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Bounds for iterates, inverses, spectral variation and fields
of values of non-normal matrices*

By
PETER HENRICI

Introduction

A matrix in this paper always means a square matrix of order » with complex
elements; a vecfor means a column vector with # complex components. A matrix
norm is a real-valued function » defined on the space of matrices and satisfying
the following relations for arbitrary matrices 4 and B and arbitrary complex
scalars c:

(a) »(4)=0; v(4 )—0 if and only if 4 = 0.
(b) »(cd)=]|c|»(4
o VAL BBy (B,

@ VAB) 2y r(B).
A wvector norm is a real-valued function defined on the space of vectors and
satisfying relations analogous to (a), (b), and (c) above. By the spectrum of
a matrix 4 we mean the totality of its eigenvalues, considered as a point set
in the complex plane. The largest of the moduli of the eigenvalues of 4 is called
the spectral radius of A and will be denoted by 4,.

The following problems of computational linear algebra will be considered
in this paper:

(i) To estimate the norms of the matrices 4”, n=1, 2,3, ..., in terms of 1.

(ii) To estimate the error ¥ — A-1b of an approximate solution ¥ of the equa-
tion 4 x=1>5 in terms of the residual =A% — b and the spectral radius A4-.

(iii) To estimate the distance of the spectrum of a matrix B from the spectrum
of a matrix A in terms of a norm of B — 4.

(iv) To find bounds for the field of values of a matrix 4 in terms of the
spectrum of A. Here the field of values, F(A4), is defined as the set of complex

numbers
x*Ax

£ = T

x*x
where x runs through all non-zero vectors. (The * denotes the conjugate trans-
pose of a vector or matrix.)

Solutions to the above problems are classical (and indeed trivial in some
cases) if 4 is normal, i e., AA*=A*A. Solutions have also been constructed

for non-normal A4, but with less satisfactory results. Some of the bounds given
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depend on a knowledge of a matrix S in the representation 4 =57 S, where
J is the Jordan canonical form. Other bounds do not approach the classical
bounds if A4 approaches a normal matrix. Contrary to this, the bounds given
in the present paper depend — at most — on the eigenvalues of A. A knowledge
of the Jordan canonical form is not required. Furthermore, our estimates ap-
proach the classical estimates for 4 normal. Our insistence on not using the
Jordan form is motivated partly by reasons of computational convenience, and
partly by the fact that the Jordan form is a discontinuous function on the space
of matrices and is therefore ill suited for purposes of computation (see [0] for
related remarks).

The principal tool in our investigation is a numerical-valued function on the
space of matrices that serves as a measure of the departure from normality of
the matrix. After some preliminary remarks on matrix norms (§ 1.1) this function
will be defined in § 1.2. We shall then derive a bound for this function in terms
of a rational function of the elements of the matrix (Theorem 1). In the sub-
sequent sections the measure of non-normality will be applied to the solution
of the four problems stated above.

The author is indebted to G. E. ForsyTHE, E. SALLIN, O. Taussky Tobp,
H. WIELANDT and, in particular, to B.J. SToNe for a number of stimulating
comments on the subject of this paper. It should be mentioned that WiELANDT
in [28] already has defined a measure of non-normality of a matrix. However,
his measure is applicable only to matrices which are similar to a diagonal matrix,
and to find an explicit bound for it again requires the knowledge of a matrix S
effecting the diagonalization.

1. A measure of non-normality
1.1. Some preliminaries on norms. We shall frequently use the following
special examples of matrix norms (see [12], [20]) and shall refer to them with
special symbols (4=(a;;)):

x*¥A* A x %

ag(d) = max | — o (spectral norm)
"

o) =max 2]a

y(Ad) =max > |a;l

1=j5n i=1

e(d)=| 3 fa,P| (euclidean norm)
15, /€0

a(d)= % |al-
1=4, j=n

Furthermore, if ¢ is a vector norm, then the function v, defined by

p(47)

{(4) = sup

Y,
¢ 240 ‘P(x)

always defines a matrix norm. Matrix norms defined in this manner are called
lub norms in [4]. The norms o, g, and y defined above can be derived in this
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manner from suitable vector norms (See also [23], chapter 15), On the other
hand, some matrix norms, such as the norms ¢ and « above, cannot be thus
derived.

