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Summary. In this paper we apply the coupling of boundary integral and finite
element methods to solve a nonlinear exterior Dirichlet problem in the plane.
Specifically, the boundary value problem consists of a nonlinear second order
elliptic equation in divergence form in a bounded inner region, and the Laplace
equation in the corresponding unbounded exterior region, in addition to appropri-
ate boundary and transmission conditions. The main feature of the coupling
method utilized here consists in the reduction of the nonlinear exterior boundary
value problem to an equivalent monotone operator equation. We provide sufficient
conditions for the coefficients of the nonlinear elliptic equation from which exist-
ence, uniqueness and approximation results are established. Then, we consider the
case where the corresponding operator is strongly monotone and Lipschitz-
continuous, and derive asymptotic error estimates for a boundary-finite element
solution. We prove the unique solvability of the discrete operator equations, and
based on a Strang type abstract error estimate, we show the strong convergence of
the approximate solutions. Moreover, under additional regularity assumptions on
the solution of the continuous operator equation, the asymptotic rate of conver-
gence O(h) is obtained.

Mathematics Subject Classification (1991): 35J65, 35J05, 65N15, 65N30, 65N50,
65R20

1 Introduction

At present, there are two different concepts for the combination of boundary
element method (BEM) and finite element method (FEM). One, which we will not
consider, uses BEM for the modeling of special finite element functions (see e.g.,
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Schnack (1987) and Hsiao et al. 1991). The second concept, which is the most
popular, consists of subdividing the original domain into a finite number of
subregions and using in each of them either FEM or BEM, where the latter lives on
all boundaries of the subregions. This approach is particularly attractive for
exterior problems or boundary value problems in domains extending to infinity. In
this case, the general coupling procedure may be simply described as follows. First,
one divides the domain into two subregions, a bounded inner and an unbounded
outer region by introducing an auxiliary common boundary, if necessary. Next, the
problem is reduced to an equivalent one in the bounded inner region. This
reduction will be accomplished by deriving either a local natural boundary condi-
tion or a nonlocal boundary condition, which relates the Cauchy data of the
solution, on the common boundary. Because of the necessity of deriving this
boundary condition on the common boundary, one needs generally to apply
boundary integral methods to the unbounded outer region. This reduction to an
equivalent problem is by no means a unique process. The first significant result
concerning the theoretical justification of a coupling procedure of this type based
on the direct boundary integral method seems due to Brezzi and Johnson (1979)
and Johnson and Nedelec (1980). This result has been generalized recently by
Wendland (1986, 1988). Further theoretical developments with respect to various
coupling procedures may be found in Costabel (1987), Feng (1983), Han (1987),
Hsiao and Porter (1986), MacCamy and Marin (1980) and Porter (1986). For
a complete survey of the coupling methods we refer to the recent papers Hsiao
(1988) and Hsiao (1990).

It is worth remarking that in terms of general flexibility and applicability, the
most suitable approaches are the ones given in Johnson and Nedelec (1980),
Costabel (1987), Han (1987) and Wendland (1986, 1988), which are all based on an
integral representation of the solution in the unbounded region from Green’s
Theorem, the so-called direct boundary integral method. The success of the
coupling procedure described in Johnson and Nedelec (1980) and of its correspond-
ing generalization given in Wendland (1986, 1988), hinges on the fact that the
boundary integral operator of the double layer potential is compact. However, in
many applications as e.g,, in elasticity, this is not the case. Costabel (1987) and Han
(1987) proposed modifications of the original method of Johnson and Nedelec in
which the compactness does not play any role. Both Costabel’s and Han’s ap-
proaches are based on the addition of a boundary integral equation for the normal
derivative (resp. traction in the case of elasticity). Costabel’s method leads to
a symmetric and non-coercive bilinear form, while Han’s method, on the contrary,
yields a coercive and non-symmetric bilinear form.

It has been shown recently that the coupling of boundary integral and finite
element methods, originally designed for treating linear problems, works equally
well for the case of an adequate combination of linear and nonlinear partial
differential equations. To the best of the authors’s knowledge, up to now only
Costabel and Stephan (1988), Gatica (1989), Gatica and Hsiao (1989a, b, ¢, 1990),
Berger (1989), and Berger et al. (1990) have applied the coupling method to
nonlinear problems from the theoretical point of view. In Berger et al,, for instance,
the approach is based on the classical method of Johnson and Nedelec. On the
other hand, Costabel and Stephan extended the symmetric method for linear
problems (see Costabel (1987)) to the nonlinear case and obtained a variational
formulation in which the weak solution constitutes a saddle point of the associated
functional. The approach used in Gatica and Hsiao’s papers is based on the theory
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of monotone operators and can be regarded as a generalization of Han’s method to
the nonlinear case.

In this paper we report on the results obtained in Gatica and Hsiao (1989a, b)
for the two-dimensional case. In Sect. 2 we convert the nonlinear exterior boundary
value problem to an equivalent nonlocal boundary problem in the inner region.
Then, in Sect. 3 we give a weak formulation for the nonlocal boundary problem
and reduce it to an equivalent operator equation form. Some known results on
monotone operators are collected in Sect. 4. Existence and uniqueness of the
solution of this operator equation are established in Sect. 5 by using the results
from Sect. 4. In Sect. 6, we study the Galerkin approximations for the monotone
operator equation and provide some abstract error estimates of the Céa and the
Strang type. Finally, in Sect. 7 we derive asymptotic error estimates for a bound-
ary-finite element solution of the operator equation for the case in which the
corresponding operator is strongly monotone and Lipschitz-continuous.

2 The nonlocal boundary problem

We first specify the nonlinear exterior boundary value problem. Let Q, be
a bounded simply connected domain in IR? with smooth boundary I'y. Let Q™ be
the annular region bounded by I'; and another smooth closed curve I'. We denote
by Q* the complement of Q, U Q~ (see Fig. 1 below). For any function v defined in
Q- uQ*, we write v* for its limits on I' from Q*. Also, for 0 <r <1,
Ch"(27)nCh"(Q) denotes the space of functions v defined in €~ U Q™" such
that v|Q eCl"(Q ) and v|g- e CL7(Q ™), where for each nonnegative integer m,
C™"(Q%) is the space of those functions in C™(Q*) whose partlal derivatives of
order m satisfy a Holder continuity condition with exponent r in Q*. In addition,
leta;: Q" xR*>R,i=1,2be nonlmear mappings such that ¢;e C1(Q ~ x R?)
for all i = 1,2. Then, given feC(Q ), goe C1'"(I'y) and be R, we consider the

Fig. 1. Geometry of the exterior BVP
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nonlinear exterior boundary value problem: Find ue C*(Q~ 0 Q*)nC L@ n
CL"(Q%) such that

@.1) - Z a( ,Vu())=f in Q"

~Au=0 inQ*

u=go only

2

w=ut, Y a(, (Vu)y () = (a“> on Tl

i=1 v
b
u(x) =;log|xl +0() as|x|->+w,

where v:= (vy, v;) denotes the unit outward normal to I

We remark that the regularity conditions specified above on the nonlinear
coefficients a; and the data f and g, will be relaxed when we consider the weak
formulation of (2.1), which, as indicated before, is our main concern in this paper. In
that case it will suffice to have fe L%(27) and goe H'?(I,), in addition to the
Carathéodory and growth conditions for a; (see Sect. 3). We comment further that
if feC(Q ") then clearly fe L?(Q7), and similarly if goe C*"(I'y) then one can
prove that g, € H'*(I'y). However, the converses are not necessarily true.

Explicit examples of nonlinearities a; appear in physics, mechanics, etc. In the
stationary heat conduction equation, for example, one has a;(x, Vu(x)) =
k{x, Vu(x)) % where u is the temperature and k is the heat conductivity. Also, in
some subsonic flow and fluid mechanics problems the nonlinear mappings g; have
similar expressions (see e.g., Feistauer 1986, 1987).

Our goal here is to solve the problem (2.1) by the coupling procedure as
in Han (1987) for linear problems. We first reduce (2.1) to a nonlocal boundary
problem. For this purpose we need some results from potential theory. Let

E(x,y)= — ﬁloglx — y| be the fundamental solution for the two-dimensional

Laplacian. Then, we assume that I' is a closed Lyapunov curve and define the
following continuous boundary integral operators (see Michlin (1970, 1978)):

2.2) V: Cor(I)— C(T)
(VE)x):= [ E(x, p)¢(y)ds,
r

(2.3) ' K: CO' () - Ct(I)
8

(K&)(x):= S{ 50)

(2.4) K': CO"(I') > C"(TI')

(KO (x)= f{a x )E(x, y)}é(y)dsy,

E(x, y)}é(y)dsy,
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2.5) W: CL7(I') > Co"(I)

0 0
(W) (%)= — a(—x);{mh"(x, y)} ¢(y)ds, .

Here V, K, K’ and W are, respectively, the boundary integral operators of the
simple, double, adjoint of the double and hypersingular layer potentials. For further
properties of these operators we refer to Michlin (1970) and Colton and Kress
(1983). We remark that since our main interest is the studying of a weak formula-
tion of (2.1), we will provide in Sect. 3 the continuity properties of the above
operators in the Sobolev spaces H"(I').

The following lemma will also be needed (see Hsiao and Roach 1979; Hsiao
1986).

Lemma 2.1. Let ve C3(Q*Y)nCL"(Q%) be the solution of the exterior Dirichlet
problem
—Av=0 inQ*

v prescribed on I’

v(x) =éloglx| +0(1) as|x|—+ 0.

n
ov\*
— =2b.
£<8v> ds=2b

Let us return now to our problem (2.1). From Green’s theorem we have the
representation

Then

0 ou\"*
26) u(x)=j{mE(x,y)}w(y)dsy~jE(x,y)<;31§) (y)ds, — 4

r r
for all xe 27, where A is a constant. Hence, in view of the jump conditions of the
corresponding layer potentials, we arrive at the integral equations on I':

+
@.7) ut = %I+K)u+—V(g—:) -2,

ou\* ‘1 N

Now we use the interface conditions from (2.1). We have u* =u~, and if we

ou\* .
put 6 =Y 2, a(-,(Vu)~(*))v;, then <a_u> = 6. We substitute into (2.7) to
obtain, on I, Y

GI-Ku~ +Vé+4=0,

a(*, (V)" (*))vi= — Wu™ + 31 -K')G.

#
-

Qe
]
M
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These formulae and Lemma 2.1 lead us to the nonlocal boundary problem: Find
ueC(Q )nCt(Q7), &ECO"(F) and A€ such that

(2.8) —Z a( ,Vu(*))=f in Q"

u=(go Onro
2
Y a(,(Vu)"())wy=6 and G=-Wu +(GBI-K)6 onTl

i=1

3I-K)u"+Vé+1=0 onrl
fods=2b.
r

Note that in (2.8) the boundary conditions on I" are nonlocal conditions, since the
values u~ over the entire curve I are needed in order to compute G(x) = Y /-,
a;(x, (Vu)~ (x))v; at a single point x e I'. Clearly, one may also consider other types
of nonlocal conditions, and in principle, the nonlocal boundary problem (2.8) can
be treated numerically by any conventional scheme, since it is a problem over the
finite region £ ~. We will adopt the Galerkin procedure and lead up to the coupling
of the boundary element and finite element methods. Before doing so, we establish
explicitly the equivalence between (2.1) and the nonlocal boundary problem (2.8).

Theorem 2.2. The problems (2.1) and (2.8) are equivalent in the following sense:

6 +
i) If vis a solution of (2.1), then (u, 6, 1) solves (2.8), where u:= v|g-, 6= <5€>
on I' and the constant 4 is obtained from the Green’s representation for v in Q%.

Conversely, if (u, 6, 1) is a solution of (2.8), then v defined by

u(x), xe @~
29)

v(x) 3 ~
;{ﬁv(y)E(x’ y)} u”(y)ds, "iE(x’Y)U(J’)dSy — 1 xeQ

is a solution of (2.1).
iiy The problem (2.1) has a unique solution if and only if (2.8) has also a unique
solution.

Proof. Naturally, the first assertion of i) follows from our deduction of (2.8). Now,
let (u, 6, He[CHQ )N CY"(27)]x C*"(I') x R be a solution of (2.8) and define
v by (2.9). Accordlng to the regularlty propertles of u and g, it follows that
veC}H Q- uR)NCH Q)N CL Q). Also, since v = u in 2~ and the double
and single layer potentials are harmonic in QF, we obtain that v clearly satisfies the
first three equations in (2.1). On the other hand, taking limit in (2.9) as x approaches
I from Q* we get

(2.10) v*=(3I1+Ku —Vé6—4 onTl.

