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Summary. This paper is concerned with dense output formulas for extrapolation
methods for ordinary differential equations. In particular, the extrapolated ex-
plicit Euler method, the GBS method (for non-stiff equations) and the extrapolat-
ed linearly implicit Euler method (for stiff and differential-algebraic equations)
are considered. Existence and uniqueness questions for dense output formulas
are discussed and an algorithmic description for their construction is given.
Several numerical experiments illustrate the theoretical results.
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1 Introduction

“This is the weak point of extrapolation methods in general ... present extrapolation
methods do not have a satisfactory interpolation procedure yet ...”
(P. Deuflhard 1985)

For non-stiff and stiff differential equations, extrapolation methods are impor-
tant means for getting an accurate numerical solution. The most popular extra-
polation method for non-stiff problems is the Gragg-Bulirsch-Stoer method
(GBS method) which is based on the explicit midpoint rule (Sect. 5). We also
consider extrapolation of the exptlicit Euler method (Sect. 2), which is very simple
and yet gives satisfactory results. For stiff problems one can use either fully
implicit schemes (implicit Euler, trapezoidal rule with smoothing) or linearly
implicit methods, such as those based on the linearly implicit Euler method
(Sect. 7) or on the linearly implicit midpoint rule.

All extrapolation methods have in common that they use very large step
sizes during the integration. To illustrate this, we have applied two extrapolation
codes to an Arenstorf orbit of the well-known restricted three body problem.
The equations and the initial values are given in [14, p. 127]. Figure 1 presents
the discrete points of the numerical solution together with the continuous output
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Fig. 1. Dense output solution for restricted three body problem

described in this article. The user supplied error tolerance was chosen
TOL=10"°. The pictures nicely demonstrate the necessity of dense output for-
mulas for extrapolation methods.

A continuous output is not only useful for graphical representation of the
solution, but it may also be an important tool for delay differential equations
[8], [14, Sect. I1.5], and for event location problems [24].

The first attempt to get a dense output for extrapolation methods is due
to Lindberg [18]. His approach, which is different from ours, imposes severe
restrictions on the step number sequence. Shampine et al. [23] provided the
GBS method with a 3rd order dense output formula.

We first investigate dense output formulas for non-stiff extrapolation integra-
tors, namely the extrapolated explicit Euler method (Sects. 2, 3, and 4) and
the GBS method (Sects. 5 and 6). Thereby we pursue two directions. On the
one side we study the order conditions of very general interpolation procedures
and their solution. This leads to existence and uniqueness results (Sects. 3 and
5) and provides insight into possible restrictions on the step size sequences.
Independently from these investigations we present in Sects. 4 and 6 explicit
dense output formulas which allow a simple implementation. Section 7 intro-
duces a dense output formula for the linearly implicit Euler method, which
is an attractive integrator for stiff differential equations. Finally, in Sect. 8 we
study the order of this dense output, when the method is applied to a semi-
explicit differential-algebraic system of index 1. Several numerical experiments
illustrate the theoretical results.

2 Extrapolation of the explicit Euler method

We consider the system of differential equations

1) V= (xy), yxo)=y,
where f(x, y) and hence also the solution y(x) is assumed to be sufficiently
differentiable. The explicit Euler method applied to (2.1) reads

(2.2) Vis1=Yithf(x;,y), 20
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where h is the step size and x;=x,+ih. We denote y,(x)=y, for x=x,+nh,
choose a sequence of integers n, <n,<n;<... and define the corresponding
step sizes hy>h,>hy>... by h;=H/n;, where H>0 is the basic step size. The
h-extrapolation tableau is given by the formulas

(2.3a) Yy =y, (xo+H)

Y, —Y_
2.3b Y o =Y, -2k izl
(23) . Y]'k+("j/”j~k)—1

Since the error y,(x,+ H)— y(x,+ H) has an asymptotic h-expansion, each extra-
polation eliminates one power of h, so that

(2.4) Yie—y(xo+H)=0(H*"")

(see [ 14, Sects. I1.8 and 11.9]).

The subsequent analysis relies on the fact that each Yj, can be interpreted
as the numerical result of a Runge-Kutta scheme of order k. This can be seen
as follows: for h=H/n the numerical solution of the Euler method at x,+H
is given by

u(xo+H)=yo+H ) b K,

i=1

i1
(2.5) Ki:f(x0+ciH,y0+HZaUKj), i=1,...,n
=1

i=
with coefficients

(2.6) o=t

n

n n

Formula (2.5) shows that for any j, Y;, is the result of an explicit n;-stage Runge-
Kutta method of order 1. Since Y}, is a linear combination of Y;_, ., {, ..., ¥}y,
it can also be written as an explicit Runge-Kutta method. By (2.4) its order
is k.