We shall use the following definitions:

A matrix norm v is called compatible with a vector norm g, if u (4 x) =Zv (A) u (x)
for all matrices 4 and vectors x. A lub norm is always compatible with the
vector norm defining it.

A matrix norm v will be called unitarily invariant, if v(UAU*)=»(4) for
all 4 and all unitary U. The norms ¢ and & are unitarily invariant, while the
norms g, y, and « are not.

A lub norm v is called awis-oriented ([4], p.138), if v(D):fE?fnld“‘ =p

for any diagonal matrix D= (d,;;). Clearly, the lub norms o, g, and y are axis-
oriented.

A norm  is said to majorize another norm g if » (4) = u (4) for all matrices 4.
Clearly, « majorizes the four other norms considered above. The norm & major-
izes ¢.

We shall require the following consequences of the defining properties (a),
(b), (c), (d) of a norm (see [20] for proofs):

(I) If 2, denotes the spectral radius of A, then

(11) v(4) = Ay

for any matrix norm v ([20], p.3).
(II) If u and v are any two matrix norms, then there exists a constant p,,,
depending only on these two norms, such that

(1.2) 1(4) = p,v(4)

for all matrices A (see [20], p. 4).

This last property is useful because it frequently permits one to reduce the
investigation of a general property of norms to the study of a special norm.
For the special norms introduced above and a few other norms, values of the
constants p,, are given in the following article by StoxE [25].

1.2. The v-departure from normality. 1f A is any matrix, then a classical
result due to ScHUR ([I7], Theorem 10.4.1) states that there exist a unitary
matrix U and a triangular matrix 7= (¢;;) with ¢;;=0 for <« such that

A=UTU*

The matrix T is called a Schur iriangular form of A. In general, T is not uni-
quely determined for a given A (see McRAE [16]%). We put

T'=D+M,

where D denotes the diagonal matrix whose main diagonal coincides with that
of T (and thus is made up of the eigenvalues of A). It follows that M= (m;;)
has non-zero elements only to the right of the main diagonal and thus that

(1.3) M =0, r=mn.

* The author is indebted to G. E. ForsyTHE for this reference.
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If v is a norm, we define the v-departure from normality of A by
(1.4) A,(4) =1infy (M),

where the inf is taken with respect to all M that can appear in a Schur triangular
form. Since ¢ is unitarily invariant, [e(4)]2={[e(T)]2=[e(D)]*4[e(M)]2. It
follows that

(1.9 200 = ([ = 3[4l

is independent of the special choice of the Schur triangular form. Since 4 is
normal if and only if &(M)=0 (see [17], Theorem 10.3.8), it follows that A4, (A4)
is zero if and only if 4 is normal. By property (II) above this statement is true
for A,(4) where » is any norm.

1.3. A bound for A,(A4). In this section we shall derive a bound for A, (4)
which can be computed in an elementary way from the elements of 4 and
which reduces to zero for 4 normal. By fact (II) above this makes it possible
to construct bounds for 4,(4) for any norm .

Theorem 1. For an arbitrary matriz A,

4 8 - e e e -
(1.6) AE(A)éV’f31_2” Je(d*4 — A 4%).
Equality holds in (1.6) if and only if A is unitarily similar to a matrix of the form
Aoy 0
A oy
A
2’ Oy -1
0 A
wheve L is a complex constant, and where |oz|2=ak(n—k), k=1,2,...,n—1,

for some a= 0.
Proof. Let T=D-+ M be a Schur triangular form of A, A=UT U*, and
define I'= (y;;) by
I'=T*T —TT*
We first show that

(17) [E(M)]2§7’22+2733+"'+(”“1)%»”.-

For the proof we observe that, setting M= {(m,),

{1.8) yii= 2| m2— 2 1mil? i=1,2,...,n
k<t k>i

(empty sums are to be replaced by zero). We now proceed by induction with
respect to #. Obviously the inequality (1.7) is true for matrices of order 1. We
assume its validity for matrices of order # and use primes to refer to quantities
corresponding to a matrix of order 41 which has M as an upper lefthand sub-
matrix of order #. In view of

