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1 Introduction 

We consider finite element approximations of quasilinear boundary value prob- 
lems 

(1.1) N~(u)- -eAu+B(x, u).Vu+C(x, u)=0,  xet2  

(1.2) u=0 ,  xe~t2  

in a bounded domain ~ 2 c R  2 with Lipschitz continuous boundary ~(2 and with 
a parameter e, 0<r  < ~<r < 1. v denotes the outward pointing normal vector 
on ~ .  (1.1) and (1.2) describe diffusion-convection-reaction problems where 
the convection-reaction dominated case ~ 1 is of special interest: In general, 
the solutions u of (1.1) and (1.2) and Uo of the corresponding first order limit 
problem (e=0) with boundary conditions on "inflow parts" F_ = { x e ~ :  3 v(x), 
B(x, 0).v(x)<0} only are very close with the following exceptions: There are 
"boundary  layers" of u at ~ \ F _  and non-smoothness of Uo in t2 results in 
"interior layer" behaviour of u. For  a more detailed asymptotic analysis we 
refer to [14] and [32]. 

Standard Galerkin-Bubnov finite element methods for (somewhat more gen- 
eral) quasilinear elliptic problems in case of r  O(1) were considered for instance 
in [5-10]. For  e ~ 1 such methods are known to generate unphysical oscillations 
of discrete solutions unless the mesh is refined. Artificial diffusion or upwind 
finite element methods, often used as a remedy, have limited order of accuracy 
and tend to smear sharp fronts (at least in directions perpendicular to the stream- 
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lines, i.e. the characteristics of the limit problem with e = 0). The approach with 
exponentially fitted Galerkin schemes [3, 27, 28] seems too complicated in case 
of a complex geometry of t2 c R N, N > 2 and is not straightforward in the quasi- 
linear case (1.1), (1.2). 

In this paper, we prefer the streamline diffusion method (SDFEM for short 
below [1, 2, 11, 15-18, 20-25, 29-31]), as the approach most used in recent 
time. For linear problems (1.1), (1.2) with B(x, u)=b(x), C(x, u)=c(x)u-f(x), 
SDFEM can be characterized either as a Galerkin-Petrov method with basis 
functions Wh and test functions wh+~b.Vwh or as a Galerkin method with 
anisotropic artificial diffusion fi S V Uh(b "1" b)V W h d x. It has the following proper- 

ties: The discretization error is quasi-optimal for the "streamline derivative" 
b.V and nearly optimal in the L2-norm [1, 2, 17, 24]. Furthermore boundary 
and interior layers are well localized and affect the accuracy only locally [18, 
24]. Local and uniform in e L~-estimates are given for a modified streamline 
method in [18, 25]. For some asymptotically fitted variants of SDFEM we 
refer to [20, 21]. 

SDFEM has been introduced for problems (1.1), (1.2) with nonlinear convec- 
tion-reaction terms in [31] with no rigorous finite element analysis. In [23] 
we have started such an analysis. In this paper, which is a much more detailed 
and extended version of the note [22], we consider existence and convergence 
results for branches {(2, u(2)): 2~A, REWol'2(~t~)} o f  nonsingular solutions of 
(1.1), (1.2) where 2 = e - l ~ A = [ 2 1 ,  2 2 ] c R  +, 2i=e:~ 1. The analysis is based on 
an abstract result in [12, 13, 26] and on techniques frequently used in streamline 
diffusion methods. This paper is organized as follows: In Sect. 2 we give notation 
and main assumptions concerning the continuous problem. The discrete problem 
is presented in Sect. 3. Section 4 contains the main result of existence and conver- 
gence of branches of discrete solutions. Several auxiliary results for the proof 
are collected in Sect. 5. In Sect. 6 we give a numerical example. 

2 Notation. Main assumptions 

Let f2 tZ~-~ 2 be a bounded domain with a Lipschitz continuous boundary ~ f2. 
For subdomains G _  f2 with Lipschitz continuous boundary ~ G and 1 <p  < 
let be Lp(G)= {u=u(x): Ilullo,p,G< ~} with 

rluflo,p.~=(j" lu(x)lP dx) l/p, l < p < o o ;  llullo,| 
G x~G 

For k~N,  l < p ~ o o  let wk'p(G) denote the Sobolev space of all functions 
ueLp(G) whose derivatives D~u (in the sense of distributions) of order I~1 < k  
again belong to Lp(G). wk'P(G) is equipped with the usual norm II'tlk,p,G and 

k p 1 he seminorm I'lk.p,G. Wd' (a) "s t closure of C~(G) in the norm of Wk'P(G). 
( ' , ')G denotes the inner product in L2(G). If there is no doubt we omit the 
index t2. 

Now we assume that the coefficients B = (BJ)j= 1.2, C and their derivatives 
satisfy a growth condition 

(n.1) InJ(x, s)l+lDuBJ(x, s)l+lDu~BJ(x, s)l+ldiv B(x, s)l 
+ I f ( x ,  s)l + IDu C(x, s)l + I D,~ C(x, s)l < G(I sl), x~t2 a.e., 

u s e R  with a nondecreasing function G : R  + --. R +. 
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(H.I) is satisfied, for instance, for equations of Burger's type (cfi Sect. 6) or 
various diffusion-convection-reaction models with a nonlinear reaction rate. Fur- 
ther we denote by B(u), C(u), B,(u), H(u, Vu) and Fl(u, Vu) the Nemyzki opera- 
tors associated with B(x, u), C(x, u), D,B(x, u), B(x, u).Vu+C(x, u) and 
D, B (x, u)- V u + D, C (x, u), respectively, by B (u): u ~ B (-, u (.)) etc. They are well- 
defined for u ~ WI' 2 (f2) c~ Loo (f2). 

The variational formulation of (1.1), (1.2) in X n L~ (O), X = Wot'2(Q) reads 
now: 

(x)  Find u~X nLo~(O) s.t. Vw~X: 

ao(u, w)---e(V u, Vw)+(H(u, Vu), w)=0 .  

The operator N~(XnL~(f2)~(XnLo~(O))*) associated with (X)  by 
(N~(u), w)= ao(u, w) is differentiable in the sense of Frech6t: 

(2.1) (D,N~(u).v, w)=-e(Vv, Vw)+(B(u).Vv+H(u, Vu)v, w) 

where ( . , - )  denotes the scalar product between X c~ L~ (f2) and the correspond- 
ing dual space. 

Let 2 = e-lEA = [21, 22], 2i = e7 ~. The main assumptions on (~r) are: 

(H.2) There exists a branch {(2, u(2)): 2~A, u(2)~XnL~(f2)} of nonsingular 
solutions of (Jff), i.e. D,N~(u) is an isomorphism of XnL~(~2) for all 
2~A. 

(H.3) V2~A: Ilu0.)l11,2,,~+ Ilu(2)llo,~,~_-<M. 
(H.4) The mapping q~ ~ A ~b is an isomorphism from W2'r(f2)nX onto Lr(O) 

for all r e [ I ;  2]. 