The above algorithm yields a very accurate approximation to the solution
at xo+ H. In order to get a cheap continuous output we consider for 0<0<1

(2.7) Y1 (0)=yo+H Y bi(0,n) K;

i=1
with K; given by (2.5). Our aim is to construct polynomials b;(6, n) in such
a way that b,(0, n)=0, b;(1, n)=1/n (this means Y}, (0)=y,, ¥;;(1)=Y;,) and that
the values Y, (6), obtained by the recursion (2.3b) satisfy
(2.8) Y (0)—y(xo+0H)=O(H?) for 0=0=1

with p as high as possible. This approach does not use additional function
evaluations and does not change the Yj,. Therefore the global behaviour of
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the method is not influenced. Dense output formulas of the type (2.7) are fre-
quently used for explicit Runge-Kutta methods. From the vast literature on
this topic we mention the articles [3, 7, 9, 14, 17, 20, 22, 26].

3 Existence and uniqueness of dense output for explicit Euler

Because of (2.4) the best possible p in (2.8} is p=k+ 1. The following theorem
gives necessary and sufficient conditions to obtain this order for the dense output.

Theorem 1. Consider a finite sequence n, <n,<...<n, and let y(x) be the solution
of (2.1). Then Y;(0), given by (2.7) and the recursion (2.3b), satisfy

3.1) Y (0)—y(xo+0H)=O(H**")  for 1<k<j<k

if and only if there exist functions e,1(8); e3,(8), €3,(0);...; e ((B),..., € c—1(8)
such that

n 04 a1 1\
3.2) Z biO,nc? t=—qt ) eq,(())(>
i=1 4 /=5 n

Jorq=1, ...,k and ne{ny, ..., n} (¢;=(i—1)/n as in (2.6)).

Before we give the proof of this theorem we discuss the solvability of the
linear system (3.2). A solution can be found recursively as follows:

In a first step we choose b;(8, n,) for i=1, ..., n, such that (3.2) holds with
g=1and n=n,. In the general step we have to determine simultaneously b,(0, n))
fori=1,...,n;and e;,(0), ..., e; ;_(0) from the Eq. (3.2) with ge {1, ..., j}, n=n;
and g=j, ne{n,, ..., n;_,}. These are 2j—1 conditions for n;+;—1 unknowns.
Since n;2j and the matrix of this linear system is Vandermonde-like, a solution
always exists. Further we have uniqueness for n;=j. Thus we have proven the
following theorem:

Corollary 2. For every step number sequence {ny, n,, ..., n,} there exists a dense
output formula (2.7) such that the extrapolated values satisfy (3.1).
For the harmonic sequence {1, 2,3, ..., k} this dense output formula is unique. [

For the proof of Theorem 1 we shall use the following lemma, which general-
izes the idea of “simplifying assumptions” (see [ 14, p. 203]).

Lemma 3. For the Runge-Kutta coefficients (2.6) there exist constants &g such
that

i—1 Cq q—1 1 1
(3.3) aijc;i_l:—q’~+ ) cq,c?"(;) forall g=21andi=1, ..., n.
1 =1

ji=

Proof. We apply the Euler method (2.2) with stepsize h=1/n to the problem
¥y =x1"", y(0)=0 whose exact solution is y(x)==x%/q. An easy calculation shows
that the numerical solution at x=(i—1) h=¢; is

i—-1
(34 yux)= 3 a;;ci™!
j=1
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with a;; given by (2.6). In order to prove (3.3) we make use of the asymptotic
expansion

(3.5) yu(x)=p(x)+d; (x) h+dy (x) B +

where d,(0)=0. Inserting (3.5) into (2.2}, i.e. y,(x + h) =y, (x)+ hx*" !, and compar-
ing powers of h, yields d,(x)=¢,, x?~" for I<q and d,(x)=0 for I24. Formula
(3.5) with x =¢; together with (3.4) proves the statement of the lemma. [J

Proof of Theorem 1. Sufficiency. In order to prove (3.1) we consider Y;,(0) and
y(xo+6H) as functions of H, expand them into Taylor series and verify that
the first terms are equal. This can be done with the use of rooted trees, elementary
differentials, etc., as explained in [14, Sect. 11.2].

The ¢-th derivative of the exact solution y(x,+ 6 H) satisfies (Theorem 11.2.6
of [14])

q

d
dHY Vixo+O0H)lg=0= Z 61 F (1) (Xo. Vo),

telLT,

(3.6)

where F(t) (xq, yo) 1s an expression composed of derivatives of f(x, y) (elementary
differentials). LT, is the set of labelled trees with g vertices. Similarly, for the
numerical solutlon :1{(0) of (2.7) we have (Theorem I1.2.11 of [14])

(37) A Y @lneo= T 70 3 Bi(0,m) 90 F ) (x0,vo)

tel.Ty i=1
where @,(t) depend on the coefficients (2.6) and are recursively defined by
P (1)=1
(3.8) Q)= Y  ap, -, P (t)... Py (1) i t=[t, ..., t,]).

