. q—i——-],n[“—“_— + 1

where ¢ = 3 mod 4 is a prime power. One can construct examples for the parameters
in the latter case for all values of » and g, see Arasu, Jungnickel and Pott [93]. For the
reversible case, the existence question reduces to that for abelian regular PDSs.
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THEOREM 13.2. (Arasu, Jungnickel and Pott [92]) Let G be an abelian group with a subgroup
Noforder2, let H = G/N and p be the natural epimorphism from G to H. If D is a regular
(m, h, \, \ — 1)-PDS in H, then B = p (D) U {e} is a proper reversible (m, 2, 2h
+ 1, 2h, 2N\)-divisible difference set in G with respect to N. Moreover, up to complementa-
tion and equivalence, every proper reversible divisible difference set with k — \; = 1
arises in this way. n

As a consequence of Theorems 13.1 and 13.2, we have the following corollary.

CoRroLLARY 13.3 Suppose there exists a proper (m, n, k, N, \y)-divisible difference set
in an abelian group G with k — Ny = 1. Up to complementation and equivalence, one
of the following cases is true:

(a) B is reversible and (m, n, k, A, \y) = (243, 2, 45,44, 4) or (m,2, m, m — 1,
(m — 1)/2) where m = 1 mod 4.

®) (m, n, k, M, \p) = (g, n, [n(qg — 2] + 1, n(g ~ 1)/2, [n(g — 3)/4] + 1) where
q = 3 mod 4 is a prime power. » |

In the following a regular (v, (v — 1)/2, (v — 5)/4, (v — 1)/4)-PDS, where v = 1 mod
4, is called a Paley PDS. Arasu, Jungnickel, Ma and Pott [90] have asked the following
questions.

Questions 13.4. Suppose G is an abelian group of order v = 1 mod 4. If v is not a prime
power, does there exist a Paley PDS in G? If v is a prime power, does G need to be elemen-
tary abelian? |

The first question is still open. However, we have counter examples for the second ques-
tion. By Theorem 11.4, if we put t = m = (p — 1)/2, then we obtain a Paley PDS in
Z,2 X Zy2. Recently, with a similar but more complicated construction, Leung and Ma
[94] obtained examples of Paley PDSs in some abelian groups of higher exponent.

There is an exponent bound for an abelian group to have a Paley PDS. If v = p% or
p**! for some odd prime p, then by Theorems 6.7 and 6.9, except the case v = p (i.e.,
G = z,), the exponent of G cannot exceed p°.

14. Partial Geometries

A partial geometry with parameters s, ¢, @ (apg(s + 1, ¢ + 1, «)) is an incidence structure
having the following properties:

(i) every line has s + 1 points and every point lies on ¢ + 1 lines;

(ii) any two lines intersect at most one point (and any two points are incident with at most
one line);

(iii) if a point x is not on a line L, then there are « lines through x which intersect L.
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Partial geometries were introduced by Bose [1] in order to provide a setting and generaliza-
tion for known characterization theorems for strongly regular graphs. There are several
surveys on partial geometries, e.g., see Thas [95] Brouwer and van Lint [5] and Cameron
and van Lint [6].

Suppose we have apg(s + 1, ¢t + 1, o) w1th a regular automorphism group G acting
regularly on the points and we identify the points with the elements of G. Let Ly, L;,

.» L, be the t + 1 lines through e, the identity element in G. Then {gL; : g € G and
i=0,1, ..., 1t} is the set of all lines and for any g € G, gL, gL, - .., gL, are the
t + 1 lines through g. By the axioms of partial geometries, we have

L] =s+1fori=0,1, ..., (14.1)
|L; N gLi| < 1ifL; # gL; and (14.2)
t
UL|ingL|=cifg eL (14.3)
i=0

TuEOREM 14.1. With the notation above, D = (U'.y L)\{e} is a regular PDS with
parameters

ok, N p, B,48) =((s + Do + st)a, s+ 1),s+ta—1)—1,a — 1),

s—a—t—1,(6—a+t+ 1.

Furthermore,
LD=0aG + (s —a);fori=0,1, ...t (14.4)
]

Example 14.2

1. The projective plane PG(2, q), where g is a prime power, isapg(g + 1, ¢+ 1, g+ 1)
which gives us the trivial PDS D = G\{e} where G is the cyclic Singer group of
PG(2, q), see Baumert [96].

