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Abstract. The design PG, (4, g) of the points and planes of PG (4, g) forms a quasi-symmetric 2-design with
block intersection numbers x = 1 and y = ¢ + 1. We give some characterizations of quasi-symmetric designs
with x = 1 which have a spread through a fixed point. For instance, it is proved that if such a design D is also
smooth, then D = PG, 4, g).

1. Introduction

A t-(v, k, N) design D is called quasi-symmetric (q.s.) if any pair of its blocks intersect
inx or y points (x < y). There has been much recent interest in such designs. For example,
for + = 2: [1], [3], [9], [101 and in case ¢ = 3: [4], [11], [13].

Cameron [5], classified q.s. 3-designs with x = 0. In Sane and M.S. Shrikhande [13],
g.s. 3-designs with x > 0 were considered and the case x = 1 was studied. The unique
4-(23, 7, 1) Witt design and its residual the 3-(22, 7, 4) design provide examples of q.s.
3-designs with x = 1. It was conjectured in [13], that these are the only possibilities. This
conjecture was proved true by Calderbank and Morton [4]. See Sane and Pawale [11] for
an alternative short proof. As is well known, the combined efforts of Ito and others (see
e.g., references in [15]) prove that up to complementation, the 4-(23, 7, 1) is the only q.s.
4-design. Cameron [6] proved that no q.s. #-designs exist for # = 5. For these and other
results on quasi-symmetric designs, see M.S. Shrikhande and Sane [16].

The classification problem for q.s. 2-designs is open. One of the approaches has been
to place some restrictions on the intersection numbers x, y and/or put some extra structural
conditions on the design. For instance, in [1}: x = 0 and the design has no three mutually
disjoint blocks, or in [10]: x = 0, y = 2 and the design satisfies some additional geometrical
conditions. The paper [14] contains some generalizations of [10] to the case x = 0, y = 2.
Cameron [7] studies the other extreme considered in [1], namely assume x = 0 and the
q.s. design D has a spread—i.e., a family of pairwise disjoint blocks whose union is the
point set of D.

In this paper our interest is in q.s. 2-(v, k, A) designs withx = 1L If (x, y) = (1, 2),
it is well known that D is the residual of a biplane." An infinite family of q.s. designs with
x =1y = gq + 1is the design PG, (4, ¢) of points and planes in PG (4, ¢). In PG,
4, @), the set of blocks through any fixed point contains a spread. Also PG, (4, q) is
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smooth—i.e., any three noncollinear points are contained in a constant number (p = 0)
of blocks. One of the purposes of this paper is to obtain some Dembowski-Wagner type
characterizations of q.s. 2-(v, k, N) designs with x = 1. The well known Dembowski-Wagner
results [8] characterize the symmetric design of points and hyperplanes of PG (n, g) in
terms of smoothness.

In Section 2, it is shown (Proposition 2.6), that if x = 1, y = 3 and the q.s. 2-design
has a spread consisting of 8 blocks through a fixed point, then the integers v = (8 — 1)/
(y — Dand m = (k — 1)/(y — 1) satisfy the inequality 1 < v < m — 1. We refer to
designs achieving these bounds as critical designs. Theorem 2.8 obtains a classification
of q.s. 2-designs with x = 1 which have a spread and are critical. Section 3 is devoted
to obtaining some characterizations of the q.s. 2-design PG, (4, q). If D is a q.s. 2-design
with the same parameters as PG, (4, g), then Theorem 3.6 obtains several conditions
equivalent to assuming D = PG, (4, q). We then consider q.s. 2-designs D with x = 1,
y = 3 and suppose, in addition, that D has a spread and is also smooth. We shown (in
Theorem 3.8) that any three noncollinear points are contained in exactly one block and
all line sizes are y. The proof depends on Cameron’s result [7] on q.s. 2-c'e’ 2ns with an
intersection number 0 and having a spread. We prove in Theorem 3.9, that ir D is a q.s.
2-design with x = 1 has a spread and is also smooth, then D = PG, (4, g). Theorem
3.10 is another characterization result. Assume D is g.s. 2-(v, k, A) design with x = 1 and
suppose every point triple is contained in at least one block. Then Theorem 3.10 gives
several Dembowski-Wagner type characterizations for D.

