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Summary. Classical iterative methods for the solution of algebraic linear systems
of equations proceed by solving at each step a simpler system of equations.
When this system is itself solved by an (inner) iterative method, the global
method is called a two-stage iterative method. If this process is repeated, then
the resulting method is called a nested iterative method. We study the conver-
gence of such methods and present conditions on the splittings corresponding
to the iterative methods to guarantee convergence for any number of inner
iterations. We also show that under the conditions presented, the spectral radii
of the global iteration matrices decrease when the number of inner iterations
increases. The proof uses a new comparison theorem for weak regular splittings.
We extend our results to larger classes of iterative methods, which include itera-
tive block Gauss-Seidel. We develop a theory for the concatenation of such
iterative methods. This concatenation appears when different numbers of inner
iterations are performed at each outer step. We also analyze block methods,

where different numbers of inner iterations are performed for different diagonal
blocks.
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1 Introduction

We consider here certain iterative methods for the solution of the algebraic
linear system of equations

) Ax=b,
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where x and b are vectors, and A is a square nonsingular matrix. Tt is customary
to view classical iterative methods as the repeated solution of

2 Mx; =b+Nx,

where A=M —N is called a splitting of the matrix A, M is nonsingular, and
X is given. Varga [25, 26] pioneered the study of such methods; see also Young
[29] and Ortega and Rheinboldt [21]. These methods are especially important
in building algorithms for parallel computers; see [2, 19], and [23].

The method (2) is a natural formulation for systems arising from discretiza-
tions of differential equations and it is generally assumed that the system

3) Mv=g

can be solved with considerably less computional effort than (1). Here we consid-
er the iterative solution of the system (3), called the inner iteration, at each
iteration of (2), the outer iteration. Again, the customary way of looking at
the inner iteration is by the splitting M = B— C and the repeated solution of

) Bu;, =g+ Cu;.

These are often called two-stage iterative methods [11, 18]. There is a wide
range of application for these methods, and, in particular, our theory applies
to block iterative methods [26]. In fact, our theory applies to iterative methods
which can be described by an error propagation equation of the form ¢, , | = Te,,
where ¢, is the error at step k of the iteration and T, the iteration matrix,
is convergent; see Sect. 2.

Two-stage methods, also called inner/outer methods, have been applied to
fictitious components and to domain decomposition methods; see [9, 24] and
the references given therein. Golub and Overton [11, 12] have considered two-
stage methods when the outer iteration is the Chebyshev or the Richardson
method. For nonlinear systems of equations, methods with outer nonlinear itera-
tion and linear inner iteration have been extensively studied and have been
applied to different areas of science and engineering; see e.g., Bank and Rose
[1], Dembo et al. [6] or Diaz et al. [7].

Nichols [18] studied two-stage methods for the solution of (1) with general
inner iteration methods. She showed that if the outer and the inner iterations
are convergent then, for a large enough number of inner iterations, p, the two-
stage method is convergent; see also Wachspress {27]. In Lemma 2.3 we note
that a very general class of iterative methods can be represented by correspond-
ing (unique) splittings and thus, without loss of generality, both the outer and
the inner iterations are represented by splittings. In Theorem 4.2 we set condi-
tions on the splittings so that convergence is guaranteed for any number of
inner iterations. Moreover, under these conditions, we show that the spectral
radii of the global iteration matrices decrease when the number of inner iterations
increases. This last intuitive result is an initial step for a strategy to find an
“optimal” number of inner iterations, but may not hold if the conditions of
our theorem are violated; see Sect. 5.

The conditions we set relate to regular and weak regular splittings. These
arise naturally in many applications and have been widely studied [3, 20, 26,
29]. Our proofs are based on the theory of nonnegative matrices, the Perron-
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Frobenius theorem and also on comparison theorems; see the mentioned refer-
ences and also [5]. In Sect. 3 we strengthen a comparison theorem for weak
regular splittings which we use to develop our theory of convergence for the
iterative methods studied here.

We note here that, except for the trivial case of one inner iteration, a two-
stage method of the form (2-4) does not adequately describe the Block Gauss-
Seidel method [3,.26, 29] when the diagonal block equations themselves are
solved iteratively. This fact is often overlooked in the literature; see, ¢.g., Rod-
rigue [24]. Consider A=D—L— U, where D is block diagonal, L is strictly
block lower triangular and U is strictly block upper triangular. For the purpose
of illustration, consider the matrix A partitioned into g x g blocks, i.e.,

D, —U, .. =U,|[x"] [
~Ly —Ly ...  Dydlx2l |p@

The block Gauss-Seidel method is

for k=0,1,...
fori=0,1,....q ' _
D;x{  =b"+ ZLijxm«l‘*‘ Z Uijx§<”

j<i ji>i
which can be represented as
5 (D—L) x4y =b+Ux,,

where it is understood that the solution at each step proceeds one block at
a time. Comparing (5) with (2) and applying the philosophy of two stage methods,
one would have to solve, at each step of (5), a linear system by splitting
(D—L)=V — W, say. This is not how blocks methods are solved and, in addition,
it would be an expensive iteration. The usual approach, instead, is to use an
iterative method for the solution of the systems corresponding to each diagonal
block D;. To study the usual block Gauss-Seidel method, we write (5) as