2. Let G be a group of order n? and ® be an (n, r)-PCP, see Section 2. Let the elements
in G be points and gU, U € ®@ and g € G, be lines. Then we obtain a pg(n, r, r — 1).
Note that a partial geometry with o = ¢ is called a net. Lines of a net can be partitioned
into parallel classes, see Chapter 7 of Cameron and van Lint [6]. A net with an automor-
phism group acting regularly on the points and fixing each parallel class is called a
translation net, see Jungnickel [26] and Bailey and Jungnickel [25]. Sprague [24] has
shown that all translation nets are obtained from PCPs.

3. Let G be a group of order n%, N be a normal subgroup of order n in G and R be an
(n, n, n, I)-relative difference set in G relative to N, see Jungnickel [91]. A pg(n, n,
n — 1) can be obtained by regarding the elements of G as points and gR, g € G, as
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lines. It is a net but the action of G does not fix any parallel class. The corresponding
PDS is D = G\N. Furthermore, if a parallel class of lines, {gN : g € G}, is added,
we get an affine plane which is a pgn, n + 1, n).

4. (van Lint and Schrijver [70]) Let y be a primitive Sth root of unity in IF;4 and § =
{0, 1, v, v% 73, ¥*}. Let the elements in IF;+ be points and S + b, b € IF3, be lines.
Thes we obtain a pg(6, 6, 2). The PDS constructed is the regular (81, 30, 9, 12)-PDS
of Example 10.6(1). a

Using projective sets in Section 9, we can construct partial geometries which have reg-
ular automorphism groups acting regularly on the points, see Chapter 7 of Cameron and
van Lint [6].

THEOREM 14.3. Let O be an (n, 3, h, 0)-projective set in PG2, q). Let the elements in
IFg be points and {\y : N € IF,;} + x, {y) € Oandx € IF?I, be lines. Then the incidence
structure is a pg(g, n, h — 1). (Note thatn = (g + Dth — 1) + 1) |

Example 14.4. By Theorem 9.3, for 1 < r < m, there exists a """ — 2™ + 2/, 3, 2, 0)-
projective set in PG(2, 2™). Hence there exists a pg(2”, 2™*" — 2" + 27, 2" — 1) such
that the additive group of IF3= acts regularly on the points. The PDS constructed from
the partial geometry is exactly the same as the PDS constructed from the projective set,
see Example 9.4. |

Recently, Ma [97] has obtained the following result for the case when s = ¢ and G is
abelian.

TueorReM 14.5. (Ma [97]) Suppose Ly, L,, .. ., L, be distinct subsets of an abelian group
G such that |L;| = s + land e € L; for alli. Ifapg(s + 1, s + 1, ) is obtained by
regarding the elements of G as points and gL;, 0 < i < s and g € G, as lines, then

(a) either L = L, forall i or L; N L{Y = {e} for all i;

®) if L{Y = L, for all i, then « = s and the partial geometry is a translation net (see
Example 14.2(2)); and

© ifL;, N LS = {e} forall i, then {g7'Ly: g € G} = {Lo, Ly, ..., L} and

LI§™ =D + (s + De (14.5)
and

BI§Y = a6 + 25 — a + DI (14.6)
where D = (Ui—g L)\{e} (see Example 14.2(1), 3) and (4)). [

Furthermore, Ma [97] has conjectured the following and proved that it is true for s < 500.
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CoNIECTURE 14.6. If a pg(s + 1, s + 1, ) admits an abelian automorphism groups act-
ing regularly on the points, then (s, @) = (s, s + 1), (s, 5) or (5, 2). |

Apg(s + 1,7+ 1, o) with « = 1 is called a generalized quadrangle of order s and
t (a GQO(s, 1)). There is an extensive literature on generalized quadrangles, see Payne and
Thas [98]. In Example 14.4, if r = 1, then we have a2 GQQ2™ — 1, 2" + 1)
such that the additive group of IF3m acts regularly on the points. Lowe [99] has con-
structed some examples of GQ(g — 1, ¢ + 1) admitting regular automorphism groups
for odd prime power gq.

For s = t, Ghinelli [89] has studied the existence problem in detail. The only known
example is the GO(1, 1) obtained from Example 14.2(3) with n = r = 2.

