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1 Introduction

We consider finite element approximations of quasilinear boundary value prob-
lems

L.y N,(u)= —eAu+B(x,u)- Vu+C(x,u)=0, xeQ
(1.2) u=0, xe0Q

in a bounded domain Q =IR? with Lipschitz continuous boundary 82 and with
a parameter ¢, 0<ég, <e<g; < 1. v denotes the outward pointing normal vector
on 8. (1.1) and (1.2) describe diffusion-convection-reaction problems where
the convection-reaction dominated case ¢<1 is of special interest: In general,
the solutions u of (1.1) and (1.2) and u, of the corresponding first order limit
problem (¢=0) with boundary conditions on “inflow parts” I'_ ={xedQ: Iv(x),
B(x, 0)-v(x)<0} only are very close with the following exceptions: There are
“boundary layers” of u at 0Q\I_ and non-smoothness of u, in Q results in
“interior layer” behaviour of u. For a more detailed asymptotic analysis we
refer to [14] and [32].

Standard Galerkin-Bubnov finite element methods for (somewhat more gen-
eral) quasilinear elliptic problems in case of e=0(1) were considered for instance
in [5-107]. For ¢ <1 such methods are known to generate unphysical oscillations
of discrete solutions unless the mesh is refined. Artificial diffusion or upwind
finite element methods, often used as a remedy, have limited order of accuracy
and tend to smear sharp fronts (at least in directions perpendicular to the stream-
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lines, i.e. the characteristics of the limit problem with ¢=0). The approach with
exponentially fitted Galerkin schemes [3, 27, 28] seems too complicated in case
of a complex geometry of Q<R¥, N 22 and is not straightforward in the quasi-
linear case (1.1), (1.2).

In this paper, we prefer the streamline diffusion method (SDFEM for short
below [1, 2, 11, 15-18, 20-25, 29-31]), as the approach most used in recent
time. For linear problems (1.1), (1.2) with B(x, u)=>b(x), C(x, u)=c(x)u—f(x),
SDFEM can be characterized either as a Galerkin-Petrov method with basis
functions w, and test functions w,+d6b-Vw, or as a Galerkin method with
anisotropic artificial diffusion 6 | Vu,(b* b)V w, d x. It has the following proper-

2
ties: The discretization error is quasi-optimal for the “streamline derivative”
b-V and nearly optimal in the L,-norm [1, 2, 17, 24]. Furthermore boundary
and interior layers are well localized and affect the accuracy only locally [18,
24]. Local and uniform in ¢ L -estimates are given for a modified streamline
method in [18, 25]. For some asymptotically fitted variants of SDFEM we
refer to [20, 21].

SDFEM has been introduced for problems (1.1), (1.2) with nonlinear convec-
tion-reaction terms in [31] with no rigorous finite element analysis. In [23]
we have started such an analysis. In this paper, which is a much more detailed
and extended version of the note [22], we consider existence and convergence
results for branches {(4, u(4)): ieAd, ue Wy 2(2)} of nonsingular solutions of
(1.1), (1.2) where A=¢ 'eA=[4, 4,]<R*, 4;=¢; . The analysis is based on
an abstract result in [12, 13, 26] and on techniques frequently used in streamline
diffusion methods. This paper is organized as follows: In Sect. 2 we give notation
and main assumptions concerning the continuous problem. The discrete problem
is presented in Sect. 3. Section 4 contains the main result of existence and conver-
gence of branches of discrete solutions. Several auxiliary results for the proof
are collected in Sect. 5. In Sect. 6 we give a numerical example.

2 Notation. Main assumptions

Let Q<R? be a bounded domain with a Lipschitz continuous boundaty 3Q.
For subdomains G <€ with Lipschitz continuous boundary 0G and 1 Sp= 0
let be L,(G)={u=u(x): ||ullo,, ¢ <0} with

lullo,p.e=(] lu(x)Pdx)!/?, 1<p<oo; |ull,a, g=sup ess |u(x)|.
G

xeG

For keN, 15p< oo let W*?(G) denote the Sobolev space of all functions
ueL,(G) whose derivatives D*u (m the sense of distributions) of order |a|<k
agaln belong to L (G) wk ”(G) is equipped with the usual norm ||, , ¢ and
seminorm |+, , ¢ Wo P(G) is the closure of CF(G) in the norm of W P(G).
(*,*)¢ denotes the inner product in L,(G). If there is no doubt we omit the
index Q.

Now we assume that the coefficients B=(B’);-, ,, C and their derivatives
satisfy a growth condition

(H.1) |B'(x, s)|+|D, B/(x, 5)| +|D,, B'(x, )| +|div B(x, s)|
+1C(x, )| +|D, C(x, 5)| +|Duy C(x, )| £ G(I5]), xeQ ae,

VseRR with a nondecreasing function G: R* - IR ™.
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(H.1) is satisfied, for instance, for equations of Burger’s type (cf. Sect. 6} or
various diffusion-convection-reaction models with a nonlinear reaction rate. Fur-
ther we denote by B(u), C(u), B,(x), H(u, Vu) and H(u, V u) the Nemyzki opera-
tors associated with B(x,u), C(x,u), D,B(x,u), B(x,u)-Vu+C(x,u) and
D, B(x, u)-Vu+ D, C(x, u), respectively, by B(u): u — B(-, u(-)) etc. They are well-
defined for ue W 2(Q)n L (Q).

The variational formulation of (1.1), (1.2) in X N L, (Q), X = Wy *(Q) reads
now:

(A Findue X nL,(2)st. VweX:
aog(u, wy=e(Vu, Vw)+ {H(u, Vu), w)=0.

The operator Ne(X nL (@) > (X nL,(Q)*) associated with (A4} by
{N,(u), w> =ap(u, w) is differentiable in the sense of Frechet:

(2.1) (D, N,(u)-v, w>=¢e(Vv, Vw)+{(B(u)-Vv+H(u Vuyv, w>

where (-, -) denotes the scalar product between X n L, (€) and the correspond-
ing dual space.

