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Alternating Direction and Semi-Explicit Difference
Methods for Parabolic Partial Differential Equations

By
MILTON LEES

1. Introduction

In previous papers [12], [13], [14] the author developed a difference analogue
of the energy method for determining the stability of difference approximations
to partial differential equations with variable coefficients. The purpose of this
paper is to apply this method to establish the unconditional stability of two
types of difference approximations to parabolic differential equations, the (im-
plicit) alternating direction methods of DoucrLas, PEACEMAN, and RACHFORD [3],
[5], [15], and a new semi-explicit method.

For the model problem, the first boundary value problem for the heat con-
duction equation in a rectangular domain, the unconditional stability of the
alternating direction methods was proved in [3] and [6]. The proof consists in
showing, with the aid of Fourier analysis, that the von Neumann stability con-
dition [4], [11] is always satisfied. It can be shown [I], however, that this
method of proof cannot be extended beyond the model problem.

With the aid of the energy method we prove that the results in [4] and [§]
can be extended beyond the model problem. We first treat, as a typical case,
the heat conduction equation in a cylindrical domain with an essentially arbitrary,
bounded base. Then we indicate briefly the extension to parabolic equations
with variable coefficients.

The second type of difference method we term the semi-explicit method,
because it is an explicit method only for certain orderings of the net points.
The idea for this difference method comes from the observation that there is
a formal correspondence between parabolic difference equations and iterative
methods for solving elliptic difference equations; the semi-explicit method cor-
responds to the well known method of successive displacements [7].

The only other known example of an unconditionally stable explicit difference
method is due to Du ForT and FRANKEL [6]. Their method, however, requires
two lines of initial data to start the solution, while the semi-explicit method is
self-starting. On the other hand, both of these methods involve a similar local
truncation error, and they must be subjected to a mild mesh ratio condition in
order to be consistent [11] with the differential equation being approximated.

For other applications of the energy method to the stability problem for
partial difference equations, see FRIEDRICHS [§], KREISs [9], Lax [10] and LEES
[12], [13], [14].

In a paper to follow, the energy method will be applied to the problem of
determining the rate of convergence of iterative methods for solving elliptic
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difference equations. It will include, in particular, a solution to this problem
for the alternating direction methods relative to an arbitrary domain.

2. Notation and Definitions

In this section we describe certain preliminary concepts, necessary for our
formulation of the difference schemes. We denote by £ a bounded, open subset
of E y, with boundary 0. The Euclidean length of a point x=(x,, %,, ..., xy) CEN
will be denoted by |x|. Let h=(k, h,, ..., hy) € Ey have positive coordinates,
and define G, to be the set of all (net) points (4, 4y, 45 Ay, ..., Gy hy) EEy the 3
being integers, positive, negative, or zero. Two points x, y € G, are called neigh-
bors if |x —y| =h,, for some 4,4=1, 2, ..., N. The points x € G;,»Q all of whose
neighbors belong to 2, the closure of 2, we denote by £2,. The points x € G, —£,
with the property that at least one neighbor belongs to £, we denote by Qh
Finally, we put 2,=0,.9,.

If M is any subset of E,, we define ¥(M) to be the collection of all real-
valued functions defined on E, whose support* is contained in M. Clearly,
%(M) is a real linear space for the usual operations. In particular, €(£2,) is a
real finite-dimensional linear space, with dimension equal to the number of
points in £2,.

Let S=[0, o} and S®=S-—{0}. For each positive number %, the time
step, we put

Se={t€S|t=mk, m=0,1,...)}
and S)=S,~S°.

We shall approximate the solutions of differential equations by functions
t—>u(f), defined on S,, taking their values in €(2,).

If wc%(Ey) we define the linear translation operators E+* as follows:

EXlu] () =0 (%y, ..., %+ koo, %)

In terms of these we define the first order forward and backward difference
operators:

Viw=hi'[E'u — u)
and

V,u=hi*[u — E=u].

Evidently, we have the relation
(2.1) E-iV;u]=V,u.

The first order centered difference operator IZ is defined by

(22) Viw= LWVt Vlu= [E'— Eu.