Then, adding (2.10) to the fourth equation in (2.8) we deduce that v* =u~ on I,
and since u~ = v~ we conclude that v* = v~ on I'. Analogously, taking limit in
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(2.9) of the normal derivative as x approaches I' from Q* again, we obtain

ov\* N
(Fv) =—Wu +(3I-K)d,

+
which together with the third equation in (2.8) imply <%> = ¢, and hence, since
v=uin @,

2 o\
Y ai(',(Vu)'('))v,-=<a—> onrl .
i=1 v

Finally, it is easy to see that the equality |, 6 ds = 2b and the formula (2.9) yield the
asymptotic behavior v(x) = (b/r) log|x| + O(1) as |x| — + oo. This concludes the
demonstration that v is a solution of (2.1).

We now prove ii). First, suppose that (2.1) has at most one solution and that
(u;, 65, 4;), j=1,2 are two solutions to (2.8). Then, according to our previous
analysis we obtain that for j = 1, 2 the function v; defined by (2.9) with (u;, 6;, 4;)
instead of (u, 6, 4), is a solution to (2.1). Thus, the uniqueness of (2.1) implies
v, = v,, which means u; = u, in Q~, and

0
2.11) Ha—v(—y-) E(x, Y)}uf(}’)dsy - If_E(X,y)&(y)dSy — A

a 5 ~
- i{av(y) Ex J’)} uy (y)ds, — ; E(x, y)G2(y)ds, — 4,

for all xe Q*. Then, since by (2.8) 6; = Y 7=, ai(*, (Vu;)”(*))v; on I', we obtain that

6, = G,. Hence, the equality (2.11) gives 4; = 4,. In this way we have shown that

(u1, 01, A1) = (43, G2, A,), which proves that (2.8) has at most one solution.
Conversely, suppose that (2.8) has no more than one solution and that v,, v, are

two solutions to (2.1). Then, by i) and the uniqueness of (2.8) we deduce that

. =_ (v \" vy \* .
v, =0,inQ7, (—;—1—> = (—;—2) onTI,and 4, = 4,. Now, since by (2.1) v{ = vy
v v
and v5 = v; we deduce that v = v, and then, from the Green’s representation
for v; in Q* we conclude that v; = v, in Q7. This completes the proof. O

Having proved the above equivalence, we now focus our attention on the
nonlocal boundary problem (2.8). Indeed, the derivation of a convenient weak
formulation for (2.8) is the main purpose of the next section.

3 The weak formulation
In order to provide a weak formulation of (2.8), we need first to introduce a few
notations and coilect some results.

3.1 Preliminaries

In what follows, for m integer, r real, let H™(2~) and H'(I') denote the usual
Sobolev spaces equipped with norms | * | gm@-) and | * || a-(r) respectively (see e.g.
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Kufner et al. (1977)). Furthermore, for m > 0, let | *|ym -, denote the seminorm,

1/2

|0|gm@-y= { > ID“vlzdx} ,
la|=m 2~

and let {+,* ) denote the duality pairing between H"(I') and H ~"(I") with respect

to the L2(I')-inner product,

(& 6):=[E&(s)0(s)ds V(& 8)eH (I xH"(I).

We now introduce the subspace H} (27) of H*(27) defined by
3.1 H} (27 )={veHY (Q ):v| =0} .

Then, it is easy to prove that || * ||g1 -y and |* |41 -, are equivalent on Hf(27),
i.e., there exists a positive constant C such that

(3.2) lollfi@-) S Cloliie-), YoeHp,(@7).

Let us now consider the boundary integral operators of the layer potentials
acting on the Sobolev spaces H'(I"). The foliowing results are well known (see e.g.
Hsiao 1989; Hsiao and Wendland 1977, 1981).

Lemma 3.1. For C® boundary I', the operators defined by (2.2)-(2.5)
(3.3) V:H YY)y H™"VY3(r);K: HY2(r)— H™32(IN)
K'i H’—I/Z(F)—-DH'+1/2(F); WI HH’I/Z(F)—-)HP—I/Z(F)

are continuous for any reR. In addition, if diameter of T is less than 1, then V is
a bijective mapping from H"~Y2(I') onto H"*Y2(I') for all re R, and there exists
a positive constant C such that

(G4 KVE 8 2 Clelli-ingy VEEHTVA(T).

The first part of Lemma 3.1 clearly indicates that V, K, and K’ are pseudo-
differential operators of order —1, whereas W is a pseudodifferential operator of
order +1 (see Kohn and Nirenberg 1965). We comment that for the purposes of
the weak formulation of (2.8), we shall be particularly interested in r = 0. In this
case, as shown in Hsiao and Wendland (1977), it suffices to require I' to be of class
C? in order to obtain the above continuity properties. Now, we also observe that
the assumption on the diameter of I' insures that V has a positive kernel, from
which one proves that (3.4) holds (Hsiao and Wendland 1977, Corollary 1).
However, this restriction on the size of I" can be removed if we consider a conveni-
ent subspace of H ™ Y/2(I'). In fact, let D be twice the diameter of I', and let us rewrite
the operator V as follows,

1 1
(VO = ﬁilog{lx - yl}é(y)dsy — 57 log DL, &

for all £e H ™ Y2(I"). Then, if Hg */?(I") denotes the subspace of H ~'/2(I') defined
by

(3.5) HeV ()= {¢{eH™VX(I):(1,¢) =0},
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we obtain clearly that

(3.6) (V&) (x) = Zinjlog{bc Ij y|}£(y)dsy VEeHGY2(I).
r

This shows that V has a strictly positive kernel on Hg ('), and consequently,
there exists C > 0 such that

3.7 VES 2z ClElf-1ny VEeHGVHT),

independently of the diameter of I'. It is worth remarking that the subspaces
H!(Q7) and HyY2(I') introduced here (cf. (3.1), (3.5)) will become the correct
spaces for the weak formulation of (2.8).

On the other hand, if I' is a Lipschitz continuous boundary, then for all
re[— 1/2, 1/2] the mapping properties of V and W remain the same as in (3.3), but
K and K’ become now pseudodifferential operators of order 0, only. More precisely,
we have the following result (see Costabel 1988, Theorems 1, 2).

Lemma 3.2. For C%! boundary I, the operators defined by (2.2)—(2.5)
V:H"™YX(ry—-H Y3y, K: H""Y(I')—> H™*Y2(I)
K: H™Y()—>H ~Y*(I); W: H"*Y2(I') > H"~Y*(I")

are continuous for all re {— 1/2,1/2]. Furthermore, there exists C > 0 such that

(3.8) (VEE 2 Cliel-aay VEeHGVAT).

Now, it is not difficult to see that for e HY2(I'),

(WE)(x):= E(x, y)}é(y)dsy

0 0
IR

_ d dé(y)
=i ; E(x,y) s, ds, .

Hence, integrating by parts on I', we get

e\ [ dé .
(3.9) <5,wc>=<v<$),<g)> Ve e HYX(T),

where 3—5 stands for the derivative of £ with respect to the arc length s.

We remark that the above expression is well defined because the map

HY?(IN)sé - %éeH ~12(I') is continuous (see Netas 1967), and from Lemma 3.2
s

with r =0, V:H Y*(I')> HY?(I') is also continuous. In particular, for v,
ze H1(Q™) we have by the trace theorem v, z~ € H?(I'), and hence,

_ B dv™ dz~
(3.10) {(z7,Wv >=<V<_d—s—)’<—d?)>
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d
Moreover, since %EH o Y2(IN), a direct application of (3.8) and (3.10) gives

_ _ dv™ dv~
(3.11) {v™,Wr >=<V<X>,<K>>g

for all ve HY(Q27).
The results given in this subsection will be needed later in the paper.

ar-

=0
ds =

H- 1/2(1‘)

3.2 The weak formulation and the operator equation

We first reformulate the nonlocal boundary problem (2.8) in a weak sense. To this
end, we assume that Q" e C%!, fe L>(27) and goe H'/?(I'y). Then the problem
(2.8) reads: Find (u, 6, ))e HY(Q7 ) x H Y2(I') x R such that

2 0 o
(3.12) —i;a—xiai(xVu('))zf in Q
U =(dgp Onro
2
Y a(,(Vw (*))vy=6 and 6=—Wu +(3I—-K)é onl
i=1

GI-Ku +VG6+4i=0 onTl
{1,6> =2b,

where the nonlinear partial differential equation in (3.12) must be understood in the
distributional sense. Note that in view of the trace theorem we now have
u e HY?(I), and ulroeH”z(F) Also, the conormal 7., a;(+, (Vu) (*))v; is
interpreted as a distribution in H ™ 1/Z(I’ ) via the d1vergence theorem In other

words, for any ve H!(Q ™) with Z, 1 66 :(+, Vo(+))e L3(Q7), the formal expres-

sion Y2 | a;(, (Vv)~(+))v; denotes the dlstrlbutxon in H ~Y2(I') which is defined as
follows,

(3.13) <z: 5 ai(-,(w)-(-))v,->:=§ [ ax, Vo) (—%C—dx
i i Q-

i=1 i=1 i

+

2 9
J {izzla—x—iai(-,wt»}zdx
for all ze H},(Q7). Here, we have assumed explicitly that the nonlinear coefficients
a; are such that a;(+, Vo(+))e L*(27 ) for all ve H*(Q ™). This assumption will make
sense later on when we specify the Carathéodory and growth conditions for a;.

Now for the weak formulation, we multiply the partial differential equation in
(3.12) by any function ze H },(2~) and apply the divergence theorem (cf. (3.13)) and
the third equation in (3.12) to yield

2 0
G149 Y | alx Vu(x))-a—xz—dx +<z7,Wu™ —(31—-K')6) = | fzdx.
i 0-

i=1 Q-
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Similarly, we multiply the fourth equation in (3.12) by any test function
de H ~Y2(I') and integrate over I to obtain

(3.15) (V6,0 + 3T —-K)u",8)> + K1,8>=0.

Equations (3.14) and (3.15) then lead us to the weak formulation: Given (f, go,
b)e L2 (Q )x HY*(I'y) xR, find (u,6,A)eHY Q7 )xH Y3(I')x R such that
(u—g)eH},(Q7), 1,6 = 2b, and (u, G, A) satisfies

2

(3.16) > | aix, Vu(x))g—z- dx + B((u,6),(z,8)) + A{1,8> = [ fzdx
i 0n-

i=1 Q-

for all (z,8)e H},(Q7)x H™Y2(T'), where ge H'(Q27) is an extension of g, with
dlr, = go, and B is the bilinear form defined by

(3.17) B((v,8),(z,0)):= (27, Wo™ ) = {2z, B3I - K")¢&)

+(VESY + 3T —K)™, 6D

for all (v, &), (z, 8)e H (Q™)x H ~Y¥(I).

We remark that (3.16) and (3.12) are equivalent. Moreover, if (4, 6, 1) is a suffi-
ciently smooth solution of (3.16), then it is also a classical solution of the nonlocal
boundary problem (2.8). Obviously, the regularity properties of a solution of (3.16)
will depend on the smoothness of the coefficients a;, the data go, f, and the
boundary Q~. The question of regularity will not be addressed here.

Now, in order to deduce a more suitable formulation, wesetw =u — gin Q~,
and 6 = 6 — % on I'. It is easily seen that (w, 6)e H},(Q ) x Hg */?(I'). Conse-
quently, we reformulate (3.16) as follows: Given (f, g,b)e L*(Q2™)x H*(Q7)x R,
find (w,0,))e H}(Q7)x Hg Y*(I')x R such that

2

(3.18) Y [ ax,V(w + g)(x))% dx + B((w, 6),(z, 8)) + A{1,8)> = F(z, )

i=10-

for all (z,6)eHL(Q )xH Y*(I'), where & is the linear functional on
HY(Q 7 )yx H Y2(I') defined by

(3.19 F(z,0):= [fzdx——B<<g,z?—),(z,6)>
a- [T'|

Y(z,8)e H*(Q )x H Y¥(I).