We give some remarks concerning our assumptions. 

Remarks. 
2.1. (H.2) is equivalent to the hypothesis that the linearized (in u) Dirichlet 
problem is uniquely solvable in X for all 2eA. 
2.2. Sufficient conditions for existence of solutions of quasi-linear elliptic prob- 
lems in XnL~( f2 )  are given for instance in [4, 19]. Often one can prove (H.3) 
by means of (weak) maximum principles. On the other hand, uEL~(O) follows 
from (H.1), (H.2), (H.4) - cf. Lemma 2.1 below. 
2.3. Sufficient for (H.4) is that ~2 is a convex polygon or has a more smooth 
boundary ~ f2 c c~1.1 ([13], Remark I. 1.2). 
2.4. The case of nonhomogeneous Dirichlet boundary conditions could be 
handled via a splitting u = Ubc + fi, fi~X (cf. [8]). 

Further, (H.1)-(H.4) imply better regularity property of solutions of (X). 

Lemma 2.1. Under the assumptions (H.I), (H.2), (H.4) any solution u of (Jff) 
belongs to X n L~ (f2) n W 2' 2 (I2). 

Proof (H.I), (H.2) imply H(u, Vu)~L~(O), ~ [ 1 ,  2) arbitrary, using compact 
imbedding of X and [13], Cor. 1.1.1. Now (H.4) implies u~WZ'~(f2) and Sobo- 
lev's imbedding theorem (with appropriate values r') yields u~L~ (g2) and hence 
H(u, Vu)~L2(O). (H.4) completes the proof. [] 
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Remark 2.5. As a conclusion of Lemma 2.1, Eq. (1.1) is satisfied in the sense 
of L2(f2). Similarly it holds fl(u, V u)eL2(f2). 

In Sect. 4 we assume sometimes some more regularity of solutions of (X)  
according to 

(H.5) V2eA: ueWk+"2(O),  k e N .  

3 Discrete problem 

Now we consider finite element approximations of problem (JI/') using piecewise 
polynomial basis functions of degree k e N .  Let t2 be (for simplicity) a convex 

t (h) 

polygon. Further let T h = {z i}~  be a finite element partition of f2 with O = U f~ 
/ = 1  

by means of elements z~e Th of diameter hi. For the case of a general domain 
f2, we refer to [6] and [8]. We assume that Th is quasi-regular such that each 
element z~ contains a ball with radius C h where C > 0  is independent on 
h =  max hi (see also Remark 3.2). As a conclusion one can prove for the 

i=, ..... ~(h) 
discrete space of piecewise polynomial shape functions of Lagrangian type 

(3.1) Vh'.={WheX : Whl~,ePk('ri) V'rie Th} 

local inverse and interpolation properties [6] : 

(a .1)  VveVh: IVlrn, q.t,~ f hl -m+min(O;2(l/q-1/p)) IVll,p,r, 

O < l < m < k  + l, l < p < q <  ~ ,  V z~e T h 

(A.2) u ve WZ+ "P(ri): 31rh Ve Vh s.t. 
Ilv-lZh Vllm,q,~,~ f hl -m+ 2(l/q-l/p) Ilvlll+,,p,~, 
O<_l<k; m_~l+ l, l < p < q < ~ ,  Vzi~Th. 

In detail, we find from (A.1) and Sobolev's imbedding theorem that 

(3.2) VveVh: I lvl lo ,~,~Ch -~ Ilvtl,,2,~ with x > 0  arbitrary. 

Now we introduce the form 

t(h) 

(3.3) a~ (0; v, w).'=a o (v, w) + ~ (N~(v), ~i B(0). V w)~, 
i = 1  

with "upwind"  parameters 6i such that with sufficiently small constants K i < K  
(not depending on e, h - cf. proof of Lemma 5.4) 

(H.6) V 2 = e - l e A :  ( i )O<e6 i<Kih2 ,  i = l  . . . . .  I(h) 
(ii) 6i < C hi (C independent on e, h). 

The discrete problem of the SDFEM reads now 

(~) Find uheVh s.t. VWe Vh: 

a~(Uh; un, W)=0. 
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Remark 3.1. (JVh) corresponds to a Petrov-Galerkin method with test functions 
Wh+OiB(uh)'VWh, WhEV h or to introducing artificial viscosity acting in the 
"streamline direction" B(., Uh). In 1-15] and [17] SDFEM is characterized as 
a Galerkin/least-squares method where the residual of (1.1) is weighted with 
61B(Uh). V Wh elementwise and added to the Galerkin formulation. 

Remark 3.2. A more careful analysis shows that the restriction on Th to be 
quasi-uniform is not necessary. For details in the linear case of (JV) we refer 
to [11]. We state the assumption of a quasi-uniform mesh here only for simplici- 
ty. 

4 Existence and convergence of discrete solutions 

The main result of this paper is the following existence and convergence theorem 
for the SDFEM (JVh). 

Theorem 

1. Let (H.1)-(H.4), (H.6) be satisfied. Then there exists for all 2 = e - l E A  a 
(sufficiently small) neighbourhood C of the origin in X and for all h, 0 < h < ho(A) 
a unique branch {(2, Uh(2)): 2EA, Uhe Vh} of nonsingular solutions of (Xh) s.t. 

(4.1) V2EA: U(2)--Uh(2)EO. 

2. Moreover, if it additionally holds (H.5), then we have: 

(4.2) 

where 

(4.3) 

V2EA: IIl(u--uh)(2)lll~,o~ T(A)hk(]//~+]fh) 

III v111~26 ~ Ivl 2 2 0~-~6i  I IB(uh) 'V vii 2 , , O , 2 , t i  " 

i 

For the proof of the first part of this theorem we make use of an result in 
[13] on approximations of branches {(2, u(2)): 2EA, uEX} of nonsingular solu- 
tions of the abstract nonlinear equation 

(4.4) F(2, u(2))-- u+  TGo(2, u)=0. 

Let be A c R  compact, X, Y-Banach spaces, V e X  a closed subspace, TE 5P(Y, X) 
and Go: A x X ~ Y a cgt_mapping. (4.4) is approximated by means of the discrete 
equation 

(4.5) Fh (2, uh (2)) -- uh + Th Gh (2, Uh) = 0 

where Vh c X denotes a closed subspace and Y C Yh with continuous imbedding. 
Further let be The ~e(Yn, Vh), Gh: A • Vh~ Yh a cgl-mapping, II �9 IIx and II" lib norms 
on X and Yh, respectively. B(z, p) denotes the ball {veX: Nv-Zllx<p}. Then 
it holds ([13], IV, Sect. 3.4). 
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Lemma 4.1. Let the following assumptions (i)-(vi) be valid: 

(4.6) (i) 3nheLP(V, Vh): lim Ifv-~hvllx=O VvEV 
h ~ 0  

(4.7) (ii) II Th It.~tr~, v,) ~ const. 