(6) Dxpy 1 =b+Ux;+Lxgsy,

and one can think of it as an implicit method, where at each step we solve
a system of the form

(7) Dx:r(xk’xk+lab)7

in which r is a function of the known iterate x,, the iterate to be determined
Xi+1, and b, a given vector. Of course, due to the block triangular structure
of D~ L, the system (7) is not truly implicit, since the needed components of
X,4, are always available. The solution of (7} by an iterative method can be
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represented by a splitting of the block diagonal matrix D=F—G, ie., each
diagonal block has a splitting D, = F,— G;. This produces the following

Algorithm 1.1 (Iterative Block Gauss Seidel).

for k=0,1, ...
Yo=y=0",y?, ..., y) T =x,
fori=1togqg

forj=0top;,—1 . .
Ey) =+ Ux+Lx, i) +G;yP

M D

Xk+1= Ypu

The notion of composite splittings enables us to study methods such as block
Gauss-Seidel, or SOR (with w < 1). In Sect. 4 we study nested iterative methods
where, e.g., the solution of the system (4) is itself solved by another iteration,
and this recursive idea is repeated for a certain number of levels of nesting.
For these methods and for iterative block Gauss-Seidel our global convergence
results also apply; see Sect. 4. Furthermore, the monotonicity result also holds;
namely, under certain conditions, if two nested methods have inner iteration
matrices whose spectral radii compare in one direction, say p(R;)=< p(R,), then
the global iteration matrices compare in the same direction; see Sect. 5.

In dynamic nested iterative methods the number of inner iterations may
change at each outer iteration. This amounts to concatenating different iterative
methods and, since the product of two matrices with spectral radius less than
unity may have spectral radius greater than one, the resulting method might
not be convergent. In Sect. 6 we address this problem and show that, under
a slightly more restrictive hypothesis, dynamic nested iterative methods are con-
vergent. Finally, in Sect. 7 we study convergence and monotonicity results of
block methods.

The theory presented herein is a first step toward the development of parallel
block chaotic relaxation methods [2, 4, 15, 23] in which the linear systems
corresponding to diagonal blocks are solved by iterative methods.

2 Preliminaries

In this section, we give some notation, present some basic results and review
some definitions; see further [3, 20-22, 26], and [29]. By p(B) we denote the
spectral radius of the matrix B. We say that a matrix B is convergent if p(B)< 1.
We say that a vector x is nonnegative, denoted x =0, if all its entries are nonnega-
tive. Define x>0 as x=0 with each component x;#0 for all i. Similarly, a
matrix B is said to be nonnegative, denoted B=0, if all its entries are nonnegative
or, equivalently, if it leaves invariant the set of all vectors with nonnegative
entries. We compare two matrices A= B, when A—Bz=0. By I,, we denote the
m x m identity matrix and when the order of the identity matrix is clear from
the context, we simply denote it by I.

We define A=M—N as a splitting of A when M is nonsingular. We say
that the splitting is convergent if p(M ™' N)<1; regular if M~*>0 and N=>0;
and weak regular if M~ 120, M"'Nz0 and NM~!'=0. Obviously, a regular
splitting is a weak regular splitting but the converse is not always true. We
define A=M — N, —N, as a composite splitting of A when M is nonsingular.
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We say that A=M — N, — N, is a convergent regular composite splitting if both
M =M —N, and A=M — N, are convergent regular splittings.

In the following lemma we collect several results on splittings and nonnega-
tive matrices. The proofs can be found, e.g., in [3] and [22].

Lemma 2.1. Let A=M—N be a weak regular splitting. Let T=0. Then the
following hold:

(a) A is nonsingular and A~' 20 if and only if p(M~!N)<1.

(b) p(T)<1if and only if (I—T) ! exists and I—T)" ' =0.

(c) If there exists z=0, z+0 and a scalar a>0 such that «z < Tz, then a. L p(T).
(d) If there exists x>0 and a scalar o> 0 such that Tx Zax, then p(T)<Za.

The following example shows that the condition of strict positivity of the
vector x is essential.

Example 2.2,

T=[i ?)]’ x:[(l)]’ p(T)=1 and Tx=<ax, forall a>0.

The following result, although straightforward, plays an important role in
our analysis.

Lemma 2.3. Given a nonsingular matrix A and T such that (I—T) ! exists, there
exists a unique pair of matrices M, N, such that T=M "'N and A=M—N,
where M nonsingular.

Proof. Consider M=A(I—-T)™' and N=M—A. Then M"'N=M"'(M— 4)
:I—(I—T)A:1A=~T. For the uniqueness, let A=M—N be a splitting of 4
such that T=M 'N. Then MT =M —-Aand thus M=A(I-T)"*=M. [

In the context of Lemma 2.3 we say that T induces the unique splitting
A=M-—N.