Let A=¢ led=[4,, A,], 4;=¢; 1. The main assumptions on (4") are:
(H.2) There exists a branch {(4, u(2)): 1€, u())eX N L ()} of nonsingular

solutions of (47), i.e. D, N,(u) is an isomorphism of X "L (£2) for all
AeA.

(H3) Vied: |u(Al1,2,0F [u(Dlo, 0,0 M.

(H.4) The mapping ¢ — A ¢ is an isomorphism from W2 (2)n X onto L,(Q)
for all re[1;2].

We give some remarks concerning our assumptions.

Remarks.

2.1. (H.2) is equivalent to the hypothesis that the linearized (in u) Dirichlet
problem is uniquely solvable in X for all AeA.

2.2. Sufficient conditions for existence of solutions of quasi-linear elliptic prob-
lems in X n L, () are given for instance in [4, 19]. Often one can prove (H.3)
by means of (weak) maximum principles. On the other hand, ueL . (Q) follows
from (H.1),(H.2), (H4) —cf. Lemma 2.1 below.

2.3. Sufficient for (H.4) is that Q is a convex polygon or has a more smooth
boundary 8Q<#*"* ([13], Remark 1.1.2).

2.4. The case of nonhomogeneous Dirichlet boundary conditions could be
handled via a splitting u=u,.+4, ie X (cf. [8]).
Further, (H.1 )-( H.4) imply better regularity property of solutions of (4").

Lemma 2.1. Under the assumptions (H.1), (H.2), (H4) any solution u of (A")
belongs to X N L (2)n W*2(Q).

Proof. (H.1), (H.2) imply H(u, Vu)eL;(€), Fe[1, 2) arbitrary, using compact
imbedding of X and [13], Cor. L.1.1. Now (H.4) implies ue W*7(£2) and Sobo-
lev’s imbedding theorem (with appropriate values 7) yields ue L (£2) and hence
H(u, Vu)e L,(Q). (H.4) completes the proof. []
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Remark 2.5. As a conclusion of Lemma 2.1, Eq. (1.1} is satisfied in the sense
of L,(). Similarly it holds H (u, Vu)e L, ().

In Sect. 4 we assume sometimes some more regularity of solutions of (A)
according to

(HS5) Yied: ueW**2(Q), keN.

3 Discrete problem

Now we consider finite element approximations of problem (.4") using piecewise

polynomial basis functions of degree keIN. Let Q be (for simplicity) a convex
1(h)
polygon. Further let T, ={r;}/%) be a finite element partition of Q with Q= U T

by means of elements 7, T, of diameter h;. For the case of a general domain
Q, we refer to [6] and [8]. We assume that T, is quasi-regular such that each
element t; contains a ball with radius Ch where C>0 is independent on

h= max h; (see also Remark 3.2). As a conclusion one can prove for the
i=1,..., I(h)

discrete space of piecewise polynomial shape functions of Lagrangian type
(3.1 Vie={wpe X : wyl € Blt) V1,€ Ti}

local inverse and interpolation properties [6]:

(A1) Y0EV,: |0y 4, SChi™mHmin@20A= 1M 4y,
Osism=k+1,1spsq=so0, V€T,

(A.2) Voe W't r(r): Am, vel, sit.
“U_nhv“m,q,tigChé—m+2(1/q_l/p) ”UI]H— 1,p,t;
Oslsk;mSl+1,1Spsg= o0, V€T,

In detail, we find from ( A.1) and Sobolev’s imbedding theorem that
(3.2) VeV, Itlo,0.0SCh™ " |vll1, 2,0 With k>0 arbitrary.

Now we introduce the form

I(h)

(3.3) as(f; v, wy=ao(v, w)+ Y (N,(v), 8; BG)-V w),,

i=1

with “upwind” parameters §; such that with sufficiently small constants K; <K
(not depending on ¢, h — cf. proof of Lemma 5.4)

(H6) Yi=e¢ 'ed: (i) 0eb, K h2,i=1,...,1(h)
(ii) ;=Ch,(C 1ndependent on ¢, h).

The discrete problem of the SDFEM reads now
(A Find u eV, s.t. YweV;:

as(uy; uy, w)=0.
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Remark 3.1. (#}) corresponds to a Petrov-Galerkin method with test functions
wy,+8; B(u,)-Vw,, wyeV, or to introducing artificial viscosity acting in the
“streamline direction” B(+, u,). In [15] and [17] SDFEM is characterized as
a Galerkin/least-squares method where the residual of (1.1) is weighted with
d; B(uy)-Vw, elementwise and added to the Galerkin formulation.

Remark 3.2. A more careful analysis shows that the restriction on T, to be
quasi-uniform is not necessary. For details in the linear case of (A) we refer
to [11]. We state the assumption of a quasi-uniform mesh here only for simplici-

ty.

4 Existence and convergence of discrete solutions

The main result of this paper is the following existence and convergence theorem
for the SDFEM (A4).

Theorem

1. Let (H.1)~(H4), (H.6) be satisfied. Then there exists for all 1=¢ 'e4 a
(sufficiently small) neighbourhood @ of the origin in X and for all h, 0 <h L hy(A)
a unique branch {(4, u,(2)): Ae 4, u,eV,} of nonsingular solutions of (A4}) s.t.
4.1) Vied: u(d)—u,(A)e0.

2. Moreover, if it additionally holds ( H.5 ), then we have:

(4.2) Vied: l@—u)Dl,.s < T(A) B/ e+|/h)
where
(4.3) lolliZs=e 10l 2.0+ 2.8 1BV oll3 2.c,-

For the proof of the first part of this theorem we make use of an result in
[13] on approximations of branches {(4, u(4)): 1€ 4, ue X} of nonsingular solu-
tions of the abstract nonlinear equation

(4.4) F(, u(D))=u+TGy(4, u)=0.