CoNJECTURE 14.7. A GQ(s, s) with s > 1 does not admit a regular automorphism group
acting regularly on the points. |

Suppose there is a GQ(s, s) which has an automorphism group G acting regularly on
the points. By Theorem 14.1, we get a regular (s + 1)(s* + 1), * + 5,5 — 1,5 +
1)-PDS D. Then D U {e} is a reversible ((s + 1)(s> + 1), s* + s + 1, s + 1)-difference
set in G. Note that if s > 1, then G must be nonabelian. The following theorem is obtain-
ed by studying this nonabelian reversible difference set, see also Theorem 12.17.

THEOREM 14.8. (Ghinelli [89]) Suppose s is even. In each of the following cases, a group
G of order (s + 1)s* + 1) cannot be a regular automorphism group of a

GQ(s, s).
(@) G has a nontrivial center.
(b} G is a Frobenius group.
© % + 1 is square-free. |

Ghinelli [89] has also pointed out that if s is odd, then the problem is more difficult
since G may not be solvable. For this case, the Suzuki groups and the Sylow 3-subgroups
of line stabilizers will play an important role.
15. A Table of Parameters
In table 15.3, we give a list of possible parameters (v, k, A, u, 8, A) for which nontrivial
abelian regular PDSs may exist with £ < 100. First, we obtain a list of possible values
of k, \, u with

2=<k=100,0<sAN<k-1landl =pu=<k-1. (15.1)

Other parameters are computed by the formulae

B=N—-uA=F+4k —pandv = & - Bk — k + pip. (15.2)
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Then the parameters are tested with the following criterions drawn from Proposition 1.4,
Corollaries 3.6, 6.3 and Theorems 3.4, 6.1, 6.9.

(i) P and A have the same parity;

() v = @k — B = (8% + 26)v = 0 mod A;

(iii) v, A, v*/A have same prime divisors;

(iv) if A is not a square, then there exists an odd prime p = 1 mod 4 such that (v, &,
)\’ s 6: A) — (p2s+1’ (p2s+1 _ 1)/2’ (p2s+1 _ 5)/4’ (p2s+1 _ 1)/4’ _1’ p2s+1); and

(v) if v = p°, where p is a prime, and A is a square, then k is a multiple of p — 1.

If D is a nontrivial abelian regular PDS with parameters (v, k, A, u, 8, A), then D' =
(G\D)\{e} is a regular PDS with parameters

OLE N, B A=, v—k—1,v—-2k—2+ u,v—2k+ N ——-2,4)
and the dual D* is a regular PDS with parameters
OF KN, pt, BY, AT) = (0, [VA - B — D) — 2KV@VA), B + at,
[4k* — A* + (B1)21/4, [v — 2k + B8 — VAINA, V/A).
Hence we only list those parameters with
k=sw—-1DRandA =sv (15.3)

since the case £ > (v — 1)/2 can be obtained by the complement and the case A > v
can be obtained by the dual.

The following theorem is a particular case of Theorems 7.1 and 7.3(c) which is useful
in determining the existence of nontrivial abelian PDSs.

THEOREM 15.1. Suppose there exists a nontrivial regular (v, k, A, p)-PDS in an abelian
group where v is not a prime power. Let p be an odd prime divisor of v, say v = p'u and
A =p¥r* wherep Yuandp ¥ w Let B, = 3 — 20w where 20 — H)w < 8 < (20
+ Dx. Then

@ A= @+ B) — (a* — BH(u — 1) is a square; and
(b) eitherk, = (u + B, — NA)2 or ky = (u + By + VA)/2 satisfies all the following:
@ 0 =< k; < min {k, u};
(i) ifk;, # Qandu — 1, then Ny, py, u — 2ky + Ny, u — 2k; — 2 + p, are non-
negative where where p, = k; — [(x* — fD/4] and \; = By + p,; and
(iii) ifp = S5 and k; # 0, u — 1, then either 1) ris even and 6 = O mod (p — 1)
or Qrisoddand @ = (p — 1)/2 mod (p — )). [ ]
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The following is a result that we need in Table 15.3.