kiyooo il

The number y(t) is given by y(t)=1, y(t)=p(t) y(t,)...7(t,), and p(t) denotes
the number of vertices of the tree t. Suppose for the moment that condition
(3.2) implies

n gp(t) pt)—1 1\
(3-9 bi 9, n ¢i t)y= + 4 (0, t) (“‘)
) i; (0, n) ®,(2) 200 l; i -
for ne{n,, ..., n,} and trees ¢ with p(t)<«. Then we can insert (3.9) into (3.7)

and extrapoldte (k— 1)-times the g-th derivatives of Y;_, . 1(0), ..., ¥}, (6). This

yields ) 69F(t) (xo, yo) for g <k, because the terms e,(H 1) (1/n)" are eliminated
telLT,

for l§k~1 by extrapolation. A comparison with (3.6) shows that the first k
derivatives of Y,,(8)— y(x, -+ 60 H) vanish. This proves (3.1).

We still have to justify formula (3.9). For this we shall prove by induction
on p(t) that

(3.10) ®,(1) = Pét; PO 1+/"§128 () cpO 11 (rll)l
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By Lemma 3 this identity then implies

311 o,0=S5" 1" sy ero- (L)
(3.11) Za,j y(t)+ Z 8 (1) cf <n)

Formula (3.10) is obviously true for p(t)=1 (i.e. t=1). Consider now a tree
t=[t, ..., t,] and suppose that (3.10) and hence also (3.11) is valid for ¢, ..., t,,.
Inserting (3.11) for ty, ..., t,, into (3.8) and using again Lemma 3 yields (3.10)
for the tree t.

Next we multiply Formula (3.10) by b,(6, n) and sum up from i=1 to i=n
Substituting each occurrence of ) b,(6, n) ¢!~ ' by our assumption (3.2) we arrive
at (3.9). i

Necessity. Assume that (3.1) holds. Application of the Euler method with H=1
to ¥y =x1"1, y(0)=0 yields by (2.7)

(3.12) Y (0)= Z bi(0,n) i

i=1

Since every g-th order method integrates the above equation exactly, the extrapo-
lated value Y;,(0) equals the exact solution at 0, i.e.

q

(3.13) qu(e)z% for all j.

By definition of the extrapolation method, Y;,(0) can be interpreted as Y,,(0)
=p;(0) where p;(h) is the polynomial of degree g— 1 which satisfies

1
(3.14) pj(;)zY,-l(B) for i=j—q+1,...,j

The coefficients of p;(h) seem to depend on j. However, by (3.13) the value
p;(0) does not depent on j, so that two consecutive polynomials take the same
values at g distinct points at least. Thus they are equal. This implies the existence
of one polynomial

01 q—1
phy=—+ 3 e (O) 1
4 -

which satisfies Y;; (6)=p(1/n)) for all j. This, together with (3.12) and (3.14) proves
the statement (3.2). [

4 Construction of dense output formulas for explicit Euler

Theorem 1 provides in principle a means for obtaining dense output formulas:
one has to solve the linear system (3.2) and extrapolate the values Y;,(6) to
obtain Y, (f). If this is done for the harmonic sequence {1, 2, 3, 4, ...}, one
obtains surprisingly simple formulas from apparently complicated equations.
This suggests that an elegant idea should be able to lead to the same results.
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This idea, which has been pointed out to the authors by Ch. Lubich, is the
following: together with each Y;; we compute sufficiently many finite differences
at both ends of the integration interval, then we extrapolate them and use
the so-obtained approximations to the derivatives for Hermite interpolation.
A similar idea is used by Deuflhard and Nowak [6] to construct consistent
initial values for differential-algebraic problems.

Suppose that the value Y,,, obtained with the step size sequence h,>h,
> ... > h, has been accepted as numerical approximation to y(x,+ H). The dense
output formula is then given by the following algorithm:

Step 1. For each je{l, ..., k} we compute the approximations to the derivatives
of y(x) at the left and right endpoints of the interval [ x4, xo+ H]:

V" 1 f(;)
(4.1) l;k) "’jl-k—rl r;k) k
J J

for k=1, ...,j

Here f' = f(xo+ih;, y;) is the function value, evaluated during the computation
of Y;, and Afi=f,.,—f:, V fi=f,—fi—, are the forward and backward differ-
ences. No additional function evaluation is necessary.

Step 2. In order to improve the accuracy of these approximations, we extrapolate
the values I{¥, ..., I (x —k)-times to obtain [®. More precisely, we put T;, =¥
for j=k, ..., k, extrapolate these values according to (2.3b) and define I® by
I™=T, . s Inexactly the same way we also compute r'¥.

Step 3. For given 4 and p(—1=<2, p<k) we define the polynomial P,,(6) of
degree A+p+1 by

P,0=y,  if 220

= 1 >

“2) B,)=Y, i p20

PMO)=H*I™  for k=1,...,4

POM=H"® for k=1,...,p

The following theorem shows to which order these polynomials approximate

the exact solution.
Theorem 4. If A+ p=K— 1, then the error of the interpolation polynomial P, ,(0)
satisfies

(4.3) P,,(0)—y(xo+0H)=O(H*"").