N |-

Difference operators of higher order are defined in the obvious way, by repeated
application of these formulas.

* The support of a function f is the closure of the set {x|f(x)=0}.
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For a function ¢—>u(f) €€(Ey), defined in Sj(resp. S§), we use the notation

w,(f) =k [ult+ k) —u(f)]
and
up(t) =k [u(t) —ut — R)].

3. The Linear Space €(£2,)
We provide €(£2,) with an inner product defined as follows: if u, v €F(£2,),

(u,v) =AY X u(x)v(x

xEGy
where #N=h, h, ... hy. Associated with this inner product is the norm |u]=
Vi, w).
The formula
N _
AT
defines another norm for €(£2,). -

Since €(£2,) is finite-dimensional, these norms are equivalent; that is, there
exist two constants m and m, such that

mlulp= fulf < m |l

for every u c%(£2,). Of course, m and m, depend on the dimension of ¥(2,) and
therefore on the (net spacings) 4;.

We may assume that £, is contained in the rectangle
R:a,=x,=0,,
where a4, and b; are integral multiples of 4,.
Lemma 1. If uc€(Q,) then
mlulp = fu,

where m 1s the minimal eigenvalue of the Laplace difference operator

N _
(3.1) A, () = ) Viu
velative to the net vegion Q,, and
N
> 2gin2 [ Thi
mZ 4 K" sin Fras

Proof. The minimal eigenvalue m can be characterized (COURANT, FRrIED-
rIcHs, and LEwy [2]) as follows:
- JEL S
oxuc @ () lul?’
and therefore
m= fluli
= ul

for any u €€((2,), not identically zero. This proves the first part of the lemma.
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Now let R,=R’~(,, where R® is the interior of the rectangle R. Denoting
by m(R,) the minimal eigenvalue of A, relative to R,, we have

m(Ry) = inf 1B
0fuc € (Ry) |u|?

< inf vl
Totucwi@y [ul?

=M.
But it is well known [7] that

N
m(Ry) =4 3 A% sin? [L
i=1

Jy— . >
b 2(b;—a;)

and this completes the proof of the lemma.
Lemma 2. If w€%(2,) then

HE

N

%) fuf

=

Proof. We have that
BV, ulp = 1Y 3 [u(x) — E~[u] (x)]2

2€Gy

< 20 3 2 (%) + E~ (] ()]
x€Gy,
— 4]uf.
From this we obtain

2
15

”M ”2 = ﬁ: ” 171 u ”2 =4 (¢§1h:2) ”M‘

1=

which is what we set out to prove.

Remark. From lemma 1 we see that s is bounded away from zero, inde-
pendently of 4:

M=

m=43 (b;— a)®

1

.
I

On the other hand, s, is singular at A=0. This is to be expected since differen-
tiation is an unbounded operator in L,.

4. Difference Methods

In this section we describe the difference methods for the first boundary
value problem for the parabolic equation

U U
ot = ox?

(4.1) {(xcQ, t>0).

The function ¢—U(@¢) €€(£2), for t=0, is assumed to be sufficiently smooth and
U(f) € C*(8) for a suitable integer P.

A function ¢—u(t) C€(R2,), defined for /¢ S, will be called admissible if
#(0)=U(0), and #="U on thsg. In general, U is not known in thsg,
so that we make the assumption: there exists a null sequence {4} of net spacings
such that .Q,,ﬁ cO. We always assume that % belongs to the sequence {A"}.

Numer. Math. Bd. 3 28
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With this assumption, an admissible function is uniquely specified in the com-
plement of £, X S} (relative to G,), in terms of the initial and boundary values
of U.

In the semi-explicit difference method for (4.1), one determines an admissible
function ¢—>u(f) such that, in £,XS,, the following difference equation is
satisfied:

N _
(42) = Ay () — b 207y,
i=1

where 4, is the Laplace difference operator defined in (3.1).
The classical explicit difference equation

(4.3) u, = Ay (u)

is known to be conditionally stable [7], the condition being that the mesh ratio
N
A=k R®
i
satisfy 24=<1. We shall prove in section 5 that, by adding the “stabilizing” term

N —
— k2 0V,
1=1
o (4.1), we obtain an unconditionally stable difference equation.