2. Quasi-Symmetric Designs with x = 1 and Spreads

Let D denote a quasi-symmetric (q.s.) 2-design with usual parameters v, b, r, k, A and
block intersection cardinalities x and y (x < y). We assume always that D is a proper q.s.
design, i.e., both x and y actually occur as block intersection sizes. It is well known (see
e.g. [16]) that y — x divides k — x, so denote the integer (k — x)/(y — x) by m. As men-
tioned in the introduction, we shall be interested in the case x = 1 only. So from now,
D will denote a proper q.s. 2-design with parameters v, b, nk =mg + L, A, x = 1,
y=q+1l(@=D.
The following result is well known.

Result 2.1. D is a q.s. 2-design with x = 1, y = 2 if and only if D is the residual of a
biplane (= symmetric design with A = 2).

In view of the above result, we assume from now on that ¢ = 2. The following is a
well known infinite family of g.s. 2-designs with x = 1.

Example 2.2. Let PG (4, g) be the four dimensional projective geometry over a finite field
of order g. Let D be the incidence structure whose points and blocks are respectively the

points and planes of PG (4, q). Then D is a q.s. 2-(v, k, N) design with

v=g*"+ @+ ¢ +tgq+lLk=N=¢+q+1,x=1y=qg+ 1.
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Following usual convention (e.g., [2]), we denote the design D formed by the points and

planes of PG (4, q) by PG, (4, g). It is easily seen that in PG, (4, g), the planes through

any fixed point p contain a subcollection S of g> + 1 planes which partition the points

PG, (4, g) other than p. A collection of such planes is said to form a spread of PG, (4, ¢).

One of our aims in this paper is to obtain characterizations of the design PG, (4, g).
The next result is easy to prove and will be used often.

LemMa 2.3, Let D be a q.s. 2-(v, k, ) design withx = 1,y = g + 1. Fix a block B of D.
Then the induced structure Dy consisting of the points of B, and those blocks of D which
intersect B in y points, forms a 2-(v*, k*, N\") design with v =k =mg + 1, k" =y =
g + 1, \* = N\ — 1. In addition,

r=m\ — 1). (1)

b*

I

m(\ — D(mg + D/(g + 1). (2)

We observe from (2), that all our q.s. 2-designs have A = 2. The next lemma is also
easily verified.

LEMMA 2.4. Let D satisfy the hypothesis of Lemma 2.3. Suppose further that D has a
spread—i.e., a set S = {By, B,, ..., Bg} of blocks such that B; N B; = {z}, for all 1
< i # j < (8, where z.is a fixed point and U leB,- = the point set of D. Then,

v = Bmg + 1. 3)
r = AB. @)
b = N8(Bmg + D/(mg + 1). 5)

LemMA 2.5. Under the hypothesis of Lemma 2.4, put v = (8 — 1)/q. Then the following
assertions hold:

(i) v is an integer with 0 < v < m.
(ii) If v = m, then D has repeated blocks.
(iii) v = 0 is impossible.

Proof. Let C be a block not containing z. Suppose C meets v; blocks of the spread in i
points. Then we obtain

Y1+ Ygr1 = B (6)
Y1+ (@ + Dy =k=mg + L @)
This implies that

Ygr1 =m — (B — D/g. ®)
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Thus v = (B — 1)/g is an integer with 0 < v < m. If y = Q, then 8 = 1 and vsing
(3), we obtain v = k, a contradiction. If y = m, then y,,; = O and y; = 8. This implies
that all the blocks meeting B = B in at least two points must contain z. Using Lemma
2.3, we get r* = b". Then (1) and 2) imply mq + 1 = g + 1, i.e., k = y, we see that
D has repeated blocks. This completes the proof of Lemma 2.5.

Assuming from now on that the q.s. design D has no repeated blocks and has a spread,
then Lemma 2.5 gives the following inequality connecting the integers y = (8 — 1)/g and
m=(k — DI(y — D:

l=sy=m-1. &)

We now come to one of our basic tools.