Proof. Since P, p(0) s a polynomial of degree A+ p+1=x, the error due to inter-
polation is of size Q(H**!). By (4.2) it therefore suffices to prove that the values
J @
and r' satisfy
10— y® (x )+ O(H* "+ 1) for k=1,...,4
(4.4) PO = y® (xo+ H+OH*Y)  for k=1,...,p
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The approximations [ and r\, defined in (4.1) have an asymptotic expansion
of the form

(4.5) 9=y (xo)+h;al + hiad + ...
(4.6) re=y®(xo+H)+h;bP+hIbP+ ...
Formula (4.5) follows immediately from Taylor series expansion, while Formula

{(4.6) needs also the asymptotic expansion of the global error of the Euler method.
Since each extrapolation eliminates one power of h, this proves (4.4). [

The uniqueness result of Corollary 2 allows us to prove the following theo-
rem.

Theorem 5. For the harmonic sequence {1, 2, ..., k} the polynomials P, ,(6) are
identical as long as 2 +p=x—1.

Proof. The proof relies on the fact that each interpolation polynomial B, ,(0)
can be interpreted as the extrapolated value Y, (0) of functions Y;,(6), which
are of the form (2.7). This follows from the commutativity of the diagram

Yos Y}l’ l;'k)’ r_(ik) SLPZ—’ yOa )/KK’ [(k)’ r(k)
Step 3 (47)
Yj . (H) extrapolation timei' }Ikx(e): Blp(g)

We still have to define Y;, (). Recall that [* = p,(0), where p,(h) is a polynomial

J

of degree k — k which is defined by

pi(H/n)=1¥  for j=k, ..., k.

qz(h>=p,(h)-( ~%)...(1—.hn""l)

If we put

H

then extrapolation of the values q,(H/ny, j=1, ..., , again yields I = 4,(0). We
therefore set Y;,(6) as the polynomial of degree A+ p+1 defined by (4.2) with
Yo, I, ¥® replaced by Y;,, q,(H/n)), q,(H/n)). Obviously, g,(h) and p,(h) denote
the corresponding polynomials for the r. The statement is now an immediate
consequence of Corollary 2. ]

Remark. If 2 and p are non-negative then, by the first two conditions of (4.2),
this dense output gives a globally continuous approximation to the solution.
A natural choice would be A=[x/2] and p=[(k—1)/2]. A solution which is
globally C! can easily be obtained for A=1, p=1 if we replace r'V in (4.2)
byf(x0+H’ Ymc)

Numerical example. We modified the extrapolation code ODEX from [14] so
that it is now based on the explicit Euler method, and equipped it with the
above described dense output formulas. We call this new code ELEX. A first
illustration of the performance of this code are the results already shown in
Fig. 1. For a thorough study of the obtained errors of the dense output, we
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Fig. 2. Solution and error of extrapolated explicit buler method

applied ELEX with step number sequence {1, 2, 3, 4, ...} and with TOL=10""
to the non-stiff Van der Pol equation

Yi=Ya, y0)=2
(4.8) Vo=(1—yD)y,—y1,  »2(0)=0.

The upper picture of Fig. 2 shows the dense output solution together with the
natural output points. The global error of this solution is plotted in the lower
picture.

5 Dense output for GBS method

The well known GBS method is defined by (x = x,+ nh, with n even)

(5.1a) yi=Yo+hf(Xo,yo)
(Slb) Yi+1=yi—l+2hf(xi>yi}a i=1,2,.“,n
(5.1¢) Sp(X)=3Vuc1 +2VutVus 1)

The value S,(x) is just the result of one Euler step (5.1a), followed by n steps
of the explicit midpoint rule (5.1b), and by a smoothing step (5.1c). For a
sequence of even integers n, <n,<... we again denote the step sizes by h;=H/n;.
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Since the error S;(x, 4 H)— y(x+ H) has an asymptotic h*-expansion, the extra-
polation tableau becomes

(5.2a) Y,y =S, (xo+H)

Y. ,—Y._
52b Y. . =Y 4 dk Ti-lk
o2 per J'k+("j/"j—k)2—1

(see [25, Sect. 7.2.14] and [14, Sect. I1.9]). As in Sect. 2 the value Y;; is seen
to be the result of an explicit (n;+ 1)-stage Runge-Kutta method (2.5), whose
coefficients are given by (n=n,)

i—1
c":lT’ 1/n  j=1,ieven
. L _JU@n =1 or i=n+l a;={2/n 1<j<ii+jodd
i= 1/n 2<i<n 0 else

Each extrapolation in (5.2) eliminates two powers of h in the error. Therefore
Y;, represents a Runge-Kutta method of order 2. So as in Sect. 2 we are looking
for a dense output formula

nj+1

(5.4) Y, 0)=yo+H ¥ bi(0,n)K, for 0Z0=<1
i=1

i=

such that (2.8) is satisfied with p=2k+ 1.