3 Comparison theorem

In this section we present a comparison theorem between weak regular splittings
of the same matrix. It strengthens some comparison theorems in Varga [26],
Csordas and Varga [5] and Elsner [8]; see also Miller and Neumann {16].

Theorem 3.1 (Comparison Theorem). Let A=M — N =M — N be convergent weak
regular splittings such that

(8) M~ '=M"1,

and let x and z be the nonnegative Frobenius eigenvectors of T=M"'N and
T=M"'N, respectively. If Nz=0 or if Nx=0 with x>0, then

©) p(D=p(T).



690 P.J. Lanzkron et al.

Proof. 1f p(j’)=0 then the theorem is trivially true; we shall therefore only
consider p(T)#0. Assume that Nz=0. We have that Tz=M 'Nz=p(T):z
which implies that

k]

- 1 -~
Mz=—+Nz.
p(T)
Hence
. ~ l—p(T) o
Az=M{I-T)z= ~—=Nz2>0.
( ) p(T) -

From (8) it follows that
(I-T)z=M"'"Az2M 'Az=(1—-T)z,

therefore Tz=p(T)z< Tz and by Lemma 2.1(c), p(T)< p(T). The proof for the
case N x =0 with x>0 is analogous. [

The proof of Theorem 3.1 is similar to that in [17, Lemma 2.2], where the
comparison is done between splittings of two different matrices 4, and A4,;
see also the recent paper by Marek and Szyld [14].

Varga [26] showed that if A=M — N =M — N are regular splittings,

(10) N<N

implies the result (9). Csordas and Varga [5] and Woznicki [28] proved the
same result with the weaker hypothesis (8). Some still weaker conditions were
set in [5, 16] always requiring the splittings to be regular. Elsner [8] proved
the following

Lemma 3.2. Let A~' >0 and let A=M—N=M—N be weak regular splittings.
If (10) holds, then p(F1—1 N)< p(M ™' N),

He also showed that (8) with either N=0 or N >0 imply (9). Here we have
shown that even if the matrices N or N do not map the entire set of nonnegative
vectors into itself, the result (9) holds if N or N map particular nonnegative
vectors into that set. Moreover, all splittings we consider in this paper satisfy
the conditions of Theorem 3.1, namely that if v is the Frobenius eigenvalue
of T=M"'N, then Nv=0; see Theorem 5.1.

4 Convergence of two-stage and nested iterations

The most general method of solution of (1) considered in this paper is nested
block iterations. Iterative block Gauss-Seidel (Algorithm 1.1) is a special case
of the following algorithm, where 4=M — N, —N, is partitioned into gxgq
blocks, and M =F —G is block diagonal.

Algorithm 4.1 (Nested Block Iteration).

for k=0,1, ...
y0=y=(y‘”, y(2)’ e y(q)T:xk
fori=1togq

for j=0top;—1
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fi y;'i-)%—lz(b"l'Nl X+ N, xk+1)(i)+Gi y§-"’
(11) =y

In most practical applications the matrix N, is lower block triangular. In this
case, the step (11) is explicit, since the needed components of x,, ; are all known.
For general composite splittings 4=M — N, —N,, the step (11) is truly implicit
and usually does not appear in practice. For completeness, we present our results
for general matrices N, and N,, since all convergence theorems apply to this
general case.

In this section we first consider Two-stage Methods, i.e. the case g=1 and
pix=p for all k. The convergence results for the two-stage method are used
later to analyze nested iterative methods and in Sect. 7 to study the general
case. We first compute the global iteration matrix and then study the conver-
gence properties of this method. We begin by replacing the loop over j (Eq. (11))
with the equation

p—1
Vp= z (F‘IG)iFil(b‘f‘Nl xk—*—Nzka)—}—(F*lG)”yo

i=0

=(I“Hp)(I”H)k1F—l(b+Nl Xt Ny Xy )+ H y,,

where H=F"'G is the iteration matrix of one step of the inner iteration and
p—1
we have used the identity (I —H")(I—H) '= ) (F~'G)'. We may therefore

rewrite (11) with the equation: i=0

F(I—H)I—H")""y,=b+ N, X, + Ny X2y + F(I—H)(I—H")"'H” y,.

Let B:=F(I—H)(I—H?)"' and C:=F(I—H){I—H")"'HP. We represent (11)
as

By,=b+N; x;, + N, x4 1+ Cygo; e,
(12) Bxk+1=b+N, xk+N2xk+1+ka.

In the context of Lemma 2.3, B and C are the unique matrices induced by
the iteration matrix R = H”= B~ ! C on the matrix M =(F — G)=B — C. The itera-
tive method (12) corresponding to the splitting M =B — C is not generally used
in actual computations. This is a convenient device to study two-stage methods.
Furthermore, the fact that we consider an inner iteration with iteration matrix
of the specific form R=(F~'G)? is not used in our analysis. In the remainder
of the paper we often use the concept of a splitting induced by a given iteration
matrix R.
Although the method (12) is implicit, the iteration matrix is clearly

(13) T=(B~N,) "' (C+N,)
and the (unique) matrices induced by T on A are

(14) Mp=B—N,=M(I—R)"'—N,
(15) Np=C+N,=M(—R)"'R+N,.
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The case N, =0 was studied by Nichols [181, and (13) becomes
(16) T=B 'N;+R=R+S—RS=I1—(I-R)(I-5),

where S=M "'N,, M=B—C and R=B ' C. It should be noted, however, that
the two-stage method studied here encompasses a larger class of methods. In
particular, iterative block Gauss-Seidel cannot be represented by an iteration
matrix of the form (16).