Furthermore, we can still reduce (3.16) to a simpler problem by considering the
following formulation which is a simplification of (3.18): Given (f,g,b)e
L*(Q )xH (@ )x R, find (w, 6)e H, (27 ) x Hg V*(I') such that

2
(3.20) Y | alx, Vw + 9)(x) % dx + B((w, 0), (z, 8)) = F(z, 9)

i=19°
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Jorall(z, 8)e H},(Q7)x Hg Y/*(I"), where F is the restriction of the functional F on
the subspace H} (27 )x Hg Y3(I), ie.,

(3.21) F(z, 6):= jfzdx— ((g,%),(z,é))

V(z,8)eH}, (Q ) x HgV*(I) .
In fact, we have the following result.
Theorem 3.3. The weak formulations (3.18) and (3.20) are equivalent in the following
sense:
i) If (w,0,2) is a solution of (3.18) then (w, o) solves (3.20). Conversely, if

(w, o) is a solution of (3.20), then (w, g, ) is a solution of (3.18), where the constant
A is given by

1 2b
(3.22) l——mB<< +g,a+|F|>,(O,1)>,

ii) The problem (3.18) has a unique solution if and only if (3.20) has also a unique
solution.

Proof. The fact that every solution (w, o, 1) of (3.18) provides a solution (w, o) of
(3.20) is clear. Now, let (w, 0)e H},(Q7)x H§ Y/*(I") be a solution of (3.20). Given
e H "Y3(I') we define
(1,9
iy

Since do€ Hg Y2(I') we can write from (3.20)

60-':5—

2

2§ alx, Vv + g)(x)) j—; dx + B((w, 0), (2, 60)) = F(z, o)

i=19-
for all ze H},(Q7). But, it is clear that

B((w, 0), (z, d0)) = B((w, 0), (2, 6)) — I—ﬂB((W, 0), (0, ))X<1,65,

and also

F(z,00) = #(2,0) — ll.?(0 <1, 6) .

It follows from the above equations that
2

Y | ailx, Viw+ g)(x))%dx + B((w, 0), (z, 6)) + A{1, 8> = F(z, 5)

i=10-
for all (z, §)e H}, (27 ) x H'”z(l") where
IFl {#(0,1) - B(w,0),(0,1))} .
This proves that {w, g, 1) is a solution of {3.18). Moreover, from (3.19) we have

F0O0 )= — B<< g, % ), ©, 1)>, which together with the above equality yields (3.22).
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We now prove ii). Itis clear from i) that the uniqueness of (3.20) follows from
that of (3.18). Conversely, suppose that (3.20) has at most one solution, and let
(wj, 05, 4;), j = 1, 2 be two solutions of (3.18). Since for j = 1, 2, (w;, 6;) is a solution
of (3.20), the uniqueness of (3.20) implies (w,, 6;) = (w,, ;). Therefore, from (3.18)
we deduce that (4, — 1,)<1,6> =0 ¥YéeH “Y3(I'), which gives A, = A,. This
completes the proof. [l

From the above theorem we conclude that in order to study the existence and
uniqueness of solution to (3.16) (or (3.18)), it suffices to consider the equivalent
weak formulation given by (3.20) which involves only the two unknowns w and o.
Consequently, from now on we shall direct our efforts to study the solvability of
this problem. As indicated in the beginning of this paper, the approach we adopt
here consists in the reduction of (3.20) to an equivalent operator equation. For this
purpose, we need now to specify some conditions on the nonlinear coefficients a;.
So, let a;: Q™ x R? > IR be such that the following conditions are fulfilled:

(H.1) Caratheodory conditions. The function a;(*, &) is measurable in 2~ for all
axcIR? and a;(x, ) is continuous in R? for almost all xe Q™.

(H.2) Growth condition. There exist functions ¢;e L2(Q), i = 1, 2 such that
lai(x, &)l £ C{1 + |al} + |¢:(x)|

for all @eR? and for almost all xe Q.

Here and in the sequel, C is a generic constant.

As a consequence of (H.1) and (H.2) one can prove the following important
result (for details of the proof see Gatica 1989, Chapter 2; and also Vainberg 1964).

Theorem 3.4. Suppose that (H.1) and (H.2) are satisfied. Let A; be the Nemytsky
operator defined by

(3.23) (A;0) ()= a;(x, V(v + 9)(x)) YoeHY(Q )VxeQ™ .

Then A, is a continuous map from H'(Q7) into L*>(Q7) and the inequality
(324) 1Al < C{Area(@ ) + 10 + glhs@-) + I bl
holds for all ve H*(Q7) and for all i = 1,2.

It is important to remark that in view of the previous theorem, all of the
integrals over Q™ on the left hand side of the formulations (3.16), (3.18) and (3.20)
make sense. Hence, we are now in a position to reduce (3.20) to an equivalent
operator equation form. We define the Hilbert space

H=H'(Q )xH VXI),
and the subspace

Hi= H},(@ ) x H5 VA(T),
with the product norms

1@ = { vl + 1EIE-12r)}? V0, OeH,
and

@, O llai= ll(v, O)lle V(v )eH .
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Further, let #* and H* be the duals of »## and H, respectively, with the norms
defined by

1L (z &)1
3.25 Hpo:= sup ————— VieH*,
(3.23) IWeei= Sop 0l

(z,8)% 0
and

0L (2, 8)11

3.26 Hige = ————= VYleH*,
(3.26 o= S0P G, 5)

(z,8)%+0

where [ +,*] denotes the duality pairing on both »#* x »# and H* x H.

We remark that the bilinear form B (see (3.17)) is bounded on # x # as
a consequence of Lemma 3.1 (or Lemma 3.2), and the trace theorem. That is, there
exists M > 0 such that

(3.27) IB((v, &), (2, 0N £ M| (0, D)l iz, 0) e V(v, &), (2, 6)€ 5 .

This clearly implies that the linear functionals # (see (3.19)) and F (see (3.21)) are
also bounded, i.e., # € #* and Fe H*.

Now, we observe that for fixed (w, o), the expression on the left hand side of the
equality (3.20) is a linear functional in (z, 4). Then, in virtue of Theorem 3.4 and the
boundedness of B, we can introduce the nonlinear operators J : # — #* and
T:H - H*, where J is defined by

(3.28) [T 9. (z9)]: § ailx, V(o + g)(x)) g—i dx + B((v, £), (z, 9))
(2 i

2
i=1
for all (v, &), (z, 8)e #, and T is the corresponding restriction of  on H, ie.,
(3.29) [(T® 9, (z,0)]:==[T (v 9), (z,0)]

for all (v, &), (z, )e H. Note that T can be defined, equivalently, as T:= i*+ .7 i,
where i: Hg o and i*: #°* o H* are the usual continuous injections.

Consequently, as the main point of this section, the weak formulation (3.20) can
be written in the form of an operator equation: Find (w, 6)e H such that

(3.30) Tw,0)=F,
or, equivalently, such that
(3.3 [T(w, 0),(z,0)] = [F,(z,0)] V(z,d)eH.

The operator equation form (3.30) then allows us to study the solvability of the
weak formulation (3.20) by the theory of monotone operators. This analysis will be
carried out in Sect. 5. For that purpose, some known results on monotone oper-
ators will be provided in the next section.

We remark that at this point it may seem that the introduction of the space J#,
the functional #, and the operator 4, is unnecessary. However, the usefulness of
this setting will become transparent in Sects. 6 and 7 when we study the Galerkin
approximations of the operator equation (3.30).

We end this section with the following corollary of Theorem 3.4.
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Theorem 3.5. Under the assumptions (H.1) and (H.2), the operators A;:H(Q" ) —
L*(Q7) and T:H — H* have the following properties:
i) There exists My > 0 such that

(3.32) l4wliz@-) = Cll@ &) lu
for all (v, )eH with |[(v, &) llu 2 Mo.
ii) T is bounded and continuous.

Proof. 1t follows easily from (3.24) that
(3.33) [AiwllL2@-) £ C{Mo + (v, O)lln} V(. ¢)eH,
where the constant M, is given by

2
Mo:= {Area(Q7) + |glfio- + X, I dili2-H)}"? .
i=1

13

Hence, (3.32) is a simple consequence of (3.33).
Now, by using (3.27), (3.33), and Schwarz’s inequality, we obtain from the
definition of T in (3.29),

0z

0x;
S C{Mo + |0, Ollu}lzlai@-) + My, )llull(z, 6)lu
S C{Mo + [[(v, O)llu} Iz 0)llu V(v &), (z, d)eH.
The above inequality and (3.26) imply,
IT@ &llae < C{Mo + | Dlla} V(v OeH,

which clearly shows that T is bounded, i.e., it maps bounded sets of H into bounded
sets of H*.

To prove the continuity of T, we let {(v"%, é®)} be a sequence in H which
converges to (v, £)e H. Then, for all (z, d)e H we have from (3.29),

2
|[T(U’ 5)9 (Z’ 5):” é Z ” Aiv“Lz(ﬂ‘)
i=1

+ M@, O)llull(z 0)lln

L2(27)

2

d
[TEY, &¥) — T, 8),(z8)]= Y | {(4v™)x) — (4iv)(x)} é dx

i=1 Q-
+ B((v(k)’ é(k)) - (U, 6), (Z’ 6)) .
Thus, Schwarz’s inequality, (3.27), and (3.26), lead to the estimate

2
IT@EY, &) — T(v, &) lns < C{ | Aiv® — Aiwllp20-)
=1

13

+ 1%, &9) — . 9 ”H} ;

which, by the continuity of the Nemytsky operators, shows that
IT@E®, ¢%) ~ T, Ol —0.
This proves the continuity of T. O

The above theorem will be needed in Sect. 5.
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4 Some known results on monotone operators

The results to be presented here have been taken mainly from the books Necas
(1986) and Oden (1986). Throughout this section we always assume that T is
a mapping from a reflexive and separable Banach space X into its dual X*. Also,
[, ] denotes the duality pairing between X* and X, and || *| is the norm on X.
Hereafter, the symbols “—” and “ — ” mean convergence in the weak and strong
sense, respectively. To begin with, we introduce the following definitions:

Definition 1. T is said to satisfy the property (M) if whenever

u,—~u, Tu,—~f and  limsup [Tu, u,]1 < [fu],

n—++ o

then Tu = f.
Definition 2. T is called coercive on X if

. [Tu,u]
lim =
Hull= + o (R

Definition 3. T is called demicontinuous if u, — u = Tu,— Tu.

We now state the first result regarding the existence of solutions to the operator
equation Tu = f, with fe X *.

Theorem 4.1. Suppose that T is coercive, demicontinuous, bounded, and satisfies the
property (M). Then T(X) = X*, and T~ ! is a multivalued bounded mapping.

Proof. See Necas (1986, Theorem 3.3.6). U
The above theorem can be simplified by using the following result.

Theorem 4.2. Suppose that T is bounded and satisfies the property (M). Then T is
demicontinuous, and is therefore continuous when restricted to any finite dimensional
subspace of X.

Proof. See Oden (1986, Theorem 28.1). O

The fact that restrictions of demicontinuous operators to finite dimensional
spaces are continuous follows from the well known property that weakly conver-
gent sequences are also strongly convergent in this case. Then, as a consequence of
Theorems 4.1 and 4.2, we obtain

Theorem 4.3. Suppose that T is coercive, bounded, and satisfies the property (M).
Then T(X) = X*, and T ™! is a multivalued bounded mapping.

We remark that a direct proof of this result, which makes no use of Theorem
4.2, is given in Oden (1986, Theorem 28.2). Also, we comment that the notion of
operators of type (M), which was introduced in Brezis (1968), is sometimes too



Coupled BEM-FEM for a nonlinear problem 187

general to be of great value in applications. For our purposes in this paper, it will
suffice to consider instead the following class of monotone operators.

Definition 4. The operator T is called
i) monotone if

[Tu—To,u—0v]=20 VuveX,
it} strictly monotone if
[Tu—To,u—v] >0 VYu,veXuzv,
iii} strongly monotone if there exists C > 0 such that
[Tu—-To,u—v]=Cllu—v|*> YuveX.

Definition 5. The operator T is called hemicontinuous if the mapping Rat —
[T(u + tv), w]e R is continuous for all u, v, weX.

The relationship between monotone and type (M) operators is made clear in the
following statement.

Theorem 4.4. If T is monotone and hemicontinuous, then T satisfies the property (M).
Proof. See Necas (1986, Theorem 3.3.14). O

Of particular interest to us here are the following theorems for the finite dimen-
sional problems.