Let be A <R compact, X, ¥-Banach spaces, Vc X a closed subspace, Te (Y, X)
and G,: 4 x X+— Y a '-mapping. (4.4) is approximated by means of the discrete
equation

(4.5) F (2, up(A) =+ Ty Gy(4, us) =0

where V, = X denotes a closed subspace and Y C ¥, with continuous imbedding.
Further let be T,e £(Y,, V;), Gy: A x V,— Y, a €'-mapping, ||| x and |+ ||, norms
on X and Y, respectively. B(z, p) denotes the ball {veX: |v—z|x<p}. Then
it holds ([13], IV, Sect. 3.4).
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Lemma 4.1. Let the following assumptions (i)~(vi) be valid:

@.6) () ImeZL ¥, ¥): lim fjv—m,vly=0 VoveV
h-=0

@) (i) 1Tl o ry, v S const.
@8) (i) lim | T,— T, 5=0

(4.9)  (iv) lim sup [|G4(4, 7, u(A))—Go(4, u()[,=0
h=0 Aea

(4.10) (V) YwyeVy 3D, Gu(4, wp)e L (W, Y):
lim SU/I: 1Dy G4, m u(A) — D, Go (4, u(l))nz(v;,,y,,):()

h—=0 Ae
(4.11) (vi) Yuy, u,eB(m,u(d); p)n Vy:
Gw(4, uy)— Gy(4, uz)— D, Gy(4, myu)-(uy —ur)lln
S Ly(4, p, Iy ul x) lluy —ualix

with a continuous, monotonically increasing (in each variable ) function L, s.t.

lim sup L,y(4,0, )=0 VueR™,

h—=0 leA

Then there exists a neighbourhood O of the origin in X and for Vh, 0<h<hy(A)
a unique €°-mapping w,: A—V, s.t.
1. F(4, u,(2)=0
2. Vied: w(A)—u(l)el
3. (B —u@)x S T(A) {1 —mp) u(A)lx
+I(T—T) Go (A, u(D)llx + | Gu(A, 7 u(A)) — Go (A, u(Al}-

Proof of Theorem (1). We set A=[A,, A,] with A=z"1, A,;=¢ 1, X=W}2(Q)
with norm |- |x=||;.2.0. X*=W~1%(Q), (-, scalar product between X*
and X, Y=L,(Q), V=X W>2(Q). (H.1), (H.2) imply that

H(v,Vv)e L, (Qc X* Vre[l,2],VveX.
Hence with

gw; w):=(H({,Vv),w) Vv,weX, Vied

g(v;+) is a linear continuous functional on X and there exists an operator Gg:
Ax X - X* with

4.12) {Go(A, v), wD=C(AH(,Vv),w)> VYweX.
With the inverse Laplace operator Te £ (X*, X) solving
(4.13) (V(TSf*), Vw)={f*, w)
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we reformulate problem (A7) as

ueX: (Vu, Vaw)+<{Go(4, u), w>=0 VweX
or
(A F(A u(A)==u+TGy(4, u)=0.

With respect to (H.4) we have Te #(Y, V).
Similarly we define for the discrete problem

(4.14) g,(¥; v, w):={AH(v, V), w>+2(3i(——Av+lH(U, V), B(y)-Vw),

Viy,veXnL, (Q), Vwel,.

It holds

Lemma 4.2, Under the assumptions (H.1)-(H.4) and (H.6) we conclude for
¥, vEX AL, (Q) with [Yllo, .01 [0]0,,0<M and we'V, that

12 0:(=Av+AH (v, Vo), B) VW), |ShGM)CA{A+(1+AR) [lv]x} |wlix-

Proof. (H.1) and an inverse inequality imply that

0; | —Av+AH(v, V)llo,2,r
§G(M){5i h;1 |Ut1,2,r,-+j-5i(|l7|1,2,:.-+ 1)}
§(5G(M){/H-(h_l +4) IUII,Z,I,-}'

Thus we find that

|Zéi(~Av+iH(v, V), B(y)-Vw),|
SO 1= Aot LH@ V120" GODE IV w32,
SCIGME{0™" + 2 0l12.0+ 212 Wl
SCOGMT A2+ T(h 2+ 0]} 2, Iwlx

SCGM)Sh™2 22+ (™2 +27) vl Iwllx
SCGM) S~ A+ (R~ + ) [lollx) wilx
SCGM)ARA+(1+hA vl wlx (by (H6)). O

As a conclusion, g,(;v,+) is a linear continuous functional on V, and there
exists an operator G,: A x (X n L, (2)) - X* with

4.15) (Gy(d, v), wy=g(v; 0, w)  Vwel.



342 G. Lube

Remark 4.1. 1t follows from (4.12), (4.15) and Lemma 4.2 that

(4.16) lm<Gu(A, v), wp={Go(A, v),w) Vied, YveXnL,(Q), Ywel,.
h—0

Let T,e £ (X*, V,) be the discrete inverse Laplace operator solving
(4.17) V(LS *, Vw)=f*w) Vwel,.

Hence (A7) is reformulated as

(A% F(4, uy(D):=up+ T, G, (2, u,) =0.

With Y, =Y it holds T, Z(Y,, V,). Further we define a norm on Y,

[ pemsup S22

webn Wy

Now we prove properties (i)—(vi) of Lemma 4.1.

(i) From interpolation property (A.2) and regularity according to (H.6) we
find

(4.18) ”v_nhU”X§Chk|U|k+l,23

from which, in particular, (4.6) follows.

(i) The usual linear theory for the discrete Poisson problem (4.17) yields
1T f*Ix = )i f*|, implying (4.7).