With these preparations we are able to extend the results of Sect. 3 to the
GBS method. Theorem 6 and Lemma 7 below are the analogues of Theorem 1
and Lemma 3, respectively. Since the proofs are similar, we omit details.

Theorem 6. Consider a sequence n,<n,< ... <n, of even integers. Then Y, (0),
given by (5.4) and (5.2b), satisfy

(5.5) Yju(0)—y(xo+OH)=O(H***!) for 1Sk<j<k
if and only if there exist functions e,(0), d,,(0) such that for all ne{n,, ..., n}

n+t e (g 1)/2}

21
(5.6a) > bi(6, n)c’i"1=;+ > eq,(())(i—> for g=1, ..., 2k,
i=1 =1

n

n [tg—1)/2] 1\2¢
(5.6b) Y bBmct = ) d,,,(())(—) for g=1,...,2k—2.
i=1 1=0

The proof is based on the “simplifying assumptions”:
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Lemma 7. For the Runge-Kutta coefficients (5.3) there exist constants &, such

that
. q [(a—1)/2] o 1\2¢
Z a;; Cq ;‘*‘ Z qlC‘i] (;)
1\e
€492 (r;) if i even and q even
(57) +
0 else

forallgz1landi=1,...,n+1.

For the proof of Lemma 7 we apply the GBS method to y =x7"1, y(0)=0
and make use of the asymptotic expansion of the global error (as in the proof
of Lemma 3). Since this expansion is different at even and odd grid-points,
it is not astonishing that we obtain two different formulas.

Theorem 6 differs from Theorem 1 mainly by the additional Formula (5.6b).
The necessity of (5.6b) can be seen by applying the GBS method to

Vi=xT"3y, 0 yi=x, 3,(0)=y,(0)=0.
In this case the numerical solution for y, is

nj+1

Zb@n C"3Za1mm

and has an expansion of the form (5.6a). Inserting (5.7) with g =2 yields (5.6b).

Condition (5.7) allows to prove formulas similar to (3.10) and (3.11), whose
coefficients depend on whether i is even or odd. Thus one needs both conditions
in (5.6) to prove (5.5). [

We conclude this section with some remarks on the solvability of the linear
system (5.6). Counting the number of conditions and the number of free parame-
ters we get:

number of conditions: 4x?—2x

number of parameters: n;+ ... +n,+2 K2 —k.
This suggests that the step number sequence should satisfy
(5.8) o+ ... +n.22k?~k forall k=1.

For the standard sequence {2, 4, 6, 8, 10, ...} condition (5.8) is satisfied only
for k<2. Indeed, the linear system (5.6) has a unique solution for <2, but
is unsolvable for k>2 (even {2, 4, 8, ...} leads to an unsolvable system (5.6)
for k>2).

If the step number sequence satisfies n,=4x—2 and thus also (5.8), the
system (5.6) is solvable for all k=1 due to its special structure. This is seen
by recursion, as steping from « to k+ 1 yields more new parameters (n,,  +4x
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+ 1) than new conditions (8 k + 2). A natural step number sequence, which allows
to construct dense output formulas satisfying (5.5) is thus

(5.9) {2,6,10,14, 18,22, ...}

It is curious to see that a similar sequence has been found useful in the context
of stiff extrapolation by Bader and Deuflhard [2].

Remark. (GBS method without smoothing). Instead of (5.2a) it is also possible
to use Y; =y, (xo+ H), where y,(x)=y, for x=x,+nh. This saves one function
evaluation in (5.1b) and thus reduces the number of free parameters to n, + ...
+n,+2x*—2x. In this situation the sequence {2, 4, ...} does not allow a dense
output formula satisfying (5.5), even not for xk=2. This was already noticed
by Shampine et al. [23]. The assumption n, =4« —2 again implies the solvability
of the system (5.6). Here the sequence (5.9) yields a unique dense output.

6 Construction of dense output formulas for GBS method

For the GBS method, the straightforward application of the ideas of Sect. 4
does not lead to satisfactory dense output formulas, as the one-sided differences
(4.1) do not have an h*-expansion {see (4.5), (4.6)). Therefore only about half
of the order is achievable. We shall show here how to overcome this difficulty.
Suppose that the value Y, has been computed with the step number sequence
{ny, ..., n.}. For the following construction we need that n; is even and that
the differences
(6.1) Bjtq—H;

; aremultiplesof4, j=1,2,...

a property, which is shared by (5.9).

Step 1. For each je{l, ..., k} we compute approximations to the derivatives
of y(x) at the midpoint x,+ H/2:

. 1 £
(6.2) d® =y, d}">=72—,7)~L»{'L"f for k=1, ..., 2j.
J

Again f9=f(xo+ih;, y¥), and y{” is the approximation obtained during the
computation of Y};. Further, d f;=f;,, — f;_, denotes the central difference oper-
ator.