Remark 15.2. Brouwer and Neumaier [100] have proved that there is no (1944, 67, 10,
2)-strongly regular graph and hence no abelian regular (1944, 67, 10, 2)-PDS. Readers
are referred to the survey by Brouwer and van Lint [5]. |

Table 15.3. We give a table of parameters (v, &, A, p, 8, A) satisfying (15.1), (15.2), (15.3) and criterions (i), (ii),
(iii), (iv), (v). In the following, Paley refers to regular PDSs constructed by Theorem 2.1; PCP refers to regular
PDSs constructed by Theorem 2.2; and ? means the existence of such a regufar PDS is still unknown,

No. v k A u B A Examples/Remark
1 5 2 0 1 -1 5 —  Paley.
2 9 4 1 2 -1 9 —  Paley.
3 16 5 0 2 -2 16 —  Example 12.8.
4 16 6 2 2 0 16 — (4, 2)-PCP.
5 13 6 2 3 -1 13— Paley.
6 25 8 3 2 1 25  — (5, 2)-PCP.
7 17 8 3 4 -1 17 —  Paley.
8 36 10 4 2 2 36 — (6, 2)-PCP.
9 49 12 5 2 3 49 — (7, 2-PCP.
10 25 12 5 6 -1 25 —  Paley.
11 36 14 4 6 -2 36 —  Example 12.8.
12 64 14 6 2 4 64 — (8, 2)-PCP.
13 29 14 6 7 -1 29 —  Paley.
14 36 15 6 6 0 36 — (6, 3)-PCP.
15 81 16 7 2 5 81 — (9, 2)-PCP.
16 64 18 2 6 —4 64 —  Example 9.2(1).
17 49 18 7 6 1 49 — (7, 3)-PCP.
18 100 18 8 2 6 100 — (10, 2)-PCP.
19 37 18 8 9 -1 37 —  Paley.
20 81 20 1 6 -5 81 —  Example 2.7(2).
21 121 20 9 2 7 121 — (11, 2)-PCP.
22 41 20 9 10 -1 41 —  Paley.
23 64 21 8 6 2 64 — (8, 3)-PCP.
24 100 22 0 6 -6 060 — 7
25 243 22 1 2 -1 81 —  Example 8.3(2).
26 144 2 10 2 8 14 -~ (12, 2)-PCP.
27 81 24 9 6 3 8t  — (9, 3)-PCP.
28 169 24 11 2 9 169 — (13, 2)-PCP.
29 49 24 11 12 -1 49  —  Paley.
30 196 26 12 2 10 196 — (14, 2)-PCP.
31 53 26 12 13 -1 53 —  Paley.
32 100 27 10 6 4 100 — (10, 3)-PCP.
33 64 27 10 12 -2 64 —  Example 12.8.
34 64 280 12 12 0 64 — (8, 49-PCP.
35 225 28 13 2 11 225 — (15, 2)-PCP.
36 81 30 9 12 -3 81 —  Example 10.6(1).
37 121 30 11 6 5 121 — (11, 3)-PCP.
38 256 30 14 2 12 256 — (16, 2)-PCP.
39 61 30 14 15 -1 61 —  Paley.
40 81 32 13 12 1 81 — (9, 4-PCP.
41 289 32 15 2 13 280 — (17, 2)-PCP.
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No. v k A u I¢] A Examples/Remark
42 100 33 8§ 12 -4 100 ?
43 144 33 12 6 6 144 (12, 3)-PCP.
4 324 34 16 2 14 324 (18, 2)-PCP.
45 169 36 13 6 7 169 (13, 3)-PCP.
46 100 36 14 12 2 100 ?
47 361 36 17 2 15 361 (19, 2)-PCP.
48 73 36 17 18 -1 73 Paley.
49 400 38 18 2 16 400 (20, 2)-PCP.
50 144 39 6 12 -6 144 ?
51 196 39 14 6 8 196 (14, 3)-PCP.
52 216 40 4 8 —4 144 ?
53 121 40 15 12 3 121 (11, 4)-PCP.
54 441 40 19 2 17 441 21, 2)-PCP.
55 81 40 19 20 -1 81 Paley.
56 288 41 4 6 -2 144 NOT EXIST by Theorem 15.1 with p = 3.
57 288 42 6 6 0 144 NOT EXIST by Theorem 15.1 with p = 3.
58 225 42 15 6 9 225 (15, 3)-PCP.
59 484 42 20 2 18 484 (22, 2)-PCP.
60 216 43 10 8 2 144 ?
61 144 44 16 12 4 144 (12, 4)-PCP.
62 100 44 18 20 -2 100 NOT EXIST by Theorem 12.9.
63 529 44 21 2 19 529 (23, 2)-PCP.
64 89 4 21 22 -1 89 Paley.
65 196 45 4 12 -8 196 ?
66 256 45 16 6 10 256 (16, 3)-PCP.
67 100 45 20 20 0 100 NOT EXIST by Theorem 12.9.
68 392 46 0 6 -6 196 ?
69 576 46 22 2 20 576 (24, 2)-PCP.
70 225 48 3 12 -9 225 ?
71 289 48 17 6 11 289 (17, 3)-PCP.
72 169 48 17 12 5 169 (13, 4)-PCP.
73 625 48 23 2 21 625 (25, 2)-PCP.
74 97 48 23 24 -1 97 Paley.
75 121 50 21 20 1 121 (11, 5)-PCP.
76 676 50 24 2 22 676 (26, 2)-PCP.
77 101 50 24 25 -1 01 Paley.
78 256 51 2 12 -10 256 Example 2.7(2).
79 392 51 10 6 4 196 ?
80 324 51 18 6 12 324 (18, 3)-PCP.
81 144 52 16 20 -4 144 ?
82 196 52 18 12 6 196 ?
83 729 52 25 2 23 729 27, 2)-PCP.
84 361 54 19 6 13 361 (19, 3)-PCP.
85 784 54 26 2 24 784 (28, 2)-PCP.
86 109 54 26 27 -1 109 Paley.
87 144 5 22 2 2 144 ?
88 225 56 19 12 7 225 (15, 4)-PCP.
89 841 56 27 2 25 841 (29, 2)-PCP.
90 113 56 27 28 -1 113 Paley.
91 324 57 0 12 -12 324 ?
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No. v k A 0 8 A Examples/Remark