It is not difficult to verify that (4.2) is an explicit difference equation when
the net points in £2, are suitably ordered, for example, lexicographically.

A straightforward application of Taylor's theorem shows that U satisfies

the difference equation (4.2) to within a term of order k+|h|2-+k Z k', There-
fore, [11] (4.2) is consistent with (4.1) if

as h—0.

We now turn to the alternating direction methods. In the first alternating
direction method for (4.1), one determines an admissible function ¢—>u(f) such
that

EAuD () — u(t — k)] =V, Fu () —}-ZV Viu(t — k),

i—e
R @) — u )] = Vi Vi 00 — Vg Vi mlt ~ ),
for 1=1,2,..., N—2, and
R u(t) — w0 @) = Vy Vyult) — Py Vyu(t — ),
where the auxiliary functions ¢ % (f) c€(,), defined for ¢ S?, are such that

u¥ =14 on O, xS%. We assume, of course, that N= 2, otherwise the method is
undefined.
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This difference scheme, for N<3, was investigated in [4], where it was
shown that the operation taking « (¢t — K) into # (¢) involves the inversion of N V%)
tridiagonal matrices, where p is the dimension of €(£2,).

Following DoucrAs and RACHFORD, we eliminate from these equations the
auxiliary functions #!?. Adding the equations, we obtain

— N — )
(4.4) up=VyVyu+ 2V, V;ul.
i=1
From the last equation
(4.5) M(‘V_l) = U — k 171\7 VN Mt_

Similarly, solving the next to last equation for #¥~%, we find that
w2 ) = u(t) — kVy Vg yu®™ D)+ RV Vy yult —F),
which, in view of (4.5), becomes
N =y~ K2V Wy + K3V Vg Vg1 Vi 47

It is clear that, by continuing this process of elimination, we can determine
the functions #¥ as a linear combination of # and certain of its difference quotients.
When the resulting expressions for the %" are inserted into (4.4), we find that
# is a solution of a single difference equation of order 2N+ 1:

46 r = Ay(0) + 3 (— 177 6D ),

where the difference operators D7 are defined by
Di(w) =3*V, V, V., V,,... V, Ve,

and the sum > * is extended over the <N) different j-tuples (i, %5, ..., ¢;) formed
from the first N positive integers.

The usual argument involving Taylor’s theorem shows that U satisfies (4.6)
to within a term of order k4 |k4|% Hence (4.6) is consistent with (4.1).

For the second alternating direction method we restrict ourselves to the
case N=2. The method consists in determining an admissible function ¢—u(¢)
such that, in 2, x S%,

2k () —ult — ] =W olt) + VyVault — k)
and

2k ult) —v ()] =N o)+ R Vault),

the auxiliary function t—>v () €%(2,), defined for £€ S?, being such that w=1v
on £2,xSY.

Following PEACEMAN and RACHFORD, we eliminate the function v between
these equations and find that « satisfies the fourth order difference equation

(4.7 p = Ay () = & A, ) — BT 0T, V.

As before, we see that U satisfies (4.7) to within a term of order k24| 4|2
Num-r. Math., Bd. 3 28a
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In the following sections we shall prove that these difference equations are
unconditionally stable in the following sense: if {—u(f)C€(Q,), t€S;, is a
solution of (4.2), (4.6), or (4.7), then

poi ol
where C depends only on N and the mesh ratio lzk( Zh;z).

i=1

5. Stability of the Semi-Explicit Method

Before stating the main theorem of this section, we prove several lemmas.
These will be seen to be difference analogous of the usual quadratic differential
identities and inequalities which are basic to the energy method.