(4.8) (iii) lira ItTh-- Tllxe(y,x)=0 
h ~ O  

(4.9) (iv) lim sup 116h(L ~h u(A))-ao(L u(2))llh=0 
h ~ O  A~A 

(4.10) (v) V Wh E Vh 3 D~ Gh()~ , Wh)E ~ (Vh, Yh): 

lim sup IID~ Gh(2, ~h u(2))--Ou 60(2, u(A))l]~v~,r.) = 0  
h ~ 0  ;t~A 

(4.11) (vi) Vul, u2EB(zh u(2); p) c~ Vh: 

tl Gh(2, u0 - -  Gh(2, u2)-Du Gh(2, rchu)'(ul--u2)llh 

<=Lh(2, P, [Inhulix)Ilu~-uEHx 

with a continuous, monotonically increasing (in each variable) function L h s.t. 

lim sup Lh(2, 0, # ) = 0  V # E R  +. 
h-*0 2 ~ d  

Then there exists a neighbourhood (9 of the origin in X and for Vh, O<h<ho(A ) 
a unique cg~ Uh: A ~ Vh s.t. 
1. Fh (2, Uh (2)) = 0 
2. V2EA: Uh (2) -- U (2) E (9 
3. Iluh(2)- u(2)llx_-< T(A) { I1(/- ~h) u(~)llx 

+ [I(T- Th) Go ()L, u(2))llx + II Gh(2, 7Zh U(2))-- 60(2, U(2))llh}. 

Proof of Theorem (I).  We set A=[21 ,  22] with 2 = e  - t ,  2i=e71,  X =  Wo~'E(f2) 
with norm II.llx=l.tx,2,~, X*=W-a '2(fZ) ,  ( . , - )  scalar product  between X* 
and X, Y=L2(f2), V=X n W2'2(O). (H.1), (H.2) imply that 

H (v, V v)E Lr(f2)c X*, \ / r e [ l ,  2], V veX. 

Hence with 

g(v; w):=(2H(v, Vv), w) Vv, wEX, V2EA 

g(v; ") is a linear continuous functional on X and there exists an operator Go: 
A • X ~ X* with 

(4.12) (Go(2, v), w),=(2H(v,  Vv), w) V w e X .  

With the inverse Laplace operator TE ~ (X*, X) solving 

(4.13) (V(Tf*), V w)= ( f * ,  w) 
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we reformulate problem (~V) as 

u~X: (Vu, Vw)+(Go(2, u), w ) = 0  

o r  

(X*)  

Vw~X 

F(2, u(2))..=u+ TGo(2, u)=0. 

With respect to (H.4) we have T ~ ( Y ,  V). 
Similarly we define for the discrete problem 

(4.14) gh(O; V, w):=( 2 H (v, Vv), w) + ~ f i ( -  A v + 2 H (v, Vv), B(r w),, 
i 

gO, veXnL| V w e ~ .  
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It holds 

Lemma 4.2. Under the assumptions (H.1)-(H.4) and (H.6) we conclude for 
Ip, v e X  c~ L~([2) with I1~'11o,~,~, Ilvllo,~,a<M and We Vh that 

I ~ ~ , ( - A  v+  ,~ H (v, Vv), B(~). V w)~,t < h G(M) C 2 {2 + ( I + 2 h) llvllx} tlwltx. 
i 

Proof (H.I)  and an inverse inequality imply that 

Thus we find that 

6i I I -Av+2H(v ,  V v)llo,2,~, 

<=G(M){6ih~ -1 I v[~,2,~,-+- ~. ~(I vl~,2,~, + 1)} 
<6G(M){2+(h -~ +2)I v h,2,~,}. 

I~ 6i(-Av+,~H(v,  Vv), B(~b)'Vw)~,l 
i 

< ( ~ 6  z ] l - A v + 2 H ( v ,  V v)llo2,2,0 '/a G(M)(~ I]V '''''a ~1/2 = rv II O,  2,~i1 
i i 

<C6 G(M)(~{(h -1 +2)bvll,2,~, + 2}2) 1/2 IIwNx 
i 

2 "~1/2 <C6G(M)(~22+~(h-2+22)Iv L2,~,, Ilwllx 
i i 

< C G(M) Nh -2 ,~2 + (h-2 +,~2)ii v11~)1/2 Ilwltx 

< C G(M) 6(h- ~ 2 +(h- ~ + 2)Ilvllx)IIwdlx 

<CG(M),~h(2+(I +h2) [IVLlx)ILWLIx (by (n.6)). [] 

As a conclusion, gh(~/; V, ") is a linear continuous functional on Vh and there 
exists an operator Gh: A x (X n L~ (f2))~ X* with 

(4.15) (Gh(2, v), w).'=gh(v; v, w) Vw6 ~ .  
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Remark 4.1. It follows from (4.12), (4.15) and Lemma 4.2 that 

(4.16) lim(Gh(2, v ) ,w )=(Go (2 ,  v ) ,w)  V2~A, V w X ~ L ~ o ( f 2 ) ,  Vw~Vh. 
h - , 0  

Let The.L~a(X *, Vh) be the discrete inverse Laplace operator solving 

(4.17) (V(Thf*), V w ) = ( f * ,  w)  VWeVh. 

Hence ( ~ )  is reformulated as 

(./tFh *) F h (2, u h (2)):= u h + Z h G h (2, Uh) = O. 

With Yh= Yit holds T,~Se(Yh, Vh). Further we define a norm on Y, 

( ' ,  w) 
ll" lib '= sup - - .  

w~vh I[wtlx 

Now we prove properties (i)-(vi) of Lemma 4.1. 

(i) From interpolation property (A.2)  and regularity according to (H.6)  we 
find 

(4.18) ][v-- rCh Vllx < C h k IVlk+ 1.2, 

from which, in particular, (4.6) follows. 
(ii) The usual linear theory for the discrete Poisson problem (4.17) yields 
II Th f *  II x < II f *  lib implying (4.7). 
(iii) As another consequence of (4.13), (4.17) we find by Cea's Lemma, (4.18) 
with k = 1 and (H.4)  

(4.19) II(Z- T, ) f*l lx< inf I I T f * - w l l x  
weVh 

< C h ] T f *  lz.2.o < C h ]}f*llo.2.o 

from which (4.8) follows. 
(iv) For proving (4.9) we recognize Remark 2.4, such that - A u + 2 H (u, Vu) = 0 
in LE(f2). Consequently 

(4.20) (Gh(2, r~ h u), w ) -  (Go(2, u), w) 

= (Gh(2, rth U), W ) -  (Gh(2, U), W). 