Theorem 4.2. Let A=M —N,— N, be a convergent regular composite splitting
and let R=0, p(R)< 1. If the (unique) splitting M =B —C such that R=B™1C
is weak regular, then the iterative method defined by

(17) A=M;—Np, Mp=M{I—R)"'—N,, and Ny=M{I—R)"'R+N,,

is convergent. Moreover, A= M — Ny is a weak regular splitting.

Since the use of the induced splitting M =B—C is a technical device, condi-
tions on it are not expected to be directly verified. We see later that certain
iterative methods, including the two-stage method, induce splittings satisfying
the hypothesis of the theorem.

Proof of Theorem 4.2. Since B~' =0, N,=0 and M~ !N, is convergent, the in-
equality M~ 'N,=(I—R)"!B~ !N, =B~ ' N, >0 implies that B~ N, is a conver-
gent nonnegative matrix. Therefore, since B~!' 20 and N, =0,

T=(B—N,) ' (C+N)=(I—B~'N,)"'(R+B~1 N,)=0.
Let S=(M—N;)"' N, then

I-T)"'=A""Mz=(M—N,—N,) "' (M(I—-R)" ' —N,)
=(I—-8) ' (M—N,) " 'M(I-R)"'=M"'N,)
=(I—8) 'I-=M"'N) Y (I—R) 'R+I—M"'N,)
=(I—8) Y (I—~M"'N,))"'(I—R)"'R+1)=0.

Therefore, by Lemma 2.1(b), T is convergent. Furthermore,
Mi'=(I—-B 'N,)"'B~'20.
Since p(N, B"Y)=p(B~'N,)< 1, and since CB~' =0,

NrMit=(MUI—R)"*R+N)I~I—~R) M 'N,)"*(I—-R)M™!
=M({I—R)"'R(I-B"'N,)"'B "'+ N,(I-B"!N,) 'B™!
=C(I-B"'N,)"'B"'+N,(I-B"'N,)"'B~!
=CB " Y(I-N,B"Y '+ N(I—-B 'N) 'B '=20. O

Note that the splitting 4 =M ;— Ny is not necessarily regular since Ny may
have some of the negative entries that may have been in C. In the remainder
of this section we apply Theorem 4.2 to practical iterative methods. In the follow-

ing corollary we present conditions for convergence of two-stage methods inde-
pendent of the number of inner iterations, p.



Convergence of nested classical iterative methods 693

Corollary 4.3. Let A=M —N,— N, be a convergent regular composite splitting
and let p be a nonnegative integer. If M=F—G is a weak regular splitting,
then the two-stage iterative method is convergent, and its induced splitting is weak
regular.

Proof. To apply Theorem 4.2 it suffices to show that M=B—C is a weak
regular splitting with B=M(I —(F ' G)")~! and C = B— M. First note that

B l=(I—(F 'GP )M~!

=(I—(F7'GePI—(F~ ') ! F'1=I,{Lﬂ‘1(F_1G)“F‘1 =0.

i=0

Since M=F—G is a weak regular splitting F~'C>0 and CF~!=0. Thus
B 1C=(F *G)Pz0, and

CB '=MUI—(F 'Gy)y" \(F ' CP(I—(F ' Cy) M1
=M(F 'GPM '=(CF 'yz0. O

The following example shows that the hypotheses of Corollary 4.3 (and
by extension those of Theorem 4.2) can not be weakened. Let T, be the iteration
matrix for a two-stage method with p inner iterations.

Example 4.4.

125 —1 0.25 1 —-05 0O
A=] -1 15 —1 , M=]-05 1 —-05], F=I, N,=0,

025 —1 1.25 0 —-05 1

0 05 0 ~025 1 -025
M™'N,=R=G=[05 0 05|, T,=F'N+R=| 1 -05 1 |

0 05 0 —025 1 —025

Thus, A=M — N, is a weak regular splitting and M =F — G is a regular splitting.
In this example p(M ™! N,)=p(R)=0.71 and thus the inner and outer iterations
are both convergent; but p(7;)=1.9 and the two-stage iteration with 1 inner
iteration is not convergent. Thus in this example a convergent iteration within
a convergent iteration is divergent.

Rodrigue [24, Theorem 4.1] showed that when N,=0, p=1 and both the
outer and the inner iterations correspond to regular splittings, then the overall
method is convergent and, in particular, induces a regular splitting. For the
case p> 1 and the same hypothesis, as the following example shows, the global
induced splitting may not be regular.

Example 4.5.