(iii) As another consequence of (4.13), (4.17) we find by Cea’s Lemma, (4.18)
with k=1and (H4)

(4.19) IT=T) f*Ix< inf |Tf*—wlx

weV )

SChITS*2.2.05Chlif*llo,2.0

from which (4.8) follows.

(iv) For proving (4.9) we recognize Remark 2.4, such that —Au+ A1 H(u, Vu)=0
in L,(Q). Consequently

(4.20) (G4, myu), wy—<{Go(A, ), w)
=< Gy(4, myu), W) —<LGy(4, u), w).

Lemma 5.1 yields
(4.21) 1G4, 1 u(2) — Gyl u(A) £, 1y S C1(A) B 71 (B + )

which implies (4.9). Notice that lim 6 =0 follows from (H.6) and compactness
h—0
of A.
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(v) For the derivative D, G,(4, z)-v we find

4.22) <D, Gy, z)-v,w)=21{(B(2)-Vu, w)+(H (z, V2)v, w)}
+Y 8,{(—~Av+AB(2)-Vo+AH(z, V2)v, Bz)- Vw),

+([—Az+AH(z,Vz)]v, D,B(2)-Vw),}.
Using again Remark 2.4 we conclude from Lemma 5.2

(4.23) |ID, G4(4, myu)—D, Go(4, Wl 2w, v,
=D, Gu(2 m,u)— D, Gu(A, Wl £y, vy S Co(A) K1+ 37177

with k from (3.2). (4.23) implies (4.10) according to (H.6) and to compactness
of 4.

(vi) The analysis of Lemma 5.3 shows that for all u,, u,eB(m,u; p)nV, with
PpSCh k>x

(4.24) 1 Gh(4, uy) — Gu(4, uz)— Dy Gy(4, 7y 1) (ug —uy)ll,
SLu(4, p, Il x) g —usllx
with

(4.25) lim sup L,(4, 0, p)

h—0 Aed

=’llim CIGBM)PP{oh™ "(h+ w1+ 2)+ 1, 8h~ (1 + 1)} =0

according to (H.6). Thus (4.11) is valid.

Now Lemma 4.1 implies assertion (1) of the Theorem. More precisely, Lem-
ma 4.1 (iii), (4.18), (4.21) and the (compared with (4.20)) improved inequality

(4.26) (T=T) f*IxSCHIT *es1,2.0
yield
4.27 Vied: u(A)—u,(A)|x<Cs(A)H*

where C5(4) depends on T(A) from Lemma 4.1, |ul, . 2.0, C1(A).

As a next step, we improve (4.27) by means of standard arguments in
SDFEM-analysis. Note that we have the following estimates from (H.I ), (4.27)
and (3.2)

(428) llulix<lulx+llu—ux SM+C3(A)h*<2M Yh: 0<hShy(A)
(4.29) tnllo, 0,0 S Ch " |upllx S2CM A "= M,,.

Remark 4.2. 1t is open whether it holds a uniform (in h) estimate for ||u,lo, .0
In the linear case one can prove ||u,)o, .0 < Ch™'* {log h{*** [18]. Unfortunate-
ly, a discrete maximum principle is not valid and the discrete solution has
sometimes local oscillations in the neighbourhood of discontinuities.
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Proof of Theorem (2). (A") together with Remark 2.4 and (#,) imply that with
$=mn,u—u, it holds

(4.30) V="[ao(myu, ) —ag(u, 9]+ 2 0;(N,(, u)— N, (uy), B(uy)-V '9)1,-

=VI=[ao(myu, H—ae(u, ]+ Z 0;(N,(m,w)— N,(w), B(u)-V 9)z, .

From Lemma 5.4 and Lemma 5.5 we conclude that

(4.31) VZHI9IIZ,—CM GM) {1 + MG(M,)6h™**} 37 5
and

4.32) VIZSENISNZ s+ Co(A) 2 (e +B).
(4.30)+4.32) imply

N2 = Ca(A) B e+ h)+Cs(A) |93,
with

(4.33) Cs(A)=C supAM G(M,)(1 + MG(M,)6 h~2").
Aed

Recognizing now (4.27) and (4.2) we find from triangle inequality that
191128 u—uyly 2+ |mu—ul; , SCe(A)R*

with

(4.34) Co(A):=C3(A)+C|ulysy,2,

hence by (4.33), (4.34) with [T(A4)]? = C4(A4)+ Cs(A)[Cs(A)]>

(435) 81l T(A) (/e +)/B).

The triangle inequality together with (4.35) and (4.2) concludes the proof. []

5 Auxiliary results
In this section, we summarize some auxiliary results which are needed to prove
the main result. We start with the first part of the Theorem (cf. Lemma 5.1-5.3).
Note that by (H.3) and for sufficiently small h it holds

Imhttllo, .0 (Ulo,0.0F U—Tptlo,m0,0S2M, 0<hSho(4).

As a first step, we show continuity of the operator G, defined by (cf. (4.15))
(G4, v), W ={Go(4, v), W+ 6:(—Av+ AH(v, Vv), B(v)-Vw),.
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Lemma 5.1. Under the assumptions (H.1 )-(H.6) it holds
1Gy (4, 7y u(2)— Gp(A, u)| 2 v, 1,y S C1 (A) B~ (B + ).
Proof. We split as follows

(5.1)  {Gu(h muu), wd —<Gyld, w), wp = {{Go(4, myu), w) —<{Go (4, u), w)
+Y 6, {(—=Am,u+AH(myu, Vr,u), B(m,u)-Vw),

—(—Au+iH(u, Vu), Bu)-Vw), }=I,+1,.