PROPOSITION 2.6. Let D be a q.s. 2-(v, k, \) design withx = 1andy = q + 1. Suppose
D has a spread consisting of 3 blocks. Then the integers m, q, N and v satisfy the equation

yim ~— y/m — 1) =\ = D)(mg + 1)/ Ng(g + 1). (10)
Proof. Let S = {By, B, ..., Bg} be a spread of D, where B; N B, = {z}, a fixed point,
for 1 =i # j < B. Count the number of pairs (B, C) of blocks, where B = B; € §,
z¢ Cand |B N C| = g + 1 in two ways. For a fixed B, considering the design Dy of

Lemma 2.3, this number is b* — r*, while for a fixed C, this number is y,,; = m — v.
Hence we get the equality

@ =B =(m — )b — ). (1D
But, using (1) and (2), this gives
b — ) =m\ — Dim — Dq/(qg + 1). (12)
Next (4) and (5) imply
® — 1 = Mmg*(yqg + Dy/(mq + 1). (13)
Now use (11), (12) and (13) to get the desired equation (10).
Remark 2.7. We already know that 1 < y < m — 1. For a fixed m, the L.H.S. of (10)
is minimized at the two end points v = 1 and y = m — 1, and in each case the value
of the L.H.S. of (10) is 1. We refer to such designs D as critical designs.

We are now ready to prove:

THEOREM 2.8. Let D be a q.s. 2-(v, k, \) design with x = 1 and y = q + 1. Suppose
D has a spread and is critical. Then one of the following holds:
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(1) D has parameters of PG, (4, q),
(2) D has parameters v = (g + ) g + Lk=X=¢* + g + 1,
(3) D has parameters v = q(q + 2)(¢* + g + D)+ Lk=(g+ D, A\ =g + 1L

I

Proof. Let m, 8 and v be defined as earlier. Then as observed above, the L.H.S. of (10)
is at least one. Hence (mg + 1) > g(g + 1), which gives

mz=q+ 1 (14)

Now since D is critical, M\ — 1) = (mg + D/(¢* + q) = (¢*> + q + DI(¢* + 9).
If y = 1, then (8) gives y,4; =m — 1. Using (6),then 8 = g+ 1 = v,y =m — 1,
giving m < g + 2. Thus we obtain

g+1=m=gq+?2. (15)

If m = q + 2, then (10) gives V(A — 1) = ((g + 2)g + D/Ig* + q) = (g + Diq.
This yields X = ¢ + 1. Using (4), we get r = N8 = (¢ + 1)*, and k = mg + 1 =
(g + 2)g + 1. This implies D is symmetric, which is a contradiction. Thus m = g + 1.
Then M\ — 1) = (¢*> + g + D/(¢* + q) gives A = ¢* + g + 1. Then using (3) and
@givesv=@+Dg+Lk=¢+qg+1L,r=(@ +qg+ g+ Dand b =
(g + g + (g + 1.

Observe also that in this case (using Lemma 2.3), v = ¢> + g + L k" =g + 1,
N=g+qr=(@q+Dqadr -r=g+1=8.

Next assume v = m — 1. Then (10} gives N(A — 1) = (mg + D/(g* + g), which im-
plies X = (mg + D/((mgq + 1) — (¢* + @)). From (14), m = q + 1 with equality iff
N=¢*+ g+ L Itis easily checked thatif m = g + L, thenk =N =¢* + g + 1,
v=mgB + 1 =q*+ ¢ + ¢* + q + 1, which are the parameters of PG, (4, g).

Assume therefore m = g + 2. Suppose fitst X < g. Now N\ — 1) = (mg + D/(¢*
+ ), gives Mg* + ¢) = (\ — l)(mgq + 1). This implies that ¢ divides A — 1. But since
A = g was assumed, we must have A = 1, a contradiction. Thus A =2 g + 1. Then (mgq + 1)
= (g + Dmg + 1) — (¢> + ¢g)(g + 1), which implies (g + > = mg + 1 = (g + 2)
g + 1. Therefore, if A # mg + I, then m < g + 2 < m, yielding m = g + 2. In this
case N\ — 1) = (mg + D/(¢> + @) = (g + g + DI(g> + q) = (g + D/g, giving
AN=qg+landk=mg+1=( + D> Then @) with 8 = ¢* + ¢ + 1 yields v =
g(q + 2)(¢* + g + 1) + 1. This completes the proof of Theorem 2.8.

Remark 2.9. Tonchev [17] has shown that there are exactly five isomorphism classes of
quasi-symmetric 2-(31, 7, 7) designs. They all have rank 16 over GF(2) and one of these
designs is formed by the points and planes in PG(4, 2).

The following table lists the possible parameters of designs D other than those of PG,
(4, q) for g = 2, 3, in Theorem 2.8.
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Table 1.

q v b r k A x y Existence of D
2 19 57 21 7 7 1 3 Does not exist [18]
3 49 196 52 13 13 1 4 ?