Theorem 4.5. Let X, be a finite dimensional subspace of X. Suppose that T is
coercive and demicontinuous. Then, given feX*, there exists at least one u,eX,
such that

@.1) [Tuy, on] = [fos] VoreXs -

Proof. The main part of the proof consists in the reduction of (4.1) to an equivalent
fixed point equation in R™, where m is the dimension of X,. Hence, a direct
application of Brouwer’s fixed point theorem yields the desired conclusion. For
details, see Oden (1986, Theorem 27.2). [

Theorem 4.6. Let X, be finite dimensional, and let T,: X, — X} be monotone. Then
T, is bounded.

Proof. See Oden (1986, Theorem 27.3). [
Now, we are in a position to deduce an important existence-uniqueness result.

Theorem 4.7. Suppose that T is monotone, hemicontinuous, bounded, and coercive.
Then T(X) = X*. Moreover, if T is strictly monotone, then T is one-to-one.

Proof (main ideas). It is clear that the surjectivity of the operator T is a conse-
quence of Theorems 4.3 and 4.4. However, it is worth mentioning that a construc-
tive proof which makes use of the Galerkin approximations (4.1) can also be
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employed. In fact, since X is separable, there is a family {X,,}nmen of finite
dimensional subspaces such that X; ¢ X, -+ - = X, and | J{X,,:me N} is dense
in X. It can be proved (see e.g., Oden (1986, Lemma 27.1)) that if T is monotone,
bounded, and hemicontinuous, then T is demicontinuous. Therefore, given fe X*,
a direct application of Theorem 4.5 allows us to construct a sequence of Galerkin
approximations {u,, }, .~ satisfying

Hence, the coerciveness of T implies that {u,,},.n is bounded, and since X is
reflexive, there exists a subsequence {Wy}men S {#m}men Which converges weakly
to an element we X. The rest of the proof reduces to show that Tw = f. For further
details, see Oden (1986, Theorem 27.1).
Finally, if T is strictly monotone and u, ¥’ are two different solutions to Tu = f,
then
O<[Tu—Tu,u—u]l=[f-fiu—u]=0

which is a contradiction. So, necessarily u = v'. [

We end this brief collection of results on monotone operators with two simple
corollaries of Theorem 4.7.

Theorem 4.8. Suppose that T is monotone, continuous, bounded, and coercive. Then
T(X) = X*. Moreover, if T is strictly monotone, then T is one-to-one.

Proof. 1t follows easily from Theorem 4.7 and the obvious fact that continuity
implies demicontinuity. [

Theorem 4.9. Suppose that T is strongly monotone, continuous, and bounded. Then
T(X) = X*, and T is one-to-one. In other words, for any fe X* there exists a unique
ueX such that Tu = f.

Proof. Let ||| +|| be the norm on X*. Then by the strong monotonicity of T we
deduce
[Tu, u] TO, u
— 2 Cllu| + (10, 1] 2 Cllul —TOlll VueX,

i [l
which clearly shows that T is coercive. (Note that TO is not necessarily equal to
zero.) Hence, Theorem 4.8 yields the desired result. O

5 Existence and uniqueness

In this section we provide sufficient conditions for the solvability of the operator
equation (3.30), which as shown in Sect. 3, is equivalent to the weak formulation
(3.20). The approach used here is the same as in Gatica and Hsiao (1989c).
For purposes of clarity, we recall from (3.28)-(3.29) the definition of the
nonlinear operator T: H —» H¥,
2

G [T®8,zd)]=2 | alx,V({+g) (x))gj dx + B((v, §), (z, 9))

i=10-
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for all (v, £),(z,6)eH:= H}(Q™)x H5?(I'), where B is the bounded bilinear
form (cf. (3.17)),

(52) B((v, &), (z,0))=<z",Wv™) - (27,31 - K')&
+<{VE S + (AT -Kw™, 8
for all (v, &),(z, 6)e # = H (Q " )x H VX(I).
We are interested in the operator equation for the unknown (w, o) (cf. (3.30)),
(5.3) Tw,0)=F,

where Fe H* is the bounded linear functional defined by (3.21).

In order to apply the results on monotone operators given in Sect. 4, we need to
make further assumptions on the nonlinear coefficients a; in (5.1). We consider the
following conditions:

(H.3) Coerciveness condition. There exist a constant C; > 0 and a function
C,eL*(Q7) such that

ai(x, do; 2 C1|“|2 — Cy(x)

R

i=1

for all a:= (2, ®;)eR? and for almost all xe Q".

(H.4) Monotonicity condition.

2
Z (ai(x’ a) - ai(xa a,))(ai - a;) .Z_ 0
i=1
for all @, ' e R? and for almost all xe Q™.

(H.5) Strict monotonicity condition.

2
Y (@i(x, @) — ag(x, &) (o — af) > 0
i=1
for all @, &’ eR?, & & «, and for almost all xe Q™.

(H.6) Strong monotonicity condition. The nonlinear coefficients a;(x, ) have con-
tinuous first order partial derivatives in R? for aimost all x € 2. In addition, there
exists C > 0 such that
2 0 2 5
Z a0 a;(x, BB 2 C z Bi
i,j=1 0% i=1
for all a:= («y, &), f:= (B, B2)€ R? and for almost all xe Q™.

Clearly, these conditions are not mutually exclusive. Hence, our main results
can be summarized in the following theorems depending on the assumptions on a;.

Theorem 5.1. Suppose that the coefficients a; satisfy the assumptions (H.1)—(H.4). Let
T:H — H* be the operator defined by (5.1) and let FeH* be the bounded linear
functional defined by (3.21). Then there exists a solution (w, 6)e H of the equation
(5.3), and the solution is unique, if (H.5) is satisfied.
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Theorem 5.2. Suppose that the coefficients a; satisfy the assumptions (H.1), (H.2) and
(H.6). Let T: H — H* be the operator defined by (5.1) and let F e H* be the bounded
linear functional defined by (3.21). Then there exists a unique solution (w, g)e H of
the equation (5.3).

The proofs of these theorems are lengthy, but the arguments here are straight
forward if one applies the results on monotone operators given in the previous
section. To facilitate the proofs, let us first make some observations.

We note that the bilinear form B, in addition to being bounded (see (3.27)),
satisfies also a sort of positiveness condition. In fact, since

W, BI-K)EH =<3 -Kp™, &),

we obtain from (5.2),

B((», 8, (v, &) = v, Wo™ ) + (VL &)

for all (v, £)eH, and hence, making use of (3.8) (cf. Lemma 3.2) and (3.11), we
conclude that

(54) B((v, &), 0, 8) 2 Cli&IF-12y V(v &eH .

The above inequality indicates that the operator T is completely dominated by
the nonlinear term in T, i.e., the integral over Q™ involving the Nemytsky operators
A;,i=1,2(see (5.1)). This is precisely why all of our hypotheses are imposed on the
nonlinear mappings ;. On the other hand, we recall from Theorem (3.5) that under
the assumptions (H.1) and (H.2), the operator T defined by (5.1) is bounded and
continuous on H. This result will be used in the proof of both Theorem 5.1 and
Theorem 5.2, below.

Proof of Theorem 5.1. The conclusion of this theorem is a direct application of
Theorem 4.8. The assumption (H.3) naturally gives the coerciveness property of
T (see Definition 2 in Sect. 4) as can be seen in the following. We may write from the
definition of the Nemytsky operators A4; (3.23),

J a(e Vo + @) sedx= 3 | alsVo+g)() o 0+ g)dx
2- o- Xi
2

MN

i=1 a i=1

g
— A, -
T ] o5 dx
and hence, from (H.3) together with i) in Theorem 3.5, we get
2 ov 5
(5.5) Z I a;(x, V(v + g)(x))adx Z Cilv + gl — 1CallLi @
i=1 02~ i

— Cll( ) lulgla@-)

for all (v, £) e H with || (v, &) ||la = M,. Now, according to (3.2) we have |v|f1 -, = C
lollZi@-) Yoe HE,(R27). Hence, we easily obtain,

(5.6) v+ glie-) 2 Ivlkve-) — 21vlas @)l glare-)
= CHUH%I(Q-) - 2|9|H1(n-) @, &) lu
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for all (v, £)e H. Consequently, we deduce from (5.1), (5.4), (5.5) and (5.6),

T y 'y » ~
LY@ O @15 & 1o, Ol = Clglrias — 1Ca om0, O
TG

for all (v, £)e H with || (v, &) ||x = M,. The above inequality proves that T is coercive
on H.

Similarly, in view of (5.1) and (5.4), we obtain

(5.7) [T &)~ T(z0), &) ~ (2012 ClI& = 8lf-12qr)

+ 22: j {a,(x, Vi(x)) — a;(x, Vz(x))}{_a_v_a_z}dx

i=1 0" x;  0x;

for all (v, &), (z, 8)eH, with #:= v + g and Z:=z + ¢. Then, since (H.4) holds, we
deduce from (5.7),

[T, &) ~T(z0), (0,8 — (2,812 ClIE - 0)h-12mn 20

for all (v, &), (z, 8)e H, which proves that T is monotone.
In addition, suppose that (H.5) is satisfied, and let (v, &), (z, 0)eH such that
(v, &) # (2,8). If £ + 3, then (5.7) gives

(5.8) [T(, &)~ T(z6), (v, &) — (2,6)]1 > 0.
Now, if v # z, then making use of (3.2) again, we get
| — Zlgra-y = v — zlgue-) 2 Cllv — zllgi@- > 0.

Thus, there must exist a subset D of Q~ with Area(D) > 0 such that Vi(x) + VZ(x)
a.e. in D. Hence, the assumption (H.5) and (5.7) imply that the inequality (5.8) also
holds in this case. This shows that T is strictly monotone. Finally, snce by (H.1) and
(H.2) T is bounded and continuous, an application of Theorem 4.8 completes this
proof. O

Proof of Theorem 5.2. The existence and uniqueness results given here follow
directly from Theorem 4.9. It remains only to show that under (H.6), T is strongly
monotone on H. In fact, for v,ze H}(Q7), let us put again i=v+g,Z:=2z+g,
and define the real valued function h;:[0, 1] - R by

hi(t):= ai(x, a(x, 1)) Vte[0, 1],

where a(x, t):= VZ(x) + t(V(x) — VZ(x)). It follows that

2 ~ ~
hm=z§wmmm%@—9}

j=10% 0x;  0x;

and since a;(x, Vi(x)) — a;(x, VZ(x)) = h~(1) — h;(0), we deduce that

alx, VB(x)) — ailx, Vz(x))—j Z a(x,az(x, )){.‘?ﬁ_éé}dt.

0j= 1 5xj axj
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Consequently, (H.6) and (3.2) yield

5. [ {ais Vi) — . Vi) {g‘-‘a—i}dx

i=1 - ox
2 a"‘ a~ 2
2CY {-’i——’i} dx = C|5 — #310-)

=Clv — Zl%ﬂ(n-) 2 Clv— 2”1211(9-) .
Then, by substituting this inequality into (5.7), we conclude
[T, &) — T(z 0), (1, &) — (2,0)]1 2 Cll(v, &) ~ (2, ) &
for all (v, &), (z, 6)e H, which proves the strong monotonicity of T. [

Having proved these existence-uniqueness results for the operator equation
(5.3) (or (3.30)), we now direct our attention toward the Galerkin approximations of
the corresponding solution (w, o). This is precisely the aim of the next section.

6 Galerkin approximations of the operator equation

To formulate the Galerkin approximations of the solution of (5.3), we let {H,}4cs
be a family of finite-dimensional subspaces of H such that | J{H,, he S} is dense in
H, where the parameter h is in an index set S and represents, without loss of
generality, a measure of the size of the corresponding finite elements. Then, the
Galerkin approximation of the solution (w, o) of (5.3) is defined as an element
(ws, 6,)e H, satisfying the Galerkin equations

(6.1) [T(Wh, 04), (z4, Ox)]1 = [F, (z4, o4)]

for all (Zh, 5;,)EH;,.

We remark that, as for the operator equation (5.3), the existence, uniqueness as
well as the convergence of the Galerkin approximations (wy, 6,) of (6.1) depend
strongly on the assumptions of the nonlinear coefficients a; in T. From Theorem 5.1
we know that there exists a unique solution (w, g)e H of (5.3), provided (H.5) is
fulfilled in addition to the assumptions (H.1)—(H.3). In this case, we will obtain the
following expected results for the Galerkin approximations.