Lemma 3. The operators V, and — V, are adjoints for functions in €(0Q,);

1

that is, for any v and w in €(£2,)
(v, V;w) = — (Vi w).
Proof. We have the identity
(5.1) vVw=V[E~ (W) w] — E~(F0)w
By (2.1), E~*(V,v)=V,v. Since v, w C€(2,),
ZVIET v w]=0,

r€Gp

and we conclude from (5.1) that

WY oViw=— 1 % (Fro)w,

Gy *EGy
which is equivalent to the conclusion of the lemma.
Lemma 4. If uc¥(Q,) then

(45 ) = — Jueff.
Proof. Taking v=u and w= 1774 in lemma 3, we find that

(u, V,V,u) =

from which the desired result follows, by summation with respect to 7.

Lemma 5. For any function t—>u(l) CE(Q,), t€ Sk, we have

: 2(u, ) = (Joe[f), — R fon [P
2 (o, up) == (JuP)r+ oz -

Proof. These identities are immediate consequences of

4 2u uy = (u?), — k(u,)?

an

(see [14)) 20 up = (u2); + k(ud).
ee -



Alternating Direction and Semi-Explicit Difference Methods 405

Lemma 6. I} uc®(82,) then
N —_
2(w, 2 b7 V) = Juf.
i=1
Proof. From lemma 3, with v=w=wu, we obtain the relation
(w, V;) = — (Vi ).
Since V, — I, =h, V, V;, we conclude from this that

2(w, V) = — by (1, V; V).
Consequently,
N
2(%, > ht l7,u> =— (u, 4, (u))
i=1

= ulf,

by lemma 4.
Lemma 7. For any function t—u(f) EC(£2,), i€ S,, we have

2w, A () = — (loelf)i+ Rl
Proof. From lemma 3
20, Vi V) = — 2(V;u,, V; )
= — (IVul), + k[ V],
by lemma 5. The result follows by summation over 7.

N
Lemma 8. Le M:(thz)%. Then for any function t—u(t) cE(R2,), tES,,
we have =1

N _
2w, 25 Vo) < el 4
t=1 /

where £¢>>0 1s arbitrary.

Proof. From lemma 3
N N
(0, 215 Vo) = (1, 2 1 V)
i S
Applying Schwarz’ inequality to the right side of this, we obtain

N B N
(1. 205 Vo) = ]| 237 7o
i=1 i=1

N —
= 2w 1 [Viu],

by the triangle inequality and the fact that |V, u| = |V u].
Using Schwarz’ inequality again, we find that

o, 345 7)< -



406 MiLtoN LEEs:

To the right side of this inequality we apply the generalized arithmetic-geometric
mean inequality:

(5.2) 2abe=< a2+fivbz (e >0),

to obtain the desired inequality.

Theorem 1. Let the function t—u(t) €6(82,), tES,, be a solution of the semi-
explicit difference equation (4.2). Then

2
3

@ F 2 R < (1-+ 2011 ) [s(0)

which implies that (4.2) is unconditionally stable.

Proof. The difference equation (4.2) is satisfied only in 2, x S,. But since

u(t) €€(2,), » vanishes on £, X S,, and hence we may form the inner product
of (4.2) with u to get

() = (o, 44(00) — o, 3577 ),

valid for £€ S,. From this and lemmas 4, 5 and 8, we obtain, after multiplication
by 2, the inequality

(loe ) — Fellwp+ 2] i = € Fepafon, P+

(53) 1
+ 1 kpfuf.

If we choose ¢ so that k u=¢, then (5.3) becomes
(54) (), — A1+ K 122 Ju 2+ [uff < 0.

Similarly, we may form the inner product of (4.2) with %, to obtain

N ——
o, [ = (Mt) h (“)) —k (Mt, -Zlhi—l IV ut> .
In view of lemmas 6 and 7, this becomes

2l [f = — (Jul).-

When this result is combined with (5.4), we obtain the inequality

(). + - (14 Ea) )+ [ <.
Since
kgo(HM!IZ)t — [ @)t — [« O)[2
we have from this that
k

[ @F+ &S e < [u ) + % (14 2 Ju(0)

2
2 1

since ku?=2. The desired result follows by applying lemma 2 to the last term.
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If we denote by e the error U — % for the semi-explicit method, then ¢(0)}=0,
and e(f) c%(Q,) for t£S;. Also, e satisfies, in £, x S;, the difference equation

N —
e,=A,(e) — kX hi'Vie,+ T,
ic1
where the function ¢—T(!) €#({2,) is the local truncation error. It satisfies
1=K ; v
B3 e —ofn-tas < 2 ).
"~ 1=

where the constant implied in this relation is independent of %, £ and A
The following result can be proved along the lines of theorem 1.