2 57 133 21 9 3 1 3 ?

3 196 637 52 16 4 1 4 ?

3. Some Characterizations of the q.s. Design PG, (4, q)

In this section, we give some characterizations of the q.s. design PG, (4, q). These results
(Theorems 3.6, 3.8, 3.9, 3.10) are in the same spirit as the well-known Dembowski-Wagner
Theorems ([8]) which characterize the symmetric design of the points and hyperplanes
of PG (n, q). We begin with the following.

LEmMA 3.1. Let D be a q.s. 2-(v, k, N) with block intersection numbersx = 1,y = g +
g =2). Letk = mq + 1 andv = mBg + 1. Suppose (p1, p,) is a fixed point-pair of
D. Let a; denote the number of points p distinct from p, p, such that the triple (p,, p,
p) is contained in exactly i blocks of D (i = 0, 1, ..., N).

Then

L@ =DGE~Nag =NN- D@ — 1)+ (mBg —1) = Nmg -~ 1)]. (16)

Proof. Standard two-way counting produces the following equations:

Ta=v—-2=mbBg — 1. (n
Liag =Nk —2) = ANmg — 1). (18)
Lii — Da; = NN — (g - 1). (19)

from which the relation (16) follows.

CoROLLARY 3.2. Let D be a q.s. 2-(v, k, N) satisfy the hypothesis of Lemma 3.1. Suppose
further every point triple of D occurs in at least one block. Then mf — 1 = Nm — 1).
Furthermore equality holds if and only if every point-triple is contained in 1 or X blocks.

Proof. By the above lemma, (A — D)(g — 1) + (mBg — 1) = Nimg — 1), which implies
mB — 1 < Nm — 1). Equality holds iff a;(i —~ 1)(i = N = 0, for all i. This implies g; = 0,
fori % 1 andi # A. This shows that m3 — 1 = Nm — 1) iff every point-triple occurs
in 1 or A blocks.

We now give some definitions and concepts needed. Details not given here may be found
in [2, p. 573]).
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DEerFINITION 3.3. A projective incidence space is an incidence structure S = (P, £, €)
satisfying the following Veblen-Young Axioms:

(A1) Any two points p, q are on exactly one line pg.

(A2) Ifp, q, 1, s are four distinct points and if pq and 75 intersect, the pF and Gs intersect.
(A3) Every line has at least three poinis.

(A4) There are two disjoint lines.

An incidence structure is called cohesive if any two distinct points are on a line (= block).
If p, q are two distinct points of a design D, then the line jq is the intersection of all blocks
of D through p and g. Three points p, g, r are collinear if they are on a line, otherwise
{p, q, r} are said to form a triangle. A plane pgr is the intersection of all blocks of D
containing the triangle {p, g, r}. A cohesive incidence structure with triangles is called
smooth if every triangle is contained in the same number p of blocks (o0 = 0). Denote
the set of lines and planes of an incidence structure S by L and P.

LEMMA 3.4. Let D be a 2-(v, k, N) design. Suppose D is smooth. Then for any line {, | { |
= (A — pv)/(\ — p), where p denotes the number of blocks containing any triangle.

Proof. [2, page 578].

LemMA 3.5. Let D be a smooth 2-(v, k, N) design, and p a fixed point of D. Let D' be
a tactical configuration whose points are the lines through p, and whose blocks are the
blocks of D through p. Then D' is a 2-design with parameters (v', b', v', k', N') given by
vVi=w—=Dg, k=0(—-D/g ' N =p, r' =\ b =r, where q' + 1 is the (constant)
line size of D, q' = 1.

Proof. |2, page 579].
We are now in a position to prove one of our characterization theorems.

THEOREM 3.6, Let D be a q.5. 2-(v, k, \) design withv = q¢* + ¢ + ¢* + ¢ + L,k = ¢°
+g+LA=¢+qg+Lx=1y=¢qg+ L
Then the following are equivalent.

i) D = PG, (4, 9.

(ii) Every plane meets every block.

(iii) Every line has q + 1 points.

(iv) The planes of D are precisely the blocks of D.

(v) Any three points are contained in at least one block.

(vi). There are constants py, po (g # o) Such that any three points are contained in p,
or uy blocks.