Theorem 6.1. Suppose that the coefficients a; satisfy the conditions (H.1)—(H.3), and
(H.5). Then there exists a unique solution (w,, 6,)eH, of the equation (6.1). More-
over, there is a subsequence {(w%, 0%)} of {(Wy, 64) }nes Such that

(W, 05)—w,0) ash—0.
Proof. Let i,:H, - H and i}f:H* > H} be the canonical continuous injections.
Then (6.1) can be written, equivalently, as the “discrete” operator equation
(6.2) Tu(wh, 04) = Fy,

where T,: H, > H} and F,eH} are defined by T,:=i}*T'i, and F,:=F i,
respectively. Since T is bounded, continuous, monotone and coercive on H, it is
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easy to prove that T, holds the same properties on H,. Hence, an application
of Theorem 4.8 implies that T, is one-to-one and onto. The existence of a subse-

quence of {(w,, 6;)},s converging weakly to (w, o) is deduced easily from the
proof of Theorem 4.7. [

We remark that the weak convergence of the Galerkin approximations can be
improved if the condition (H.6) is satisfied. In fact, we have the following result.

Theorem 6.2. Suppose that the coefficients a; satisfy the conditions (H.1), (H.2) and
(H.6). Then there exists a constant C > 0 independent of h such that

(6.3) {w,0) — (Wi, o) lu £ C inf {H(W, 6) — (U, &) lm

(vh, Sn) e Hn
+ I TW, 6) — T(on, Eu) e}

where (w, 6)eH and (w,, 6,)eH, are the unique solutions of (5.3) and (6.1),
respectively.

Proof. Tt follows easily from the triangle inequality and the strong monotonicity
property of T. [J

Now, in order to obtain some kind of rate of convergence, an additional
condition will be needed in contrast to the linear problems (see Michlin 1962). For
this purpose, one will introduce a Lipschitz condition below. We comment that if
T were a bounded linear operator, then (6.3) would become the usual Céa’s lemma
(see Ciarlet 1978).

We recall that T: H — H* is Lipschitz continuous, if there exists C > 0 such that

(6.4) 1T (v, &) — T(z, &) lu = Clli(®, &) — (2. ) lu

for all (v, &),(z, 6)e H. We shall show that a sufficient condition on the nonlinear
coefficients a; to ensure (6.4) is the following condition:

(H.7) Lipschitz condition. The nonlinear functions a(x, *) have continuous first
order partial derivatives in R?Z for almost all xe 2. Also, there exists C, > 0 such

0 , .
that for each i, je {1, 2}, p a;(x, &) satisfies the Carathéodory conditions (H.1), and

J

i ai(x5 a) é CO

oa;

for all xe R? and for almost all xe 2™

Since the bilinear form B in (5.1) is bounded (cf. (3.27)), to establish (6.4) it
suffices to show that the Nemytsky operators A; defined by (3.23) are Lipschitz
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continuous on H!(27). In fact, similarly as in the proof of Theorem 5.2, we have
for v,ze HY{Q™),

l4iv — Aizllf20-) = [ laix, VE(x)) — ai(x, VZ(x)))* dx
a-

2

2 0 oo oz i
= o o

= j Zlia_ai(xsa(xat)){‘a;_‘a;j}dt

Q- 1j i

where §:= v + ¢, Z:= z + g and a(x, t):= Vz(x) + t(Vi(x) — VZ(x)). It follows from
(H.7) that

4w — Aizl|f20-) S 2C810 — Zlf10-) < Cllv — zlfe-)

which proves that 4;: H(27)— L?(Q") is Lipschitz continuous. Therefore, we
conclude that if the condition (H.7) is satisfied, then both operators T and J are
Lipschitz continuous on H and 4, respectively.

As a corollary of Theorem 6.2 we can now state the following result concerning
the error estimates of the Galerkin approximations.

Theorem 6.3. Suppose that the coefficients a; satisfy the conditions (H.1), (H.2), (H.6)
and (H.7). Then there exists a constant C > 0 independent of h such that

(6.5) f(w,0) — W, 00)la = C inf  [[(W, 0) — (vs, &)l

(vn, &n) € Hi
where (w,g)eH and (w,, a,)eH, are the unique solutions of (5.3) and (6.1),
respectively.

We observe that as in the linear case, these simple, yet crucial estimates (6.3) and
(6.5), show that the problem of estimating the error between the solution (w, ¢) and
the Galerkin approximations (w,, o,,) is reduced to a question in the approximation
theory. Furthermore, for the numerical implementations, one does not solve (6.1)
exactly. This leads us to consider a modification of that formulation. More
precisely, for reasons that will become evident in Sect. 7 we now extend our concept
of Galerkin approximations to a more general setting in which J#, % and J come
into play (see Remark before Theorem 3.5). To this end, we now let {H,},.s be
a family of finite-dimensional subspaces of 5 (not necessarily subspaces of H!). In
addition, let T,:H, — H} be an operator that approximates  on H,, and let
F,eH} be an approximation of & on H,. Then we redefine a Galerkin approxima-
tion of the solution (w, 6) of (5.3) as an element (w,, ;) H, (if it exists) such that

(6.6) [Tw(Wh, 01), (21, 04) 15 = [F, (24, O4)1n

for all (z,, 6,)eH,, where [+, * 1, denotes the duality pairing on HY x H,,. As far as
the existence of a solution of (6.6) is concerned, it suffices from Theorem 4.6 and
Theorem 4.8, to assume that T, is a continuous, monotone and coercive operator
on H,. Note that from Theorem 4.6, since H,, is finite-dimensional, the monotonic-
ity of T, implies that T, is bounded. Similarly, from Theorem 4.9, we see that there
exists a unique solution of (6.6) if T, is continuous and strongly monotone on H;,.
Moreover, we can establish the following important theorem.

Theorem 6.4. Suppose that the coefficients a; satisfy the conditions (H.1), (H.2), (H.6)
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and (H.7). Let F,e H} be an approximation of F on H,, and let T,:H, — H} be an
operator that approximates J on H,, with the properties:
i) T, is continuous

it} Ty is uniformly strongly monotone, i.e., there exist constants hy > 0 and C>0,
independent of h, such that

[T(vn, &n) — Th (25, On)s (Vs En) ~ (21, On) 1w 2 C~|| (vhy &€n) — (2as 5h)l|§f

for all (v, &), (2x, 04)€Hy, and for all he(0, hy). Then (5.3) has a unique solution
(w, 0)eH and (6.6) has a unique solution (w,, a,)eH,. Moreover, the following
Strang type estimates hold for all he (0, hy):

L5, zno O0)n — [T (W, 0), (24, 63) 11

(6.7) 1l(w, 0) — (Wi, 0n) ¢ = C{ sup

(zh,0n)€Hp (25 On) [l
(zn,0n) + 0
+ inf < | (w, ) — (vn, Eu)
(vh,&n)eHn
4+ sup [[T (0n, En)s (zns 01)] — [Tulvn, &n)s (2ns 5h)]h|>}
(zn,0n)eHn “(zh: 5!!) ”.)f
(zn,0n) + 0

where C > 0 is a constant independent of h.

Proof. From Theorem 5.2 and the previous remark, it remains only to prove the
estimate (6.7). We have again by the triangle inequality,

6.8)  1iw, 0) — Wn, )l < 1w, 0) = (0 Eadllor + 11(Whs 04) — (0n Ca)llr

for all (v,, £,)eH,. Now, since by ii) T, is uniformly strongly monotone and
(wy, 05) € H, is the solution of (6.6), we obtain, with (z;, d,):= (W, 64) — (Us, &),

I (zh, O I3 < C{[Fn, (z1> 61) 10 — [Tulons &n)s (2, n)1n}
for all (v,, £,) e H,,. It follows easily that
(6.9) | zn> ) 11% = C{ILF, (24> 01) 1w — [T (W, 0), (21, On)]|
+ |[T W, 0), (2> n)] — [ (vn, Ea), (24, O) ]
+ 10T > En)s (20> O1)] — [ Tal0n, En)s (20, G4 Tk} -

Note that by (H.7) 4 is Lipschitz continuous on 5. Hence, dividing (6.9) by
| (zx, 64) |, and then taking the supremum with respect to (z, 6,)€ H, on each
term of the right hand side, we deduce that

1094, 02) — (05, &)L < C{ sup |[Eu, (z1, )]s — [T (W, 0), (2, On) ]!

(zn,on)eHn ” (Zh’ 511) ”x
(zn,0n) % 0

+ 1w, 0) — (U En) e

LT (vn, Ea), (Zns O] — [Tu(on, En), (2, 04) Tl }
+ sup
(Zh,gh))eﬂs Il (zn> Ol ¢
(zn,90n) +

for all (v,, &,)e H,. Together with (6.8) this completes the proof. [
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It is important to note that the estimate (6.7) can be considered as a slight
variant of the well known first and second Strang’s lemmas for treating linear
problems with variational crimes (see e.g. Ciarlet 1978, Chap. 4). To conclude this
section, we remark that the Strang type estimate (6.7) plays a fundamental role in
the asymptotic error estimates. In Sect. 7 an explicit operator T, is given to possess
the properties i) and ii) in Theorem 6.4, and specific error estimates based on (6.7)
are also obtained for a family of finite element subspaces {Hj}nc(0,no)-

7 Asymptotic error estimates

The main goal of this section is to derive asymptotic error estimates for a
boundary-finite element solution of Eq. (5.3) for the case in which the correspond-
ing operator is strongly monotone and Lipschitz-continuous. The problem is
discretized by usmg linear conforming triangular elements on a polygonal domain
Q, approximating 2, and using piecewise constants functions on the correspond-
ing polygonal boundary I, that approximates I'. Two discrete problems are
defined, one on Q, and the other on Q. With the hypotheses that the conditions
(H.1), (H.2), (H.6) and (H.7) are satisfied on a domain containing Q™ v @;, we
conclude that both discrete problems are unique solvable. The solution of the
discrete problem on @~ yields the Galerkin solution (wy, o,) defined by (6.6).
Similarly, the solution of the discrete problem on €, induces, by means of a con-
venient transformation, another approximation which we denote by (w,, ;) and
call the Quasi-Galerkin solution. Then, based on the Strang type estimate given in
Theorem 6.4, we prove the strong convergence of (wy, 0,) and (W, 6,) to the
solution (w, o) of (5.3). Moreover, under additional regularity assumptions on
(w, o), we show that the approximate solutions converge to (w, o) with the asymp-
totic rate of convergence O(h). The present section can be regarded as the first piece
of work concerned with the asymptotic error analysis of the coupled boundary and
finite element methods for a nonlinear problem. For the linear case we refer to
Wendland (1986, 1988).

7.1 Preliminaries

Throughout the rest of this section we write Q instead of Q™. Let Qc R? be
a bounded domain with smooth boundary such that @ is strictly contained in Q.
We assume that the data f and g are such that fe L2 (Q), and ge H? ”(Q) for some
¢ > 0. In addition, the nonlinear coefficients a; are supposed to satisfy the following

assumptions:

(H.1)" Caratheodory conditions. The function a;(*, ) is measurable in Q for all
«cIR? and a;(x, *) is continuous in IR? for almost all xe0.

(H.2)' Growth condition. There exist functions ¢;€ H 1(f)), i = 1,2 such that
lai(x, @)| £ C{1 + |a|} + |$:(x)|

for all @e R? and for almost all xe Q.
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(H.6)' Strong monotonicity condition. The nonlinear coefficients a;(x, *) have con-
tinuous first order partial derivatives in IR? for almost all x € 2. In addition, there
exists C > 0 such that

2

0
S 5 tls b2 C z g

i,j=1 =1
for all a:= (ay, a,), B:= ( By, B2)€R? and for almost all xeQ.
(H.7)" Lipschitz condition. The nonlinear functions a;(x, *) have continuous first

order partial derivatives i m R? for almost all xe Q. Also, there exists Co > 0 such

that for each i, je{l, 2} — a;(x, a) satisfies the Carathéodory conditions (H.1)',
and %

ai(x,a)| = Co

o
for all e R? and for almost all xe Q.

Having established our main hypotheses, we now rewrite the operator equation
(5.3), equivalently, as: Find (w, o) H such that

(P) [T(w,0),(z,0)] = [F,(z,8)] V(zd)eH,

where F is the bounded linear functional defined by (3.21). We will refer to (P) as the
continuous problem.