2 -1 2 0 0 1
AzM:[—l 2]’ F‘[o 2] ’G:[l 0]’

0 05 2 _ 1
H=F“IG=[ ] N, =M(I —H? ‘1H2=[ 3 3].
050 T2 ( ) -1 2
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The fact that Np, has negative entries also implies that the conditions in the
comparison theorem by Elsner [8] are not satisfied either; see Sect. 3.

The theory we are developing can be extended to the case of recursive inner
iterations. We call these Nested Iterative Methods. Consider the solution of
the system Ax=»b by a two-stage method with the outer iteration defined by
the composite splitting 4=M — N, —N,. Then, instead of solving the system
Mx=r(x,,x,+1,b) by an iterative method, it is solved by a two-stage method,
and so on. This implies the specification of a new composite splitting, with
iteration matrix R, R=F~'G, M=F —G, and the number of iterations (p) at
each level. One could interpret M=F—G as (14-15). Of course, at the last
(innermost) level, the system is solved by an iterative method, say with M =B —C.
After the formal recursive definition below, we show that under conditions simi-
lar to those in Corollary 4.3, nested iterations are convergent independent of
the number of iterations at each level.

Definition 4.6. Consider the system Ax=>5. Let A=M — N, — N, be a composite
splitting and p be a nonnegtive integer. In a Nested Iteration the equation
Mx=b+ N, x;,+ N, x; 1 is solved by either,

1. p steps of an iterative method (note that the effect of this is to solve Ax=b
by a two-stage iteration),

or,
2. p iterations of the Nested Iteration with iteration matrix R (replace A by
M and b by (b+ N, x,+ N, x; ;) and apply the definition again).

Corollary 4.7. At each level let the redefined A=M — N,—N, (i.e. in part 2 of
the definition) be a convergent regular composite splitting and at the innermost
level let M =B—C be a weak regular splitting (i.e., in part 1 of the definition).
Then the corresponding nested iterative method is convergent.

Proof. By induction on the number of levels of nesting. The method with one
level of nesting is the two-stage method, and Corollary 4.3 applies. For the
inductive step, assume that the induced splitting of R on M=B—C is weak
regular. Then, using arguments similar to those in Corollary 4.3, F = M (I — R?)™*
and G =M (I —R?)" ' R? from a weak regular splitting. Therefore, by Theorem 4.2
the method is convergent and if T is the iteration matrix, A=M;— Ny is a
weak regular splitting, where My=A(I—-T)"!. ]

Consider the particular case of nested iteration, where only one step of the
first inner iteration is performed. We show in the following theorem that such
a method can be represented by a two-stage method corresponding to a particu-
lar composite splitting. Moreover, the result can be extended, by a simple induc-
tion argument, to show that if there are multiple levels of nested iteration with
one inner iteration at every level (except the last) then the whole iteration reduces
to a two-stage method. This is a natural situation, and the theorem shows
that no matter how many levels of one iteration are used, the nested method
can be viewed simply as a two-stage method.

Theorem 4.8. Consider the solution of Ax=>b by a nested iteration with A=M
— N, —N,. Assume that the (outer) system Mx=>b+ N, x,+ N, X; . is solved
by only one step of the (inner) two-stage iteration corresponding to the composite
splitting M =M — N, — N,. Assume further that the corresponding (inner) system
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is solved with p iterations of the method corresponding to the splitting ]\7I=F—g.
Then the resulting iterative method is given by the composite splitting A=M — N,
— N, where Ny =N, + N, and N,=N,+N,.

Proof Let R=F" 'G. From Eqg. (13) we have that the inner iteration matrix
is T,=(F,—N,)" (G, +N,), where F,"'G,=R?=(F~'G)*. Thus My =F —N,
and N T —G + N, . The iteration matrix for the global (outer) iteration is T,
~(F2 Ny)~ (G2+Nl) where M =F,—G, is the splitting correspondmg to the
inner iteration, and F,=M 7, and G,= Ny . Therefore T,=(F,— N2)* (G,
+N,+N,). The theorem follows by substituting N, =N, + N, and N,=N,
+N,. O

5 Monotonicity

In the previous section we gave sufficient conditions for the convergence of
nested iterative methods. In this section we show that, under the same conditions,
if the spectral radius of the inner iteration matrix decreases (e.g., increasing
the number of inner iterations) then, so does the spectral radius of the global
iteration matrix. For example, in the case of two-stage methods, the spectral
radius of the global iteration matrix, p(T,), is a monotonically decreasing func-
tion of p. This result is intuitive but, as we see later, if the conditions shown
are not satisfied, the result may not hold. The main tool in our proofs is our
comparison theorem, Theorem 3.1.

Theorem 5.1. Let A=M — N, —N, be a convergent regular (omposzte splitting.
Let M F—G=F—G be weak regular splittings and let R=F"'G, and R
=F~1G. Consider, as in Theorem 4.2, the iterative method defined by (17) with
corresponding global iteration matrices Tand T. If p(R)<p(R) and F~' 2 F~!
then p(T) = p(T).