(vi)) D is smooth.
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Proof. Tt is clear that (i) implies all the rest. Suppose (iii) holds and { is any line of D. Since
y = q + 1, the X\ blocks containing £ are mutually disjoint outside { and since v — (¢ + 1)
=v — || = Nk — |£}), it follows that any three points are contained in 1 or A blocks,
where the first possibility occurs iff the three points form a triangle. Hence D is smooth
(with p = 1). Also then every block is a plane and vice versa. This implies that for any
block B, the induced design Djp is a projective plane of order ¢. Using this the Veblen-
Young axioms of Definition 3.3 can be verified. Hence (iii) implies (i).

Let (vii) hold. Then every three collinear points are contained in A blocks and every
three noncollinear points are contained in a fixed number p of blocks, p = 1. Corollary
3.2 implies p = 1. Using Lemma 3.4, we obtain |¢| = g + 1, for any line £. Thus (vii)
implies (iii). Essentially the same argument shows that (v) implies (vii) and hence (iii).
Let (vi) hold and suppose u; < po. If 1 < 4, then Corollary 3.2 forces 1 = py < pp = A
and hence (v) is proved. Otherwise p; = 0 < p, = u (say). Using Lemma 3.1, we get
a, +a, =v—2,pa, =k — 2)A, and p(p — Ha, = NN — D(g — 1), where a; =
number of points p with the property that the triple (p,, p,, p3) is contained in i blocks
and (p,, p,) is a fixed pair. This implies (u — 1)(k — 2) = (A — (¢ — 1), giving a non-
integral solution for u. This contradiction proves p = 1 and hence (v) is proved. Let now
(iv) hold. Then p = 1 and Lemma 3.4 shows that |£| = g + 1, for all the lines ¢. Thus
(iii) holds. Next let (ii) hold. Let B be any block. Since every line contained in B has size
<g + 1, B contains a triangle (py, p;, p3). Let P be the plane containing this triangle.
Clearly then P < B. For every p € B, p # p; (i = 1, 2, 3), there is at least one block
on p meeting B in p alone. Since (ii) holds, this implies that p € P, i.e., P = B. Thus
(ii) implies (iv). Conversely assume that (iv) holds. Since any plane P is generated by three
noncollinear points say, (py, p2, s). Let B be any fixed block containing (p,, p,). Since
B is a plane and since the line pip; has size =g + 1 and is contained in B, it follows
that for all p ¢ p1p,, (p1, Py, p) is contained in B alone (otherwise the plane containing
(p1, P2, p) will have size <g + 1, a contradiction). So every block containing (py, py)
other than B must intersect B in pp,. Hence the line pyp; has size ¢ + 1 and hence (iii)
holds.

This completes the proof of Theorem 3.6.

We shall need the following result of P.J. Cameron [7] about q.s. 2-designs, with x = 0
and having a spread.

THEOREM 3.7. Let D be a q.s. 2-(v, k, N) design with x = O and y = 1. Let D have a
spread (i.e., a family of disjoint blocks which partition the points of D). Then one of the
Jfollowing holds:

i) N =1 (equivalently y = 1).

(ii) D is an affine design (i.e., v = m*y, k = my, A\ = (my — 1)/(m — 1) and any two
blocks disjoint from a common block are disjoint from each other) (equivalently D
has a parallelism such that every parallel class partitions the point set of D).

i) v =yQ2y + DQy + 3), k = y2y + D, N = y2y — 1), where y = 2.

The next result concerns q.s. 2-designs with x = 1.
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TueoreM 3.8. Let D be a q.s. 2-design with parameters v, k = mq + 1, \ and block inter-
section numbersx = 1,y = q + 1 (¢ = 2). Suppose D has a spread and is also smooth
with any three noncollinear points contained in p blocks. Then, the following assertions hold:

@ p=1

(ii) Every line of D has size q + 1.

(iii) For any block B of D, the induced design Dy is a Steiner System with v = mq + 1,
=g+ LN =1

(iv) Every block is a plane and every plane is a block.

