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Summary. This paper describes upper and lower p-norm error bounds for
approximate solutions of the linear system of equations Ax=». These bounds
mmply that the error is proportional to the quantity Hrli%HATqu‘1 where r is
the residual and g is the conjugate index to p. The constant of proportionality
is larger than 1 and lies in a specified range. Similar results are obtained for
approximations to 4~ ' and solutions of nonsingular linear equations on general
spaces.
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1 Introduction

In this paper, upper and lower bounds on the p-norm error of approximate
solutions of a nonsingular system of linear equations

(1.1) Ax=b

will be described. In particular, it will be shown that when £ is the solution
of (1.1), r= Ax—b is the residual, then

N 4 F
(L.2) llx—xllp—cm

where A7 is the transpose of 4 and c is a constant lying in an interval [1, C,(A)].
The number C,(A) will be characterized and some simple bounds for it will
be described. Throughout this paper 1 <p< oo and g=p(p— 1) ! is its conjugate.

Essentially, the p-norm error of an approximate solution x of (1.1) is propor-
tional to, and bounded below by, the quantity

iri3

1A il

(1.3) a,(r)
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This expression is easily computed and provides an indication of the order
of magnitude of the error of a particular approximation. As a consequence,
it provides a natural stopping criterion in iterative methods for solving (1.1).

The results obtained using these error bounds provide different information
to that obtained using the well-known estimates based on the condition number
of A and the residual. Usually this condition number estimate is written

%45 il

(1.4) x—X{l, = K,(4) b,

where K ,(4)=|/A| A", is the p-norm condition number of 4.

The error estimate in Theorem 1 below provides both upper and lower
bounds on the error, not just the upper bound of (1.4). Moreover they depend
on |A"r|l, as well as |r|, so, unlike (1.4), different error estimates are found
for approximate solutions whose residual norms are the same.

2 p-norm error estimates

First consider the case where A is a nonsingular real nxn matrix and b is
a real n-vector. The residual r(x) associated with a vector x is

2.1) r=r(x)=Ax—b.

Let | I[, and <, ) denote the usual p-norm and Euclidean inner product
on IR". When the subscript p is omitted, || x| will denote the 2-norm. Terms
not defined here should be taken as in [1].

When A4 is a nonsingular n x n matrix, define

(2.2) Cp(d)= Sup AT plig 1A~ vl

yl2=

This number is well-defined as it is the maximum value of a continuous function
on a compact set.

Theorem 1. Let A be a nonsingular, n x n real matrix, x+2% and 1 £p=< 0. Then
(2.3) a,(N=lx—x{|,=Cy(A) ay(r)

where a,, r and C,(A) are defined by (1.3), (2.1) and (2.2) respectively.

Proof. From the definition of r, and Holders inequality,
713 =<ATr, x—=2> < [ ATrll Ix — R},

Upon dividing by | A" r|,, the lower bound in (2.3) follows.
The definition (2.2) implies that

AT A~ 1
e =sup 4 e—e
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because of the homogeniety of this expression. Substituting r for y, leads to
24 [ATrl AT P, < C (A lIrl3

and this is the second inequality in (2.3). O

Note that the upper bound in (2.3) is optimal, in that there is an x in
R" for which it is attained, because there is an r which yields the maximum
value in the definition of C,(A4).

When p=2, a weaker form of the upper bound in (2.3) can be derived using
Kantorovich’ inequality, which says that if B is a positive definite, symmetric,
matrix, then

(2.5 (By, y><B™ 1y, yy <Ky lyl?

with K;=(A,+4,)2 (@A, 4,)" . Here A,{4,) is the largest, (smallest) eigenvalue
of B. See Luenberger [3], Sect. 7.6, or Householder [2], Sect. 3.4, for proofs
of (2.5). Let B=AA", then 4, =a%, 1,=02 where o, (5,) is the largest, (smallest)
singular value of A. Then

(2.6) 1AT Yl 1147 vl =K ivl3
with
2 2
_oi+o; _l 1
27 36,0, 2 (KZ(A)+ KZ(A))

and where KZ(A)=%‘— 1s the 2-norm condition number of A.

From the deﬁnitionn of C,(A), one must have
2.8) Co(A)SK <K, (4)

when K is given by (2.6) as C,(A) is the smallest number for which (2.6) holds.
The absolute error bounds in (2.3) lead to the relative error bounds

Iri3 Ix—%1, Clrl?

29) AT Ixl, 4 CIrE S R, =TATF, Ixl,—Clr?