’ . 2 A
Vi=yi— M alt i=12.m,
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we have
[g(MI)_P: [E(M)]z+ Iml,n+1|2+ 'mz,n+1]27[" + lmn,nJrl z

S¥eat 2¥53+ b (0 — 1) Vunt Yrirnir
=g+ | My, ura |+ 2958+ 2] my a2

F+ =) Yunt e — )]y [P+ Vria min
§7/;2+ 2)’?:34‘ T ”7;-|-1,n+1,

by (1.8), proving (1.7) with # increased by one. We remark that equality holds
in (1.7) if and only if m;;=0 for j>4-+1, ie., if the triangular matrix T is
“almost diagonal”.

Subtracting from (1.7) —’Z;—t times the identity

711+'}’22+"'+7’nn:0

(which is a consequence of (1.8)), we find [¢(M)]2< }:2,& Y11+ i;l Yog o
4+ 1_2_—1— Vun» and, using the Cauchy inequality,

— 2 — 2 — 2
(19) e@DI< (174 (B2 4+ (5 Db phat k).

An elementary computation shows that

(5T 35 (=

The result (1.6) now follows by virtue of the fact that A*4 -~ AA*=UI'U*
and hence

(1.10) Yirtviet b vaa = [e() 2= [e(d*4 — A A%}

Equality holds in (1.0) if and only if equality holds simultaneously in (1.7),
(1.9) and (1.10). Equality in (1.10) requires I'=T7*7T — T T* to be diagonal.
For an almost diagonal matrix T (as required by equality in (1.7)), I" is diagonal

if and only if all diagonal elements of T are identical. The diagonal elements
of I' then satisfy

(1.11) [#0, paP= it vaet o+ v, E=12,..,m—1.

Equality in (1.9) finally requires that y,,=a(1+#n—2%k), k=1, 2, ..., n, where
@ is a real constant. In view of (1.11) this is the case if and only if for some
real a=0

[y, pr|2=ak(n —E), k=1,2,....,.n—1,

» 1.e., if T has the form indicated in the theorem.

2. Iterated matrices
2.1, Introduction. It is a simple consequence of the Schur triangular form
that for a normal matrix A

(2.1) o (A7) = 1.
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Bounds for norms of powers of certain non-normal matrices (arising in finite
difference schemes for solving hyperbolic and parabolic differential equations)
have been given by LAx and RicHTMYER [15] and Karto [13]. For arbitrary
matrices the problem has been treated by GavutscHI [7, & and OSTROWSKI [23].
Denoting by p the norm defined at the beginning of § 1.1, OsTROWSKI shows
that for every >0

e(ANVZCle) Ayt &), r=1,2,....

Here the function C(e) is determined as follows: If J is a Jordan canonical form
of 2614, and if 264 =S] S, then C(e)=p(S) ¢(S™), the p-condition number
of S [2]. GavutscHI's bound similarly requires some knowledge of the Jordan
canonical form.

2.2. A new bound. In contrast to the above, Theorem 2 below gives an estimate
for ¢ (A") which depends only on A, and 4,(4), and reduces to (2.1) for 4 normal.

Theorem 2. If m=A,(A4), and if 2,4>0, then
(2.2) )< AL+ ( )Zf{lm-% st (nZJ AL L
if A,=0, then

AN ', r=0,1,...,n —1,
23) {G( "

a(4d’) = r=mn.

Remark. The expression on the right of (2.2) can be estimated further in
various ways; for 7 large it is asymptotically equal to

AT ()t
(n—1)!
Proof. Again let A=UTU*, where T=D+ M is a Schur triangular form.

We then have
A"=UD+ M) U*

Since D and M do not, in general, commute, (D4 M)" cannot be expanded
according to the binomial theorem. However, since D is diagonal, it is still
true that, if we expand without commuting, any term which contains more
than # —1M’s is zero. There are exactly (;) terms involving ¢ M’s and ¥ —¢ D’s
for g=0,1, 2, ..., n—1. Taking the g-norm and using ¢(D)=4,, (2.2) and (2.3)
follow with # replaced by ¢ (M). Since the result is true for every M, and since
the expressions on the right of (2.2) and (2.3) depend continuously on #, the
conclusion of the theorem follows immediately.