Proof. Since D is smooth, we obtain from Lemma 3.5, the 2-design D’ with parameters
vi=Ww—-Dlighb=rr =Nk =(k— Dig, N = p, where ¢’ + 1 is the constant
line size of D. Further since D has a spread of 3 blocks, D’ also has a spread with 3 blocks.
Also D'is q.s. withx' = 0, ¥’ = g/q". Hence, Cameron’s Theorem 2.7 is applicable to D",

First assume y’ = 2. Then by Theorem 3.7, D' is either an affine design or D' has param-
eters of a special type. Suppose D' is an affine design. Then the parameters of D' are v' =
v—Dlg'=m™y, k'=(k— Dig' =m'y, N =p = (m'y' — 1)/(m’ — 1). This implies
that m = m’ = (. Since D has a spread of 3 blocks and § = m, this means that v =
(8 — /g = (m — 1)/q. Since v is an integer this gives ¢ + 1 =< m. Next (10) and v=
(m — D/g yield N = g(mq + D/(m — 1). Now since ¢’ + 1 is the (constant) line size
of D, using Lemma 3.4, weobtainp = Mk — ¢’ — 1)/(v — g’ — ). Now using v = 1 +
mlq, k=1+mg,\ =qmg + 1)/(m — ), p = (mq — q")q'(m — 1), we get the rela-
tion (mg*> + q + 1) = m’q/q" Since y' = g/q’ is an integer this means that m divides
g + 1, which yields m =< ¢ + 1. This now implies m = g + 1. Using (mg*> + g + 1) =
m’q/q’ again withm = g + 1, this gives ¢’ = g(qg + D/(¢ + 1) = 1 + (g — D/(¢* + 1).
Since ¢ = 2, this means that ¢’ is not an integer, a contradiction.

This means that if y’ = 2 is asumed, then by Cameron’s Theorem 2.7, the parameters of
D'mustbev' =y'Qy' + DQ2y' + 3), k' =y'Q2y' + ), N =y'Q2y' — 1). Theny’ = g/q4,
m' =k'fy' = ((k — /g (q/q") = m, givesm = 2y’ + 1. Alsov'/k' = (v — Dig")/
((k — D/q') = B, then gives B = 2y’ + 3. Since D' is a q.s. 2-(v/, k', N') design with
x' = 0, y’, then using the well-known relation (r' — Ny’ — 1) = (k' — DA’ — 1), gives
r'=Q2y" + Dk&'— 1+ 1=\ Now,y' = g/q"implies g = y'q’and by (14), 2y’ + 1 =
m = g + 1. So g < 2y, which then gives y'g' < 2y’ Hence ¢’ < 2. Suppose ¢’ = 2.
Then ¢ = 2y’ (which by Lemma 2.5) divides 8 — 1 = 2y’ + 2. This implies 2y’ divides
2, which means y’ = 1, again a contradiction. Thus ¢’ = 1, and hence ¢ = y' which divides
2y’ + 2. This implies g divides 2. Since y’ # 1, ¢ = 2 = y' This implies that the parameters
of D"are v/ = 70, k' = 10, N’ = 6. Hence the parameters of D are found to be v = 71,
k=11, A =46. Alsog = 2,8 =2y' + 3 = 7 givesy = (8 — 1)/g = 3. But then
m=35qg=2,N=46 v = 3 do not satisfy (10) in Lemma 2.6. Thus y’ = 1 and D’
is a Steiner system. Hence A’ = 1, p = M’ = l and ¢/¢’ = y’ = 1. Thus ¢ = ¢’ Hence
every line of D through a fixed point p has size ¢’ + 1 = g + 1. Since p = 1, D is smooth
with every three noncollinear points contained in exactly one block. Since a line through
a fixed point p has size ¢ + 1 and all lines of D are of size ¢ + 1 (by Lemma 3.4), we
getl + g =[ANmg + 1) — (mgB + DI/(A — 1). This implies that A — 1 = m(\ — ().
But then by Corollary 3.2, every point triple occurs in 1 or A blocks. This essentially com-
pletes the proof of Theorem 3.8.
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We are now ready to prove another characterization result.
THEOREM 3.9. Let D be a q.s. 2-design with parameters v, k = mq + 1, \ and block in-
tersections x = 1,y = q + 1 (g = 2.). Assume D has a spread and is smooth. Then

D = PG, 4, q).

Proof. By Theorem 3.6, it suffices to prove that D has the same parameters as those of
PG, (4, q). By Lemma 3.4 and Theorem 3.8, we have

g+ 1=(MNmg+ 1) — p(mgB + 1))/\ — p), where p = 1.