Step 2. We extrapolate d”(x — 1) times and d*' ™V, d{*"(x — ) times. This yields
the improved approximations d®.

Step 3. For given u(0<u<2x) we define the polynomial B, (0) of degree pu+4
by
E0)=yo, F(0) =H f(xo, Yo),
(6.3) E()=Y,, F/(1) =H f(xo+H, Y,,),
E®(1/2)=H*d®  for k=0, ..., p
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Fig. 3. Solution and error of GBS method

Since Y, is the initial value of the next step, this dense output formula
is globally C'. We are now ready to discuss its accuracy.

Theorem 8. If the step number sequence satisfies (6.1), then the error of F,(0)
satisfies

OH*"Y  if ny=4 and u=2x—4

(6.4) RL(H)—y(xO—i-()H):{O(HzK) if ny=2 and p=2x-5.

Proof. Since P(0) is a polynomial of degree p+4 the interpolation error is
of size O(H**3). This explains the restriction on g in (6.4). We next study the
error of d®. It is well known that the error of y; possesses an h*-expansion
with coefficients depending on whether the index i is even or odd. Since the
symmetric differences in (6.2) use either only even or only odd indices, d* also
has an h*-expansion

d¥ = y® (xo+ H/2)+ hi a; (xo+ H/2)+ 1} as (X +H/2)+ ...
The extrapolated values therefore satisfy

O(H?Y) if k=0
HEQ® — Fy (x, + H/2)=] O(H?>** ") if k odd
O(H?***?)  if k evenand k=2.

If n,/2 is even, the functions a; o(x) vanish at x, so that d‘”—y(x,+ H/2)
=O(H?*** 1) in this case. This proves the theorem. []
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Fig. 4. Work-precision diagrams: 0}2, 4, 6, 8, 10, ...}, + 2. 6, 10, 14, 18, ..

Numerical results. We have provided the code ODEX of [14] with the above
dense output formula choosing p=2x—3 and the step number sequence (5.9).
It turned out that, whenever a high order is selected in some step, one can
observe rather large errors of the dense output in the interior of the correspond-
ing interval. In [15] it has been shown that these errors are mainly due to
interpolation. There a new step size strategy is proposed which keeps also the
interpolation error comparable to the tolerance. We thus included this strategy
from [15] into ODEX and applied it to the problem (4.8) with TOL=10"".
The result is plotted in Fig. 3.

Standard implementations of the GBS method usually use step number
sequences starting with {2, 4, 6, 8, ...}. The above dense output algorithm, how-
ever, requires condition (6.1) and leads to a sequence like (5.9). There may thus
arise doubts whether this restriction deteriorates the performance of the code.
For this reason we have compared the efficiency of both step number sequences
in the same implementation on the six test problems of [14, Sect. 11.10]. We
have run these examples with tolerances TOL=10"2, 1077, ..., 10™°. Figure 4
shows the obtained work-precision diagrams (computer time on an Apollo work-
station against the achieved accuracy at the end point). The results indicate
that the efficiency of the code is nearly independent of the used step number
sequences.

7 Dense output for the extrapolated linearly implicit Euler

We now turn out attention to a stiff differential equation y' = f(x, y). Our main
results of this and the subsequent section concern the linearly implicit Euler
method

(7.1) (I“hfy(xm Vo)) (}’i+1"J’i)=hf(xi’J’i)+h2fx(X07 Yo) i20.
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Here, I denotes the identity matrix, f, and f, are the partial derivatives of
f. The approximations y,{x)=y, (with x =x, +nh) can be extrapolated according
to (2.3).

The classical (non-stiff) analysis shows that the error of the extrapolated
values Y, satisfy (2.4). The constant symbolized by the O(...)-term, however,
may depend on the stiffness of the problem. For singularly perturbed problems
the existence of a perturbed asymptotic expansion, justifying the extrapolation
of (7.1), has been proven in [12].

In analogy to (4.1) it seems natural to use the extrapolated values of

(7.2) Jo = 2 2O P —

for the construction of dense output formulas. To get a feeling to what extent
the quality of these expressions is affected by the stiffness, we begin our study
with the problem

(7.3) ey’ =—y+g)

where ¢>0 is a small parameter. The exact solution of (7.3) then has the asymp-
totic g-expansion

y(x)=Ce ¥ +g(x)—eg (X)+e7g"(x)—&’g" () + ...

If we take the initial value on the smooth solution, i.e. such that the exponential
term is not present, it becomes

(7.4) y(x)=g(x)—eg () +e*g" (x)—&g" () + ...