3. Approximate solutions of linear systems

3.1. Introduction. Let A be a non-singular matrix, let & be a given vector,
and let ¥ be an alleged solution of Ax=>5. If we define the residual of % by
r=A%—b, and if ¢ is a vector norm, the error ¥ —A'b=A"r of ¥ can be
estimated as follows:

g — A7) = p(A17) v (A7) p(r).
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Here » denotes a matrix norm compatible with ¢. Similarly, if X is an alleged
inverse of 4, and if » is any matrix norm, we can calculate a bound for » (X — 471)
in terms of the norm of the residual matrix R=4 X — [ as follows:

v(X — A7) =p(A R) <»(4Y)»(R).

Thus, for both problems we require a bound for »(4™!). Such a bound is, in
principle, easily constructed if we assume that 4 is similar to a diagonal matrix D

A=5SDS

Assuming that the norm » is axis-oriented, we readily find from 4 1= SD-1 S5 that

3.1) (A7) =¢,(S) Aso,
where
(3.2) ¢, (S)=»(S)»(S™)

denotes the y-condition number of S introduced by BaAuver [2]. If 4 is normal,

then S may be taken unitary, and the spectral condition number of S is 1. Thus
6(47) £ A4,

and in view of (1.1),

(3:3) o{d™) =24

for normal matrices A. For non-normal matrices, the bound (3.1), if at all

applicable, requires the complete diagonalization of the matrix A, a rather high
price for the desired result.

3.2. A new bound for the norm of the inverse. For a real variable x=0, let
the function f be defined by

(3.4 F) = 5t At oo b

We note that both f and x7!f are monotonically increasing for x>0, and that
; 1 -1 —

(3.5) Jim 21 f(0) =1,

We can now state the following Theorem:

Theorem 3. If A is non-singular and non-normal, and if x=»2%14.4,(A), then
(3.6) sy =% g,

Remark. For A4 fixed, as 4,(4)—~0 the bound (3.6) approaches (3.3), in
view of (3.5). Bounds for »(4-1) where » is arbitrary can be found from (1.2}.

Proof. Let D+ M be a Schur triangular form of 4. Then, for some unitary
matrix U,

Ar1=UD+ M) U*
=U({I+ D*M)1DU*.
In view of (1.3),
(I+D*M)1=1—D M+ - 4 (—1)" 1 (DIM)" .

The result (3.6) now follows by taking norms in view of ¢(D 1}=44. and the
fact that ¢ is unitarily invariant.
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4. Spectral variation and eigenvalue variation
4.1. Classical results. Let the matrix 4= (a;;) have eigenvalues 4, and let
B=(b;;) have eigenvalues y; (¢=1, 2, ..., %). The quantity

(4.1) s = s,;(B) =max{min |y, — |}

I<i<nlgjsn

is called the spectral variation of B with respect to 4. No one-to-one correspond-
ence between the eigenvalues of 4 and those of B is implied. It can be seen from
simple examples that s, (B) #+s5(4) in general.

We shall also consider the quantity

2 — = mi | A — .
(4.2) v=1v{d, B) = min{max| % — 11, |}
called the etgenvalue variation of A and B. Here the minimum is taken with
respect to all permutations & of the set (1, 2, ..., n). Clearly, v(4, B)=v (B, 4),
and
3) s4(B)<v(d, B)
for all matrices 4 and B.

The best available bounds for s and v, due to OsTROWsKI [21] (see also [23],
p. 192), are as follows. If M= max (Jai;], | b:;1), and if the norm o is defined

St 750

. . 1
as in section 1.1, then

(44) s, (B) g (%+ 2) M OL(AA;B) ll/n
and
(4.5) o(4, B)<2n(n+2) M “—(A]—w‘—Blr’".