Lemma 5.1 yields 

(4.21) IIGh(2, ghU(,'].))--Gh(2, U(2))II~(v,,y~)<=CI(A) hk - l (h+6)  

which implies (4.9). Notice that lim 6 = 0  follows from (H.6)  and compactness 
h ~ O  

of A. 
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(v) For the derivative D, Gh (2, z). v we find 

(4.22) 
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(D.  Gh(2, z)'v, w ) = 2  {(B(z).V v, w)+(ffI(z, V z)v, w)} 

+ ~ 6 i { ( - A v +  2B(z) .Vv+ 2FI(z, Vz)v, B(z).Vw)~, 

+ ( [ - A z + 2 H ( z ,  Vz)] v, D, B(z)'Vw)~,}. 

Using again Remark 2.4 we conclude from Lemma 5.2 

(4.23) IIDu Gh(2, r~hu)--D, Go(2, u)ll_~v,,r,~ 

= [[Du Gh(2, ~ZhU)--Du Gh(2, u)lF.~v.,r~)< C 2 ( A )  hk(1 d-6 h- 1 -~) 

with x from (3.2). (4.23) implies (4.10) according to (H.6) and to compactness 
of A. 
(vi) The analysis of Lemma 5.3 shows that for all Ul, u2eB(Tthu; p)nVh with 
p<=Ch ~, f f>x 

(4.24) t1Gh(2, Ul) - -  Gh(2, U2) --  D. Gh(2 , n h U)" (U 1 - -  U2)11 h 

< Lh(2, p, II~ ullx)Ilul--u211x 
with 

(4.25) lim sup Lh (2, 0, kt) 
h~0 2eA 

=l im C[G(3 M)]2 { 6 h- l-~(h + g)(l + 22) + 226 h-~(l + la)}=O 
h~O 

according to (H.6). Thus (4.11) is valid. 

Now Lemma 4.1 implies assertion (1) of the Theorem. More precisely, Lem- 
ma 4.1 (iii), (4.18), (4.21) and the (compared with (4.20)) improved inequality 

(4.26) 

yield 

(4.27) 

II(T- Th) f *  Ilx ~ C h k l T f *  Ik + 1,2,~ 

V2eA: Hu(2)--Uh(2)llx~C3(A)h k 

where C 3 (A) depends on 7"(A) from Lemma 4.1, I u Ik + l, 2,~, C1 (A). 

As a next step, we improve (4.27) by means of standard arguments in 
SDFEM-analysis. Note that we have the following estimates from (H.1), (4.27) 
and (3.2) 

(4.28) [luhltx<l[U[Ix+qlu--uhltx<M+fa(A)hk<2M Vh: O<h~ho(A) 

(4.29) Ituhllo, o~,a < f h -~ llUhltx < 2 C M h-~= Mn . 

Remark 4.2. It is open whether it holds a uniform (in h) estimate for Iluhtlo, o~,~. 
In the linear case one can prove II Uh tl 0, ~o,a < C h- 1/4 I log h l 3/4 [ 18]. Unfortunate- 
ly, a discrete maximum principle is not valid and the discrete solution has 
sometimes local oscillations in the neighbourhood of discontinuities. 
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Proof of Theorem (2). 
= rc h u-- uh it holds 

(4.30) V=[_ao(TZhu, oq)--aO(Uh, ~9)]+~6i(N~(rrhu)--N~(uh), B(Uh).Voq)~, 
i 

= VI = [ao (rCh U, ~9)-- ao(u, &)] + ~ 6i(N~(rCh u)-- N~(u), n(uh). V oq)r , . 
i 

G. Lube 

( ~ )  together with Remark 2.4 and (~h) imply that with 

From Lemma 5.4 and Lemma 5.5 we conclude that 

(4.31) V>�89 -2~} I9 2 i , 2  

and 

(4.32) 

(4.30)-(4.32) imply 

VI < �88 t[I ~11}26 + C,(fl) h2k(e + h). 

[[1 ~t 11126 __< C4(A ) h2k(~ + h) + C5 (A) e I O 12,2 

with 

(4.33) C5 (A).-=C sup 2 M G(Mh)(1 + M G(Mh) 6 h- 2K). 
2~A 

Recognizing now (4.27) and (A.2) we find from triangle inequality that 

[Oqll,2 <= lU-uhll.2-Jr lTzh u-ulx.2 <= C6(A) h k 

with 

(4.34) C6(A),=C3(A)+ C lull§ 1,=, 

hence by (4.33), (4.34) with IT(A)]2 = C4(A)+ C5 (A)[C6(A)] 2 

(4.35) III ~ 1[[~,6 < ~(A) h k ( ~  + ]//h). 

The triangle inequality together with (4.35) and (A.2) concludes the proof. []  

5 Auxiliary results 

In this section, we summarize some auxiliary results which are needed to prove 
the main result. We start with the first part of the Theorem (cf. Lemma 5.1-5.3). 
Note that by (H.3) and for sufficiently small h it holds 

II~h ULIo, o~,~  Ilullo,~,~+ Ilu-~hullo, o~,~2M, O<h<ho(A). 

As a first step, we show continuity of the operator Gh defined by (cf. (4.15)) 

(Gh(2, v), w)..=(Go(2, v), w ) + ~ 6 ~ ( - A v + 2 n ( v ,  Vv), B(v). Vw)~,. 
i 
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Lemma 5.1. Under the assumptions (H.I )-(H.6) it holds 

t1Gh(2, 7th u(2))-- Gh(2, U (2))[l~W,,rh)~ C1 (A) h k- l(h + ~). 

Proof. We split as follows 

(5.1) (Gh(2, TChU), W)--(Gh(2, U), W)= {(Go(2, ZCh U), W)-- (Go(2, u), w) 

+ ~ 6i{(--ArChU+ 2H(nhU, V T~hU), B(rChU)'V w)~, 
i 

- ( - A u +  2n(u,  Vu), B(u).Vw)~,} =11 +I2.  

The first term can be estimated using first H61der's inequality, mean value theo- 
rem, (H.1), the estimate 

[~h U[1,E,o < IU-- rCh UII,Z,o + Iu[1,2,O < 2 IlulIx Vh: O < h < ho(A) 

and secondly Sobolev's imbedding theorem: 

I 111 --- I([n (~h U)-- n (u)]' V ~th u + n (u)" V (~h u-- u) + [C (~h u ) -  C (u)], w)~l 
<ca(2M){llzchU--Ullo.6 I;thull,2 llwllo,3 

+lT~hu--ull,2 1W[1,2 + II~hu-ullo,2 Iw11,2} 
<= c a(2 M) { llu- Tzhullx Ilullx+ Ilu- ~hullx} Ilwtlx. 

When using the mean value theorem, D, B and D, C are evaluated at a convex 
combination of u and 7[hU and such it will be bounded in the L~o-norm by 
2M. 