Application of (7.1) to (7.3) gives

2

h h
(1 +}§) Yisr1—V)= _E(J’i_g(xi))“*“?g/(xo)'

This yields the following recursion for the differences y; —g(x;)

(7.5) Vier—8{Xi D=pyi—gle))—Ag(x)+(1 —p)hg'(xo),
where
e h
7- = —_— =
(76) P=hie 1=r h+e

Again we have used 4g(x;)=g(x;+,)—g(x;). Solving this recursion we obtain

i-1
yvi=gx)— P I Ag(x))+ p'(vo—g(xo)—hg (xo) + hg'(xo).
i=0

j=
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If we apply k-times the difference operator A to this equation and use the
identity

i—1

i—t
(1.7) A(z p"‘f“w(xj))=pf<p(xo)+ S 0 A (x,)
j=0 j

j=0
which follows by induction on i, we get for k>1
i—1

A y=Ag(x)— Y p I A g (x)+p! ((p— ¥ (vo—g(x0)—hg'(xo))

j=0

k
3 (p—l)"—'"A'"g(xo)).

m=1
Repeated use of the summation by parts formula

i—1 i—-1

(7.8) (1-p) 3 P oplx)=0(x)~p'o(xe)— 3 p' ' Ag(x)
ji=0 j=0

gives for k=1 and e<Const-h

k+N k+N
I A (O] DTS Tt
m=k

m=1

—(p—l)k(yo—g(xo)ﬁhg'(xo)))+0(h“~+‘).

Because of (7.4) the expression multiplied by g’ is O(h?). Further we have

A" g(x;) _
A

(7.10) (p—1p}"m (—e" kg™ (x)+a™h+ ... +aP "N+ OHBN D

where the functions ai™ may depend smoothly on ¢ and x;. Inserting (7.10)
into (7.9) and using again (7.4) one finally arrives at

k i
(7.11) fIhTy'zy""(xiH—a1 h+...+ay "+ OMR" ")+ 0O (‘hlsz‘)

The analysis in [12, Theorem 2] shows that for ¢ <Const-h the error of
Y;; has an hj-expansion with leading perturbation term of size O(e™ h2~™). The
accuracy of the extrapolated solution Y, is thus O(H*"'+¢" H>™™). Conse-
quently, for e< H, it was suggested to take step number sequences starting
with n, = 2. In order to get a comparable accuracy for the dense output formula,
one should use the expression (7.11) only for i=n,. This suggests the following
construction:

Step 1. For each je{l, ..., k} we compute ¥ of Formula (7.2) for k=1, ..., j— 4,
where 1€{0, 1}.

Step 2. We extrapolate r(x —k— 1) times. This yields the improved approxima-
tion r® to y®(x,+ H).
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Step 3. We define the polynomial P,(0) of degree x by

P/(O)ZYO’ P}(l) = YKK’
(7.12) PO(My=H*%  for k=1,...,k—1

The classical (non-stiff) order result can be obtained along the lines of the proof
of Theorem 4 and states as follows:

Theorem 9. For Ae{0, 1} the error of the interpolation polynomial P,(0) satisfies
P(0)—y(xo+0H)=O(H*"'"%. O

Remark. This is a purely non-stiff convergence result. The constant symbolized
by the Of(...)-term usually depends on the stiffness of the problem. E.g., for
the model (7.3) it follows from (7.11) that for e<Const-h

(7.13) P(O)— y(xo+OH)=O(H* 1"+ Oem +*~ 1 3~ m %),

For A=1 and ¢< H the second error-term in (7.13) is of the same size as that
in the numerical solution Y,, (compare the discussion after Formula (7.11)).
However, one power of H is lost in the first term of (7.13). Ideally, 2 should
be chosen in such a way that both terms are of the same size.

It i1s now natural to investigate the error of the dense output formula for
problems which are significantly more general than (7.3), e.g. singularly perturbed
problems

V=12
(7.14) ez’ =g(x,y, z).
For this we need an error estimate for the expressions 4*y,/h* which requires
the knowledge of perturbed asymptotic expansions of y;—y(x;), much more

detailed than those provided by Theorem 2 of [12]. This seems to be a difficult
task. We therefore study in the next section the limit case e=0.

8 Differential-algebraic systems for linearly implicit Euler
We consider the differential-algebraic system

y=f(x,92), yxo)=Yo
(81) Ozg(x, V. Z)’ Z(xo)zzm
where we assume that the matrix g, has a bounded inverse in a neighbourhood

of the solution (index 1), and that the initial values are consistent (g{xo, Yo,
z9)=0). The linearly implicit Euler method can be applied to (8.1) as follows:

(8.2) (I“hfy '_hfz>(yi+1_yi>=h(f(xi’yi’zi)>+h2(fx>
—hgy —hgz Ziv1 % g(xiayiazi) gx,
where the derivatives f,, f,, ... have to be evaluated at the initial value (xo,

Yo, zg). These formulas can be derived by applying the method (7.1) to (7.14)
and by considering the limit & - 0.
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The asymptotic behaviour of the errors of y;, z; has been studied in [5].
Unfortunately, these errors do not have a pure asymptotic h-expansion (as for
ordinary differential equations) but they can be written as