Proof. Let x be the Frobenius vector for a global iteration matrix T and let
a=p(T), &= p(T), and G=p(T). Since T=(I—F 'N,)"'(R+F ' N;) 2R, then,
p(R)<o. Consider first the case 4= p(R). Then, & p(R)<p( R)<d and the theo-

rem is proved. If, on the contrary, p(R) <4, or in our generic notation p(R)<a,
then, («f —R) ! exists and is nonnegative. Thus,

oMy x=Npx
a(M(I—R)~"'—Ny)x=M(I—R)"'Rx+N, x
ol —R) 'x=(I—R) 'Rx+M (N, +aN,)x
(I—R)" "ol ~Ryx=M""(N; +aN,)x
(I—-R) 'x=(al—R)"'M ™ '(N,+aN,)x.

We may now replace the (I — R) ™! x factor in Nyx as follows:

Npyx=M(I—-R)"'Rx+N;x
=MR(«I—R)"'M (N, +aN,) x+ N, x
=GF Yol —GF YY" YN, +aN,) x+ N; x=0.

Finally, since F ' 2 F "L My '=(I—F 'N)) 'F ' 2(I—-F 'N,)"'F~'=M7!,
and thus, by Theorem 3.1, 4 <4 [
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The following corollary shows that p(T,) is a monotonically decreasing func-
tion of p. The corollary applies, in particular, to two-stage methods, and to
iterative block Gauss-Seidel.

Corollary 5.2. Consider the solution of Ax=b by a nested iteration (Definition
4.6). Let at each level A=M — N, — N, be a convergent regular composite splitting
and at the innermost level let M =B— C be a weak regular splitting. Let q and
p be nonnegative integers. Consider two nested iterations, differing only in the
number of inner iterations at the outer iteration, p in one case and q in the other.
If g2 p. then p(T) S p(T;).

Proof. If there are only two levels of nesting, ie., the iteration is a two-stage
method, with inner splitting M = B— C, then define R= B~ ! C. Otherwise, define
R as the iteration matrix for the inner nested iteration. From Corollary 4.7
it follows that R is convergent. Clearly p(R%)<p(R?). Consider the splittings
induced on M by R?=F, ' G, and R‘=F, ' G,; see Lemma 2.3. Then,

F'=(MUI—-R% ) '=(I—R9)(I—-R)"'F!

g—1 p—1
=Y RF 1z Y RF '=(M(I—-R?)" ) '=F L

i=0 i=0

Therefore by Theorem 5.1 p(T,)Z p(T)). [

As we pointed out, this corollary applies in particular to two-stage methods.
Intuition indicates that if more inner iterations are performed, ie., if we have
a better approximation to be exact solution of (2) at each outer step, then
the method should converge faster. A closer look at Example 4.4 reveals that

0.25 0.25 0.25 —0.125 075 —0.125
T,=|0.25 0.50 0.25 ;= 075 -025 0.75
0.25 0.25 0.25 —0.125 0.75 —0.125

and p(T,)=0.85, p(T;)=1.3. Thus if the conditions of Theorems 4.2 and 5.1
are violated, not only might there not be convergence for a small number of
inner iterations, but the spectral radii of the iteration matrices may not be
monotonically decreasing.

In the final result of this section, which follows directly from Lemma 3.2,
we extend the point Stein-Rosenberg theorem [26] to the methods studied here.
The name of the theorem is inspired by the following observation. If N, =0,
we have an iterative (block) Jacobi type method, while the case N, =0 yields
an iterative block Gauss-Seidel type method.

Theorem 5.3 (Nested Stein-Rosenberg). Let A=M —N,—N,=M—N, —N, be
convergent regular composite splittings. Consider the solution of Ax=>b by a nested
iteration. Assume that the inner systems M x=r(xy, X, ; 1, b) are solved by a nested
iteration with iteration matrix R and induced splitting M =F —G. Let the corre-
sponding iteration matrices be T =(F —N,) "' (G+ N,) and T =(F — N;)"*(G+ N,).
If N,z N, then p(T) £ p(T).
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6 Dynamic nested iteration

In this section we study Algorithm 4.1 in the case where p;,=p, for all i. We
call this algorithm Dynamic Nested Iteration. The main result of the section
is Theorem 6.4, where we show that under certain conditions, this method is
convergent. Dynamic nested iteration can be viewed as the concatenation of
different nested methods, each with a different iteration matrix T, . Thus, for
r outer iterations, the global iteration matrix for the dynamic nested iteration
is the product T, T, _,...T,,. The difficulty in analyzing this method is that
the product of convergent matrices may not be convergent. The following defini-
tion and lemmas provide the background material for Theorem 6.4 and strength-
en a result in [23].

It is well known, that for any matrix, A, there exists a permutation matrix
P such that L=PAP" is block lower triangular, ie. L=(L;;),i,j=1, ..., g, where
L;; is an s;x §; block either irreducible or a 1 x 1 null matrix and L;;=0 for
j>i. This form is called the reduced normal form of 4 and it is unique, up
to permutations within the diagonal blocks and of the ordering of certain diago-
nal blocks, see, e.g., [3, 10, 137, or [26].