Theorem 2. The ervor e= U — u for the semi-explicit method for (4.1) satisfies
the inequality

i—k t—k
le@®+ kgollg(n) i< Mk WZ:OHT(n)UZ,
where
M=2_1kt 2kZZNh;2.
" i1
Proof. As in the proof of theorem 1, we obtain

(lel?)e— Elal+ 2[elf < e kpfet + 5k pelelf
(5-5) +2(e, T).

In view of Schwarz’ inequality and (5.2), with ¢ replaced by &', we have
, 1
2(e, T) = &'|lef*+ I[P

% so that

According to lemma 1, m |e|f < Je]

&
2(e, 1) = 7,; lefit +

T,

1
-
and when this is combined with (5.5), we obtain

k v
(lel)s = k(1 + e kpllalp 4 (2 — e — =) lelh

= 17k

€

We now choose ¢ and &' so that 2ku=¢ and 2&'=m. Then

(5.) (lel)e — k(1 4 22) e+ et = 2 |
As before, we have

lelt=— 2 (lef): + (e, T)

which, after invoking Schwarz’ inequality, becomes

le? = — (lel?)e+ 171"
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This combined with (5.6) gives

(IelP)e+ k(1 +2) (el + el = | 2 + A1+ 22)| I,
from which the desired result follows, since |e(0)] = [¢(0)j.=o.

6. Generalizations

We now indicate briefly how the results of the preceding section can be
extended to parabolic equations of the form

6.1) o i o (aif(x, 1) fiU,>,

i5Th O

for x€£ and 0<¢={,. We assume that a,;=a;; and that, for XEQ, 0SE<t,,

=

N
oE2= Zla”(x,t)fif,-%@]f]z:

where & is any real N-vector and g, p,>0.
We approximate (6.1) by the semi-explicit difference equation (see (2.2))

N —_— s N -~ Lo
u,= 2 V(@ V,u) + 2 V(@' V;u) —
i=1 E)
(6.2) . 4 .
- k__l(Qz + o ki) Viw,
where
~i i by
a'(x,t)==a (xl, R SRR xN,t)
and -
Q2 = SUp |~
xcQ 4
0<tst,

Denote by L,{u) the sum of the first two terms on the right side of (6.2).
It can be shown that

(63) (. Ly () = — [e + O (| A])] .
for all u€%(02,).
Similarly, for any function ¢—u(2) €€(2;),

(w4, Ly (1)) = (A) + gg |l +

(6.4) f
-+ 5 (92 + | A 01) s, [,
where
Qg == Sup Ll
xEﬁ at
0<tst,

and Au is bounded, both above and below, by a constant multiple of

[1+0(k+[A[)] -



Alternating Direction and Semi-Explicit Difference Methods 409

With the aid of the inequalities (6.3} and (6.4) the arguments employed in
theorems 1 and 2 can be carried over to prove that the semi-explicit difference
equation (6.2) is unconditionally stable, provided % and || are sufficiently small.

7. Stability of the First Alternating Direction Method
For j>1 put
July = (Z* V3, Vi, - Viu )Y,
for u€%(£2,). Then we have

Lemma 9. If uc%(£2,) then

Z\; . . . N .

(16, 3 ()7 B D)) = — 3, Wi ulf
j=2 j=2

Proof. From the adjointness of the operators IV, and — V, we have, for 1 <r=j,

w, Vi Vi,.. ViV = — Vo w, Vi, V.. Vi .V, V).