It is easily seen by considering an example due to G. E. FORSYTHE (see [27],
p. 405) that the exponent 1/% in these bounds cannot be improved in general.
In special cases, however, improvements are possible. If A is similar to a diagonal
matrix D,
A=SDS?,

and if » is any axis-oriented lub norm, then BAUER and FIkE [4] showed that
(4.6) s4(B) < c,(S)v(4 — B).

In particular, if 4 is normal, we find for any norm » majorizing the spectral norm
(4.7) s4(B)=»(4 — B).

For y=¢ and both 4 and B normal it follows from a result of HoFFMANN
and WIELANDT [17] that (4.7) is even valid for the eigenvalue variation:

(4.8) v(4,B) < ¢(4 — B).

For A and B real symmetric or hermitian this result has been used frequently [1].

4.2. A new resuilt on s,(B). For arbitrary (diagonalizable) 4 the result (4.6)
suffers from the fact that no sufficiently explicit estimate for the condition
number ¢, (S) is given. The following theorem contains (in view of Theorem 1)
an explicit estimate as general as (4.4) (and thus more general than (4.6)), which
reduces to {(4.7) for 4 normal.
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It is convenient to define, for a real variable y=0, the function g=g(y)
as the (unique) non-negative solution of the equation
g+git g =y.

The function g is the inverse of the function f defined in section 3.2. For later
use we note the relations

(4.9) Jim yg (y) =1,

(4.10) nty<g(y)<y, O0=y=n,
(4.11) gln) =1,

(4.12) ply)n<g@) =y, yza,
(4.13) lim y Y7 g (y) =1.

y-—->00

Theorem 4. Let A be a non-normal matrix, and let B—A=£0. If v is any
norm majorizing the spectral norm, and if

__4(4)
Y =SB —4)
then
o —
(4.14) s4(B) = v (B—A).

Remarks. The relations (4.10), (4.11), (4.12) may serve to render the bound
(4.14) more explicit. Relation (4.9) shows that for 4,(4)—0, and v(B—A4)
bounded away from zero the estimate (4.14) approaches (4.7). (However, we
cannot obtain (4.8) in this manner.) Relation (4.13) shows that for a fixed non-
normal 4 and for B—A the bound (4.14) is of the same order as (4.4); the
numerical coefficient may be larger or smaller than the coefficient in (4.4), de-
pending on the departure from normality of 4.

Proof of Theovem 4. Let A= UTU*, where T=D- M is a Schur triangular
form of A. Setting E=B—4,

U*BU = By, U*EU=F
we have
Bi=D+M+F.

Let 4 be an eigenvalue of B (or B;) which is not an eigenvalue of 4. The matrix
D+ M —u I is then non-singular, and we have

0=det(B, —ul)=det(D+M —pul-+F)
=det(D+M —ul)det T+ D+ M —ul)F].
Since det(D+M —ul)==0, it follows that —1 is an eigenvalue of the matrix
(D+4+M—ulI)F. By the fundamental inequality (1.1) it follows that
o(D+M—pl)*F)=1
or, by (d), since ¢(F)=0(E),

(4.15) o((D+M—pD) )= .
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We shall now estimate o((D+ M —u1)7) from above. Since D—pl is
non-singular,
{4.16) D+M—p'=[I4(D—pul} "M (D — )T

Since (D —p 1) is diagonal, the matrix (D — u /) ' M shares with M the property
that the elements on and below the main diagonal are zero, and hence that

(D —pu)*M]=0 for r=mn.
Hence
4+ D—p) M= —D—pDH*M+ -

(417) b (= )TUD = e D) M

We set for brevity
o((D—pnl)) =p, o(M)=m(£0), o(E)y=c¢e
and have from (4.16) and (4.17) that
o(D+M —pI)7) S pobtprmt oo " = w7 f (o p)
where f is defined by (3.4).

Combining the last result with {4.15) we find f{(mp) Zme™ and thus, by the
definition of g, mp=g(me™) or

(
)

1 m
(4.18) 5 < Clme)

Since ¢ is an axis-oriented lub norm,
— _ - — -1
p=c(D—nI)? lrga<xn|l wl
and

; = min |} — u|.