We remark that from the point of view of the formulation of problem (P), the
assumptions on f and g, and the conditions (H.1) and (H.2) can be weakened. In
fact, as proved in the previous sections, fe L*(Q), ge H'(Q), and the hypotheses
(H.1) and (H.2) suffice to prove that T and F are well defined. Similarly, from the
point of view of the solvability of problem (P), the assumption (H.6) can also be
simplified. Indeed, according to Theorem 5.2, (H.1), (H.2), and (H.6) guarantee the
existence of a unique solution of (P).

For the purposes of this section, we find it convenient to redefine the bilinear
form B. We note that since

1 1) 1
_ — _ 1
2n£0v(y)10g{lx—y|}dsy 1 Vxerl,

the boundary integral operator K of the double layer potential (see (2.3) and
Lemma 3.2), satisfies the identity,

(Kv™,8) =d(v™,8) —4(v™,8) V(v,8)e H (Q)x H *(I)
where d: HY2(I')x H~*?(I') -» R is the bounded bilinear form defined by

0 a1 ) -t dsads

for all (£, 6)e HY*(I')x H™Y2(I'). Similarly, we introduce the bounded bilinear
form b: HY2(I'yx H™Y2(I') » R defined by

(7.2) b(& 8):=<(VE 6y VESeH VAT,
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where V is the boundary integral operator of the simple layer potential (see (2.2)
and Lemma 3.2). Observe, in view of (3.6), that

(13) bz, 6) = 5- | [ log { } E(1)5() ds, ds,
rr

|x — yl

for all Ee H5 V2(I') and for all e H ™ Y2(I"), where D denotes twice the diameter of
I'. Moreover, according to (3.8) (cf. Lemma 3.2), we have

(7.4) b, ) 2 C”é”%i—l/Z(I’) VfEH(;l/Z(F) .
Also, from (3.10), we clearly have
dv™ dz~

(2T, Wy~ >=b| —,— | Vu,zeH!(Q).
ds * ds

Now, if we let A(-, *) denote the semilinear form
2 0z .
A, 2):= ) [(Aw) (x)gx—dx Vv, ze HY(Q),

i=10

with (4;v)(x) = a;(x, V(v + g)(x)) being the Nemytsky operator, then the operator
g and the bilinear form B may be redefined:

[T (v, &) (z,0)]:= A, 2) + B((v, {), (2, 9)) ,
and
dr- de
ds ’ ds
—d@7,8) + v, 6> - (27,8

(7.5) B((v, &), (z,0)) = b( ) +b(£,0) +d(z7, 9

for all (v, &), (z, 0)e .

This setting will be used in Subsection 7.3 to define the finite element dis-
cretizations associated to the continuous problem (P). To that end, we now
introduce the corresponding triangulations of the domain.

7.2 Triangulations of the domain and their properties

Let {4 }he(0, ) be the set of polygonal approximations of Q obtained by approxi-
mating I’ and I'y by two simple closed piecewise linear curves I'y and I, ,,
respectively, with all their vertices lying on 0Q. We assume that the bounded
domain Q introduced in Sect. 7.1 is such that

(7.6) Q,cQ Vhe(0,ho).

Observe that 6Q, =TI'yu I, ,. Now, let II, be a triangulation of Q,, ie., a set
= {ry,. .., 1} consisting of a finite number of closed triangles, which has the
following properties:

i) Qh = U;"l.—:lfj.

i) If 7, t;€ I, 7; # 15, theneither 1, " 17; = F or 7; N 7;is a common vertex or
7, 7;is a common side of 7; and 1;.
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We denote by ¥,:= {Py,..., Py} the set of all vertices of IT,, and assume:

iii) ¥, = Q, ¥; 1 0Q, < 08 for all he(0, hy).
iv) At most two vertices of each 1;eII}, lie on 0Q,:= I', U Ty .

For definiteness, from now on we assume that 0Q:= I' U I', is piecewise of class C?
and add the condition:

v) The points of 2 where the condition of C2-smoothness is not satisfied are
elements of ¥;,.

We let h; and §; denote the length of the maximum side and the magnitude of the
minimum angle of t;eII,, respectively, and set

h:=max{h;:j=1,...,m} and Gpy=min{f;:j=1,...,m}.
We assume that there exists a positive constant 8, such that
(vi) 6, = 6,>0 VYhe(0, hy).

The set of triangulations {IT} },c (0. no, With all the properties i)-vi) is called a system
of regular triangulations.

We now introduce further notations. Let 7; be a boundary triangle, i.e., a triangle
with two vertices on I', or on I'y, and let P, P} , P4 be its vertices (in a local
notation) with P4, P{eT, or P}, PLel,. Let ‘6 be the part ofF (or I'y) which is
approximated by the segment P}, P’ Then the closed triangle 7} 4 with two straight
sides P’ P4, P4 P4 and one curved s1de % is called the ideal trtangle associated with
the tnangle T In other words, ; is the approx1mat10n of !4 h

From now on, for simplicity, we will assume that the reglon bounded by I' is
convex. Then, we adopt the following notation:

O — N + N +
Q— Q=017 1Y U217,
and
= N _
Qh-Q_ Ur=31‘cr,l"oa

where 1, r, 1, 1., 1.1, are domains with boundaries
+ + + + - - -
atrl'=(grl"Ulrl'9 a‘rrl'o=(grl“o\-)lrl‘o’ 61,,,—0= r,[‘oUlr,ro-

Here 6 r< I (resp. €, r, < To, €51, © I'o) is the curved side of an ideal triangle
4 and I}, = I, (tesp. Lrre © Lons e © o) is the corresponding side of the
trlangle T JGH » that approx1mates t'd We assume that h is sufficiently small so that
%, rand L' (resp. ‘6, roand I, €, and I, r,) intersect only at the end points of
the line segment ! (resp. L' r,, I r,). It is clear from the above definitions that

— N + - N +
F"'Ur=11 r,I» Fh_ur=11r,l"
Fo= UM 6,0 V2%,
and
N2 g+ Ns -
Fow= Ur2ilir,u v, .

Throughout the rest of the section, in our estimates we shall work with various
constants. For simplicity, the same symbol C will be used to denote generic
constants which are independent of h. Also, if necessary, the constant h, will be
replaced by a convenient smaller one denoted again by h,.
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Lebesgue measure defined in R2, as well as the one dimensional measure defined
on éQ or 0Q,. We now state a useful lemma. We omit its proof since it is too
technical. However, we refer the interested reader to Gatica and Hsiao (1989b).

Lemma 7.1. There exists a positive constant C such that
N, N2
z lt:,-l"ls Z ‘T:TQL
r=1 r=1

Ny

2
L olEe, < cr ol YoeH!@

N3
Y |tirol £ Ch*, and
=1

r

hold for all he (0, hy).

Proof. See Gatica and Hsiao (1989b, Lemma 3.1, Lemma 3.3). O

7.3 The finite element discretizations
In this subsection we introduce the two discrete problems mentioned in the
beginning of the section, which lead to the Galerkin and Quasi-Galerkin approx-

imations of the solution (w, ¢) of the continuous problem (P). We mainly follow the
approach given in Johnson and Nedelec (1980) for linear problems.

7.3.1 The discrete problem on Q,
We first define, similarly as in (3.1) and (3.5), the following Sobolev spaces:

Ht, (@)= (e H (@):9lr,, = 0} ,
H V()= {EEH'I/Z(F;,)Z j E(s)ds =0},
Iy

and the associated product space,
H:= H},, (@) x H5Y3(Iy) .
Also, we introduce the finite element spaces,
Hi = {5eC(@,):0],,is affine Vj=1,...,m},
(1.7) H. o= {feH!:5(P)=0YP;e¥nTlo,},

HiV? = {EGLZ(F,,):EI,:I is constant Vr=1,...,N;},
(7.8) Hid? = (&l | E9)ds =0},
I'n

and the product space,

(1.9) H,:= ﬁ;,oxﬁ;(‘,/z )
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It is clear that H, is a _finite element subspace of H. We now define the usual
interpolation operator 1 I":H? (o AEVEY| ["5eH} » by the relation

(I*3)(P;) = 5(P;) VP;e¥;.

We adopt the notation &*:= [ I's for all 5e H?(,).
Since by hypothesis geH““(Q), and by (7.6) 2, Q, we have clearly that
ge H?(2,). Thus, according to (H.1) and (H.2), we can define the semilinear form
2

(1.10) K= 3 ] aln Vo +30) o dx

i=1 O

for all v, ze H*(,). Analogously, following (7.1) and (7.3), we introduce the discrete
bilinear forms

(7.11) bu(¢, 6):= 7

for all &, 6e H™Y3(I}),

A e

Infn  1X—
for all (&, 8)e HY(I'y) x H™Y*(I';), and

a
e
;10—,

1og{ L }é(y)é(x)dsydsx
|x — yl
)
{é()’) - é(x)}é(x)dsxdsy

(7.13) (0™, 8 mi= | v~ (x)8(x)ds,
I'n

forallve H'(Q,), 6 H Y/2(I',). We remark that in (7.13) v~ denotes now the trace
ofve H'(Q,) on I'y, ie., v™ € HY?(I'}). Thus, (-, * ), stands for the duality pairing
between H'/2(I',) and H ~'/2(I",) with respect to the L2(I';)-inner product. Also, in
(7.12), we denote by v,( y) the outward normal to I" at the point Y,(y)el’, ye 'y,
where ,: I, — I' is the mapping that associates to each ye Iy, y ¢ ¥;, the intersec-
tion point of I" with the line passing through y perpendicular to Iy, and y,( y) =
for all ye ¥}, n I',. 1t is clear that for h sufficiently small, y, is a bijection.

Now, similarly as in (7.5), we define the discrete bilinear form corresponding
to B,

~ ~ (dv” dz™ -~ -~

(7.14) B.((v, &), (2, 6))= bh<T, -——) +by(E,0) + dy(z7, &)
Sh ds,,

—dyv7,8) + (07, 0 — 27, E

for all (v, &), (z, 6)e H'(R,) x H™ V/2(I',), where d/ds, indicates tangential derivative
along I',. We remark that B, is bounded as a consequence of the trace theorem on
H'(£2,) and the continuity properties of the boundary integral operators on the
Lipschitzian boundary I', (see Lemma 3.2). By (H.1)" and (H.2)' we can define the
operator T: H —» H*, with

(7.15) [T &), (z 8)15:= A4, 2) + Bul((©, &), (2, 8))

for all (v, &), (z, 6)e H, where [+, ]5 denotes the corresponding duality pairing.

Also, due to the boundedness of B, we can introduce the bounded linear functional
F: H - R, with

(7.16) [F,(z, )%= | fzdx — ﬁ,,((g*, %) (z, 5))
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for all (2, 6)eH. The discrete analogue of (P) can now be formulated: Find

(Wy, 64) € H,, such that

(B (TR, 34), @, )15 = [F, Gn, &7

for all (3, E,,)eﬁ,,, where H,, is the finite element subspace of H defined in (7.9).
By following the same arguments of the proof of Theorem 3.4 (see Gatica 1989,

Chapter 22, we easily deduce that under (H.1) and (H.2), the discrete Nemytsky
operator A", defined by

(A%) ()= a;(x, V(v + §") (%)),

is a continuous map from H'(Q,) into L2(£2,), and hence, the operator T defined
by (7.15) is bounded and continuous. By using Lemma 3.2 and (3.11), since I}, is
Lipschitzian, one can easily prove that B, satisfies the inequality

(7.17) Bu(v, ), &) 2 CllENE- 2

for all (v, é)eﬁ which is the discrete analogue of (5.4). Then, following the same
procedure as in Sect. 5 (see proof of Theorem 5.2) and using (7.17) and (H.6), we
deduce that T is a strongly monotone operator on the whole space H.

As a consequence, we can state the following result concerning the solvability
of (Py).

Theorem 7.2. Under thf assumptions (H.1Y, (H.2) and (H.6), there exists a unique
solution pair (W, 6,)e H,, to the problem (P,).