Definition 6.1. Let P be a permutation matrix for 4, such that PAP” is in
reduced normal form. We say that B is Triangular Conformable with A under
P, if Ly=PBPT is such that (Lg);;=0 for j>i.

Lemma 6.2. Let P be a permutation matrix for the nonnegative matrix A, such
that L=PAP" is in reduced normal form and let p,=p(Ly,), b=1,2,...,q. If
for exactly one block, say a, p(A)=p,=max p,, then the Frobenius vector for
L has the form w=(0,0, ..., 0, v,, Wo4 1, wa+b2, coos w)T, where v, is the Frobenius
vector for L,,.

Proof. Clearly (Lw),=(p,w), for all b<a. For b>a assume inductively that
(Lw),=(p, w), for all ¢<b. Since p,>p,, it follows that (p, I — Lyp) ™" exists and

1s nonnegative. Therefore w,=(p,] — L)~ Z L,;w; is such that Z Ly;w
=pPa Wp. | i=1
Lemma 6.3. Let T 20, and let {T;} be a collection of convergent nonnegtive matri-
ces such that T, is Triangular Conformable to T under P for all i, with L=PTPT
and L'=PT,P". Let v, be the s,dimensional Frobenius vector of L., with p,
=p(L,) <1, for every a. If for every i, L,,v,< L,,0,= p, v, then, for any fixed
set {iy, ..., i}, p(L)=p(T, T,,... T, )Smax p; <1.

Proof. Since p(Y,)=p(PY,P")= (H PT, PT) maxp(n IJ,J,‘,,), there are two

j=1

cases to be considered. If L,,=0 then ﬂ I';,=0.1If L,,#+0 then L,, is irreducible

ji=1

and therefore v,>0. It follows that [] Lj,v,<p,v, and therefore, by Lem-
j=1
ma 2.1(d), (H L‘,m><p,,<1 for every a. Thus p(Y,)Smax, pi<1. [

=1
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Theorem 6.4. If A=M — N, — N, is a convergent regular composite splitting and
M=F —G is a regular splitting, then the Dynamic Nested Iterative Method with
r iterations is convergent for every r. Moreover, the method is no slower than
the case when p,=1, k=1,...,r. In other words, p(Y,)<pi<1, where Y,
=T, T, _,...T,, T, is the iteration matrix (13) corresponding to p,, and p,
=p(T}).

Proof. We have proved in Corollary 5.2 that p(T))2 p(T)) for all p. Let P be
a permutation matrix such that PT; P7 is in reduced normal form. The proof
proceeds in two parts. First we show that T, is triangular conformable to T
under P for all p. Then we show that if p,, v, is such that p,v,=L,,v,, then
for every i, L,,v,<p,v, and by Lemma 6.3 p(X,)=p(T,, T, _,...T,)<max p)
=pl<l. a

Part 1: First consider 7;. Let R=F ' G,
(18) T1=(I_F—1N2)‘1(F_1N1+R)

=F "Ny +R+ ) (F'N,J(F"'N,+R).

i=1

Therefore, since F~'N;, R, and F~ ' N, are nonnegative, no cancellation can
occur. It follows then that

(19) R, F™'N,,(FT'N,)F'N,,(F 'N,}R
are triangular conformable to T, under P. Now consider T,. Let
p—1 .
(20) Q,=U—R)M '=(I—R?)(I—-R)"'F'= Y RF,
i=0
then
T,=(I-0, Nz)fl(Qp N, +R?)
-t —typ-1
:(]__ZRLF—IN2> (Z R1F41N1+Rp)
i=0

i=0

(L (g (G men)

J=0 \i=0

and since every instance of (F~ ! N,)/ is followed by either F~!' N, or R’ (i,j>0)
it follows from (19) and the fact that triangular conformability is closed under
multiplication and addition that T, is triangular conformable to T, under P.

Part 2: Consider the splitting induced by T, on A=M(p)—N(p), with M(p)
=0, '—~N,and N(p)=N, +Q, ' R”; see Lemma 2.3. Then,

-1p—1

(21) M(p)—1=(1—QpN2)-IQ,,=(1— Y R"F‘Nz) Y RF!
i=0 i=0

>(I—F 'N) 'F t=M(1)"".
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There are two cases to consider. If L,,=0, for some q, then by Part 1, I£,=0
for all p, and therefore (PY, PT),,=0. We therefore assume that L,,+0 for all
a. Let p,,v, such that L,,v,=p,v,. By Corollary 4.3 T, is convergent, thus
p.<1 for all a. Define g diagonal matrices E(a), a=1,2, ..., g, called scaling
matrices, where E(a) is the s, x s, matrix e(a,b) I, b=1,2, ..., q, and e(a,b)
is defined by

e(a,b)=1, if p,<p, or b=a

=p,+ B otherwise.