92 400 57 20 6 14 400 (20, 3)-PCP.
93 900 58 28 2 26 900 (30, 2)-PCP.
94 196 60 14 2 -6 196 ?
95 256 60 20 12 8 256 (16, 4)-PCP.
96 441 60 21 6 15 441 (21, 3)-PCP.
97 169 60 23 20 3 169 (13, 5)-PCP.
98 961 60 29 2 27 961 (31, 2)-PCP.
99 121 60 29 30 -1 121 Paley.

100 1024 62 30 2 28 1024 (32, 2)-PCP.
101 125 62 30 31 -1 125 Paley.

102 484 63 22 6 16 484 (22, 3)-PCP.
103 225 64 13 20 -7 225 NOT EXIST by Theorem 15.1 with p = 5.
104 289 64 21 12 9 289 (17, 4)-PCP.
105 1089 64 31 2 29 1089 (33, 2)-PCP.
106 196 65 24 20 4 196 ?

107 144 65 28 30 -2 144 Example 12.8.
108 529 66 23 6 17 529 (23, 3)-PCP.

109 144 66 30 30 0 144 Example 12.8.
110 1156 66 32 2 30 1156 (34, 2)-PCP.
111 1944 67 10 2 3 324 NOT EXIST by Remark 15.2.
112 256 68 12 20 -8 256 Example 9.6(2).
113 324 68 22 12 10 324 ?

114 1225 68 33 2 31 1225 (35, 2)-PCP.
115 137 68 33 34 -1 137 Paley.

116 576 69 24 6 18 576 (24, 3)-PCP.
117 512 70 6 10 -4 256 Example 9.2(1).
118 225 70 25 20 5 225 NOT EXIST by Theorem 15.1 with p = 5.

119 1296 70 34 2 32 1296 (36, 2)-PCP.
120 361 72 23 12 11 361 (19, 4)-PCP.
121 625 72 25 6 19 625 25, 3)-PCP.

122 169 72 31 30 1 169 (13, 6)-PCP.
123 1369 72 35 2 33 1369 37, 2)-PCP.
124 512 73 12 10 2 256 ?

125 1444 74 36 2 34 1444 (38, 2)-PCP.
126 149 74 36 37 -1 149 Paley.

127 676 75 26 6 20 676 (26, 3)-PCP.

128 256 75 26 20 6 256 (16, 5)-PCP.

129 196 75 26 30 -4 196 ?

130 324 76 10 20 -10 324 ?

131 400 76 24 12 12 400 (20, 4)-PCP.