1=5€n

Thus, from (4.18),
(4.19) min |4, —p| = i

1Zj<n (me‘l) ’
This relation has been proved for an arbitrary eigenvalue u=u; of B which is
not also an eigenvalue of 4. It also holds trivially for s,’s which are eigenvalues
of A. Thus we get
s((B) = max{mm [2;— i}

1€isn 1<jsn

m Yo o(M )
= me = gy CE A M=oy
This is true for any choice of the Schur triangular form D+ M. Since the
function g is continuous, the statement of Theorem 4 follows for the special
norm y=og.
Let now » be a norm majorizing ¢. Since the function g is non-negative
and monotonically increasing, we also have

oM gy N OM)
(4.20) s4(B) = (7('")‘ =v(B—4) s NTIB_A4)
g v( )

Numer. Math, Bd. 4 3
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Let 0<<y,<Cy,, and define »,=g{y,), =1, 2. From the monotonicity of x1f(x)
it follows that

AN
g(yl) Xy Xy g(J’z)

Thus also the function y{g(y)]™? is mon(;tonically increasing, and we get from
(4.20), replacing o (M) by »(M),

< % B M)
B)Z gy "B =Sy

The complete statement of Theorem 4 now follows as above by the continuity of g.

4.3. Numerical example. We illustrate the numerical performance of the several
bounds discussed above by estimating the spectral variation of the two matrices

-4
A, = 1 10  A,— 11
o 1 0 1—10™

under the condition that
(4.21) e(B;,— A} <1072, i=1,2.

We set
s; = sup su,(B;), i=1,2,

where the supremum is taken with respect to all matrices B; satisfying (4.21).

The examples
—1 e
B, — 4, (> 10 0 )
0 — 2724072

0 0
Ba— 4a= (— 10°2 0)

§,=.00707, 5= .10000.

show that

Using M =1.02, p,,=2, the bound (4.4) yields s5;=<.57132, i=1, 2 in both
cases.

The bound (4.6) is not applicable to A4,, since this matrix has a non-linear
elementary divisor. The relation 4,=SD S is satisfied for

=0 i)
0 — 107y

where & and # are arbitrary non-zero constants. Choosing & and # such that
the condition ¢, (S) is mimimized, (4.6) yields

5, < 20.00001.
Turning to (4.14), we find 4,(4,)=10"%, y==1072, g(y)=.009902, and hence
$; = .010099.
For the diagonalizable matrix 4,, 4,(4,)=1, y=10%, g(y)=9.5125, and hence
Sy = 105125,
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It is scen that, in the example discussed above, the bounds given by (4.14)
compare favorably with the other bounds. Incidentally, the example also shows
that the fact that a matrix has a non-linear elementary divisor does not in itself
mean that it will have a large spectral variation.

4.4. Related results on v(A, B). For given matrices 4, B satisfying the hypo-
theses of Theorem 4, let 4 denote the quantity on the right of (4.14). The
statement of the theorem then may be interpreted geometrically by saying that
the spectrum of B is contained in the union L, of the discs

D;i={Al1A—41=68}, i=12..,n

Since § —0 monotonically as B — A, we may conclude by a well-known continuity
argument (see e.g. [21]) that each component of L, contains as many eigenvalues
of B as of A. From this fact we can obtain, again using a well-known argument
(see especially the translator’s note in [22]), the following result:

Theorem 5. Let A, B, and v satisfy the hypotheses of Theorem 4, and let y be
defined as before. Then

Y (B —
(4.22; v(A, BYy< (2n —1) 20 v(B—4).
It should be noted that this result does not imply the Hoffmann-Wielandt for-
mula (4.8).

4.5. A result on approximate eigenvalues. The following question is frequently
considered in matrix computation: Let ¢ be a vector norm, let x be a vector
such that ¢ {x)=1, and let 4 be a number such that ¢ (4 x —1x) is small. How
close is A to an eigenvalue of 4? (This question was the starting point of WiE-
LANDT’s study [2&] of inclusion domains.) In their paper [3], HOUSEHOLDER
and BAUER prove a result which as an important special case contains the follow-
ing: If A is similar to a diagonal matrix D, A=5S5D S, and if », denotes the
matrix norm induced by ¢, then

(4.23) 2= 2] =, (S) pd x — 2%)

for at least one eigenvalue 4,. Here ¢, denotes the »,-condition number as
defined in section 3.1. Again the above result suffers from the disadvantages
that it holds only for diagonalizable matrices, and that no explicit estimate
for the condition number is given.