Consider E{a) PT, PT, E(a) has the effect of scaling the b'* block row of PT, PT
by e(a,b)<1. Every diagonal block with a spectral radius less than p, is
left unchanged. Every diagonal block, b, with a spectral radius greater than

p. 1s scaled by e(a, b) giving a new spectral radius e(a, b) p,,=(p,,+1)£25<p,,.

Thus p(E(a) PT, P")=max, p((E(a) PT, PT),;)=p,. Let w, be the Frobenius
eigenvector of E(a) PT, P, i.e., corresponding to p,. Since all diagonal blocks
except the a™ block have spectral radius less than p,, then, by Lemma 6.2,
wl=(0,0,...,0,05, (Wa)gs 1 ---» (W,),)". Since M=F—G is a regular splitting,
N(1)=N,+ G =0 and thus
E(@) PT, PTw,=p, w,
E@PM() *NOPTw,=p,w,
NOP w,=p, M() PTE(a)" ' w,
1
PM(1)PTE(a)"1wa=;PN(1)PTwago.

a

We wish to show PAPTE(a) 'w,>0.
PAPTE(a)"'w,=(PM(1) PTE(@) ' — PN (1) PTE(a)" ") w,
=<pi PN(I)PT~PN(1)PTE(a)*1) W,

=PN(1) P”(i I—E(a) 1) w, =0,

a

where the last inequality follows from 1=e(a, b)>p(a) for all g, b. From (21)
it follows that PM(p)” ' PT2 PM (1)~ ' P7, thus

PM(p)~ ' PT(PAPTE(a) ' w,)= PM(1) ' PT(PAPTE(a) 'w,)
PM(p)" ' APTE(a) 'w,= PM(1) ' APTE(a) 'w,
P(I—-T,) PTE(@) 'w,2P(I—T,) PTE(@)" ' w,

PT, PTE(a) 'w,2 PT, PTE(a) ' w,.

Since (PT, P"E(a)™"),,=L},, and since w, ;=0, for j<a, (PT,PTE(a) 'w,),
=[P v, it follows that p,v,=L,,v,=215,v,foralla. []
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7 Nested block iterative methods

In this section we consider Algorithm 4.1. We first present conditions for conver-
gence and for a monotonicity rule for the simpler case p;,=p;, for all k using
the results from the previous sections. Later we show convergence for the general
case.

Since F, G are block diagonal, R;=F,"! G,, where as before R=F~'G. The
equation to update a given component, i.c., the loop over j, may be represented
as

(22) X1 =, —RFY M (b4 Ny x4 Ny x4 )0+ RP# X

Let ={p1xs P2k> ---» Pqx} and define

(I, —RE) M7 0 0
3) 2R)= 0 (U, —RE¥HM; " .. 0 |
6 0 (Isq—R:;’iq)Mq—l
Riw 0 ... O
e wn| 0 R0
o o . R

from where it follows that 2(2)=(I —#(%,)) M~ !. With these definitions it easy
to see that the iteration matrix for the nested biock iteration is given by:

(25) H(#)=(1—-2(%) ;)" (2(R) N, + R(H)).
By Lemma 2.3,
My(R)=2P) ' =Ny, Nyl R)=2(Z) ' R(Z)+ N,

define the wunique splitting satisfying A=Mpgz(A)— Ny(A), and H(H)=
My(2)™ ! Ny(2). In the following two theorems we assume p;,=p;, for all i, k.
Theorem 7.1. If M=F—G is a weak regular splitting, and A=M —N;—N, is
a convergent regular composite splitting, then p(H(P)) <1, where H(#,) is defined
in Eq. (25).

Proof. The matrices My(#) and Ny(#) have the same form as M; and Njp
(Egs. (14) and (15)), respectively, with 2(#) ! replacing F and 2(%) ' % (%)
replacing G. We will show that M= 2(#)" ! — 2(#)" ' #(#) is a weak regular
splitting and the theorem will follow from Theorem 4.2. Clearly 2(#), and #(%)
are nonnegative, so it remains to show that 2(%) ! Z(2) 2(#)=0.

2P) ' R(P) 2P)=MU—-R(P) ' RP)I-R(P)M™!
=MRA(P)M ' =FR(P)F!
G, F;yY» 0 .. 0
A R

0 0 ... (G F; 1y
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Theorem 7.2. Let #={p,,p,, ..., p,} and P={p,,p,, ..., p,} where p,<p; for
alli. If M=F — G is a weak regular splitting, and A=M — N, — N, is a convergent
regular composite splitting then p(H(P)) < p(H (P)).

Proof. Since 2(2)=2(P) and p(R(P)) < p(#(P)) the theorem follows from
Theorem 5.1. [

We consider now the convergence of the nested block iterative method in
the general case. The proof is analogous to that of Theorem 6.4.

Theorem 7.3. Let M=F—G be a regular splitting and A=M —N, —N, be a
convergent regular composite splitting. Algorithm 4.1 is convergent and no slower
than the case when p;, =1, i=1,...,q, k=1, ...,r. In other words p(Y,)<p} <1,
Jor all v, where Y,=H(Z)H(Z_;)...H(#), and p, =p(T)).
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