By (A.2) it follows 

[111< CG(2M) hk(1 + Nulls)lUlk+ 1.2 Ilwllx < Cxl(A) hk Ifwllx 

with 

(5.2) Cl l (A),=C G(2 M) sup( l + lu[1,z) [ulk + l,2 . 
2cA 

Similarly we find for the second term in (5.1) 

112 [ < 1 ~  6 i ( -  A(rch u-- u), n(•h u). V w),, + ( -  A u, [B(7~ h u) - -  B(u)]" V w),, 
i 

+2(H(nhU, V Z C h U ) - H ( u  , V u ) ,  B ( 7 ~ h U ) . V w ) t  i 

+ 2(H(u, V u), [B(~ h u ) -  B(u)]. V w)~,} [ 
,,~2 ~1/2 <cfa(2M){(~ lU-nh , ,2 ,2 ,~ , ,  Iwll,2+lu12,2 Ilu-rchullo, oo [wh,2} 

i 

+ 22 I~ Oi {([B(~h u)-- B(u)]. V ~h U + B(u)" V(~h u - u) 
i 

+ [C (nh U)-  C (u)], B (re h u). V w)~, 

+ (B(u). V u + C(u), [B(rch u)-- B(u)]. V w)~,} I 
<CfG(2M)(h  k-1 [U[k+l,2+lu12,2 h klulk+l,z) lw[1,2 

+22 C O[G(2 M)]2(l rCh U[1,3 Ilu-- rCh ullo,6 Iwh.2 
+lu-rchuh,2 Iw11.2 + Ilu--rChut[o,2 Iw11,2 
+lUll,6 [lu--rChullo.3 IwlL2+ Itu-rch ullo,21w11,2). 
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Repeated use of (A.1), (A.2) and Sobolev's imbedding theorem yield 

llr, huh,3~ Ch-1/3 I~hU[1,2~ ch-1/3  llullx, O<h<ho(A) 

IlU--~nUlfo,6<flu--rthUla,z<fhklu[k+L2; [Ull,6<flul2,z 

and thus with (A.2) 

(5.3)  { I21<C6G(2M)lu lk+L2( l+hlu lz ,2 )h  k-~ Ilwllx 
+ [G(2M)]2 22 C(~ HWllx(h k-1/3 lull,2 lUlk+L2+h t' [UIk+L2 

+IUI2,Z h k lulk + l,2) 
<C~2(A)6h k-~ tlWilx 

with 
C12(A):=C sup lu JR+ 1,2 {G(2M)(1 + h [u[2,2) 

~,EA 

+[G(2M)] z J,2[h 1-1/3 lutl,2 +h+ h lu12,2])}. 

Summarizing (5.1)-(5.3) we find the assertion of Lemma 5.1 with 
:--C,I(A)+C12(A). [] 

by 

C, (A) 

Lemma 5.2 is a continuity result for the Fr6chet derivative D, Gh(~, , ") given 

( o ,  6h(,~, z).v, w) =,~ {(B(z). V v, w) + (Fl(z, V z) v, w) } 

= (D. Go(2, z).v, w) 
+ ~ 6 i { ( - A v +  2B(z) .Vv+ 2ffI(z, Vz)v, B(z).Vw)~, 

i 

+ ( [ - A z  + 2H(z, Vz)] v, B.(z).Vw)~,}. 

Lemma 5.2. Under the assumptions (H.I )-(H.6) it holds 

][D, Gh(2, ZCh U)-- D . Gn(2, u)[l_~(v~,yh) < C2(A) hk(1 +6 h- 1 -~). 

Proof We split as follows 

(5.4) <[D, Gn(2, ~Zh u)--Du Gn(2, u)] v, w> 
= <[D, Go(2, rcnu)-D, Go(J,, u)] v, w> 

+ Z 61 {(-  A v, [B (rCh U)-- B(U)]- V w)~, 
i 

+ (-- A (TZh U--U) V, D, B(% u). V w)~ 
+ ( - A u . v ,  [Du B(rthU)-Du B(u)] .Vw)J  
+ ,l y~ ,~i {(I-B (~h U)-- B(U)]" V v, B(r~h u)" V w)~, 

i 

+ (B(u). V v, [B(~h u)-- B(u)]- V w)~,} 
+ 2 ~ 6i{(/~(rChU, VrChU)V, B(rchu).Vw),,-(fl(u, Vu)v, B(u).Vw)~, 

i 

+ 2 ~ 6i {(/Z/(rCh U, V ~h u) v, D u B(nh U)" V w)~, 
i 

--(ffI (u, V u)v, Du B(u)" V w),,} 
- IIx + l lz  + 113 + II4 + 115. 
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With similar arguments as in the proof of Lemma 5.1 and using (3.2) we find 

(5.5) Illl  [--2 [([B(rcnu)-B(u)] .Vv, w) + (([D,, B(rchu)-D, , B(u)] .V~ZhU 

+ D. B(u). V0Zh u-- u) + [D. C(rc h u ) -  D. C(u)]) v, w)] 

<22CG(2M)(l]r~hU-Ullo,6 [v11,2 Ilwllo,3 

~- [~hUl l ,2  1[/'/--7"fh UI[O,6 ]]V][o,6 IlWllo,6 

+lU--rChUlx,2 ][VIIo.611W[]o,3 + [lu--rChu[]o,3 I]vllo,3 ][Wllo.3) 

< CG(2M) 22 Itvllx Ilwllx(h k lull+ 1,2 +(1 + lul,,2) h ~ lulk+ 1,2) 
with 

< 621(A) h ~ Ilvllx I/wllx; 

C21(A),=sup f a(2 M) 2( l + luh,2) lulk + l,2 
2 e A  

(5.6) 1 I I 2 1 < c 6 a ( 2 M ) { h  -11vlu2 [lu-~thullo, o~ Iwl~,2 
"~1/2 h-~ -[- (~,  ] U - -  7Ih U 122, 2 j :d IV[1,2 [W[1,2 

i 

+ 1U12,2 h -~ IV[l.2 []u--rChullo.~ ]w11,2 

< C6 G(2M)(h k- 1 +hk-1 -~ +hk-~ luh,2)lulk+ 1,2 IlVllx Ilwilx 

_-< C22(A)~ h k- 1-~ Ilvllx Ilwllx, 
with 
C22(A):=supG(2M) C(1 +h"+h lul2,2)lulk+ L2 

2eA 

(5.7) 

with 

[113]<2 C fi[G(2M)] 2 Hu-- rchU][o,~o 1v11,2 [wll,2 

=< C23(A) 6 h k liVl[x ]]W[lx; 

C23(A):=sup 2[G(2M)] 2 lulk+ ,,2 
2 ~ A  

(5.8) 

with 

1114[ s 3, ~ 6i [(v [D~ B(Trh u)-- D~ B(u)]. V nh U, BOZh U). V w)~, 
i 

+ (v [Du B(u). V ~h U], [BOZh U)-- B(u)]. V w)~, 

+ (v [Du B (u). V (nh U -- U)], B (u). V w),, 

+ 2 ~ 6 ~  I(v [D,, C(nhU)-D. C(u)], B(r~hU).Vw), , 
i 

+ (v D, C(u), [B(nn u) -  B(u)]. V w)~, [ 

< 226C[G(2M)]2(]nhu[1,2 ]lU--nhU[]o,~ ]]V[]o,~ [W]1,2 

+[U--ZChU],,2 llVl[o, oo ]wll,2+ [lu--rthullo,6 Ilvllo,3 Iwlx,2) 
<=C2z6[G(2M)]Z(luII,E k-~ k-~ h +h )]Ulk+l,z[lvllxllwllx 

< C24(A) h k-~ 6 IlVtlx IIWHx 

C24(A)-'=sup C 2 [G(2M)] 2 l ulk+ 1,z(lu h,~ + l). 
2eA 
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The same estimate is valid for term 11151, hence summarizing (5.4)-(5.8) the 
4 

assertion of Lemma 5.2 follows with Cz (A):= ~ Czi(A). [] 
/=1  

Lemma 5.3 shows essentially that the operator G h is locally Lipschitz continu- 
ous. 