This implies the relation

AN—=1=mi— B). (20)
This gives
(m — D\ — 1) = mB — 1. @n

Som — 1 divides § — 1 = yq. Now use (10) of Lemma 2.6 to obtain,
ygim — v)/(m — 1) = (A — Dmg + 1)/Ng + 1). 22)

Since m — 1 divides vygq, this means that the L..H.S. of (22) is an integer.
Consequently so is the R.H.S. This implies that A divides (\ — 1)(rng + 1), which means
A\ divides mg + 1. The relation (20) gives

AN—1=mu, whereu = A\ — B. (23)
Thus N = mu + 1 and A divides mg + 1. This implies that
tmu + 1) = mg + 1, for some ¢+ = 1. (24)

This means m divides r — 1, so cithert = 1 or ¢ = m + 1. Suppose t = m + 1. Then
m + D@mu + 1) < mg + 1, which implies mu < g. Consequently m < g. Again by
A0),ymm — ) =z m — l,and 1 = vy < m — 1. Then 22) implies (A — D(mg + 1)/
(\g(g + D) = 1. This yields mg + 1 = ¢* + g. Nowm =< ggives ¢>* + ¢ < ¢* + 1,
which means ¢ < 1. This yields ¢ = 1andm = 1, and hence k = mgq + 1 = 2, a con-
tradiction. Hence ¢ = 1 is the only possibility and from (24), u = ¢. Then (23) gives
AN=mg+ 1=k, and 21) showsthat A\ = 8 + g =mqg + 1, giving8 = (m ~ )g + 1.
Theny = (8 — /g = m — 1 gives y(m — v)/(m — 1) = 1. Using (10), this implies
(N — Dmg + 1) = N¢* + g). This givesm = g + 1. Hencek = mg + 1 = ¢ +q+1,
B=m-Dg+1=¢+1L,v=mBg+1=qg*"+¢ +¢ +qg+1land\ =q*+
g + 1. Thus D has parameters of PG, (4, g). This completes the proof of Theorem 3.9.
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Our final result is the following.

TaeorReM 3.10. Let D be q.s. 2-(v, k, N) design with k = mq + 1 and having x = 1,
y=gq + 1 (g = 2). Let D have a spread consisting of 8 blocks through a fixed point.
Suppose further that every point triple of D is contained in at least one block.

Then the following are equivalent.

i D = PG, «, 9.

(i) D is smooth.

Gi) 8 =A—-—OA — D/m.

(iv) Every line of D has size q + 1.

(v) Every three points are contained in p| or u, blocks, where u # p, are constants.
(vi) The blocks of D are planes and conversely.

(vii) Every plane meets every block.

Proof. The equivalence of (i) and (ii) is Theorem 2.9. Also (i) implies the rest of the state-
ments. Let (iv) hold. Let «, 83, v be three distinct noncollinear point of D and ¢ the line
through «, 3. Let B be a block containing «, 3, y. Suppose E # B also contains «, 3, 4.
Then |[EN B| =g+ 1 =|f],and{ € B N E implies B N E = {. This implies
v € BN E = {, a contradiction. So any three noncollinear points are contained in a con-
stant number p (=1) of blocks of D. This shows that D is smooth, giving (ii). Statement
(iv) also shows that any three points are in 1 or A blocks.

Let (iii) hold. Then by Corollary 3.2, D is smooth, i.e., (ii) holds. Let D satisfy (v).
Suppose pu; < py. Then we must have 1 < p; < py. Let a, B, v be any three collinear
points. Then it is easily seen that «, 8, v are contained in exactly A blocks. This implies
that g, = A. Let now o, 8, v be any three noncollinear points. Suppose, if possible, that
they are contained in g, = A blocks. Then + is contained in all the A blocks through «,
8. This implies that v is on the line through «, 3. This contradiction shows that any three
noncollinear points are contained in a constant number p (=py;) of blocks. This shows that
D is smooth—i.e., (ii) holds.

Let (vi) hold. If (py, py, p3) is a triangle contained in two different blocks B, C (say),
then the plane (p;p,p;) is contained in B N C, a contradiction. Thus D is smooth (with
p = 1) and hence (ii) holds.

Finally let (vii) hold. Suppose a triangle (pi, p, p3) is contained in two different blocks
B and C. Then we can find a block Eso that |[EN B| =1land |[EN BN C| = 0.
This contradicts (vii). This implies that there is a unique block through (p;, p,, p3). Hence
D is smooth (with p = 1) and (ii) holds. This shows the equivalence of the conditions (i)-
(vii) and completes the proof of Theorem 3.10.
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