Proof. The proof follows directly from Theorem 4.9. O

We comment that the problem (B,) leads to a nonlinear system of algebraic
equations for the unknowns W,,(P) per each vertex Pje ¥}, P;¢I ,, and the
unknowns G, |;+ per each side 171 of the polygonal | boundary I,. The algorithms
for solving the nonlinear system determined by (B,) as well as their numerical
implementations will not be discussed here. The solution (W, 6,) of the discrete
problem (P,), an element of the space C(£2;) x L2(I';), cannot be directly compared
with the solution (w, ¢) of the continuous problem (P), since they are defined on
different domains. However, we shall see in the next subsection that a suitable
transformation 4 : C(Q,)x L*(I';) = C(Q)x L*(I') can be introduced so that
M (Wy, ;) constitutes what we call the Quasi-Galerkin approximation of (w, o).
Moreover, by using this mapping .#, and based on (P,), we show that a discrete
problem (P,) of the form (6.6) can be formulated for which the assumptions i} and
ii) of Theorem 6.4 are fulfilled.

7.3.2 The discrete problem on Q

We first convert the subspace H, of H into a subspace of 3# := H! () x H™Y*(I').
For this purpose, we shall use the properties of the mapping ¥,: I', — I' defined
previously. Using ¥, ! to transform integrals along I', to integrals along I, we have

for any e L3(I,)

(7.18) [ Es)ds = [ (Eoyi ) s)uls)ds
I'n r
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where J,,(s) = (d/ds) Y, 1 (s) denotes the derivative of i; ! in the tangential direction
to I'. The identity (7.18) suggests the definition of the mapping .#: L*(I',) = L*(I')
with

(@)= i) VEeLXTY).

Note that if £ eH w82, where Hj, /% is the finite element subspace defined in (7.8),
and if £ = Mr(é ), then

0= [ &s)ds = [ (Eyy H(s)Inls)ds = [ Es)ds ,
I'n r r

which proves that & e Hg 2(I'). Therefore, if we define
Hp 4% = M (Hi 3,

then clearly H,, §/* is a subspace of Hg V/*(I'). _ _
Similarly, let us define the mapping 4, : C(Q,) = C(Q) by

Mai=v VieC(Q,),

where v(x) = #(x) for all xe Q N Q,; v(x) = v(y) for all x on the line segment joining
yel, and l//,,(y)eF; and v(x) = v(y) for all x on the line segment joining yel',
and ¥, o(y)e€,ir forallr =1,...,N,. Here ll/,, o 1s the mapping that associates
toeach yel'r,, y¢ ¥, the 1ntersect10n point of €, -, with the line passing through
y perpendicular to I/, and ¥, o(y) = yVye ¥, 0l r,. Then we introduce the
following subspaces of H!(Q):

Hy =y (H}),
and
H; 0= J”Q(Hil. 0)-

Accordlng to the definitions of //{n and H! 10 (s€€ (7 7)) it is clear that v(x) = 0 for all
xe U2, 1}, and for all veH,l o- However, H,, o is not a subspace of H},(Q). In
fact, although every veH, , vanishes at the end points of the curve sides

nros ' =1,..., Ns,its values on the rest of the pomts of €, r, are not necessarily
zero. In other words H,, o is not a subspace of H}, (Q) because the boundary
condition at I'y is not fully satisfied. We then define the subspace of
H = HY(Q)x H Y2(IN),

Hh Hh o X Hh 2

It follows from the previous comment that H, is not a subspace of H:= H},
() x Hg Y2(I'). Hence, our next goal is to use the subspace H,, to define a Galerkin
approximation of (w, ¢) in the form of (6.6). ~

Let us introduce the mapping H2(Q)3v — ["v:= v"e H} = Mp(H}), where v" is
the unique element of H; such that v*(P;) = v(P;)V P;e ¥;. Then, given g" := I'g, by
(H.1) and (H.2), we can define the semilinear form,

2

P
(7.19) Ao, 2= Y [ ailx, Vo + g")(x))a—;dx

i=1 Qh

for all v, ze Hy o = Mo(H . ;). Here Q" is the domain bounded by I', and T',.
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Now, by changing integrations from I'; to I', the discrete bilinear forms b, and
d, from (7.11) and (7.12) then satisfy the following identities:

(7.20) bi (&, 8) = by(M:E M) VE ey,

and

(7.21) 4,57, 8) = du((MaP) ™, M:8) VieHL, VoeHyd?,
where b, and d, are the bilinear forms defined by

D
(7.22) b,(&, 0):= = Sjlog{wjh ) = l//h_l(y)l}é(y)é(x)dsydsx

for all ¢, 6e Hy, §/%, and
(7.23) d,(v-,d):=
”(!ﬁh 1) — ¥ L)) v(y)

21t,-r Wn t(x) — ¥ L(0)1?

for all ve H} and for all §e H, §/>. Note that in the definition of d, we have used
also the property that v(y, 1(x)) = v(x) for all xe I and for all veH,,
Similarly, given v = M7 with 5 H} no-and é = M5 with e H,, 12 we obtain

(07, 8) = [ o™ ()8(s)ds = [ v~ (Y * () (5o Yi *)(5)Tn(s) ds
r r

7 (y) — v~ (x))d(x) Ju(y) ds, ds,

= j 5 (s)0(s)ds = <&, 6 n .
Hence, we deduce that
(7.24) G, 80 = ((Mab)™, MpEy VicHE, VoeH 2.

Furthermore, given i€ H}, o and v = Mot HL, o, we clearly have v™(s) = 5~ (s 1 (5)),
from which it follows that

—4w@%m%www@

Hence, we can write

dv™ dv~
(7.25) == Jﬂ,(d—sh>.
i - -
Also, since L eHy © &%, we deduce that d—v—eH,, 32,
ds; 0 ds

. Collecting (7.20), (7.21), (7.24) and (7.25), we see that the discrete bilinear form
B, (cf. (7.14)) satisfies the identity

(7.26) Bu(5 &), 2, 8)) = By(A(5, §, #(2,5)
for all (5, £), (¢, 6)e H,, where B,:H, x H, » R is the bilinear form defined by
(7.27) B, ((v, ), (2, 8)):=b, (d:l)s I ) + bu(€, 6) + du(z7, &)

—dy(v7,0) +(v7,0> - <27, &
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for all (v,%),(z,6)eH,, and #:C(Q,)xL*),)— C(@Q)xL*(I') is defined
naturally by

M B, &)= (Mo, M) V(F, E)e C(24) x LHT) .
Now, in order to formulate the discrete problem on Q in terms of A,, B, and H,,
we need the following lemma (see Johnson and Nedelec 1980; Leroux 1977).

Lemma 7.3. Let d, b, b, d, be the bilinear forms defined in (7.1), (7.2), (7.22) and
(7.23), respectively. Then there exists a positive constant C such that for all he (0, hy),

Ib(&, 6) — bu(&, 0) < ChYEu-12rll S llu-12ay VE SeH, ¢,
and

1d(v™, 0) — dy(0™, ) £ Ch* | vllmey ISl a-12y V(v, ) Hy x Hy 8 .

As a by-product of this lemma one deduces from its proof (see e.g. Johnson and
Nedelec 1980) that for all &, e H; 4%, ve H,,

(7.28) [b(&, 8) — bu(&, 8)| < Ch2|| Ell 2y 61l Lacry -
(7.29) [d(v™,0) —du(v™, 0)| < Ch? 1o llzerllolia g -

As a consequence of Lemma 7.3, the continuity of b and d (cf. (7.1), (7.2)) and the
trace theorem, we deduce that the bilinear form B, defined by (7.27) is bounded on
H, x H,. Moreover, in virtue of the inequalities (7.28) and (7.29), we observe that
the bilinear forms b, and d, are also well defined and bounded on L2(I') x L*(I')
and H(Q) x L?(I'), respectively. Hence, the bilinear form B,, is well defined and
bounded on (H'(Q) x L*(I")) x (H*(Q) x L*(T')), as well.

We are now in a position to introduce the discrete operator equation in H,.
First, we define the operator T,: H, - H}, with

(7.30) [Ta(v, &), (z, 6)1n:= Au(v, 2) + By((v, &), (2, 8))
for all (v, &), (z, 6)eH,, where [ -, ], denotes the duality pairing on H} x H,.
2
Further, similarly as in (7.16) and (3.21), since (g", %)eH HQ)x L*(I'), we can
define the bounded linear functional F,:H, — R,
2b
(7.31) [Fi,(z,6)1h= jdeX - Bh<<gh,m>s (z, 5))
0h

for all (z,8)eH,. Therefore, we now formulate the following problem: Find
(Wp, o) e H,, such that

(Py) [Tw(Wn, 1), (Z4, 04)1n = [Fn, (24, 01)]n

for all (z,, 6,)eH,. The solution of (P},) (if it exists) will be called the Galerkin
approximation of the solution (w, ¢) of the continuous problem (P).

At this point, in view of (7.26), one may wonder whether the functional F, in
(7.31) and the semilinear form A, in (7.19) can be redefined so that the identities

(7.32) [F, (2 8) 15 = [Fy #( )] VG S)eh,,
and

(7.33) A5, 2) = An(Moi, MoZ) V5, 7eH}
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hold. If this were the case, then (7.32) and (7.33) together with (7.26) would imply
that (P;) is just a reformulation of (P,), and hence, the solution of (P,) would be
given by (W, 6;), since H, = & (H,). Unfortunately, this is not possible. In fact,
if (z, 8) = #(Z, 8), and v = 0, then from (7.10) and (7.16) we easily obtain that

A6, %) = Ao, 2) + Z Z [ a(x, V(& + §*)(x) (i: dx
i=lr=17t%, i
and

(F, G, ) _ffzdx——B,,((g Jl[r(lﬂ)) (z,6)) + Z | fzdx.
r=17tp,
Because of the extra terms involving the integration on ( JN2, 7,71, the conjecture is
false. Nevertheless, one can prove that these extra terms are sufficiently small so
that the solution (w,, g;) of (P,) can be approximated by the solution (W,, 6;) of
(P;) in the sense that

| Wk, G1) — (W, Gu) ¢ = O(h) ,
where

(7.34) (Wn, Gn) = M (Wy, G,) .

Because of this property, we refer to (w,, ;) as the Quasi-Galerkin approximation
of (w, o).

Now, the fact that the assumptions of the Theorem 6.4 are satisfied for the
approximating operator T, in (7.30) will follow from (H.1), (H.2), (H.6)', Lemma
7.3, the coerciveness property of b (see (7.4)), and a discrete Friedrichs inequality
{see Gatica and Hsiao 1989b, Lemma 4.6). Here, the condition that 0€2 is piecewise
C3 must be added to our hypotheses. We omit the proof, but again we refer the
interested reader to Gatica and Hsiao (1989b) for details.

Therefore, we deduce that there exists a unique (wy, 6,)€ H,, solution of (P,).
Moreover, if (w, 6)e H is the unique solution of the continuous problem (P), then
we have the following error estimate:

[LF4, (21, 0w) 1w — [T (W, ), (21, On) 1]

(7.35) |, 0) — (Wh, o)l = C{ sup

(zn,0n) € Hn ” (Zhs 5h)“;f
(zn, 0} * 0
+ inf (” (W, 6) — (0n, &)
(vn,&n) e Hn
+  sup LT (vn, En)s (28, 08)] — [ Twlvns En)s (2 5h)]h|>}
(zn,0n) e Hp ” (Zh7 5}:)”1/
(Zn,0n) + 0

This abstract error estimate will be needed for the convergence proof as well as the
asymptotic rate of convergence in the next section.
7.4 Convergence analysis and error estimates

The main result concerning the convergence analysis of (P,) and (B,) can be
summarized in the following theorem.
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Theorem 7.4. Let (w, 0)e H and (wy, 6,)e H,, be the unique solutions of the problems
(P) and (P},), respectively. In addition, let (W, 6,)€H, be the Quasi-Galerkin approx-
imation defined by (7.34). Then,

lim [|(w, 6) — (s, 04) [l = lim [|(w, 6) — (W, G4) [ = 0.
k=0 R0

Furthermore, if we H2*%(Q) for some ¢ > 0, and if o HY?(I'), then there exist
positive constants C, h, independent of h, such that

(W, 0) — W, ou}lle = Ch,  and  ||(W, 0) — (Wy, 64) [ < Ch

Jor all he(0, hy).

The proof for the error | (w, 6) — (wy, 6,) || » is based on the estimate (7.35), and is
given in this Subsection. Similarly, it is not difficult to prove (see e.g. Gatica and
Hsiao (1989b, Sect. 5.2)) that || (wy, 6,) — (W, 63) || = O(h). Clearly, this estimate
will complete the proof of Theorem 7.4.