Lemma 5.3. Under the assumptions ( H.I ) - (  H.6 ) it holds for u l , 
UzEB(TZh U; p)fh V h with p < C h  e, t~>~c 

Ilan(2, Ul)-ah(~, u2)--Ou Gh();, ~hU)'(UI--U2)[]h <-~ Lh(~, p, IlnhUllx) IlUl--U2Hx 

with 
lim sup Lh(2, 0, #)=0 V/~6R + . 
h~O 2~A 

Proof We split as follows with e = ul - u 2 ,  z = zt h u 

(5.9) [ (Gh(2, ul), w ) -  (Gh()~, U2) , W ) -  (D u Gh(2, z). ( u l -  u2), w)[ 
< I (Go(L ul), w ) -  (Go(A, uz), w ) -  (Du Go(A, z) ' (ul -Ue) ,  w) l  

+ lY, 61{(-A Ul + 2 n ( u l ,  Vua), B(ux)'Vw)~, 
i 

- - ( -  A u2 + 2 H (u2, Vu2), B(u2)" V w)~, 
- ( - A e +  2B(z ) .V  e + 2ffI(z, V z)e, B(z) .V w)~, 
- ( [ - A z +  2H(z,  Vz)] e, Du B(z) .V w)Jl=_lt t  + IV. 

For using (H.1)  we need a L~-bound for elements in the ball n(7~ h u; p)(h Vh: 

Ilvllo,~,~-_ < I[Zrhutlo, o~,~ + {Irchu-vllo,oo,a < 2 M  + C h -~ ][rchu--vlll,2,~ 
<=2M+Che-~<=3M Vh: O<h<=ho(A). 

With similar arguments as in the proof of (5.2) we find 

I I I - - 2  [ (a(uO.Vul  - B ( u 2 ) . V u 2 + C ( u O - C ( u 2 ) ,  w) 
- ( 1 3 ( z ) .  V(u~ - u~), w) 
-- ( [ D . / 3  (z). V z + D .  C (z)] (u 1 - Uz), w)[ 

_< 2 [ ([B(Ul)- B(u2)]" V Ux, w) 
"q- ( [ B  (u2)  - -  B ( z ) - ] .  V ( u  1 - u2 )  , w)  

-- ( [ D . / 3 ( z ) .  V z ]  (ul - u2), w) J 

+22 [(C(ua)-C(u2)-D, C(z)(u l -u2) ,  w)[ 
=- 1111 + I l l z  

III1 =< 2 [([D~/3(zl)" V ux] e, w) -  (lB, B(z). V z] e, w) 
+ ([O./3(z2)" V e] (uz - z), w) l 
(with Zl '=~1 ul +(1 -O0u2,  Za'.=OzU2+(1 -O2)z ,  0 < ~ / <  1, i= 1, 2) 

< ;~ I ((I-O. B ( z O -  O= B(z)]. V u0 e, w) 
+ ([O, B(z). V(Ul - z)] e, w) + ([O, B(z2). V e] (u2 - z), w) l 

< 2 C G(3 M) {Iu111.2 IIzl - z2li0.6 Ije[lo.6 IIwIlo.6 
+ l u x - z h , z  Ilello,4 llwllo,4+leh,2 llu:-zllo,4 llwllo,4}. 

Sobolev's imbedding theorem and the estimates II u ~ -  z It x --< P, II u~ 11 x--< II z I1 x + P 
imply 

(5.10) 111~ < C G(3 M) 2 p(1 + Ilzllx + p) tlellx Ilwllx. 
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On the other hand it is similarly 

(5.11) l I12<CG(3M)2p [lellx Ilwllx, 

hence summarizing (5.10), (5.11) 

(5.12) III<L~(2, p, Ilzllx)Ilellx Ilwllx, Llh,=CG(3M)2p(1 + Ilzllx+P). 

Further we have 

(5.13) 

with 

(5.14t 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

(5.19) 

IV<=I~ 6,{(-A(ua-u2),  B(Ul). Vw),, 
i 

+( - -A  u2, [ B (u~) -  B(u2)] " V w)~, 
+ (A e, B(z). V w)~, + (A z.e, D,, B(z). V w)~,} I 
+ 2  I~  6i(n(u~, Vul ) -n (u2 ,  Vu2), B(uO.Vw)T,I 

i 

+2 1~ 6,(H(u2, Vu2), [B(Ul)-B(u2)] .V w),,I 
i 

+ 2 1 ~ 6 ~ ( - B ( z ) . V e ,  B(z).Vw),,l 
i 

+ 2  I}-'. 6 i ( - /4(z ,  Vz)e, n(z).Vw)~,l 
i 6 

+ 2  [~6 , ( -H(z ,  Vz)e, O. B(z).Vw)~,[ = ~', IV~ 
i i = l  

IV1 < l ~ 6 i ( ( - A e ,  B(uO" V w)~, 
i 

+ (A e, B (z). V w),, + (A z. e, D,, B (z). V w),, 
--(Au2, [D. B(z0"V w] e),,} [ 

<CG(3M)6h -1 [w[1,2 
"( le]1 ,2- ' I -  I z i i , 2  h -~ l e [1 ,2  + ] U 2 1 1 , 2  h - ~  ]e11.2) 

<CG(3M)6h-~-"(h"+ Ilzllx + p)Ilellx Ilwllx, 

IV2 < 2 ~ I(B(uO.V (u~-u2) + En(ul)- B(u2)]. V u21 
+ [C(ul)-C(u2)], B(uO'Vw)l 

< C G ( 3 M ) 2 6  Iwlx,2 
�9 (lelu2 + h  -~ Jell,2 lull,2-t-G(3M)Ile[Io,2) 

< C G(3 M) 2 6 h-"(h" + IIzllx + p G(3 M)) Ilellx Ilwllx , 

1V3<26 [(B(u2). V u2 + C(u2), [Du B(zl). V w] e)f 
<C26[G(3M)-12(Iuzh,2+ 1)h -~ lelL2 ]wll,2 
< C 26  [G(3 M)] 2 h-~(1 + Ilzllx +P)Ilellx Ilwllx, 