M

(8.3) vi—y(x)= Y W(a;(x)+ o)+ O+ 1)
j=1
M

zi—z(x)= Y W(b;(x)+Bi)+O(hM* )

i=1
where a;(x), b;(x) are smooth functions and the perturbations satisfy
al =0, af=0, of=0, B!=0 for i=0
Bi=0 for izl
af*'=0 for i=j—3 and j=3
pi=0 for iZj—2 and j=3

(8.4)

The proof of a slightly weaker assertion can be found in [5, Theorem 4].
Extrapolation of y,, z, only eliminates the smooth parts of the error expan-
sion. The perturbations o, p4 (if non-zero) do not disappear. If we consider
the harmonic sequence {1, 2, 3, 4, ...}, the extrapolated values Y, Z;, satisfy
(8.5) Yi—yxo+ H)=OH"*"Y),  Z; —z(xo+ H)=O(H"")
where the differential-algebraic orders r;,, s;; are given in Tables 1 and 2, respec-
tively (see [ 5, 11]). For a step number sequence starting with n, = 2, the estimates
(8.5) hold with r;,, s;, given by the tables which are obtained from Tables 1
and 2 if the diagonals are omitted.

Table 1. Orders r;, Table 2. Orders s,

1 2

1 2 2 2

1 2 3 2 2 3

1 2 3 4 2 2 3 4

1 2 3 4 4 2 2 3 4 4

1 2 3 4 45 2 23 4 5 4

1 23 4 455 2 23 45 5 4

1 2 3 4 45 6 5 2 23 4 5 6 5 4

1 23 4 456 6 5 2 23 45 6 6 5 4
1 23 4456 7 65 2 23 456 7 6 5 4

Condition (8.5) implies that the global error in both components is of size
O(HP?) where p;, =min(rjy, S;i).

For the differential-algebraic system (8.1) one can define a dense output
in exactly the same way as it has been done in Sect. 7, Formula (7.12), for
ordinary differential equations. As the system (8.1) is partitioned into y- and
z-components, it is convenient to denote the corresponding interpolation polyno-
mials by P,(6) and Q,(6), respectively. Recall that these polynomials depend
on k, which is the number of lines in the extrapolation tableau used for their
construction.
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Fig. 5. Solution and crror of extrapolated linearly implicit Euler method

Theorem 10. Let y(x), z(x) be the solution of (8.1). Suppose that the step number
sequence satisfies n, =2, then the interpolation polynomials satisfy

(8.6) P0)—y(xo+0H)=O(H*"' ")+ O(H""")
0,(0)— z(xo+ 0 HYy=O(H* "' %)+ O (H")

where r and s are the (x +n, + A —2, k)-entries of Table 1 and Table 2, respectively.

Proof. Since P,(0), Q,(0) are polynomials of degree k, the interpolation error
is of size O(H**1). Inserting (8.3) into the definition of ¥ we obtain a perturbed
asymptotic expansmn of these expressmns Extrdpolatlon of the smooth parts
in these expansion yields an error of size O(H**'~*). It therefore remains to
study the influence of the perturbation term in (8.3). For the computation of
r¥ only y, with izn;—j+4 are used. Since nj—j=n,—1 the values
Yor <oy Vu, +2- 2 do not enter the formulas for r{®. The perturbation of y, .,
therefore leads to the O(H"" ') and O(H®) terms, 0

Numerical example. We have provided the code SEULEX of [16] with the
dense output of this section. We applied it with the sequence {2, 3, 4, 5, 6, ...},
with 4=0 and with TOL=10"" to the pendulum problem in Index ! formation

Yi=Ys y1(0)=1
V2= Y4, y2(0)=0
(8.7) V3= Y1 Vs, y3(0)=0
Va=—Y2¥s—1, ¥4(0)=0

0=y§+yi-y2_y5’ y5(0)=0.

Figure 5 shows the solution and the errors of the components y; and y;.
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Remarks on other methods. Extrapolation of the linearly implicit mid-point rule
is a further interesting method for the solution of stiff differential equations
(Bader and Deuflhard [2]). It is an extension of the GBS method and the
ideas of Sect. 5 can be used to construct dense output formulas. Unfortunately
an expansion of the form (8.3) is not known for the numerical solution of the
linearly implicit mid-point rule. Therefore, the above proof can not be extended.
One way to obtain order results is the following: consider the extrapolated
linearly implicit mid-point rule as a Rosenbrock method (see [10]) and verify
the order conditions whose derivation can be found in [21]. Dense output for
Rosenbrock methods has been considered recently in [19].

The global error of the implicit Euler discretisation, applied to (8.1), has
an unperturbed asymptotic h-expansion (see [12], [13, Theorem 3.2], [1]).
Therefore a dense output can be obtained exactly as in Sect. 4 for the explicit
Euler method.

Acknowledgement. We like to thank Ch. Lubich for several hints which gave more insight
in the results of this article. We are also grateful to G. Wanner for comments on an early
version of this paper.
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