The first term can be estimated using first Holder’s inequality, mean value theo-
rem, (H.1 ), the estimate

Imhutly, 2. 0Slu—myuly 2,0+ |uli,2,0S2lully Vh: 0<h=hy(4)
and secondly Sobolev’s imbedding theorem:
1| S W([B(myu)—B(u)]-Vryu+Bu)-V(m,u—u)+[Clm,u)— Cu)], wll
SCGM){lImyu—uloelmuly 2 lwlos

Hlmpu—uly (Wl o+ Imsu—ullo 2 Wl 2}
§CG(2M){||U_7TI-”||X llull x + ““_nh“HX} [wix-

When using the mean value theorem, D, B and D, C are evaluated at a convex
combination of u and n,u and such it will be bounded in the L_-norm by
2M.

By (A.2) it follows

HISCGRMYR A+ ullx) [l 1,2 [Wx = Cyi () R* wllx
with
(5.2) Cll(A)’:CG(2M)iu£(1+|ul1,2)|u|k+1,2~

Similarly we find for the second term in (5.1)
1121 <13 8:(~ A(myu—~u), B(myu)- VW), +(—Au, [B(my,u)—B()]-V w),,

+ A(H(nyu, Vr,u)—H(u, Vu), B(m,u)-Vw),
+A(H(u, Vu), [B(myu)— B)]-Vw), }|
§C5G(2M){(Z |u“7fh“|%,2,r,»)”2 Wiy, 2+ uls 2 l[u—mptllo,w |W|1,2}

+ 2516 {({B(mu)— B(u)]-V m u+ B(u)- V(m, u—u)

+[C(mu)— C(u)], B(myu)-Vw),

+(B(u)-Vu+C(u), [B(m,u)—BW)]-Vw),}|
SCOGRM)H ™M ulksr, 2+ ulz 2 Bl 1,2 Wl 2

+4, COLGM) PP (Imyuly, s llu—myullo6wls,,

Hlu—mpuly 2 Wl 2+ lu—muullo 2 Iwly,2

+luly, 6 lu—mpullo3Iwly 2+ [u—mpulo,2 [Wl;,2)-
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Repeated use of (A.1), (A.2) and Sobolev’s imbedding theorem yield
[Tyl s SCh™ P muuly , SCh™ 1P ully, O<hZho(A)
[u—myulo6e=C |“*7fh“|1,2§Chk luler1,2s uli,e=Cluly,
and thus with (4.2)
(5.3) LI|SCOGRM) ules (1 +huly ) B wllx
+[G2M)? 2, Co fiw|x (B~ 173 luly,2 ]u|k+1,2+hk ltle+1.2

+luly, K (ulist,2)
SCya (AR wlix

with
Clz(A)==C§u§ [tles1,2{GM)(1+hul, ,)
+[GM))? A, [h "3 (uly s +h+huly 1)}

Summarizing (5.1}5.3) we find the assertion of Lemma 5.1 with C,(A)
=C11(A)+C2(4). O
Lemma 5.2 is a continuity result for the Fréchet derivative D, G,(4, ) given
by
(D, Gy(4, 2)-v, wy=2{{B(2)- Vo, w) +{H(z, V2)v, w)}
= <Du GO(la Z)' v, W>
+3 6. {(—Av+AB(2)-Vo+1H(z, Vz)v, B(z)-Vw),

+([—Az+AH(z, Vz)]v, B,(z)-Vw),}.
Lemma 5.2, Under the assumptions (H.1 )-(H.6) it holds
1Dy Gl Ty w) = Dy Gyl )] v, 1y S Co(A) B (L4517,
Proof. We split as follows

(54) <[Du Gh()*’ Ty u)"Du Gh(ia u)] b, W>
={[D, Go(4, myu)— D, Go(4, w)]v, w)
+Z§,~{(—Av, [B(m,u)—B(uw)]-Vw),,

+(—A(mu—u)v, D, B(m,u)-Vw),
+(—Au-v, [D, B(myu)— D, Bu)]-Vw),}
+)‘Zéi {([B(myu)— Bw)]- Vv, B(m,u)-Vw),

+(B(u)- Vv, [B(m,u)— B(u)]-Vw),,}
+ 23 8 {(H (myu, V ryu)v, B(m,u)-Vw),,—(H(u, Vu)v, B(u)-Vw),,

+2Y. 8, {(H (mpu, Vm,w)v, D, B(m,u)-Vw),

_(g(ua Vu)vs DuB(u)'VW)tt}
=11, 4+ 1,4+ I+ 1+ 115
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With similar arguments as in the proof of Lemma 5.1 and using (3.2) we find

(5.5) I |=A|([B(m,u)—Bw)]-Vv, w)+([D, B(m,u)—D, B)]-Vmu
+D,B(u)-V(m,u—u)+[D, C(m,u)— D, C(w)])v, w)|
SHLCCEM)(Imu—uloelvlizliwlo,s
+Hlmuly g lu—muloe [vlo.6 IWlo,s
Hlu—myuly 2 vllo.6 [Wlo s+ lu—myullo3lvllo,3lIwle,3)
SCGRM) Ay ol Iwllx(h* [ules 1.2+ (1 +uly o) B ltli+1,2)

with
=Cy () h* ol x [wllx;
Czl(A)==iuIA>CG(2M)/1(1 +luly )l 1,2
(5.6) |Hzt§C5G(2M){h‘1 [v]y 2 lu—mpullo, o [wlq,2
+(Z|“"”h“|§.2,n)1/2 h™* [vl1,2 Wiy, 2
+luly s R ol lu—mpullo, o Wl 2
£Co G(zM)(hk_1+hk_1_K+hk_K [uly,2) luls 1.2 ollx Iwllx
SCop ()R ok Iwlix,
with

CZZ(A)==quG(2M) CA+h+hluly ) ulsr,2

(5.7) 111 <A COLGRM)* |u—myullo, o 01,2 [Wly,2

S Cos(A) R lvlix Wil x;
with
Czs(A)==iu§l[G(2M)]2 [Ules1,2

(5.8) |1, <430 |(v[D, B(myu)—D, Bw)]-Vm,u, Bmyu)-Vw),

+(0[Du B)-V 1], [Bmyw)— B@)]-Vw),
+ (WD, B(w) - V(m,u—u)], B(u)-Vw),
143610 [Da ey t)— Dy Cw)], Blrmy )V w,