In this direction Morrison [18], by using a method not unlike that used
in the proof of Theorem 4, obtained the following result.

Theorem 6 (D. D. MORRISON). Let A be a non-normal matrix, let ¢ be a vector
norm, and let v be the matrix novm tnduced by @. If x is a vector and A is a
complex number such that ¢ (x)=1, p(Ax—Ax)=0, and if

then theve exists an eigenvalue A; of A such that

" v .
(4.24) lAi_}"Sg(y) p(Ax—2x).
3*
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5. Field of values

5.1. Classical results. The field of values FF(4) of a matrix 4 was defined
in the introduction. A classical result due to TorpLiTZ [26] states that for A
normal, F(4)=H(A), where H(4) denotes the convex hull of the eigenvalues
of A. It is known that the field of values of a non-normal matrix is still convex
(Hausporrr [10]), although it may extend beyond H(4) ([9], [26]). Crude
bounds for the field of values of non-normal matrices have been given by
FARNELL [5] and PARKER [24]. These bounds do not reduce to the convex hull
of the eigenvalues if the matrix approaches a normal matrix.

The precise equation of the boundary of the field of values of a non-normal
matrix has been given by MURNAGHAN [19] and, in more explicit form, by
K1pPENHAHN [14]. KIPPENHAHN [I4] also gives bounds for diameter and area of
the field of values. '

5.2. The distance of the boundary of the field of values from H(A). In this
section we shall prove two results showing that for certain norms there is a
simple connection between the maximum distance of the boundary of F(4) from
H(A) and the departure from normality.

Theorem 7. If £ is a point of the field of values of a matrix A, then there exists
a point n in the convex hull of the eigenvalues of A such that

(5.1) 6=l = |1 A,

The constant [(1—n1)/2]} cannot be replaced by any smaller constant™.

Proof. Let A=UTU*, where T=D-+ M is a Schur triangular form of 4.
Let £=x*Ax, where x*x=1. Setting U*x=1y, we have y*y=1 and

(5-2) E=n+y*My,
when y=y*Dy is a point in H(4). Hence for this number 7,

& —nl =|y*My]|.
Setting M = (m,;), y=(y;), we find by the Cauchy inequality
— |2
ly* My|2 = I_Z.mijyi y;"
i<

< (A (A2 |y yil*

i<

Using Cauchy again, we find for the last factor the estimate
Sl = {2 = 2]
% {(1:1 l%"z)z - ;11 (él |%|2)2}
- -

* The bound (5.1) has been found independently by P. J. EBERLEIN (oral com-
munication).
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We thus find
praryl < |/ A,
proving (5.1).

In order to show that the equality is attained, consider any matrix of the
form A=AI-}+ M, where A is a scalar and m;;=c, 1<_f, where ¢>0. Here
A (A)=e(M)=[4n(n—1))tc. The convex hull H(4) reduces to the point A.
Choosing y;=n"3% (4=1, ..., %) we find that the point y*Ay of F(4) has the
distance

S My=SC S y= |/
FUy=3 = S ) [ A,
from H(A4), as desired.
A similar result also holds for the norm «.
Theorem 8. With the notation of Theorem 7 the following inequality also holds:
(53) 1& —nl =34.(4).

The constant 3 cannot be replaced by any smaller constant.

Proof. We again represent £ in the form (5.2}, but now estimate y*My as
follows:

[y* M y| :|Z~mi,-37,~ y,»l
1<}
<o (M) - max|y; y,|-

”n
Since 3 |y;|2=1, max |y, y;| becomes largest, if the vector y has exactly two
i=1 <y

non-zero components. By the inequality between the arithmetic and the geo-
metric mean, the value of the maximum then is 1. Thus we get

(5.4) V*My| =g (M).

The inequality (5.3) now follows in view of the fact that (5.4) is true for all M
that can appear in a Schur triangular form at 4.