IV4 < C 2 6[G(3 M)] 2 IIellx Itwllx , 

1115<26 ]([Du B(z). V z + D~ C(z)] e, B(z). V w)] 
< C2616(3M)] 2 h-~(1 + Iz]l,2)leh,2 Iwh,2 
< C 2 6 [ G ( 3  M)] 2 h-~(1 + Ilzllx)Ilellx Ilwllx, 

1V6<26 ]([B(z). V z + C(z)] e, D,, B(z). V w)] 
< C [6(3 M)] z 26 h-" Ilellx(1 + Ilzllx) Ilwllx. 
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(5.13)-(5.19) yield 

(5.20) 

with 

1V< L~(2, p, []Zllx) Ilel}x Ilwllx, 

G. Lube 

L2h'=C[G(3M)]2{6h-I-~(h~+ tJZltx+p)(1 + 2 ) + 2 6  h-~(1 + tlzllx)}, 

hence from (5.9), (5.12), (5.20) it follows 

(5.21) I I I+IV<Lh(2 ,  p, Ilzllx)Ilellx I{wllx, 

Lh..=Lk + Lz:=C G(3 M) { 2 p(1 + I[zllx + p) + 6 h -1 -~ G(3M) 

�9 (h~+ [Izllx+ p)(1 + 2 ) + G ( 3 M ) 2 6 h - ~ ( l +  Ilzllx)}. 

(5.21) together with (H.6) implies 

lim sup Lh (2, 0, #) 
h~O 2eA 

=l im  C[G(3 M)]2 {f  h-  ~-~(h~ + p)(l + 22)+ 22 fi h-~(l  + #)}=O. [] 
h~0 

Thus the auxiliary results for the first part of the Theorem and for the estimate 
(4.27) are complete. Note that as a consequence of (H.3) and (4.27) we have 
the following estimates 

(5.22) [lUhl[x<2M, IlUhtlO.o~,~<2fMh-~=Mh. 

As a last point, we consider auxiliary results from standard SDFEM analysis 
to prove Theorem (2). 

Lemma 5.4. Under the assumptions (H.1)- (H.6)  it holds with 8 = nh U--Uh 

V= a o (re h u, 8) -- ao (uh, 8) + ~ 6i(N~ (re h u ) -  N~ (Uh), B (uh)" V 8)~, 
i 

_-> �89 III 8 Illff,~-c M G (Mn)(1 + M G(Mh) 6 h - z~) lO 12,2. 

Proof H61der's inequality yields 

(5.23) l ~ 6 i ( - e A  8, B(Uh).V 8),, 
i 

< Z e 1/~ IIA 0110,2:,1/~ IIB(uh).VO{Io,2:, 
i 

____ (~  ~2 6,11A 8 II 0 2, 2.~,) x/2 (Y~ 6, II n(uh). V 8 II 0 2, 2:,) a/2 
i i 

< k ~ 6, Iln(un). V Oll•.z.,, 
i 

+ E C  2 8(e 6 ih / -2 )  I[V 8112,2:, ( by  ( A . 1 ) )  
i 

<__�88 ~ 6,11B(uh).vsIl~,2:,+�88 (by (H.6)) 
i 
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where C I is the constant in the inverse inequality (A.1) and we assumed that 
4 C 2 K < 1 in (H.6). Thus 

(5.24) V= e 2 1OlL2-~ecS~(A0, B(uh). V O)~, 
i 

+ y" (H (Tz h u, V nh u ) -  H(uh, V Uh), 0 + 6i B (Uh)" V 9)~, 

=;v~ 
: _�88 >_-~t0h,~ 111o111~,~+ v,. 

In more detail, we have 

(5.25) VI = ~ (B(Uh)" V 0 + (B(nh u)-- B(uh))" V r~h u 
i 

+ C(Tz h u) - -  C(Uh) , 0 + ~i B( t th)"  V 0)~, 

=~ '6 ,  IIB(Uh). V OII2,E,~, +(B(Uh). V O, 0) 
i =,'V2 

+ ~([B(nh u)-- B(uh)]" V n h u + [C(rc h u ) -  C(uh)], 0 + fit B(Uh)" V 0),,. 
i 

=V3 

Integration by parts and (H.1), (5.21) yield 

(5.26) I V 2 [ = [ - -  �89 (0, 0 div n (Uh)) I < C G (Mh) 2 11011o.2. 

Using (H.1), standard inequalities and Sobolev's imbedding theorem, we find 

(5.27) IV3[ < a(Mh)(llOllo,41~hUll,21tOIlo,4 + llOI102,2) 

+ a(Mh) ~ ~/-~(llOIlo,| [nhUll .2,~,+ 110110,2,0 l//-~lln(Uh)'V OIlo,2,~, 
i 

_<Ca(Mh)(lu]l,2 11011,2,2+ tl011~,2)+�88 ~ 6, Iln(uh)'V 01120,2.~, 
i 

+C[G(Mh)]2 6 ( h - 2 r  t 0  2 2 2 ILzM + 110110,2) 
< �88 ~ 6, IIn(Uh). V OII2 2.~, + f a(Mh) 

i 

�9 { M  110112,2 + G(Mh)M 2 6 h-2K 101~.2} 

i 

+ C M G(Mh) 11011~,2(1 + M G(Mh) f h-  2"). 

The assertion follows from (5.24)-(5.27) and Friedrich's inequality: 

V>-e 2 2 ~ b i  -IV2 V3[ _ 10h,2-�88 [In(uh)'VOII2o,2,~, I--I 
i 

> &IIIOIII~2,a-CMG(Mh) 11011~,2(I+MG(Mh)6h-2"). [] 
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Lemma 5.5. Under the assumptions ( H.I ) - (  H.6 ) it holds with ~ = rch U-- Uh 

VI = [% (nh u, ~) -- ao (u, 9)] + ~, 6i (N~ (re h u) - N~ (u), B (Uh)" V ~)~, 
i 

= �88 III 0111~,~ + C4(A) h2k (13 + h). 