+ (D, C(u), [B(myu)—B)]-Vw),|
S0 CLGRM)*(myuly 2 lu—myulo, o [0, [Wls,2
Hlu—myuly 2 |vllo, o Wl 2+ lu—Tulo,6llvllo,3 1Wl4,2)
SCA [GRM)P (luly 2 BT +H ) [ulir 1,2 0lx Iwlix

SCoa( AR 6 olx Wiy
with
Cz4(A)==§u£Cl[G(2M)]2 [ules1,2(uly,2+1).
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The same estimate is valid for term |II5|, hence summarizing (5.4)-(5.8) the

4
assertion of Lemma 5.2 follows with C,(A):= Y C,;(4). [
i=1
Lemma 5.3 shows essentially that the operator G, is locally Lipschitz continu-
ous,

Lemma 5.3. Under the assumptions (H.1)-(H.6) it holds for u,,
u,eB(myu; p)NV, with pSCh*, K>k
1G(4, u1)— Gu(4, u)— D, Gy(4, myu)-(uy —u)lln S Ly(4, p, [Imullx) uy —usllx
with
lim sup L,(4,0, )=0 VueR".
h—=0 AeA

Proof. We split as follows with e=u; —u,, z=m,u

(59 [KGu(4, uy), wp =< Gy(4, uz), wp— <D, Gy(4, 2)-(ty ~ uz), w)|
§I<G0('{9 u1)9 W>_'<G0(/L u2)’ W>_<Du GO(’L z)'(ul _u2)5 W>]
+13.8:{(=Auy, + AH(uy, Vuy), B(uy)-Vw),

—(=Auy+AH(uy, Vuy), B(uy)-Vw),
~(~Ae+AB(z)-Ve+AH(z,Vz)e, B(z)-Vw),
—([—Az+1H(z,Vz)le, D,B(z)-Vw) }|=HI+1V.

For using (H.1) we need a L _-bound for elements in the ball B(r,u; p)nV;:

1ollo, 0,0 = Imhttllo, 0,0+ ”nhu'—v|lo,oo,!)§2M+Ch_u ||Tfh“—U”1,2,9
S2M+CH*E3M  Yh: 0<hZhy(A).

With similar arguments as in the proof of (5.2) we find

HI=A{(B(uy) - Vuy—B(uy)-Vu,+ C(uy)— Cluy), w)
—(B(2)-V(u; —uy), w)
—([D, B(z)-Vz+D, C(z}](uy —uy), w)|
SA|([B(ug)—B(usy)]-Vuy, w)
+([B(uz)— B(2)]-V(u; —u,), w)
~([D, B(2)-V z}(u, —uy), w)|
+ 42 (C(uy) — Cluz) — D, C(z)(uy —uy), w)|
=I11+111,
111, <A|([D, B(z,)-Vu,J e, w)—([D, B(2)-Vz] e, w)
+([D, B(z,)-V e](u; —z), w)|
(with z; =3, u; +(1 =8 up, z, =% u, +(1-3,)z, 0< §,< 1,i=1, 2)
SAI([Dy B(z,)—D, B(z)]-Vuy)e, w)
+([D, B(z)-V(uy —z)] e, w)+([D, B(z2)-V e](u, —2), w)|
§/1CG(3M){|"1|1,2 2y —22ll0,6 l€llo,6 IWllo,6
+lur~zly,2 lello,a IWllo,a+lels, 2 luz—zllo.4 [|W||o,4}-
Sobolev’s imbedding theorem and the estimates |u;—z[|x<p, x|zl x+p
imply
(5.10) I, sCGEBM)Ap(L+izlx+p) el x Iwix-
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On the other hand it is similarly
(5.11) I, =CGEBM)Aplelxliwlx,
hence summarizing (5.10), (5.11)

(5.12) HIZLA p,lzlix) lelx Iwly,  Li=CGGBM)ip(l+|z|x+p).

Further we have
(5.13) IVZ]Y 8:{(—A(uy —u,), B(uy)-Vw),

+(—Auy, [B(u;)— B(u,)]-Vw),
+(Ae, B(z)-Vw),,+(Az-e, D, B(z)-Vw), }|
+1|z5(H(u1,Vu1) H(uy, Vuy), B(u)-Vw),|

+4 |Z5 (H(u27 Vu,), [B(uy)— B(u,)]-Vw),|
+/?.|Z(§,( B(z)-Ve, B(z)-Vw),,|
+1|25 (—H(z V2)e, BG)-Vw),|

+/1|25( H(z, V2)e, D, B(z)-Vw),|= }jIV

i=1
with
(5.14) IV, £1Y.8:{(—Ae, B(u))-Vw),

+(Ae, B(z)-Vw),,+(Az-e, D, B(z)-Vw),
(A, [D, Bzy)- Vwl o)}
SCGEBM)oh™ w2
el o+ 1zl h " el 2 +luali 2 A7 ely 5}
SCGEBM)Sh™ 7 (" + |zl x +p) llellx Iwllx,
(5.15) IV, <46 [(B(uy)- V(uy —uz)+[B(uy) — B(uz)]-Vu,|
+[C(uy) —C(uy)], B(uy)-Vw)l
SCGBM)AS|wly, 2
(lely,2+h7"lely 2 luly, 2 +G(BM)|ello,2)
SCGEBM)ASh™ (+|zlix +pGB M) llelx [wlx,
(5.16) IVy <16 |(B(uy)-Vu, +Cuy), [D, B(z,)-Vw]e)
SCAS[GB M (luzli 2+ DA el 2wl 2
SCAS[GBM)P h (1 +|zllx+p) lelx Iwlx,
(5.17) IV, CA6[GBM)]? Jelly Iwlix,
(5.18) IVs <16 |([D,B(2)-Vz+D,C(z)] e, B(z)-Vw)|
SCAS[GBM)P h™ (1 +|zly5)lels,2 1wly,2
SCAS[GB M) h™*(L+zllx) lelx Iwlx,
(5.19) IVs<A6|([B(z)-Vz+C(2z)]e, D, B(z)- Vw)|
SCIGEM)PPAdh™™ lellx(1+ |zl x) Iwlix-