In order to show that equality is attained in (5.3) for non-zero A,(4), let
A4 be any matrix of the special form 4 =21+ M, where 1 is a scalar, m, ,=m >0,
and all other m,;=0. As above, H(A) reduces to the point 4. The unit vector
y defined By y;=y,=27%, y,=0, ¢=3, ..., n vields a point y*Ay of F(4) for
which the distance from H(4) is

(5.5) Y*My = gm=go(M).

Let now M'= (m,;) the off-diagonal part of any other Schur triangular form

of A. In view of
a(MYze(M)=¢e(M)=m,

we have A, (4)=m, and (5.5) can be replaced by
y*My=34,(4),

showing that equality can hold in (5.3).
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5.3. An improved bound for the field of values. An elementary computation
(sce also [14], [19]) shows that for a 2x2 matrix with Schur triangular form

T — (}*1 "y 2)
0 4
the field of values is given by the interior and boundary of the ellipse with foci
4, and 2, and minor semiaxis % [m,,|. Only two points of the field of values
(namely, the end points of the minor axis) attain the maximum distance | m, |
from H(A) given by the Theorems 7 and 8. All other points have a smaller
distance.

The above fact is generalized to matrices of arbitrary order by Theorem 9.
Here we denote, for complex A and u and real ¢=0, by E(4, u; ¢) the compact
point set in the complex plane bounded by the ellipse with foci 4, 4 and minor
semiaxis c.

Theorem 9. Let 1;, 1=1,2, ..., n be n complex numbers, and let a=0. Then
the field of values of any matrix A with eigenvalues A; and A, (A)=a is contained
in the convex hull H, of the n(n—1)/2 sets

E(2;, 4;, za), 1£1<j<n.
Proof. For a matrix 4 satisfying the hypothesis, let £, y,, D, and M= (m,,)
be defined as in the proof of Theorem 7. We set
m = a (M) :Z[mwl
i<f
If m=0, the theorem reduces to the theorem by Toeplitz mentioned in § 5.1.
We may therefore suppose m>0. Setting &;,==m,;{|m,;| for m;;==0, §;;=0 for
m; =0, we obtain the representation

&= Z’lklyklz"{" Zmij}_’iyy‘
=1

i<<f
—_ 1 7
= ;lmul {ﬁﬁ Vi VT ~—h7]§11k[yklz}
= %;Imu[ {”“%‘Ji Yj+gllk|yk[2},

showing that £ belongs to the convex hull of the points
Wifzmﬁijin;—szlﬂklyk]z: 1s1<j=n.
We shall show next that the points #,; belong to H,, the convex hull of the sets

E(Ay, 4; 3m), 1Sk<l=n.

This is obvious if |y;|2+|y;|2=0. If |y;|>+]y,;|2=1, then y,=0, k<1, §, and
7;; belongs to E(4;, A; +m) and thus to H,. If 0<|y;|®+|y,|2<C1, we define
the variables

Vivil+ 19512
N / S
V==

k=1,7,

P

k1,7
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and can write

iy = (%2192 (a4 A2+ 0, mZz) + (1= [y =y [2) Z Az
Py
The last relation shows that 7, belongs to the convex hull of the set E(4,, 4;; 3m)
and the points A, (k==1,7), which all belong to H,. Thus again #,; belongs to
H,. 1t follows that also & belongs to H,,.

The above is true for any matrix M that can appear in a Schur triangular
form of A. Thus & is in the intersection of all possible sets H,,. Since the sets
H,, are closed, and since they depend continuously on m, it follows that & belongs
to Hi,,, that is, to H,.

A consideration similar to that used in proving that equality can hold in
(5.3) shows that for every point £ contained in a set E(4,, 4,; $m), a matrix 4
with eigendiagonal D and 4,(4)=m can be constructed such that £€F(4).
(It suffices to make my,;=m, m;, =0 for |1 —k|+ |/ —1] >0 in the off-diagonal
part of the Schur triangular form.) However, an example suggested to the
author by W. G. STRANG* shows that the union of the fields of values of all
matrices 4 with given eigenvalues A; (1=1, 2, ..., n) and given 4,(4)=m does
not always fill out the set H,,.
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