Proof With r/= zt, u - u  we find 

(5.28) Vl=e(Vtl, V~)+(H(r~u, V ~ u ) - n ( u ,  Vu), 0) 

+ Y ,~,{(-~A,7, B(u& V O)~, 
i 

+(H(rrhu, V~u)- -H(u ,  Vu), B(g).V 0~,} 
1 <~e {0~.2 + Ce 1~/~1,2 + ~ ~ 6, IlB(u,)'VOIIZ,2,~, 

i 

+ c ~  Y, 6, Inl222.,,+ I(B(~h u).V n, 0)1 
i 

=: VI~ 

+ I(EB(~h u) - B(u)] .V u + [C(~ u ) -  C(u)], 0)1 

+ lY.,~,(n(~hu).Vq + [B(~u)-B(u)] .Vu + [C(~ u ) -  C(u)], B(uh).V O)~,l. 
i 

=: V l  3 

Integration by parts, (H.1) and Friedrieh's inequality yield 

(5.29) I V lx  I = I --  (rl, B (re h u). V , 9 ) -  (q, 0 div B(rt h u))l 

C G(2M)[l~llo,2(1011,2 + ll01lo.2) 

< CG(2M)11~110.210Ix.2- 

Next we find by (H.1), Hflder's inequality, Sobolev's imbedding theorem and 
Friedrich's inequality that 

(5.30) 

(5.31) 

I VI21 < G(2M){ [Iq][o,2 l u]1,3 11~lJo,6 + 11~11o,2 II~llo,2} 

=<CG(2M) IIr/l[o.2(I ul2,2 + 1) 1,911,2 

=< C HrlH2,2 + C[G(2 M)]2(I + Iul2,2) 2 1~[1,2,2 

Iv13 I=< Y~ (l/~, LI B(uht. V 011 o.=,0 G(2M) 
i 

" V ~ / ( ] / 7  }1,2,r, + I[Y/llO,6,~i l U I 1 , 3 , , ,  "q- l l~ l [0 ,2 , r , )  

i 

+CEG(2M)]2"6(Irtl~,2+luh,22 2 + 2 I~tla,2 IIqtlo,2). 



Streamline diffusion finite element method 

Summarizing (5.28)-(5.31) we arrive at 

VI < �88 11101112,,a+ c[a(2M)]2(1 +1ul22.2) 1011,2z 

+ C {e lrll2,z + e2 ~ 6, lql~,2,,, + 11~/[10,22 
i 

+[G(2M)]Z f(l +Iu 2 2 

and by (A.2) 

(5.32) 

where 

(5.33) 

(5.34) 

VI < �88 lll,91ll~2,~+ C41(A)e l O12,2 + C42(A) h2k(~ + h + c~) 

C41(A),=C[G(2M)]2(1 +1u[22,2) 2 

C42(A),=CluI~+ 1,2(1 + [G(2M)32(1 + lul2,2). 

By means of (4.27), triangle inequality and (A.2) it follows 

(5 .35)  1011,2<ltlll,2+lu--uhh,z<Chklulk+l,z+Cs(A)h k 
=C43(A)h k with C43(A):=C3(A)+CluI~+l,2. 

Hence with (A.6) we arrive at 

(5.36) 

where 

(5.37) 

which concludes the proof. 

VI < �88 II10111~.n + C4(A) h2k(e + h) 

C,(A),=C,1 (A). [C,3 (A)] 2 + C,2(A) 

[] 
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6 Numerical example 

We mention that the proof of Theorem (1) in Sect. 4 justifies Newton's method 
for (~h) in a neighbourhood of the nonsingular branch {(2, u(2): ;LEA, ueX} 
of solutions of (X). In order to find the solution, we studied in [23] simple 
1 D-problems with parameter continuation (in 2 = e-1) in connection with New- 
ton's method [13]. Some numerical 2D-results for B(x, u)=b(x) can be found 
in [22] and [31]. 

For nonlinear equations of Burger's type 

(6.1) - e A u + B ( x ,  u ) .Vu=f  in (2cP-~ 2 

we studied also the simple iteration technique (frequently used for approximating 
the Navier-Stokes equations) 

(6.2) Find u~"+ 1 ~ Vh, m~No s.t. Vv~Vh 

e(V u~" + x, V v)o + (B (u'~). V u"~ + 1, v)a 

+ Y~/~i ( -  ~ A u~' + 1 + B (u~"). V u~" + 1 _ f ,  B (u~") �9 V v),, = (f, v)o. 
i 
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Fig. 1. Discrete solution of (6.2)-(6.4), e= 10 -6, h =~60 

As an example we consider [cf. Giles/Rose (1984), J. Comput. Phys. 56, 513-529] 

~u + 0 4  0u = 0  - e A u + u  ~xl . ~ x  2 in f2--(O, 1) 2 (6.3) 

with 

(6.4) 
= ~  0.8, /f x l<0 .3+0 .5x2 ,  0 < x 2 < 1  

u [ - 0 . 4 ,  if x l > 0 . 3 + 0 . 5 x 2 ,  0 < x 2 < l  

~u 
~ n = 0 ,  i f x 2 = l ,  0 < x l < l  

with an interior layer at x l =0.3 +0.5x2. With piecewise linear approximation 
(k= 1) and on an uniform 20 x 20 mesh on f2, a converged solution of (6.2) 
was obtained for e =  10 -6 after 30 iteration steps. The discrete solution is pre- 
sented in Figs. 1-3. 

7 Remarks. Open problems 

7.1. The constant T(A) in our Theorem in Sect. 4 strongly depends on e2, 
0 < e2 < e. In the special case of strict monotone problems (sV') such that 

(7.1) 3 ~ > 0 V v e S :  (D.N,(v).w,w>~{~lwl~,2+llwll2o,2} VwEX 
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Fig. 2. Discrete solution of (6.2) (6.4), isolines 
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it is shown in [23] tha t  even for e > 0 

(7.2) ] l l u -uh l lb<Chk(V~+] /~ )  lulk+,.2 

as in the linear case B(x, u)=b(x), C(x, u ) = c ( x ) u - f ( x ) .  Unfor tunate ly ,  (7.1) 
implies B(x, u) = - b(x). It  is conjectured tha t  (7.2) remains  valid in the somewha t  
more  general  case where in (7.1) v is replaced by the solut ion u of  (Jt O. 

7.2. In the genuinely quasi l inear  case (A/') our  analysis obviously  does not  work  
in the limit case ~ = 0. It  is an open p rob lem whether  the analysis of  an improved  
S D F E M  var ian t  ( "shock  captur ing  s treamline diffusion m e t h o d " )  in t roduced  
in [29] and  [30] for t ime-dependent  conserva t ion  laws and  the incompress ible  
Navie r -S tokes  equat ions  can be used as a remedy.  It  is essentially based on 
special (compensated)  compac tness  a rguments  in L ~  (f2). 

7.3. The analysis in Sects. 4 and  5 remains  part ial ly correct  in the 3D-case.  
N o t e  that  the basic es t imate  (3.2) then reads 

(3.2)* V vh~ Vh: Ilvhllo,~,~ <= C h - a/z Ilvh[ll,/,~. 

With  some modif icat ions  in the p r o o f  of  L e m m a s  5.1-5.3, T h e o r e m  (1) and  esti- 
ma te  (4.27) remain  valid. Fur the r  it holds instead of (4.29) 

(4.29) + Iluh][o,~,o <= Mh'.----2 C M h -1/2 

Consequent ly  the cor responding  es t imate  of  IllU--Uhlll~,o in T h e o r e m  (2) holds 
only with loss of  some powers  of  h depending  on the g rowth  condi t ion (H.1). 

Acknowledgement. The author would like to thank the referees for many helpful comments. 
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