I

with C=C,(4) and provided the last denominator is positive. These are a direct
consequence of the triangle inequality.

The lower bound in (2.3) may often be improved. From the Hahn-Banach
theorem

(A7 r, 2>

x—X|l,=Hl4"tr],=su
| =1l Il sup EP

Let z= A" y then, since A4 is nonsingular,

Can {r,y»
(210 e Xl =su Ay,

The lower bound in (2.3) corresponds to the choice y=r in this expression.
For a particular equation, there may well be a better choice of y.
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The lower bound in (2.3) may also be generalized to the case where the
matrix is singular or non-square. Let B be an m x n matrix, f an m-vector and
consider the least squares problem of solving

(2.12) BT(Bx—f)=0.

Let X be a solution of (2.12) and r:=Bx— f be the residual associated with
an approximate solution. If BX=f then

r=B(x—-X)+d
where d = f— f lies in the null space of B™. Thus
Irli3=<B(x~%), r>+idl3
so rearranging, and using Holder’s inequality as before yields

o < iz —1dil3
(2.13) HX*XH,,;W

Here ||d|f, is the Euclidean distance of f from the range of B.

3 Evaluation and properties of C,(A4)

The quantity C,(A4) defined by (2.2) depends only on p and A4 and obeys C,(xA)
=C,(A) for any nonzero scalar o.

Despite appearences, it is not necessary to find 4" to compute C,(4). Substi-
tute Aw for y in (2.2), then using homogeneity,

(3.1 Cp(A)= sup (AT Aw],liwl,

i Awliz=1

_ qup 1A AW I Il
w*0 ”AWH%

o JATAW
lwllp=1 HAW“%

These formulae provide different characterizations of C,(4) as the value of a
maximization problem of a continuous function subject to an equality constraint.
When 1<p< oo, the functions involved are continuously differentiable. When
p=1 or oo, this is a nonlinear programming problem wih “non-smooth” func-
tions.

There are some simpler estimates of C,(A4). Given 1=<p, s< o0, let

1Bl =sup 121

x¥0 ”x“s '
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From the definition (2.2),
(32 Co(A)ZIA 2 1A 2= 1 Al2p 147 52

as | B"|,,=|Bl,, when p, g are conjugate.
Consider the problem of extremizing the quadratic form

g()=CAT Ay, y> = | Ay|?

on the unit sphere §,={yeR": |y|,=1}.
Let

(3.4) o= isnf g v =isnf g(y)

P

then
alyiZ e =y, Ivl;

for all y. This implies that

14l,=)/7, and [A"Y,,=0;*

so (3.2) yields

(3.5) C,(A)<C,(4)= (ﬁ)i.

%p

In general it is easier to evaluate C o(A) than C,(4) since it is easy to extremize
this quadratic form g. When p=2, then a, =02, y,=0% so (3.5) leads to (2.8)
again.

4 Error estimates for general linear equations

The preceding analysis may be generalized to obtain upper and lower error
estimates for approximate solutions of general, nonsingular, linear problems.
Let X be a normed vector space over a field F, Y be an inner product
space over F and A: X - Y be a continuous linear operator with a bounded
inverse. None of X, Y, F need be complete.
Let X* be the dual space of X with the dual norm

[h(x)]
h|,=su
A
where || | denotes the norm on X, {, ) will be the inner product on Y and

the adjoint operator A*: Y— X* is defined by

(4.1) (A4* ) (x)=<Ax, y>
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for all x in X and y in Y. A* is a bounded, continuous, linear operator whenever
A is. Define

4.2) C(4)= sup 1 A* ylly 147"yl

yil2=

This is finite as both A~ ! and A* are continuous linear operators.
Our interest is in solving equation (1.1) with b given in Y, and the error
is expressed in terms of the residual

4.3) r=r(x)=Ax—b
and the functional

2
4.4 a(r)————”A*r”*.

Using the same arguments as in Theorem 1, we prove

Theorem 2. Assume X, Y, A as above. If X is the unique solution of (1.1), x is
any vector in X, then

(4.5) a(r)=ilx—x|=C(A)alr)
where C(A), r and a(r) are defined by (4.2)(4.4).

This theorem may be used to obtain error estimates for linear equations
over general fields including the rational or complex numbers. It may be used
to obtain error bounds on matrix inverses by taking X = Y= M_(F), with the
usual inner product and b=1, to be the identity. The dual norms on X here
could be the 1 and oo norms as well as the inner product norm.

These error bounds also apply to nonsingular linear operator equations
where Y is a Hilbert space.
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