349
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(5.13)45.19) yield
(5.20) VS, p, zllx) lelix Iwlx,
with
L=C[GAM*{oh™ T (i + izl x + A+ A+ A5 h7 (1 +]z] )},
hence from (5.9), (5.12), (5.20) it follows

(5.21) HI+1VZ L4 p, (2] %) llellx wlx,
Ly=Li+L=CG3M){Ap(l+|zlx+p)+dh ' "*G(3 M)
(B +lzlx+p) 1+ A+ GEM)AS (L +{z] )} -

(5.21) together with (H.6 ) implies

lim sup L, (4, 0, )

h—0 AeAd

=},i“3, CIGBM)P{h™ ' T (h + w)(1+ )+ A, 6 A *(1+ )} =0. O

Thus the auxiliary results for the first part of the Theorem and for the estimate
(4.27) are complete. Note that as a consequence of (H.3) and (4.27) we have
the following estimates

(522 lusl xS2M,  lupllo,0.0S2CME™ =M,

As a last point, we consider auxiliary results from standard SDFEM analysis
to prove Theorem (2).

Lemma 5.4. Under the assumptions (H.1 )—(H.6) it holds with 3 =r,u—u,
V=aq(myu, 3)—ao(uy, H+ Z 0;(N, (m, ) — N, (uy), B(uy)-V 9),,

2319112~ CMGM)(1+ MG(M,)5h™29) (913 ,.
Proof. Holder’s inequality yields
(5.23) 1. 6:(—eA S, B(u,)-V 9,

g;el/& A8 0.2.5.)/8: 1BV 810,21
S A8 2,00 (R0 1BV 913.2,0)""
<X IB) VI3,

+ 2.0 eledihi DIV 91 (by (A.1))

éizéi IB(us)-V 13 .. +1el93,, (by (H6))
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where C; is the constant in the inverse inequality (A4.1) and we assumed that
4C?}K<1in (H.6). Thus

(5.24) V=¢|91},—> 6,(A9, B(uy)-VI),,

+ . (H(myu, V iy u)— H(uy, V), 94 6; B(uy)-V 9),,

=

=,
zel31R 2~ N2+ V.

In more detail, we have

(525) Vy=Y.(B(uy)-V 9+ (B(myu)— B(uy))-V myu

+C(mpu)— C(uy), $+6; Blwy)-V I),,
=2 0:1B)-V 33,2, + (B(w,)-V 3, 9)
i _—F——==V2
+ 2 ([B(myu) = B(up)]- V 1y u+ [C(myu) — Cuy)], $+06; B(wy)-V )y, .

v

=V,
Integration by parts and (H.I ), (5.21) yield
(5.26) [V2l=1—%(8, 8 div Bup)| SCG(M}) |93 .
Using (H.1), standard inequalities and Sobolev’s imbedding theorem, we find
(5.27) V3| =G(Mp)(181lo,4 |Tntaly,2 1304+ ||9||(2)2)
+G(Mh)z:‘/gi(”'9”0,co [nttly, 2, + ||‘9||0,2,r,-)‘/gi”B(uh)’v‘guo,z,r.-
SCGMy(uly 2 19172+ H9II3,2)+%Z5i 1BV 83 2.
+CLGMY]126(h™2* 813, M>+ 9113 )
£42.6:|B(up)-V 813 2., + CG(M,)
AM 811} 2+ G(MY) M2 5725|813 ,}
éiZ_(Si IB(uy)- V13 2.e,

+CMGM) |92 ,(1+MG(M,)5h™2").
The assertion follows from (5.24)(5.27) and Friedrich’s inequality:
Vzel9li—% I||9II|3,a+Z S 1B(r) V3113, 2., ~ V2| = V4l

2119112, —CMG(M,) [8]2 ,(1+ MG(M,)6h™%). O
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Lemma 5.5. Under the assumptions (H.1)~(H.6) it holds with 3=m,u—u,

VI={[a¢(myu, ) —ao(u, $)]+ Z 0;(N;(myu) — N,(u), B(uy)-V 9),,

=3 191125+ CalA) ¥ (e +h).
Proof. With n=mn,u—u we find

(528) VI=¢e(Vy, VI+(H(mu, Vmu)—Hu, Vu), 9)
+E0,{(—eAn, BV 9),

+(H (m,u, Vm,u)~ H(u, Vu), Bly)-V9I).}
§%8|9ﬁ,z+cslﬂﬁ,2+ézéi I1B@4)-V 313 2.z,

+Cé Z %118, 2,5 +1(B(m,u)- V4, 9)|
l = VI,
+|([B(mu)— B)]-Vu+[C(ru)—Cw)], )|
=V,

+[2.8(B(m, )V + [ Bmu) — B)]-Vu+ [Clmw) — )], Bt)-V 9) .

v

=Vl
Integration by parts, (H.1) and Friedrich’s inequality yield

(5.29) VIi|=|—(n, B(myu)-V 3)—(n, 3 div B(m, u))|
=CG2M)|nllo,2(1815,2+ 8lo,2)
=CG2M)linllo,21811,2-

Next we find by (H.1), Holder’s inequality, Sobolev’s imbedding theorem and
Friedrich’s inequality that

(5.30) VI |2GRM){lnlo,2 1uli,3 1900,6+ Ill0,2 1910,
=CG@2M)|nllo,2(ul2,2+1) |91,z
SClnld .+ CIGEMIP (L +]ulz, ) |81 2,