132 1521 76 37 2 35 1521 (39, 2)-PCP.

133 729 78 27 6 21 729 (27, 3)-PCP.

134 196 78 32 30 2 196 ?

135 1600 78 38 2 36 1600 (40, 2)-PCP.

136 157 78 38 39 -1 157 Paley.

137 441 80 25 12 13 441 (21, 4)-PCP.

138 225 80 25 30 -5 225 ?

139 289 80 27 20 7 289 (17, 5)-PCP.

140 1681 80 39 2 37 1681 41, 2)-PCP.

141 784 81 28 6 22 784 (28, 3)-PCP.
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Table 15.3. (Continued).

No. % k A W B8 A Examples/Remark

142 1764 82 40 2 38 1764 — (42, 2)-PCP.

143 400 84 8 20 -12 400 — 7

144 484 84 26 12 14 48 — 7

145 841 84 29 6 23 841 — (29, 3)-PCP.

146 225 84 33 30 3 225 — ?

147 1849 84 41 2 39 1849 — (43, 2)-PCP.

148 169 84 41 42 -1 169 — Paley.

149 800 85 0 10 -10 400 —  NOT EXIST by Theorem 15.1 with p = 5.
150 256 8 24 30 —6 256 —  Example 10.5(2).

151 324 8 28 20 - 8 324 - ?

152 1936 86 42 2 40 193¢ — (44, 2)-PCP.

153 173 86 42 43 -1 173 —  Paley.

154 900 87 30 6 24 900 — (30, 3)-PCP.

155 441 88 7 20 -13 441 —_ NOT EXIST by Theorem 15.1 with p = 7.
156 529 88 27 12 15 529 — (23, 4)-PCP.

157 2025 88 43 2 41 2025 — (45, 2)-PCP.

158 361 9 29 20 9 361 — (19, 5)-PCP.

159 961 90 31 6 25 961 - (31, 3)-PCP.

160 256 9 34 30 4 256 — (16, 6)-PCP.

161 196 90 40 42 -2 196 —  NOT EXIST by Theorem 12.9.

162 2116 90 44 2 42 2116 - 46, 2)-PCP.

163 181 9 44 45 -1 181 —  Paley.

164 196 91 42 42 0 196 - NOT EXIST by Theorem 12.9.

165 484 92 6 20 -14 484 - 7

166 576 92 28 12 16 576 — (24, 4)-PCP.

167 2209 92 45 2 43 2209 — (47, 2)-PCP.

168 4000 93 8 2 6 400 —  NOT EXIST by Theorem 15.1 with p = 5.
269 1024 93 32 6 26 1024 — (32, 3)-PCP.

170 800 94 18 10 8 400 —  NOT EXIST by Theorem 15.1 with p = 5.
171 2304 94 46 2 44 2304 — (48, 2)-PCP.

172 324 95 22 30 -8 324 — ?

173 400 95 30 20 10 400 - (20, 5)-PCP.

174 625 9% 29 12 17 625 — (25, 4)-PCP.

175 1089 9% 33 6 27 1089 — (33, 3)-PCP.

176 289 9% 35 30 5 280 — (17, 6)-PCP.

177 225 9% 39 42 -3 25 — 7

178 2401 9% 47 2 45 2401 — (49, 2)-PCP.

179 193 96 47 48 -1 193 —_ Paley.

180 225 98 43 42 1 225 - 7

181 2500 98 48 2 46 2500 —~— (50, 2)-PCP.

182 197 98 48 49 -1 197 - Paley.

183 1156 99 34 6 28 1156 — (34, 3)-PCP.

184 576 100 4 20 —-16 576 — ?

185 676 100 30 12 18 676 — ?

186 441 100 31 20 11 441 — NOT EXIST by Theorem 15.1 with p = 7.

187 2601 100 49 2 47 2601 — (51, 2)-PCP.
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Note Added in Proof

Recently, Q. Xiang (preprint, Note on Paley type partial difference sets) proved a new
exponent bound for abelian groups having (p**!, (p**! — 1)/2, (p**! - 5)/4, (p**!
— 1)/4)-PDSs, see Questions 6.6 and 13.4. His result says that if p° is the exponent of the
abelian group and e = 2, then ¢ < (s + 1)/2. This bound is better than Theorem 6.7.
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