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Abstract. An example is provided showing that Schwartz's tournament  equilibrium 
set is not identical to the minimal covering set of  Dutta. 

Introduction 

In a recent paper, Schwartz [5] axiomatically characterises a new solution set for 
majority preference tournaments.  This set, called the TEQ set by Schwartz, is based 
on a recursive definition. Schwartz comments that this feature makes it difficult to 
check the properties of the TEQ set. Thus, although Schwartz is able to show that 
the TEQ set is always contained in the Banks set (Banks [1]), and hence in the 
uncovered set (Fishburn [3], Miller [4]), the relationship between the TEQ set and 
the minimal covering set of  Dut ta  [2] is not clear. Schwartz remarks that in all the 
cases that he had examined, these sets turned out to be identical. In this note, I 
construct a tournament  in which the TEQ set is a strict subset of  the minimal 
covering set. However, I do not know whether the TEQ set is always contained in 
the minimal covering set. 

Notation and definition 

Let P be a tournament  1 on a nonempty set A. Elements of A are denoted by x, y, z, 
etc. ; finite nonempty subsets of A are represented by e,/~, y. 

A choice function is any function C of finite, nonempty subsets of A such that 
C(e) is contained in c~ for all ~. Solution sets are formulated as definitions of choice 
functions. 

Let c~ be any subset of  A. For  any x ,  y E e ,  x covers  y in ~ i f f x P y  and for all 
z ~ c~, y P z ~ x P z .  The u n c o v e r d  se t  of e, is U(c~)= {x ~ ~1 no y in c~ covers x in c~}. A 

1 A tournament is an asymmetric and connected binary relation. 
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subset  fl ofc~ is a cover ing set ofc~ iff  (i) U(f l )=fl ,  and  (ii) x e  U( f lu{x} )  for  no 
x e c t -  ft. The minimal eoverin9 set o f  c~, deno ted  M C ( e )  is the smallest cover ing set. 
(Du t t a  [2] showed tha t  a smallest  cover ing set exists). 

To define the T E Q  set, some more  no t a t i on  is needed.  F o r  any a and any 
choice funct ion  C, define a new b ina ry  re la t ion  D(C,  ~) as follows. F o r  all 
x, y e ct, xD(C ,  cQy i f f  x e C(t  e a[tPy}. A n o n e m p t y  subset  fl o f  ~ is C-retentive in c~ 
i f f no th ing  in e - fl bears  D(C,  ~) to any th ing  in ft. fl is a m i n i m u m  C-retent ive set in 
c~ iff  fl is C-retent ive in c~ and  no p r o p e r  subset  o f  fl is C-retent ive in a. F o r  any  a, 
T E Q  (e) = the un ion  of  m i n i m u m  TEQ-re ten t ive  subsets  o f  c~. A l t h o u g h  the T E Q  set 
is def ined in terms o f  TEQ-retent iveness ,  the def in i t ion  is not  circular .  I t  is recursive,  
the recurs ion  var iable  being the ca rd ina l i ty  o f  e. 

An example  

In this section, I cons t ruc t  a specific t ou rnamen t  for  which the T E Q  set is a strict 
subset  o f  the M C  set. Let  A = {x 1, x 2, x 3, x 4, x 5, x 6, xT, xs }. The t o u r n a m e n t  
re la t ion  is represented  by  a t o u r n a m e n t  mat r ix  in which a u = 1 i fxiPx~, and  a u = - i 
if  x jPx j .  I a d o p t  the conven t ion  tha t  a u = 0 for  all i 

X 1 X 2 X 3 

x~ 0 - 1  1 
x2 1 0 - 1 
x 3 - 1  1 0 
x 4 1 - 1 - 1 
x s 1 1 - 1 
x 6 - 1  1 1 
X 7 1 - -  i l 

Xs 1 1 1 

X 4 X 5 X 6 X 7 X 8 

- 1  - 1  i - 1  - 1  
1 - 1  - 1  1 - 1  
1 1 - 1  - 1  - 1  
0 1 1 1 1 

- 1  0 1 - 1  1 
- 1  - 1  0 1 1 
- 1  1 - 1  0 1 
- 1  - 1  - 1  - 1  0 

The fo l lowing table  describes the d (TEQ,  A)  rela t ion.  

xi { t eA l tPx i }  T E Q ( { t e A ] t P x i } )  

x 1 x2,x4,  x s , X  7 , x  s x z , x g , x  s 
x2 x3 , xs , x6 , Xs x3 , Xs , x6 
X 3 X 1 ,  X 6 ,  X T ,  X 8 X I ,  X 6 ,  X 7 

X4 X2, X3 X3 
X 5 X 3 ,  X 4 ,  X 7 X 3 ~ X4~ X7  

X 6 X 1 , X4.,  X 5 X 4 

X 7 X 2 , X 4 , X  6 X 2 , X 4 , X  6 

X8 X4_, X5 ,  X6 ,  X7 X4 

N o t  tha t  for  no x i e A - { x 8 }  is it the case tha t  x 8 D ( T E Q ,  A ) x  i. Hence,  x 8 does 
not  be long to the m i n i m u m  TEQ-re ten t ive  set o f  A. Indeed,  T E Q ( A ) = A -  {x8}. 
However ,  T E Q ( A )  is no t  a cover ing set o f  A since x 8 E U(A).  It  can be checked tha t  
the only cover ing set o f  A is A itself. Hence,  M C  (A) = A. So, T E Q  (A) is con ta ined  in 
M C ( A ) ,  

Remark.  Note  tha t  the Banks  set for  A is also A - {x8}. However ,  one can  cons t ruc t  
o ther  t ou rnamen t s  in which the min ima l  cover ing set is a strict subset  o f  the Banks 
set. 
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