SR

From this we obtain the relation
(0, VU, .. Vi, Viyu) = (— 1) |V, ...V u|p.
Summing both sides of this relation over the (ZyV) j-tuples, we find that

(u, D7 () = (— 1) |uf}.
The desired result follows from this by multiplication by (—1)/*'%" and sum-
mation over 4.
The arguments of lemmas 7 and 10 can be employed to prove the
Lemma 10. For any function t—>u(t) C€(2,), t€S,, we have

N . . . 3 N -
2 (M ;" (— 1) R DI ut_/) =— gz B (|alf)z
7= 7N .
— Eg K o[

Theorem 3. If the function t—>u(t)CE(2,), tC Sy, is a solution of the dif-
ference equation (4.0), then

12
lu @ +2k 2 Jum)lk = c|u (O,
"
where
c=(1+ 4" — 44.
Hence, the first alternating dirvection method is unconditionally stable.
Proof. Since u () C%(8,) for each ¢€ S}, we have
N .
(s, ) = (, Ay ) + (1, 3, (— )7+ HDI ),
j=2
valid for #€ S%. Using lemmas 4, 5, and 10, this becomes

() Bl 2+ S )y = 47 e
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Dropping the second term on the left and the negative term on the right, we
find that

: N
72 O + 2% Sl = e + 2 ¥ 1uOF:

n= 7=
But, from lemma 2, we find that
Hlu(Off =¥ 2* |V, ... Vw0
< 4K u () T* A2 .. I
< auop (7).

where
A=maxkh”

Therefore,
N
2K |u(O)ff = [(1 44" — 4N A ~ 1] |u(0)?
j=2
= [(14+40Y —1—42]|u (0,
and this, together with (7.2), completes the proof of the theorem.

As before, we can prove the
Theorem 4. If e==U —u 1s the ervor for the first alternating diveclion method,
then

1|e<t>u2+kg‘kue< R zu na

where t—>T(t) CE€(£2)) is the local truncation ervor, and T=0(R2+|h|?).
Similar results can be proved for parabolic equations of the form

U e oU
(73) o= 2w (e 55)-

8. Stability of the Second Alternating Direction Method
Lemma 11. For any function t—u(f) €€(£2,), t€S,, we have
2(uz, Ayu) = — (|uli); — klluz i
The proof is similar to that of lemma 7 and therefore will be omitted.

Theorem 5. If the function t—u(t) c€(2,), t€ Sy, is a solution of the dif-
ference equation (4.7), then

IO + 25 2 R = [42 — 82-+ (1 427 [w O,

wheve (=% 1f AA=1 and {=4A—3% if 4A=1. Hence, the second alternating
direction method is unconditionally stable.
Proof. From (4.7) we have, as before, that

(10, u7) = (u, 4), ) — (u A, u7)
~T(%,l71[71172172%r)-
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In view of lemmas 4, 5, and 10, this becomes
k
(JelP)r + % H%- [+ 2 N%H? =5 ()7 +
k3
w2 () — £ lp
Taking the inner product of {4.7) with u;, we find that
, 1 k2
(8.2) lurle =~ (llf)r — 75 bl
We now multiply (8.2) through by 2{% and add the result to (8.1) to obtain
(l )z + B2 A1) ozl + 2] + € — D (i)
k2 k2
= 5 ez I — e (e )z

Bluzli = 44 ur P,

(8.3)

According to lemma 2,
so that (8.3) implies that
(Pl + 22+ 1 — 420 Rl 2 ll + (¢ — 24 (lB)e + 47 () < 0.
In view of the definition of {, we have from this that
[ OF +28 3 [ =1 O + (= ) el + - e

and this, with the aid of lemma 2, gives the desired resulr.
Similarly, we have the
Theorem 6. If e=U — u is the ervor for the second alternating direction method,

then
le@P+2 Y lemi =(,, +¢)k X IT
n=k n==k

where T is defined in theorem 5, and t— T () CE(82,) is the local truncation errov:
T:O(k2+]h|2).
Similar results can be proved for the parabolic equation (7.3).

The work of this paper was done at the AEC Computing and Applied Mathe-
matics Center, Institute of Mathematical Sciences, under Contract AT (30—1)—1480
with the U.S. Atomic Energie Commission.
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