In what follows we shall estimate the terms appearing on the right hand side of
(7.35). We will need the following theorem, which is a consequence of the usual
interpolation result for linear triangular elements (see e.g. Ciarlet 1978), the Cal-
derén extension Theorem (see Gilbarg and Trudinger 1983, Theorem 7.25), and the
Sobolev imbedding Theorem (see Kufner et al. 1977).

Theorem 7.5. Given & > 0, there exists a positive constant C independent of
he (0, hy), such that

lo— v*llg@ £ Chlv|g2een
for all ve H***(Q) and for all he(0, hy), where v*:= I"ve H;.
Proof. See Gatica and Hsiao (1989b, Theorem 5.3). I

The following result will be required to estimate the third term on the right
hand side of (7.35).

Theorem 7.6. There exists a positive constant C independent of he(0, hy), such that
[A(v, 2) — Ay(v, 2)| < Ch(1 + [lvllar @)z llm @
for all v, ze H,  and for all he(0, h).

Proof. Let v,ze H,, ,, and define the semilinear form

A, 2)= ai(x, V(v + g)(x)) ‘g‘xz‘ dx .

2
i=1 Qh
Then, by the triangle inequality we have

(7.36)  1A® 2) — Ay, 2)| S 1A, 2) — Au(v, 2)] + |Ay(o, 2) — AW, 2)] -
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Now, according to the definition of A (see Subsec. 7.1), we can write
R 2 Ni
A(v, 2) — A,(v, 2) Z Y f alx, Ve + g)(x))— dx .
i=tr=1rt},

It follows from (H.2)' and Schwarz’s inequality that
(7.37) |A(@v, 2) - Ay(v, 2)|

N, 2 1/2

< C{ z (el + 19151(1“”) + |U|%U(t+”) + Y ¢ ||12}(t+,>,))}
r=1

i=1

Ni 1/2

. 2

{Z |Z|H1(z+,v,)} .
r

=1

Since ge H2*5(Q) and ¢;e H(Q), we obtain from Lemma 7.1 that

N,y
Z |gl%i‘(t+r‘r é Chz”!}“%ﬂ(m »
r=1

and

Z 1illZ2cr ) < CH? | @illincey -

On the other hand, it is not difficult to prove (see Gatica and Hsiao 1989b, Lemma
4.5) that

Z |U1H1(z o) = ChIUIH‘(.Q) >
for all ve H,, o. Therefore, Lemma 7.1 and applying the above inequality to v and
z imply that
|A(v, 2) — Ay(v, 2)| S C{R? + Rl } 2 B2zl q)
from (7.37), and hence
(7.38) A®, 2) = Ao, )] S Ch{R' + v} 12 ]me -

We note that here the constant C depends also on ||g | g2(q and || @il g0, i=1,2.
As for the second term in the right side of (7.36), we have

A 2 2
A= Awd = T [ {400 - 40 +d" — )} —dx,

where A; denotes the Nemytsky operator which maps H!(€2) continuously into
L*(Q) (see Sect. 3). Thus, since by (H.7)' 4, is Lipschitz continuous (see Sect. 6), we
obtain that

2
[AR(D, 2) — Aylv, 2)| S Z | Ai(v) — Ailv + gh - 9) ||L2(n) || Z||H1(Q)

i=1

£Clg - gh ||H1(n) zllgq -
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Hence, by applying Theorem 7.5 to ge H?*4(Q), we conclude,
(7.39) |A(v, 2) — Aw(v, 2)] < ChIlg 2o | 2]l ) -
The inequalities (7.38), (7.39) and (7.36) yield the desired result. [

We are ready now to estimate the third term on the right hand side of (7.35). In
fact, as a consequence of Lemma 7.3 and Theorem 7.6 we can prove the following
result.

Theorem 7.7. There exists a positive constant C independent of he(0, hy), such that

sup LT (vh, En)s (Zhs 01} ] — L Talvns En)s 20y On) 1 < Ch{l + (o, f;.)”x}

(zn,0n) € Hn ” (Zha 5h)“3f
(zn,0n) + 0

Sor all (vy,, &,)eH,, and for all he(0, hy).

Proof. See Gatica and Hsiao (1989b, Theorem 5.5). (O

In order to estimate the first term on the right hand side of (7.35) we make use of
some results involving curved finite elements (see Feistauer and ZeniSek 1987;
Zlamal 1973) and deduce that for each z,e H,, , there exists 7, € H},(Q) such that

(7.40) zw — 24 HH‘(Q) =< Ch”Zh”Hl(Q) .

With this auxiliary result, we can now prove the following two lemmas.

Lemma 7.8. There exists a positive constant C independent of he(0, hy) such that
“ ['g:’ (zh> 5h)] - [j(w9 O-)’ (Zha 5h)]| é Ch ” (zh9 5h)||)?’
for all (z,, 6,)e H,, and for all he(0, hy).

Proof. Let (z4, 6,)€ H,,. Then, we can write

(7.41) [F,(zn, 00)]1 =LF, E, 0] + [F.(2h— 2,,0)],

and, similarly,

(742) [T (W, 0),(z1, 0p)] = [T W, 0), G sOn)] + [T (W, 0), (z — 2,,0)] .

Since 7,€ H}(Q) and 6,€ H, 3/ < Hy Y*(T'), we see that (2, §,) e H. Then, since
(w, o) is the unique solution of the problem (P), we easily obtain that

[T (W, 0), Gy, 60)] = [F, (Zn. 04)] -
Consequently, by subtracting (7.42) from (7.41), and using (7.40), we deduce
[LZ (zn, 60)] — [T (W, 6), (2, 0n) 1| = I[F, (zn — 24, O] — [T (W, 0), (25 — Z,, O}]|
S{UF lan + 1T W, 0) e} 120 — 2l
S Ch{|F .y + | T W, 0)lloes} | Znll 111 2y
< Chli(zn, 04) |l -
This completes the proof. O
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Lemma 7.9, There exists a positive constant C independent of he (0, hy) such that

(7.43) [[F ks (zns 00)In — [F 5 (21> 01) 11 < Chll(zps 00) |l 4
for all (z,, 6,)€eH,, and for all he(0, hy).

Proof. We easily obtain from the definitions of # and F, (see (3.19) and (7.31)),

(7.44)  |[Fu, (20, 00) 1 — [F, (2 8011 S | | fzadx — | fz,dx]
2 on

2b
+ |B((g - gha O)s (Zha 5h))| + ‘B << gh7 |T|>’ (Zh’ 5h))

2b
) B(( m) (Z""S")> |

Now, since 2 — Q" = UM 1"}, we get by Schwarz’s inequality,

jfz,,dx - Ifz,,dx

Z j fzpdx

t

= Z ”f”LZ(:;r)” Zh‘|L2(z+”)
r=1

Ny 12 ( Ny 12
é{ Z ||f||1242(z+,.,)} { Z Il zn ||12,2(z+,',)} .
r=1 r=1

Hence, by applying Lemma 7.1 to z,e H!(Q), for given fe L*(Q), we deduce

(7.45) SClfllreehlzulpe -

_ffz,,dx - jfz,,dx
o or

Now, from the boundedness of B and applying Theorem 7.5 to g, it follows that

(7.46) IB((g — ¢",0), (24, )| < C g lla2++e P 1l (zns O} ¢ -
Further, from the definitions of B and B, (see (7.5) and (7.27)), we obtain easily

2b 2b
7.47 B zy,04) | — B Zy, 0
747 ‘ (( m)‘” ")> (( |F|>(" )>‘

dg" dz, dg" dz,

‘b< ds’ ds ) by < ds’ >
2b _ _ i =
+|—F—|ld(zh ) = di(z, DI+ 1d((g7) 7, 04) — dul((g")7, )] -
Then it follows from Lemma 7.3 and the approximation property of g" (see

Theorem 7.5) that the first and fourth term on the right hand side of (7.47) are
bounded, respectively, by

A

mlb(l 0) — bu(1, 84)|

C“gHHz“(mh” Zy ||H1(9), and C”g”H2+'(ﬂ)h3/2 ll On ||H-1/2(r) .
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Moreover, from (7.28) and (7.29), we have, respectively,
Ib(L, 1) — bi(L, 6:)| < Ch?|9nllL2cry »
and
[z, 1) — dy(zn , DI £ CH* | 24|l 2y -
Therefore, since H,, §/? satisfies the inverse assumption (see Leroux 1977; Hsiao and

Wendland 1977), it follows that the second term on the right hand side of (7.47) is
bounded by Ch*? |6, |l g-12(r). Thus, we obtain the estimate

2b 2b
B <<gh5 m); (Zh’ 5h)> - Bh << gh’ m>’ (Zh’ 5h)>

Consequently, (7.44), (7.45), (7.46) and (7.48) yield (7.43). O]

(7.48) < Ch|(zs ) 4 -

We are now in a position to estimate the first term on the right hand side of
(7.35). In fact, we have the following main result.

Theorem 7.10. There exists a positive constant C independent of he(0, hy), such that

sup l[Fh’ (Zha 5h)]h - [g-(ws U)’ (Zha 5h)]| é Ch
(zn,0n) e Hp ll (Zh’ 5h) H;{
(Zh, 0n) + 0

Jor all he(0, hy).

Proof. 1t follows easily from triangle inequality and Lemmas 7.8 and 7.9. [

As a consequence of Theorem 7.7 and Theorem 7.10, the abstract error estimate
(7.35) can be rewritten as follows,

(7.49) W, 6) — (Wi, ) < C{h + en(w, 0)} ,

where

(7.50)  exw,0)= inf  {[[(w, ) — (vk, Eu) L + (1 + | (vn, En) L) B}
(n,&n) € Hr

Now, we recall from Leroux (1977) (see also Johnson and Nedelec 1980} the

following approximation property of the subspace H, ¢/*: For any ée Hy™ Y/*(I),

0 < s £ 1, there exists "e H; §/? such that

(7.51) ¢ - fh la-v2ry £ Chs“é“ﬂs-“z(r) Vhe(0, ho),

where the constant C is independent of h and ¢. We are ready now to complete the
proof of Theorem 7.4.

Proof of Theorem 7.4. As expected, the proof reduces to estimate the term e,(w, g)
on the right hand side of (7.49). First of all, we note that the spaces
HI ()N C*(Q), and Hy *(I'yn C*(I') are dense in H} (Q) and Hg Y/*(I'), re-
spectively (see e.g., Gilbarg and Trudinger 1983, Theorem 7.25). We then define the
product space

H”:= [HE,(Q) n C*(@]x[Hg (I nC>(IN],
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which is dense in H. Thus, given # > 0, there exists (w,, 6,)¢ H® such that

10 ) = (W 0) L <3
Since w,eC*® () and 6, C*(I'), from Theorem 7.5 and the approximation
property (7.51), we deduce that there exists 0 < h(n) < ho such that

% ) = (45, )Ly <2
for all h < h(n).

Therefore, given 5 > 0, there exists 0 < h(#) < h, such that
(7.52) l(w, 6) — (wy, o)l <
for all h < h(n). Since (w*, a#)e H,, we obtain from (7.50) and (7.52) that
(7.53) en(w, 0) < [|(w, 0) — (wy, o) Il + (1 + || (wh, o)1) R
S+ +n+ 1w o)k Yhe© h(n).

In summary, it follows from (7.49) and (7.53) that given # > 0, there exists
h(n):= min{n, h(#n)} such that

Iw, 0) — (Wh, 60) e £ C{h+n+ (L + 1+ [[(w,0)[4)h} = Cn

for all & < h(n). This proves the convergence result.
In addition, if we H2*(Q) and o HY?*(I), then by Theorem 7.5 and the
approximation property (7.51) (with s = 1), we get for all he(0, k)

(7.54) I (w, g) — (Wha O'h) le 2 C{||W[|H2+=(Q) + [|0'i|H1f2(r)}h »

where w*:= I"'we H, ,, and ¢" is given by (7.51) with o instead of ¢&. It follows from
(7.50) and (7.54) that

(7.55) es(w, 0) < [|(w, a) — (W*, 0") Il + (1 + | (W, 6")[l)h < Ch .

Hence, substituting (7.55) into (7.49) we obtain the convergence rate O(h).

We emphasize that (P,) has been introduced only to facilitate the proof of the
convergence result. For numerical purposes, the actual computatlons must be
carried on the discrete problem (P,), and then transferred to Q using the maping ./.
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