(5.31) VIS 20/5: 1BV lo,..) G2M)
Vo1, 2,0+ 10,62 111,300+ 10,2,
_5_%2 5i “B(uh)'v ‘9”%,2,t,~

+CLGRM)I?-0(1n i 2 +luld o InlE 2+ Inli3,2).
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Summarizing (5.28)+5.31) we arrive at

VIZ1I81125+ CIGRM)PP(1+]|ul3,5) 1912,
+C{einli 2 +e® Y. 6:inl3,2,.,+ 3 2

+[GM)* 61 +|ull ;) Init 5}

and by (4.2)

(5.32) VISHNSNZ s+ Car (D el 3,2+ Caz (D H* (e +h+6)
where

(5.33) Ca1(A)=C[GCM)*(1 +|ul3 ;) A

(5.34) Car()=Culis1,,(1+[CRM)* (1 +]u}} ).

By means of (4.27), triangle inequality and (A.2) it follows

(5.35) 19y 2SIl 2+ lu—tyly 2 SCH Ul sy, + Ca(A) RE
=Cys(Ah* with Cy3(A)=C3(A)+C|ulysy,2-

Hence with (A4.6) we arrive at

(5.36) VIZ119]112 5+ Ca(A) R?*(e+h)
where
(5.37) Co(A):=Cpay (A)-[Cy3(M)]?+ Cy2(4)

which concludes the proof. [J

6 Numerical example

We mention that the proof of Theorem (1) in Sect. 4 justifies Newton’s method
for (43) in a neighbourhood of the nonsingular branch {(4, u(1): Ae4, ueX}
of solutions of (A"). In order to find the solution, we studied in [23] simple
1 D-problems with parameter continuation (in A=¢~') in connection with New-
ton’s method [13]. Some numerical 2 D-results for B(x, u)=b(x) can be found
in [22] and [31].

For nonlinear equations of Burger’s type

(6.1) —~eAu+B(x,u)-Vu=f in QcR?

we studied also the simple iteration technique (frequently used for approximating
the Navier-Stokes equations)

(6.2) Find ul'*teV,, meN, s.t. VeV,
e(Vup ™!, Voo +(Bup)-Vup™', v)g
+Y 8i(—eAupt +Bup)-Vupt ' —f, Bu)- Vo), =(f, v)g.
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A S S A AR W AR P S S S AN AN A A A SAF AP A A,

P A AR SN AN A SR AR LA S A SR SR A A A A A rd
Vv daw a4 ek AP A SR AR AR AR MR A A A

Fig. 1. Discrete solution of (6.2)6.4), e=10"5% h=+;

As an example we consider [cf. Giles/Rose (1984), J. Comput. Phys. 56, 513-529]

du ou . 2
(6.3) —eAu+u—&c—1+0.4—a—;;-—0 in Q=(0,1)
with
(6.4) ye 08, if x;£034+05x,, 05x,51
’ T 1—-04, if x;>03+0.5x,, 0<x,<1
%%=0, if x,=1, 0<x;<1

with an interior layer at x; =0.3+0.5x,. With piecewise linear approximation
(k=1) and on an uniform 20x20 mesh on Q, a converged solution of (6.2)
was obtained for e=107¢ after 30 iteration steps. The discrete solution is pre-
sented in Figs. 1-3.

7 Remarks. Open problems

7.1. The constant T(A4) in our Theorem in Sect. 4 strongly depends on ¢,,
0 <e, <e¢. In the special case of strict monotone problems (.#") such that

(11)  3y>0V¥veX: D, N©)-wwdzy{elwll + i3} VweX
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Fig. 2. Discrete solution of (6.2) (6.4), isolines

T SN N NN
NN N NN
T o PN ONN N N N
T DN N N N N N
S e A NI
AT NN NN N NN
AN NN NN NN N
PP g g d ENANANANANANANAN
P PP ANANA NN NN NN
T DN NN N NN N NN
P A NN NN NN
LTSN NN NN NN N NN
PP A U NN NN N NS
PPy ENANANANA NN
AN NN NN N NN N NN
NN N NN NN NN N NN
AN NN NN NN NN N NN
AN N NN NN N NN N NN
NN N NN NN N NN NN DN
TN NN N NN NN N NN NNN
AN NN N NN NN NN N NN

Fig. 3. Example (6.3), (6.4), Vector plot B(u)=(u; 0.4) after 30 iteration steps in (6.2)
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it is shown in [23] that even for ¢=0

(7.2) u—ullles S CH(/ e+ /B lulers.2

as in the linear case B(x, u)=b(x), C(x, u)=c(x) u—f(x). Unfortunately, (7.1)
implies B(x, u)=b(x). It is conjectured that (7.2) remains valid in the somewhat
more general case where in (7.1) v is replaced by the solution u of (A").

7.2. In the genuinely quasilinear case (.4") our analysis obviously does not work
in the limit case ¢=0. It is an open problem whether the analysis of an improved
SDFEM variant (“shock capturing streamline diffusion method”) introduced
in [29] and [30] for time-dependent conservation laws and the incompressible
Navier-Stokes equations can be used as a remedy. It is essentially based on
special (compensated) compactness arguments in L, (€).

7.3. The analysis in Sects. 4 and S remains partially correct in the 3 D-case.
Note that the basic estimate (3.2) then reads

(3.2)* VoeV: ”UhHO,oo.QéCh_l/z loall1,2,0-

With some modifications in the proof of Lemmas 5.1-5.3, Theorem (1) and esti-
mate (4.27) remain valid. Further it holds instead of (4.29)

(4.29) l4llo, 0,0 S My:=2CMh~ 12,

Consequently the corresponding estimate of ||{u—u,lll. ; in Theorem (2) holds
only with loss of some powers of h depending on the growth condition (H.1).

Acknowledgement. The author would like to thank the referees for many helpful comments.
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